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Abstract

In many applications, data often arise from multiple groups that may share similar char-
acteristics. A joint estimation method that models several groups simultaneