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Limiting laws for extreme eigenvalues of
large-dimensional spiked Fisher matrices with a

divergent number of spikes
Junshan Xie; Yicheng Zeng! Lixing Zhu*

Abstract

Consider the p X p matrix that is the product of a population covariance matrix
and the inverse of another population covariance matrix. Suppose that their difference
has a divergent rank with respect to p, when two samples of sizes n and T from the
two populations are available, we construct its corresponding sample version. In the
regime of high dimension where both n and T are proportional to p, we investigate the
limiting laws for extreme (spiked) eigenvalues of the sample (spiked) Fisher matrix

when the number of spikes is divergent and these spikes are unbounded.

Keywords: Extreme eigenvalue, Fisher matrix, Phase transition phenomenon, Random

matrix theory, Spiked population model.

1 Introduction

In the last few decades, as the remarkable development in storage devices and computing
capability, the demand for processing complex-structured data increases dramatically. One
of the features as well as the challenges of these data sets is their high dimensions. The
difficulty is that the classical limit theory for multivariate statistical analysis fails to en-
sure reliable inference for high-dimensional data analysis. Classical limit theorems require
“small p large n” to keep their validity, which conflicts with the situation “large p large n”
in high-dimensional settings in the sense that p/n — ¢ > 0 as the asymptotic properties
are rather different. To attack the relevant issues, random matrix theory (RMT) serves as a
powerful tool in addressing statistical problems in high dimensions. The first research of
random matrices in multivariate statistics was about the Wishart matrices in [18]. Abundant
research has been established for various topics in this field during the past half century,
especially in recent years. In the area of RMT in statistics, we refer to monographs [2] and
[19] for systematical study and [12] for a comprehensive review.
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A relevant topic in multivariate statistics is about testing the equality of two covariance

matrices:
H()Z 21222 VS. Hli 21222+A, (11)

where 2 and X, are two covariance matrices corresponding to two p-variate populations,
and A is a non-negative definite matrix with rank ¢g. Let S; and S, be the sample covariance
matrices from these two populations, respectively. When S is invertible, the random matrix
F= SEISI is called a Fisher matrix.

The difference between the null hypothesis and the alternative hypothesis relies on those
extreme eigenvalues of F. Under the null hypothesis, £; = X,, [16] established the well-
known Wacheter distribution as the limiting spectral distribution (LSD) of F. Some exten-
sions were built later (see examples in [13], [14] and [15]). Furthermore, [1] pointed out
the fact that the largest eigenvalue of F converges to the upper bound of the support of the
LSD of F. Under the alternative hypothesis, F is called a spiked Fisher matrix (see [17]),
because X IS has a spiked structure similar to that of a spiked population model proposed
by [10]. More specifically, the matrix ZEIZ 1 is assumed to have the spectrum

spec(Zy ') = A1, .., A, 1, ., 1), (1.2)

where 41 > ... > A4, > 1. When the rank g of A is finite, [6] showed the phase transition
phenomenon of the extreme eigenvalues of F under Gaussian population assumption. That
is, for 1 < i < g, the i-th largest eigenvalue of F will depart from the upper bound of the
support of LSD of F if and only if A; exceeds certein phase transition point. [17] extended
it to the cases without Gaussian assumption and established central limit theorems for the
outlier eigenvalues of F.

We in this paper consider, as a reasonable extension in theory and applications, the case
of divergent g with respect to the dimension p. We will investigate the convergence in
probability and central limit theorems for spiked eigenvalues of spiked Fisher matrices. We
formulate our problem as follows.

Assume that

Y =(yi,....¥7) = Giphi<ispi<jer €RPD and  Z = (z1,...,2,) = (2i))1<i<p1<jen € RP
(1.3)

are two independent arrays of independent real-valued random variables with zero mean
and unit variance. We consider two samples {E}/ 2yi}1si§]‘ and {Zy 2Zi}]§ign, then their cor-
responding sample covariance matrices can respectively be written as
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Also, define the Fisher matrix F := S IS, as the sample version of matrix X3 I3,. We aim

to investigate the limiting properties of the eigenvalues of F. As the eigenvalues of F remain



invariant under the linear transformation

S R R R |

(S],Sz)%(22251222,22252222), (1.4)
thus we can assume X, = I, throughout this paper without loss of generality. Under the
assumption (1.2), eigenvalues of X; are 41 > ... > A, > A441 = ... = 4, = 1. Recalling

(1.1) that X; is a rank g pertubation of X, = I,, we simply assume

Y = . (1.5)
O IP—(I

For the sake of brevity and readability, we write the eigenvalues of F in descending order
L >...> ;l\p, simplifying the double subscripts as single ones. It should be noted that:l\i is
related to the sample size n.

We then describe the related work and our contributions in this paper. When the num-
ber of the spiked eigenvalues ¢ is fixed, and all the spiked eigenvalue A;,i = 1,...,q, are
bounded, there are some results on the limiting properties of the eigenvalues of F in the
literature. Such as, the almost surely convergence (strong consistency) and central limit
theorem (CLT) of spiked eigenvalues ([17]) and asymptotically Tracy-Widom distribution
for the largest non-spiked eigenvalue ([7] and [8]). In this paper, we consider the case
that the number of spiked eigenvalues ¢ = g(p) — oo as p — oo, and spiked eigenvalues
A;,1 < i < g diverge as p — oo. To the best of our knowledge, there is no relevant re-
sult in the literature. A relevant work is [5] who studied spiked population models, where
the asymptotics for spiked eigenvalues, including convergence in probability (weak con-
sistency) and CLT, as well as Tracy-Widom law for the largest nonspiked eigenvalue were
built under a quite general framework. Unlike the case of fixed ¢ and bounded spikes A;,
1 <i < g, normalizations for A l1<is< q are needed for the divergent g case. Consider the
normalized eigenvalues ;l\,- /4; in consistency and (’/l\i — 6;)/6; in CLT, where 6; is a centered
parameter defined later.

The basic approach behind the proofs of the asymptotics for spiked eigenvalues is the
analysis of an equation for the determinant of a ¢ X ¢ random matrix (indexed by n). When
q is bounded, [17] derived the almost sure entrywise convergence of the g X ¢ matrix (and
hence the convergence with respect to matrix norms) and then solving the equation to lead
to the almost sure limits of spiked eigenvalues. This argument does not work in the diver-
gent g case where the convergence of a g X g matrix with respect to some norm could not be
directly implied by the entrywise convergence. Instead, we use the CLT for random sequi-
linear forms in [3] to derive the convergence rate of each entry, and then use Chebyshev’s
inequality to put all entries together to derive the convergence rate of the matrix in £, norm.
In this way, we achieve the convergence in probability as well as the CLT of spiked eigen-
values (after proper normalizations). This approach is similar to that used in [5], so some
technical assumptions are also imposed similarly.

The remaining parts of the paper are organized as follows. Section 2 establishes the

main results, including the convergence in probability of 2;/4; and central limit theorems



of (’/l\,' — 6,)/6;, for those spiked eigenvalues of spiked Fisher matrix F. Here, 6;,, 1 < i < g,
is a sequence of centering parameters defined in this section. In the Section 3, we show the
proofs of our main results in Section 2. Some important technical lemmas and their proofs

are displayed in the Section 4.

2 Main results

2.1 Notations and assumptions

Considering the linear transformation (1.4), we assume that £, = I, without loss of gen-
erality, and then X; has the structure as shown in (1.5). Further, we decompose the X;; in
(1.5) as

;= UTA UL
Here, U = (uj,u,...,u,)" is a g X g orthogonal matrix and

A] = diag(/ll, . ,/1]\]1, e ’/le71+1’ N ,/lq),

ny ne

where A = ... = Ay, > ... > Ay, 41 = ... = dgand N; := Z;Zlnjforl < i < ¢. In this

case, X can be decomposed as

s (U7 0)(A 0)U 0)_(UT 0]}, (U 0
t 0 IP_‘] 0 IP_q 0 IP_‘I B 0 IP_‘] 0 IP_‘I '

We give decompositions of the sample covariance matrices S| and S, as follows. We
fisrt decompose the matrices Y and Z defined in (1.3)as Y = (Y[, Y;)"and Z = (Z{,Z,) ",
where Y;,Z; € R?”" and Y5,Z, € RP~9*" Let X := Z} 7Y Then we can similarly write
X = (X],X])7, where X; = 2}/*Y; = UTA?UY; € R?T and X, = Y, € R#-9XT_ It
follows that

1 T 1 T 1 T 1 T
X XT 1xX l7.2] 17,2

slz({ Tl 1) and szz{f; PR 3]. @.1)
1XXT 1XoX] 17,27 12,7]

For A € R\ {0}, we introduce

1 1 Fo
Fo = (Zzzzg) (?ngg), MW =T,y = =,
F -1
my(z) = ——tr (zIp_q - 70) ,0€eR, zeC". (2.2)

Letu; > ... > up,4 be the eigenvalues of the Fisher matrix Fy. Then the empirical spectral
distribution (ESD) of Fy can be defined as
p=q

1



By the result in [17], under the assumption of p/n — y € (0,1) and p/T — ¢ > 0, almost
surely, the empirical spectral distribution F, weakly converges to the limiting spectral dis-
tribution F., whose Stieltjes transform S(z) = f_ o;(x - z)7\dF, ¢y(x) satisfies, for z ¢ [a, D]

-c clz(1 =y)+1—=cl+2zy—clz(1 —y) + 1 —c]? -4z
zc 2zc(c + 7y)

wherea=(1 - vc+ty—cy)’(1—y)2andb=(1+ vc+y—cy)*(l —y) 2.

In the following, for any complex matrix A, we use s;(A) to denote the i-th largest

S(z) = !

: (2.3)

singular value, and ||A|| to denote the largest singular value throughout the paper. Write
ap = Oy, (by) if it almost surely holds that a, = O (b,). Throughout this paper C is a
constant that may vary from place to place.

The following assumptions are required.

Assumption 2.1. y, := p/n —» y € (0,1),y, := (p—q)/n; ¢, := p/T = ¢ > 0,¢c), :=
(p—q)/T;q=qg{n) > ccasn — cobutg = o(n%).

Assumption 2.2. For any 1 <i < g, A; satisfies ¢g>/1; — 0 and either of the two following
conditions:

11 _ _ _ 11
(). 7' 29, 4y =o(q 2n®) and 72 X7, 4j = o(g™"): (b). i X, 47" = o(g™2ni).

Assumption 2.3. Random vectors in {y; : 1 <i < T} J{z; : 1 < i < n} are independent
identically distributed, Ez;; = 0, Elz;j> = 1 V1 <i < p, 1 < j <nand sup, ., Blzj|* < co.
Assumption 2.4. There exists a constant C > 1 such that Ay, /Ay, = Cforany 1 <i <

£—1.

Assumption 2.5. Suppose that {4;}<;<, are of bounded multiplicities, i.e., sup; ;<. n; < 0.

2.2 Weak consistency

The weak consistency of A; is stated below. Due to the fact that A, may go to infinity with
n, consider the limit in probability for the ratio A/, 1<i< q.

Theorem 2.6. Assume that Assumptions 2.1, 2.2 and 2.3 hold. Then forall 1 <i < ¢,

1 -1
:m+0(yp—y)+/<q-0p(%+/li )

where k := min{ky, k2} with x| := g + /ll.‘l 23:1 Adjand ky 1= g+ 4; Z?:] j‘.l.

Remark 2.7. Note that the limit of the ratio //f,-//li is1/(1 -y)>1,forall 1 <i<gq. This
is different from the relevant limit for spiked population model with divergent ¢, which is
1 (see Theorem 2.1 in [5]). Roughly speaking, when we take y — O with 1/(1 —y) — 1,
asymptotically, a spiked Fisher matrix behaves similarly as the sample covariance matrix in
a spiked population model.



Remark 2.8. In the case of fixed ¢ and bounded spikes 4;, 1 < i < g, Theorem 3.1 in [17]
shows that almost surely the spiked eigenvalue p converges to the limit 4;(4; + ¢ — 1)(4; —
Ay — )7L, Simply taking A; — oo, the limit of 4;(A; + ¢ — )(4; — A;y — 1)_1/11._l equals to
1/(1 —y). Thus, Theorem 2.6 indicates that for the divergent ¢ case, the result coincides
with the result for the fixed g case in [17].

Remark 2.9. In Theorem 2.6 we only consider unbounded spikes, but actually it can be
readily extended to handle the case with both bounded and unbounded spikes. Consider the

Uu" 0 U 0
2 = A ,
0 Iy (0 Iy

where A = diag(Ay,..., ¢, Age1s- -5 Agiges L, -, 1), g = o(n'/%) and qo is bounded. As-

model

sume that spikes 41 > ... > A, are unbounded as in Theorem 2.6 and Ay > ... > Agiq,
are bounded. For g + 1 <i < g + go, by Theorem A.10 in [2], we have

— _ B 1 B
A= 5i(S7'81) < si S 51 (S3') < s (X)) s (TYYT)Sl (S3') < oo
almost surely. So it holds that
A 1
det(;’ZlZlT - TxleT) # 0.
Similar to the decomposition in (3.3), we have

— — — -1 ,—~
A 1 1 1 P 1 1 1
det {(;zzz; - ?xzng - (;zzzlT - ?xzfo (;zlzlT - ?XIXIJ (;zlzg - TX1X§]} = 0.

(2.4)
In the same manner as used in the proof of Theorem 2.6, it can be checked that
(- o) G- o] (s - s o
n 1= T N7 1= 1 n 2 T A, TP
Then the solution of equation (2.4) is close to that of the equation
det(%ZZZg - %XZX;) =0. (2.5)

Note that the solution of (2.5) is an eigenvlaue of the spiked Fisher matrix (Z>Z, / n)~! (XoX7/T)
which has been well studied by [17]. Thus, the weak consistency for all outliers //ii, 1<i<

q + qo, could be achieved by combining Theorem 3.1 in [17] and Theorem 2.6. Such a kind

of extension could also be considered for the CLT in Theorem 2.10.



2.3 Central limit theorem

As 4;, 1 <i < g, goes to infinity, the consistency of Z- /A; in Theorem 2.6 does not mean
that (1 - yﬁi is a good estimator of A;. In this section, we establish the CLT for A to provide
further properties.

We first introduce a centered parameter for A Let§ eR, 1<i< q, satisfy

1- %E[tr M@} = %(1 + %E [tr {M—l 6, %}D (2.6)

] 1

and define §;, for 1 <i < gq, as

si="2 2.7)
By Lemma 4.1, when n — oo, we can easily see that

;E[tr{M_l(Gi)}] = E{mg(1)} > 1 and ! -E [tr {M_l(ei)&}] — 0.
pP—q P "

1

It follows by (2.6) that

/l. —

o :(l—u)+0(1)—> -y

9,' n

Since the equation in Definition 2.6 for 6; is hard to calculate, an alternative definition for

0; is proposed as follows. Recall the definition of my(z) in (2.2):

my(z) =

Fo\~!
tr(zlp_q— ?0) ,0€eR, zeC" .

Denoting fy(x) = 6/(6 — x) for any fixed 8 € R, we have

F -1 © g
tr(Ip—q— ;") - [ Gdr = Fi

my(1) =

where F,, denotes the ESD of the matrix Fy. By the CLT for linear spectral statistics (LSS)
of Fisher matrices (see Theorem 3.10 in [19]), for any fixed 6,

PIF(fo) = Fz, 5. (f))
converges weakly to a Gaussian variable. It follows that

me(1) = F= 5 (fo) + O,(n~") = =68(6) + O,(n™")

CpsYp
-1 cplo(l —7,,)+1—?p}+20)7p—?p\/{0(1 —ip)+1—?p}2—40 |
=— + — +O - .
Z, 25, + Op) P

where g(-) denotes the stieltjes transform of F% 5 . This leads to

E {ig (1)} = —6S5(6) + O(n ™). (2.8)



The definition of 6; in (2.6) can be rewritten as

]

— A o
1—WMWﬂnsz—%+%mWﬂﬂ.
According to (2.8), it is equivalent to
1 +7,0,500;) + onhH = 9—‘ {1 —-¢p — ¢p0:S(6) + O(n‘l)} . 2.9)
i

Thus, we give another definition of 6; by the following equation

1+%wﬁm:é@—@—a@&@} (2.10)
1

It is notable that the 6; defined by (2.10) is also applicable to the CLT of ¢; in the later sec-
tion. Comparing two equations (2.9) and (2.10), we can derive that the difference between
two d;’s respectively derived from these two equations is at most O(n~!), which is smaller

=172 of 6;. Even Taylor’s expansion on the stieltjes transformantion §(.) can

than the scale n
be simply used to the equation (2.10) and then get the explicit forms of 6;, although some
errors would appear. In the remaining parts of this paper, we use 6; defined by (2.6) in all
results and their proofs.

Consider the case where all the spiked eigenvalues are simple, that is, n; = 1 for all

1 <i < ¢, which means that Ay = diag(4y, Az, ..., 4,).

Theorem 2.10. Under Assumptions 2.1, 2.2,2.3,2.4 and thatn; =1, 1 <i< {,ie,l=gq,
it holds that, forall 1 <i < g,

0;
@;iN&D

with o7 := (y+c)vi—c—y(1-3y)(1 —y)~!, where v; = Elu Z ;e |*, ¢; = (1,0,...,0)T € RY
and u; € RY is the i-th column of the matrix U™.

Remark 2.11. When the value of the variance a'l.2 at the population level is unknown, for
statistical inference, estimating o-l.2 is in need. A natural estimation way would be to es-
timate the eigenvector u; first. For the spiked population model, [5] shows that when a
leading eigenvalue of the sample covariance matrix is divergent, the corresponding sam-
ple eigenvector is a good estimator for its population counterpart in terms of their in-
ner product. However, the situation becomes much more difficult when it comes to the
spiked Fisher matrix. Recalling the assumed structure X, 1/ 2212; 12 = I, + A, we sup-
pose that v; := (u/,0,...,0)" € R? is the eigenvector of 251/221251/2 = I, + A cor-
responding to A; and Vv; is that of S; = Ei/ 2YYT2}/ 2. Then Zé/ %, is the eigenvector of
I, + AV 2YYT(IP + A)'/? corresponding to the i-th largest eigenvalue. If X, is known or
can be consistently estimated, Z;/ 2’\7,- is a good estimator of v;, by Theorem 4.1 in [5]. But
actually X, cannot be easily recovered based on S, because of the delocalization of those
eigenvectors for non-outliers (see [4]). Thus, how to construct a consistent estimation of



%, becomes a challenging issue. As a special case, when entries of Y and Z are Gaus-
sian, the parameter v; equals to 3, which is independent of the value of u;. In practice, the
bootstrap approximation would be an alternative way to achieve a reliable estimation of
0'1.2. For estimation of the variance of the largest sample eigenvalue in a spiked population
model, spiked population model, [11] shows that the bootstrap approximation works when

the largest eigenvalue is quite large. This deserves a further study.

To check the practical applicability of Theorem 2.10, a simulation is conducted. Set p =
200, T = 600, n = 1000, g = [21og p], 4; = (3/2)q+1‘i(logp/3)3 for 1 <i < g, where [x]
denotes the smallest integer greater than or equal to x. Let Z; = diag(4y,...,44 1,...,1)
and X = I,. Draw a sample {x;} <;<r of size T from N(0,Z;) and a sample {z;};<;<, of
size n from N (0, X,). Compute the largest g eigenvalues ’/T,-, 1 <i < g, of the Fisher matrix
F = S;'S; and then 6; accordingly, where S; = Y., x;x/ /T and S, = Y., z;z] /n. We
draw qq plots of /pd1/oy and /pd,/o, from 1000 independent replications in Figure 1. It

suggests that both of /pd1 /oy and /pé,/c, are well approximated by the standard normal
distribution.

Figure 1: (a) The qq plot of the normalized largest spiked eigenvalue +/pd;/o| from 1000
independent replications. (b) The qq plot of the normalized smallest spiked eigenvalue

\/pd4/ 04 from 1000 independent replications.

Next, consider the case where some spiked eigenvalues are possibly multiple:

A] = diag(/ll,...,/IN],...,/le_l_,.],...,/lq),

ni ne
where 41 = ... = Ay, > ... > Ay,41 = ... = g, N; = Z;zlnj for1 <i < ¢ and
there exists a constant C < oo such that 1 < n; < Cforall1 < i < ¢. According to



the multiplicities of spiked eigenvalues, we divide the index set {1,...,q} into ¢ subsets,
Ji={Ni.1+1,....,N;}, 1 <i < ¢ Here we denote Ny = 0. Forany 1 < i < ¢, and
1 < h,k,h,ky, ho, ko < n;, define

. T T
My hk = E(uNiilJthleluNiinZlel) ,

o T T T T
Muoidoinds = E(0_ o Zoeruy, o Zoewy, L Ziewy, . Zie).

Theorem 2.12. Suppose that Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5 hold. Define qﬁ,-(’/ij) =
(1j—6,)/6;, for 1 < i< £and j € J;. Then /p{¢i(d;), j € J;} converges weakly to the dis-
tribution of the eigenvalues of the n; X n; random matrix R, where R = (R;Z’z)lsh,k%
symmetric matrix with independent Gaussian entries of mean zero and covariance structure

isa

, , -
cov (Rffl),kl , RE,’;,Q) =(1 = y)“w (M, by k1o o = MN o MNo ko)
+ (1 - y)_2 (ﬂ - (,L)) (MN,',hl,kzMN,',/’Lg,kl + MNl‘,hl,thNl‘,kl,kg) >

where w = (y+¢) (1 —y)?and B =y (1 —y) + c(1 — y)*.

3 Proofs of the theorems

We begin with a summary of the proofs. Roughly, the proof of Theorem 2.6 proceeds in
three steps. First, we prove that the spiked eigenvalue A, 1<i< g, solves the equation
(3.5) whose left-hand side is the determinant of a ¢ X ¢ matrix which can be decomposed
into four terms, namely UZ4UT, UZ3UT, UZ-UT and UZpU" defined below. Second,
we derive the limit of each entry of these four matrices and their convergence rates in
norm, where the CLT for random sequilinear forms in [3] and Chebyshev’s inequality are
repeatedly used. Third, using eigenvalue perturbation theorems on (3.5), we estimate the
fluctuation of the scaled eigenvalue ’/f,- /A; and reach the result. As for the proof of The-
orem 2.10, we also work on the equation (3.5) in three main steps. First, we rewrite the
matrix in (3.5) as the sum of U®,,UT, U§;0,,U" and UO3,UT. See equation (3.30) below.
Second, we prove the CLT for each diagonal entry of U®;,U" (Lemma 4.2) and estimate
the o norm of UO;,UT (Lemma 4.3), U®,,UT (Lemma 4.4) and U®5,UT. Third, we ex-
pand the determinant in (3.30) by Leibniz formula and then achieve the CLT for ¢;. In this
section, we will cite the lemmas given in the next section without the proofs whose details

are postponed to the next section.

Proof of Theorem 2.6. We first show that for 1 <i < ¢, A converges to infinity at the same
order with ; almost surely, i.e., there exists some constant C > 1 such that C~! < A/ < C
almost surely.

For any 1 < i < g, by Theorem A.10 in [2], we have that

i = 5:(85'81) < 5i(S1)s1(851) = 5i(S1)s, ' (S2) and  si(S1) < si(S3'S1)s1 (S2).

10



Noting a basic fact that 51 (S2) — (1 + \/i)2 and s, (S2) — (1 - \/i)z > 0 almost surely, we
have 0 < C| < ;l\,-/s,-(Sl) < Cy < +oo almost surely for some constants C; and C».
Again, by Theorem A.10 in [2] and Weyl’s inequality, we have

1 1
5i(S1) < 5:1(Z1)s1 (—YYT) = ;81 (—YYT)
T T
and
1 s - - 1oy
5i(S1) = si TY Y| =i TYlEMYI + TYZYQ > 5 7Y1211Y1
1 . 1 .
ZSi(zll)sq ?YlYl :/liSq FYlYl .
Due to the fact that
1 1
51 (TYYT) — (1+ vc)* and sq(TYlYIT) -1

almost surely, we have 0 < C3 < 5;(S1)/4; < C4 < +co almost surely for some constants C3
and Cy.

Thus, we conclude that C~! < Z- /A; < C almost surely for some constant C.

For any 1 < i < g, by the definition of A;, it solves the equation det @I -S; 1S1) =0,

or equivalently,
det (4,8, - 81) = 0. (3.1)
By the decomposition of S| and S, in (2.1), the equation (3.1) can be rewritten as

Lz, 2T - 1X\XT 27,77 - 1x,X]

det[z_ T_ 1 T A T_ 1 T =0. (32)
Sl - 7XoX| LD, - 7X5X,

A B
By the formula of the determinant of partitioned matrices, we know that det (C D) =

det(D) det(A — BD™'C) when D is nonsingular. As for 1 <i < g, ’/f,- is an outlier eigenvalue

of S; IS, because 1; goes to infinity at the same order with A;, which means
A 1
det| =Z,Z; — =XoX; | # 0,

then it follows by (3.2) that

— — — -1 ,—~

2 1 2 1 1, 1 1, 1
det {(zzlzlT - TXIXIT] - (;leg - TXIXQ](;ZZZQ - szxg] (gzzzlT - szxf)} = 0.

(3.3)
For A € R, defining

1 1
A =Z,M () (Zzzzg ) ~Ls,

11



-1
1
B(ﬂ):X}M—lu)( Z2Z2T) —Xo,

1

1
n
1
- —X,,
n AT 2

-1
C() = Z}M—I(A)( 7,7, )

-1
_ 1 1
D) =X;M 1(/1)(22225) EZz,

it holds that A (1) = A(1)", B(1) = B(1)" and TC (1) = nD (1)". Then some elementary
calculations lead to

_Zi{L-AMZ] X {Ir + B X]  _Z,CA)X]  ~ X DAHZT
det|; {n }1_ { T }1+/l,'1(1)1+/1i1(7~l)1:
n n

(3.4)

To ease the notation, we define

~Zi{L - A Z]

EA = /ll b
n
_ Xy {Ir + B@)}XT
—B .= T )
2, CCH)XT
Ec=i—,
n
—X,D()ZT
Ep = i

Multiplying the matrix in (3.4) by U on the left side hand and by UT on the right side, we
have

det{U(Es - Ep+Ec +Ep)UT} = 0. (3.5)

Next, we analyze these four terms in (3.5) in the following.

For the term UE4UT, we first consider the decomposition
1 ~ 0t | + 1 —~ T
~Z, (I, - AW} Z] = ~Zi (I, - AV Z] + ~Z {AC) - A(1)} Z].
n n n

By Lemma 4.1 below, we have m,(1) — 1 = O,.(1;1), which implies

1 - q._ _
~tr(l, - A} = 1- d . L) =1—-y,+ % + O (A7),

Note that E(Z1Z1T /n) = 1, and that (X1, Z;) is independent of (X3, Z;). Under Assump-
tion 2.3, by using Theorem 7.2 of [3], we have that, forall 1 < j < g,

| g 1
e] [ZZI (I, - A1)} ZT] € - {1 -F " q"”f“)} =9 (W) oo

and

+11 T P=9 2 1
E(ej ~Z (L, - AV Z] ej-{l— ”“f(”} :O(_) -7
n n "

12



for all 1 < j < ¢g. For those off-diagonal elements, we have that, for any 1 < j; # j» < g,

1 1
[ Zy {1, - A HZT] e, =0 ( \/ﬁ) (3.8)
and
T 1 T 2 1
E( e [—Zl {I, — A} Z, ]ejz) = O(—) , (3.9)
n n

which is implied by Theorem 7.1 and Corollary 7.1 in [3]. Also we can write

-1
A(@—A(ﬁ) ZT{M ) - Ml(A)}( Z2ZT) %Zz
1

=Z]M™' () {M (1) - M @)} M (1 )( ZZZT) L

-1
= (4 =) ZIM ! () FoM™ 1(A)( ZZZT) %Zz-

It can be bounded by
A - A (@) = (5 -7 ZI M () Fom™ 1(A)( Z2ZT)_1 %Zz
§|/ll-‘1 e iﬂz; M (/l,-)“||F0||HM‘1 @)H”(%ZQZ;)_I %Zz = oY)
almost surely. It follows that, for any 1 < ji, j» < q.
el [%Zl (A - A(/l,-)}ZlT] ej, = O,y (7). (3.10)

Combining (3.6), (3.8)) and (3.10), we can get that, forany 1 < j < g,

- 1
~Zi (1, - AV ZT | e; - (1—u)=o (—)+o“m‘
[ 1{ ( )} :| J n P \/r_l ..(, )
and that, forany 1 < j; # jo» < g¢,

[121{ A(/l)}ZT]eJZ =0 ( ! + Oy (A7)

)

Replacing Z; by UZ,, it is easy to check that all the above conclusions still hold:

-4
n

1

[ UZ, {1, - AQY; )}ZTUT] =1-L +op(—)+oa,s,(ﬂ;1) (3.11)
Vn

forall1 < j<g, and

|1 %) TYT 1 -
€ [;Uzl 1. - A} z]u }ejz =0, (W) + 0,45 (4 ) (3.12)

13



forall 1 < j; # jo < g. By the definition of 4 in (3.4), together with (3.11) and (3.12), we
can see that, forall 1 < j < g,

— - P—q 1
eJT.UaAUTej = /ll' (1 - " ) + /li : Op (%) + Oa.s.(l) (3-13)
and that, forall 1 < j; # j» <gq,
_ 1
eJT.lU:AUTej2 =4;-0, (W) + O (1). (3.14)

For the term UZ3UT, by the definition of X;, we can derive that
- [ —~ IS ! 1
UE5UT = ATUY (I + B YTUTAT = —ATUY, {I7 +B()} Y UTA;

1 1 — 1
+ ATUY {BQL) - B YTUTAY,

where
tr{I +B(/l-)}—1tr Ir + XM~ (1) WA . X
T T i —T T 2 i n 244y /L'T 2
=1+ ltr M~ ') A . X, X7
T P\n™2%2) T2
-1
1 Fo\~ Fo
=1+ —tr{|l,_, - —| —
Tr{(” /1,-) /1,-}
=1+ - () - 1)
and

-1
B(1) - B(W) =X] {;'M" (1) - 7'M () (%ZZZZT) %Xz

-1
=2 XIMT () {aM () - M () M () (%zzzg) %xz

-1
= @‘1 - /l,-_l)XgM—l @) M) (%ZZZJ) %Xz.

The same arguments for deriving (3.13) and (3.14) lead to that, forall 1 < j < g,

1
e;UZ3U"e; =2+ 1;-0, (%) + ;- Ogs (71 (3.15)

and that, for 1 < ji, j» < ¢,

_ 11 1 11 _q
e UZ5UTe), = 13 42 .op(%) + A2 04 (47 (3.16)

forall1 < ji # jo <gq.
_1
For the term U (E¢ + Ep) UT, by using the fact that Y; = UT A, *UX|, we have that

U (EC + ED) UT

14



i

U {Z ZiICWX] < XiDUA)Z] } ur
n

Z,C(AHXT X D(A)HZT
=U{/L'1()l+/l-1()1

— 1 1
: }UT + UZ, {,C() - 4,C ()} =YTUTA?
n T n

1~ 1
+ AZUY, {4D() - 4D ()] ZZ{UT,

and that
. T . T
U{/l,-ZICM DX, ‘il XlD(/l )Z, } .
n
Ai C(/l )\ (7.7
=U(z, Xl)(wu) ][ IT]
1
A,C) ZTUT
=\vz A2 Y ) . " 1
(U 1 U 1 [ T (i) 19) ] YTUTA;
Then we have that, for all 1 < jj, j» < g,
Z,C(A)X] X DAYZ]
eJT-lU{/l,- P L + A; T 1 }UT o
- . 0 ﬂiC(/l,') ZTUT
=e; 2 ) DL "
1 (UZ] Al UY] (/l,l;(/l,) 0 ] YTUTA2
. . 0 AiC() Z'IFUT
_ £l n .
=€ (UZI 45, UYl){mDui) 0 ] 2yor |
T |
2 2 A,C;
_/1]1 +/1 .eT (UZ Uy ) I9) ( i) ZTUT
- ) Ji 1 1 /L‘DT(/L') 0 YTUT
12 s 0 AU 5\ (zTuT
n
+—2i (UZ1 UYI) _Ai])T(,z,-) i 0 YTUT €

1 1 1 1

_/1;1+/1122 0 1 +/l;1_/1;2 0 1 (/12+/12)O 1
A R A I W7 A "\Va)

where i := V-1 is the imaginary unit and the penultimate equality is implied by Theo-
rem 7.1 in [3]. Due to the fact that

-1
LC@) = 4C () =Z3 M7 -M 1(ﬂ)}( ZzZT) %xz

1

=ZIM™' (1) (M(1) - M)} M lu)( ZZZT) %Xz
-1

=(4' -4 ZgM (pEoM- 1(1)( zzzT) 1%,

-1
— — o~ 3 1 1
D) — 4D (4) =X7 (M (1) - M (1)} (Zzzz;) -7,

15



-1
15 — _ 1 1
XM (1) M) - M)} M~ (1) (;Zzzg) L2,
— 1 -1 1
=(4" =47 XM CWFo M () (;ZzZZT) ~Zo,

we can get

~ o~ 1 1 1
e] UZ; [1,C(1) - 4,C ()} YU Ale;, = 22

_ 2
n J2

: Oa.s. (/ll_l)
and

1 ~_ —~ 1 1
el A;UY, {1D(;) - 4D (1)} —Z{UTej, = A} O, (1)

for any 1 < ji, j» < g. By using the similar arguments for proving (3.13) and (3.14), it
holds that

2

1 1 1 1 i -
e UEc+Ep)UTe, = (1, +4,)-0, ($) (4 +23) 0us () G

forany 1 < ji, j» < gq.

Combining (3.14)-(3.17) and the determinant (3.5), we can compute the limit of Z /A;
for each 1 < i < g. We use a new notation to denote the matrix in the determinant (3.5).
Define

E:=U@Es-Ep+Ec+EpUT, E:=diag(&i1.....4y),

where &;; = ’/T,- {1 —(p—¢q)/n}—A4;. Then by (3.14)-(3.17), we have that

= 1 11 1 11 4
el (E-E)ej, =4 op(ﬁ) +0,(1)+ 2 22 -op(ﬁ) + A2 A2 0 (A7)

VYoo (L) s (2 o at o (a0
; (/11.1 + zjz) .0, (W) + (/ljl N /ljz) 0, (47)
11 1 B
=(4+a; /1]2.2) {op (W) + 04 (4 )}
for any 1 < ji, j» < g, which follows that
e = 1 1 B
e (E-B)en =144 1/1;1/1;2){0,, (W) + 04y (4 1)} . (3.18)

According to (3.7) and (3.9) for E4 (similar results also hold for Ep, E¢ and Zp), it can

be easily checked that the variance of the term in (3.18) has the order

1 1\2 | 2
T+ 272222 (2 + 270 .
! J17)2 i

By Chebyshev’s inequality, we have that, for any € > 0,
_1 -1
> e(n 2+ 4 )

16
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e 4 (_ _)ej2




< Z Pr{|e;/li‘l(5—§)ejz

1<j1,j25q

.y Efel 471 (2 ~E)ey)

1 2
1sirpnse € (72 + A7)

2
=) (1+A;u§1/1]5.2)2-o(e—2):[qm;lqu/lj] -0(e?)
1<j1.25q J=1

which means
= max

— = 1
(= _= Trl(e_%)e. | =« . - -1
v (=-3). max_ e 7, (E-E)en| = op(\/ﬁmi )
and then

= K% . 0(6_2),

Vi

Note that the determinant equation det (E) = 0 is equivalent to det (/ll.‘@) = 0, that is,

1 _
det{—’ (1- 21, - /l{lAl} =0,
/1,‘ n

At the same time, the equation det (£) = 0 is equivalent to det (/li‘lE) = 0, that is,

—_ —_ j _ —_— ot 1 _
IIA7E - E)llle < gl (E - E)llw = €19+ O, (— +4; 1).

’/Ti P—4 -1 “1(= =\l _
det{/li(l—T)Iq—/li A+ (E-E) =0

By eigenvalue perturbation theorems (see Theorem 6.3.2 in Chapter 6, [9]), we have

Vi

A P—q A= = 1 -1
Ij(l—T)—l < I <:—:>|||W=K1q-op( L,
that is

1 1 .
1—_y+0(yp—y)+K1Q'Op(%+ﬂi )

&)

(3.19)
Instead, we can compare determinant equations

- 1 _1 _1
det(A;'2A7) =0 and det(A;*2A}Y) =0,

and then repeat all the derivations above to achieve an upper bound of |||A1_1/ Z(E—FEV)AI1 / 2|||00.
In this case, we can get

A 1 T,
/Ti:—1_y+O(yp—y)+/<2q-0p(—\/ﬁ+/li ) (3.20)
Thus, (3.19) and (3.20) lead to
1 1,
A_izl_—.))+0(yp_y)+Kq.Op(%+ﬂ ),



where Kq(n‘l/ 24 /ll.‘l) = 0o(1) under Assumption 2.2. The proof is finished. O

Proof of Theorem 2.10. We begin with the equation on A; in (3.4). Recall that we have
expressed (3.4) as

det (B4 — Ep + Ec + Ep) = 0. (3.21)

For the first term 4, we can write

=) =2 {1, - AT - (L~ AG))| 2] + 2 (24 (1~ A6V Z] - B[Z: (1, - A@)) 2] )

A
+ ZE |2, (1, - AO) Z] .
n
Using the fact
Z) ™1 -1 1 T - 1
(L - ACW)} - 1, - A@)) = ~5iA6) + SZIM M 0) | ~ZoZ3 | ~Zo
and A; = 6;(1 + &) by (2.7), we can get
1
Ep =0:61(1 + 6~ (Z1 {1, = AV Z] ~E|Z1 (1, - A@)) Z] )
1 ™M1 v 1 T - 1 T
+ 91'51"(1 + 5,‘)—Z1Z2M (ﬂl)M (91) —Z2Z2 _Z2Z1
n n n
1 1
=061 + 6)~ZaZ] + 6,611 +6)~E |21 (1, - A@)) Z] |
1
01+ 8)~ (Z1 {1, ~ A@)) Z] ~E[Z (I, - A@)) Z] |)
1
+6(1+6)-E |21 (1, - A} Z] |
21 T T
=6:(1+06)°~ (Z1 (L - A@)} 2] ~ E[Z1 {1, - A@))Z] |)
1 ™1 yM! 1 T i T
+00,(1+0)~Z ZIM M (0) |~ 2027 | ~Zo]
1 1
= 0:5:(1 + 6)—Zy Z] + 6,(1 + 6)’~E|Z; {I, - A@)} Z] |
n n
229,‘(1 + 61’)25A1 + 91'5,'(1 + 61’)EA2 - 0,‘(51'(1 + 5,‘)EA3 + 91(1 + 6,‘)25144. (322)
For the second term Ep, we can similarly write

Zp =%X1 {B(1) - B©)| XT + % (X1 {I7 + BO)} X] — E[X, {I7 + BO)}X] )

+ —E[X {Ir + B(#)) X] |

X {Ir + B X] —E[X) {Ir + B} XT |)

=9

-1
= ZXiXJMT' ()M (ei)(zzzzg ) ZXoX] + TE[XI (I + B} X |

18



[1]

i _, -
:Epl — =Zp + 3, (3.23)
i

where the second equality above uses the fact

— 6 o~ B 1 -1 1
B(4) - B(6) = —7’X§ M~ ()M 1<ai>(;z2z§ ) =Xo.

1

For the term Z¢, we have

A —~ Ai—6; 0;
Ec =" {can - c@n)xT + S Z,CEX] + |21Co)X] - E{z,C0)XT}|.
Using the fact

Cl) - C@) = _7Z;M_l(ﬂi)M_l(9i) (lelg) ?Xz,

1

we have the decomposition
= 1 T T 1 N1 (T an-1 1 T _11 T
Ec =6~ |Z1C)XT - E{z,CnXT}]| - Si=ZaZy M ()M (ei)(;zzzz) +XoX]
+ Hiéi%21C(9i)XlT
=: 0;2¢| — 622 + 0i6:Ec3. (3.24)
Similarly, we can write the last term Zp as
_ 1 1 - 1 |
Ep =i [XiD@)Z] - E{XiD@)Z]}] - 6= Xi1X]M 'HM(6) (ZZQZ;) ~LoZ]
+ ¢9l~(5,-%X1D(9,-)Z1T
=: 0;Zp1 — 6,;Ep2 + 0i6:Zp3. (3.25)
Putting (3.22)-(3.25) into (3.21), we have
det(6;01, + 6:6,0,, + 6,03,) = 0, (3.26)
where

®1n = (1 + 61‘)23A1 - 94_1531 + Ec] + EDI, (3.27)

1

1
—_ —1= —_ —1— —_
—=B) — 91’ = +=2e3 — 91‘ =p2 + =p3, (3.28)

O, := (1 +6)Za2 — (1 +6;)Z43 +

il

O3, 1= (1 +6;)*Epg — 67 ' Eps. (3.29)

Multiplying both sides of the matrix in (3.26) by 67 /*U from the left hand side and 67 '/*UT
from the right hand side, we get

det {U(@m + 609, + ®3H)UT} =0. (3.30)
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Recall that e; is the g-dimensional vector whose i-th element is 1 and others are 0. By

Lemma 4.2 below, we have
— d —_
VpSi = \pe;UO,UTe; = N(0,57), (3.31)

where 77 = (y+¢)(1-y)?vi —y(1 —=y) (1 = 3y) — ¢ (1 - y)®. It follows by Lemma 4.3
below that

g 24
U0,U" o = 0, | — + . 3.32
|| 1n ” p(\/ﬁ \/ﬁ/ll) ( )
By Lemma 4.4 below, we also have
2

5 Na  NEY JEA

T Te.—(y=1)]| = NS Ve it
max e/ U0, UTe;—(y—1)| =0, i \/z+ 7 | (3.33)

5; A g2 A
max el U, UTe,| = 0, (2o L, 204 NI 5,

1<jizjp<q' /! A \/ﬁ /llz A

For the term U®3,UT in (3.30), by considering its (i, j») entry for all 1 < ji, j» < g, we

can easily get that

(1 + 6.2 UEUT = (1 + 6)° [1 - ?E {n~19,.(1)}] I, (3.35)

UEpUT = (1 ; p; 4014 E{ﬁgi(l)}])Al. (3.36)

By the definition of 6; in (2.6), we know

—a A - .
1= P e g ) = (1 B2 -1+ Bl 1)),

which, together with the results in Lemma 4.1 below and Theorem 2.6, yields that

- — A - —
(1 +602 |1 = 2B g (1)) = 511+ 2 =1+ B g (1))
q

=25, [1 - u13{;%6,,(1)}] + 62 [1 - u13{;%9,,(1)}] = 26, {1 P9, 0(1)}. (3.37)
n n n
Combining (3.35)-(3.37) and the definition of ®3, in (3.29), we can get that, for 1 <
j<aq.

1= 22 E ().
n

A
e;U03,UTe; = {(1 +6;) - f}

which converges to zero if and only if A; = A; because (1 + )2 -2 i/di > C > 0 for some
constant C if A; # A; under Assumption 2.4. When 4; = 4;, we have

eTUO;,UTe] = 25; {1 Y 0(1)}. (3.38)
n
Note that all off-diagonal entries of the matrix U®3,UT is zero, i.e.
e]TlUG)3nUTej2 =0,V1<j# jr»<q. (3.39)
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Inserting (3.31), (3.32), (3.33), (3.34), (3.38) and (3.39) into (3.30), we can solve the
determinant equation (3.30) and get the limiting distribution of §;(1 < i < ¢) immediately.
Since diagonal elements of U3, UT are at least constant order, when eJT.U®3nUTe]T goes to

infinity for some j’s, we can divide these rows by e/TUG)3nUTeJT.. In this way, we can get

0,(1) ... 0, () . 0,(%)
det|0,(*) ... S;+(I=y+0,(1)5 ... O,(x)|=0
0,(*) ... 0, (+) . 0u(D)

where \/1_)3\,- iR N(O, E%) and

g XA 487 GiX;A; GiNJaX;d;
=——+ + + + .
VnoooAnA A 22 A
By Leibniz formula for determinants, we can get that S+ {l -y+ op(l)} 0;i +4q0, (*2) =0,
that is

*

3 AV 2 N2 262 _

— q Q(Zj/lj) qéi qéi(Zj/lj) qdiZj/lj

S,-+{1—y+op(1)}6,»+0p — + s —+t— + 2 + 3 =0
n na; A A A

Under Assumptions 2.1 and 2.2(a), we have g = o(n%) and /li‘l 2jdj = o(q‘%ni), then it
follows that

3 2 34
q 1 q- 24 1 qo; 1
7 = 0(” )’ n/ljz ( )’ /121 = Op(é?nz)’

62X A))? 82y
q9; /li J p(él-zl’ll), q 1/121 J_ Op(dizn%).

It leads to
— 2 1 _1
Si+{1=y+0,(1)}6; +0,(67n2) + o(n"7) = 0.
By multiplying +/p on both sides, we further obtain that
VPSi + {1 =y +0,(D} - Vpsi +0, (1) - po; +0(1) =0.
Recalling that @§, i> N, 51.2), we can reach to +/pd; i> N, 0'1.2), where

o} 1-3
0'12: ! 2:(y+c)yi_c_u_
(I-y) I-y

Instead, we can consider the determinant

det {X—%U(e,-@]n + 06,00, + 9,~®3,,)UTX—%} =0, (3.40)
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where A = diag(6y, ..., 6,) € R?4. Repeating all the derivations above, we can get

— — 437!
-1 -1 q P24
AT2U00,0,UTA 2o = Op | —= + ———|, 3.41
I 1 | p(\/ﬁ Nz ] (3.41)
maxeA29U® UA2e —(y—l)ﬁ— Z’l LN \/ZJ J ﬁ.,. Z,{-l
1<j<q n GJ B \/_ /lj 7 J
(3.42)
max |el A"26,U0,,U"A Ze; | = 0, |5 Za +/l ZJ + 1, Za—‘
1ikisgl T T . Ly )
(3.43)
TA-1 —_1 /l q
el A726,U05,UTA %e (1+6;) _I [1 - —E{mg(l)}] (3.44)
] K‘%eiucognUTK-%e,-Z —0,VI<ji%jr<q (3.45)

Inserting (3.41)-(3.45) into (3.40), we can similarly prove +/po; i N(O, a’f) under As-
sumption 2.2(b). Thus the proof is completed. O

Proof of Theorem 2.12. The proof of Theorem 2.12 is similar to that of Theorem 2.10, the
only difference is that we take the J; X J; block as a typical object to analyse, some useful
lemmas can also be obtained from Lemmas 4.2-4.4 below. Similar arguments for deriving
the proof of Theorem 4.1 in [17] can be used. Thus, we omit the details. O

4 Some Technical Lemmas

Lemma 4.1. Suppose that Assumptions 2.1 and 2.3 hold. For any 6§ — oo, we have my(1) —
1= Oa.s.(e_l)-

Proof of lemma 4.1. By the definition of m4(z) in (2.2),

-1 -1
1 F 1 F F
tr Ip,q——0 =1+ tr -0 Ip,q——0 ,
-q ¢ r—q |0 ¢
we have

-1
_ 1 [F F 1 :
(1) -1 = ——tr —O(Ip_q——o) =0 — > -
p-q (¥ 0 p-q, .5  1-wl0

Since all the eigenvalues of Fo, namely uy > ... > p,_4, are almost surely bounded, we can
get that mg(1) — 1 = 0, (67"). O

my(1) =

Recall that e; is the g-dimensional vector whose i-th element is 1 and others are 0,
T =(uj, ..., uy), where u; € R? is the i — th column of the matrix UT. Then we get the

following lemma.
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Lemma 4.2. For any fixed 1 < i < ¢, denote G,; = @U@anT. Under the assumptions

of Theorem 2.10, we have

e/ Guie; > N(0,72),

where 72 = (y+ o) (1 = y)?vi—y(1 = y) (1 = 3y) = c(1 —y)* and v; = Elu] Zey|* for 1 <
i<gq.
_1
Proof of Lemma 4.2. From the definition of ®1, in (3.27) and the fact that Y; = X *X; =
UTA‘%UXh we have the decomposition
1+6,)? A
e/ Gyie; :uj[#zl L, —AG)Z] - 5% {Ir + B@)} Y]
Vpdi VpAi
+ Z "Z,CO)Y] + 2 7 |ui — EO. @4.1)

where EJ[-] is the expectation of all the preceding terms after the equal sign.
By Theorem 2.6, ¢; converges in probability to 0, thus we only need to consider the
limit of

Ai VP
0; T

efﬁ,,,-e,- =lll-r[gzl {In - A(Gl)} Z—lr Z/ll

N VpAi
T

—Y, {Ir +BO)} Y| + Z,CH)Y]

YiD(0)Z] |u; - EL].
For the first two terms, Theorem 7.2 in [3] implies that, for any 1 <i < ¢,

\/_ [u Zy (I, - A@)) Z]u; - tr{L, - A(6)}] 5 NO.T).

[0 Y1 (I + B6)) Y] u; - tr (I + B@))] 5 N0, 55),
\/_
with Ea = CL)In_A(gi)(Vl‘ - 3) + Zﬁln—A(e,-) and EIZB = w[T+B(9i)(V,' — 3) + 2ﬂ[r+3(9i), where

4 4
=Elu/Ze;|* = Eju Y|,

1
w1 -ae) = lim — > [T~ AE) (kK

1<k<n
1
Br-ae) = lim ~tr{l, - A@)),

wr;+B(6;) and B, +B(g,) are similarly defined. Here the fact that Elu; Z;e, |4 = Elu'Y e |* is
implied by Assumption 2.3. Based on the facts that

E[uTZ1 A(G)}ZTul] E(tr[ZTu, TZ, {1, —A(e)}])
=tr [E(Z] wiu] Z,) E{L, — A6)}| = E[tr {I, — A@)}] = n - (p — 9)E{iig(1)},

and that mg,(1) — E {ig,(1)} = O,(n™"), we can get that

( [0/ Z1 (1, - A@)} ZT ] | - tr (I, - A@)}) = 0,(1).

ﬂl
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Then it follows that

\}ﬁ( u/ Zy (I, - A6} Z]w; - E|u] Z, (I, - A(8)) ZTuT]) = N©0,5%),

and similarly,

1 d —
7 (0] Yy {Ir + B6)} Y] u; - E[u] Yy {I7 + B(6)} Y] w;]) > N(0.5p).
For other two terms, by the same approach in the proof of Theorem 2.6, we have that
- [ VPA o . 1
; 7,CH)Y, + Y D()Z =0, —|.
u‘{n 1(1)1 T 1(!)]“! p\/zi
d ~ sy o~
By all these arguments above, we can derive that el.TGme,- - N(O, 0'%) with O'I.Z = yo-l?A +
(1 =y o

We compute WL, -A(®6))> ,BI,,—A(H,-), Wi +B(6;) and IBIT+B(9,') in the following. By the deriva-
tions in the proof of Lemma 6 in [17],
1 1
L — A@)} (k, k) =1 - {Z;—M(Qi)_l (;Zzzg) le} (k, k)

6; 1 1 -1
1-Z {ZT( —Z,Z] - szxg ) Zz} (k, k)
n

I
1 T\ ’
U &7 (01722 - +XeXT) e

where 7y, is the k-th column of Z, and Zy is defined by removing the k-th column of Z,.
Note that

-1 -1
(%ZZkZ;k 7 TXZXT) — (%szlgk)
= (EZZtZ;—l - L)(2)(;—)_1 {lZZkZ;—k - (EZZkZ;—k - L)(2)(;—)} (1Z2/€Z;—k)_l
n 6;T n n o, T n
g7 (lzngi _ _XZXZT)_1 (lxzx;) (lzz,{z;k)_1 “2)
n i T n

and

-1
(1Z2kZ2k) = Sup (0) + 0, (p7') = %y +0,(p™). (4.3)

p—q-—1 1

where Syp denotes the Stieltjes transform of the Marcenko-Pastur law. Then we have that
! 9Et91ZZ 1XXT_1 Bl w(lzyz7, _1+o (o)
_ T = r|— .
P—q 2k — 2489 P—q n 2k Ly a.s. \Yj
= B{ 5+ 0u (67) + 0, ()} - 1
1- 1—-y
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By Lemma A.2. in [17], it holds that

{L, — A} (k, k) — Tryd -yt =

which implies

1
w1,-a@) = lim ~ Z [{L, = A@)} (e, 1 = (1 =3)”.

n—oo n =
=n

By the similar argument, we can obtain that
o1
wrmey = lim = > [ +B@) k0P =
I<k<T

Now we come to the calculation of By,-a(, and Bi,+B@;). Since §; — +oo0 as n goes to

infinity, we have

lim =1, lim —’an(x) =1
=0 J_c Ui — n—oo J_ o ( [ X)
TIEEO e 2(x) =0, hm f = )zan(x) =

Then these calculations lead to

1 1
Pr-ae = Jim ~tr{l, ~ A@)) = lim ~tr {1, - 2A@) + A%6)
n—oo n

_ S _ o 2
—1-21im (=4 f O aF, ()| + tim 4 2—4 f b dF,(x)
n—oco\ n —eo i —x n—oo n oo (6; — x)?

=1-2y+y=1-y,

.1 .1
Prmoy = Jim —tr{Ir + B@)F = lim (I +2B(0) + B(©)

00 00 2
_ . [p—q X . [p-gq x
=1 +2T1E>130{ T f:oo 7 _xan(x)}+Th_r>rolo{ T Iw (Qi_x)zan(x)}

=14+0+0=1.

Thus, we can write

51.2 = yafA +c(1- y)ZE?B
= y{wr,-a@y (Vi = 3) + 2B1,-a@)} + (1 = Y {wr,+86,) (Vi — 3) + 281,486}
=@+ (I-yvi—y(l-=y) (1 =3y —c(l-y7.

Thus the proof is completed. O

Lemma 4.3. Under the assumptions of Theorem 2.10,

q X4
=)

U0;,U" [l = O (
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Proof of Lemma 4.3. By the definition of @y, in (3.27) again, we know

1n =1 +9; )2 Z1 L, —AO)NZ] - H;I%Xl {Ir + BO)} X|

+ r—lZIC(Hi)XlT + TXID(H,-)ZIT —E(), 4.4)
where E(-) is the expectation of all the preceding terms.
Denote
1 1
Mnl = ;Zl {L, —A@G)}Z]{ -E [;Zl {I, — A6} ZlT] ,
1 T 1 T
M2 = ?Y1 {Ir +B)}Y, —E TYI {Ir +B@)}Y| |,
1 1
N3 = NOi~Z1C(O)Y] —E { \/E—Zlc(ei)YI},
n n

1 1
Mt = oY \DO)Z] ~ { J@;YID@-)ZI} :
1
By the fact X; = UTA;UY, we can write

4
U0, U7 := > "V, 4.5)

where
Vi = (1+6 )2U( ~Zy L, - AG) Z] - [%Zl {I, - A(Gf)}ZT])UT
= (1 +6;)*Un, U, (4.6)

Voo = -0 IU( X0 (1 + B XT - [%XI{IﬂB(@»}XTDUT

= —e—lAzU( Ly 7 + B, NYT —E %Yl {Ir + B(e,»)}YlTDUTA%

= —07' AU, UTAZ, » (4.7)
Vi3=U V%ZIC(@)X{ ~ {% C(e,-)xf}- oal

=U %ZIC(O,-)YIT {%ZIC(G )YT} UTA

=U %Z1C(0i)Y1T {%zlcw Y] } UTA:

- Qi_%UrmUTA% 4.8)
Vu=U V%xlme,-)zf ~ E{%XlD(Qi)ZITH U = ei‘%A%UnMUT. (4.9)

Similarly as the arguments in the proof of Lemma 4.2, it holds that, for 1 < j;, j» < g,

1 1
€j,ie), = Op(ﬁ)’ ej e, = Op(%)’
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1
‘\/l’l/l,'

Noting that U is an orthogonal matrix, we have that

1
), e]Tln,,A;ej2 =0, (—)

T
€ 7n3€j, = OP(
J1 I’l/l,'

€] Vuej, = ¢ (1+6)°Un,UTe;, =0, (%)
e Vipej, = —e; 67'A2Un, U A%e), = z;‘ziz}i -0, (%)
eJTangej2 = eJT.lel._%UnngUTA%ej2 = /li_l/li -0 (%),
ej Viej, =e] el.‘%A%UnMUTejz = A;‘Afl -0, (%)
Then by Chebyshev’s inequality, we can deduce that
IVaillo = Op (i) IVa2llo = O (Zj/lj), Va3 + Viallo = O (ﬂ]
Vn Vna; Vna;

where /g > 4; = 0(2; 4;). Thus we complete the proof by (4.5). O

Lemma 4.4. Under the assumptions of Theorem 2.10,

Vi i NEN Y
Tttt @O

max |e/U®,,U"e; - (y— 1)| = O,

1<j<q A n
Si 2 Na2jd
max_[e] UBy,UTey,| = 0, [ L0 4 L, 200 NIZIT gy
1<ji2jo<qg 7! Ai \Vn /ll. Ai

Proof of Lemma 4.4. Recall the definition of ®,,, in (3.28):
1 — 1 -1 1
@2, =(1 +6)~Z1Z; M~ ()M~ (6;) (—Zzzg ) ~ZoZ] - (1 +6)~7,Z]
n n n n

-1

11 — 1 1

— X, XM 'OyM o) | -Z-ZT | =X, XT

+/l,~,-T12 (i) (;)nzz 7X2X
-1

1+6)1 —~ 1 1 1
( ) ZZlZgM_l(/li)M_l(Hi) (;ZZZ;) ?XZXIT + ;Zl COHX|

i
1+6)1
2T

-1
_ 1 1 1
X, XJM ' ()M (6)) (Zzzzg ) ~ZZ] + XD

i
Noting that

M () - M) = MT () {M(6) - MM @) = —%M‘@)FOM-I(@),

1

we decompose the first term in ®,, as

-1
1 P 1 1
;leg M ()M l(ei)(zzzzg ) ZZZZIT
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-1 -1
1 —~ 1 1 1
=—7,2] {M‘l(/l,-)—M_l(Hl-)} 1(0)( ZZZT) —Z2ZT+ Z1ZTM 2(0)( ZZZT) ~Z,77
n n

-1 -1
i 1 1 1 1
= - 2 -Z)ZIM7'(; )FOM—2(0)( ZZZT) ~ZoZ] + Z1ZTM‘2(9)( ZZZT) ~7ZoZ7].
AN n

i

On one hand, similar to the arguments in the proof of Theorem 2.6, we can derive that

L6l - 5;
max le] = —Z,ZIM~' ()F;M2(6;) ZZZ{ ~7,Z7e{ =0, V4o :
1<j<q J/li n /li

6i 1 | Si
max  |e] = —ZZ]M ™' (1)FoM%(8;) ZZZT “2,77e,| = 0, [ LE).
1<ii#psq| ') un n Ai

On the other hand, similar to the proof of Lemma 4.2, we can get that

1 T T - 1 T - 1 T - 1
Z {ej Z1Z2 M Z(Qi) (ZZZZZ) ZZ2Z1 e;— E [tr {M 2(91)}]) = Op (%) s

-1
1 1 1
~e; Z1ZTM‘2(6)( ZQZT) ~7Z,7]e;, :op(—),
n

i
where E{trM‘z(Q)} — . It follows that
1 Thy—2 T - 1 T 1 -2 _ ‘/6
max —e](1+6)Z1Z;M (0)( ~7,7] ) 1)) el,-—ZE[tr{M @}l =0, v
max  |~eT(1 +6)Z1 ZIM2(6) ZZZT : Yz,27e,| =0, (L
1<11¢12<qn] n 1%~ )4 \/ﬁ

Similarly, we can get the following for other terms:

el Te; - A (] e re.| =0, (L
1n<1]a<>i] (1+6) Z1Z e 1’ Op(\/ﬁ), ls?lljj?;q ]](1+6) Z1Z ej, _Op(\/ﬁ)’
T 11 18 Y i) -1 1 'r_1 1 T sz/li
112?3); QJETXIXZM (/l,)M (9,) ;ZZZQ TXZX] ejl = Op /1—12 R
-1
11 1 A
T 1 T 1.3 1 T L Ta. | — jti
135?3}2@ ejl/iﬂ, X X, M~ (1)M~ (0)( 7,7, ) TX2X1 e Op(—,@ ),
-1
1+06;)1 1 1.
max eT( +6)) Z1ZTM ()M~ (9)( Zzz;) —X,X]e] =0, V24 ’
1<j<q J ; T /ll'
1+6;) 1 1 VaZ 4
max_ eJTl( ; ) ZIM ()M (9)( Zzzg) “XoX[e, =op(%],
SER= i i
max e; —Z1C(9)XTeJ 0, L . max el —Z1C(9i)X1Tej2 =0, & ,
I<j<q Vna; 1<jizhzql 'n \na;
1+0)1 -1 51
max eT( +9) X XIM™! ()M~ (9)( ZZZT) ~Z,Z7ej| =0, N2ih ,
1<j<q| ’ ; n A
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-1 /
A+ 1o wrv-tam-1an [L7.77) Lo ore | NI2i4
I<ian<g € A TXIXZM ()M () nZ2Z2 nZ2Z1 €r| = Or A ’
] T 1 Va4 24
max |e] —X,D(6,)Z]e;| = O, 24 , max [e] =X |D®)Z]e;,| =0, 1204 :
1<j<q| ' T ' Vnd; ) 1sizpsql 'T \Z

Thus, all these inequalities lead to

i VT NEN L VE
A |

T . —_ — =
lrgjagl |ej Oz.e; — (y 1)| 0O, NG + /1,-2 + 2
T o fasi g 2 Na2d
max |e-®2nej2|—0p — 4+ —+ + .
1<ji#ja<q ! A A A A

The proof is completed. O

Acknowledgments

The authors gratefully acknowledge a grant from the University Grants Council of Hong
Kong and a NSFC grant (NSFC11671042). Drs Xie and Zeng are co-first authors.

References

[1] Zhidong Bai and Jack W Silverstein. No eigenvalues outside the support of the limiting
spectral distribution of large-dimensional sample covariance matrices. Ann. Probab.,
26(1):316-345, 1998.

[2] Zhidong Bai and Jack W Silverstein. Spectral analysis of large dimensional random

matrices. Springer Series in Statistics. Springer, New York, second edition, 2010.

[3] Zhidong Bai and Jianfeng Yao. Central limit theorems for eigenvalues in a spiked
population model. Ann. Inst. Henri Poincaré Probab. Stat., 44(3):447-474, 2008.

[4] Alex Bloemendal, Antti Knowles, Horng-Tzer Yau, and Jun Yin. On the principal
components of sample covariance matrices. Probab. Theory Relat. Field, 164(1-2):459—
552, 2016.

[5] T Tony Cai, Xiao Han, and Guangming Pan. Limiting laws for divergent spiked eigen-
values and largest nonspiked eigenvalue of sample covariance matrices. Ann. Stat.,
48(3):1255-1280, 2020.

[6] Prathapasinghe Dharmawansa, lain M Johnstone, and Alexei Onatski. Local asymp-
totic normality of the spectrum of high-dimensional spiked F-ratios. arXiv preprint
arXiv:1411.3875, 2014.

29



[7] Xiao Han, Guangming Pan, and Qing Yang. A unified matrix model including both
CCA and F matrices in multivariate analysis: the largest eigenvalue and its applications.
Bernoulli, 24(4B):3447-3468, 2018.

[8] Xiao Han, Guangming Pan, and Bo Zhang. The Tracy—Widom law for the largest
eigenvalue of F type matrices. Ann. Stat., 44(4):1564-1592, 2016.

[9] Roger A. Horn and Charles R. Johnson. Matrix analysis. Cambridge University Press,
Cambridge, second edition, 2013.

[10] Iain M. Johnstone. On the distribution of the largest eigenvalue in principal compo-
nents analysis. Ann. Stat., 29(2):295-327, 2001.

[11] Noureddine El Karoui and Elizabeth Purdom. The non-parametric bootstrap and spec-
tral analysis in moderate and high-dimension. volume 89 of Proceedings of Machine
Learning Research, pages 2115-2124. PMLR, 16-18 Apr 2019.

[12] Debashis Paul and Aue Alexander. Random matrix theory in statistics: A review. J.
Stat. Plan. Infer., 150:1-29, 2014.

[13] Jack W Silverstein. The limiting eigenvalue distribution of a multivariate F matrix.
SIAM J. Math. Anal., 16(3):641-646, 1985.

[14] Jack W Silverstein. Strong convergence of the empirical distribution of eigenvalues
of large dimensional random matrices. J. Multivar. Anal., 55(2):331-339, 1995.

[15] Jack W Silverstein and Zhidong Bai. On the empirical distribution of eigenvalues of
a class of large dimensional random matrices. J. Multivar. Anal., 54(2):175-192, 1995.

[16] Kenneth W Wachter. The limiting empirical measure of multiple discriminant ratios.
Ann. Stat., 8(5):937-957, 1980.

[17] Qinwen Wang and Jianfeng Yao. Extreme eigenvalues of large-dimensional spiked
Fisher matrices with application. Ann. Stat., 45(1):415-460, 2017.

[18] John Wishart. The generalised product moment distribution in samples from a normal
multivariate population. Biometrika, 20(1/2):32-52, 1928.

[19] Jianfeng Yao, Shurong Zheng, and Zhidong Bai. Large Sample Covariance Matrices
and High-Dimensional Data Analysis, volume 39 of Cambridge Series in Statistical and
Probabilistic Mathematics. Cambridge University Press, New York, 2015.

30



	1 Introduction
	2 Main results
	2.1 Notations and assumptions
	2.2 Weak consistency
	2.3 Central limit theorem

	3 Proofs of the theorems
	4 Some Technical Lemmas

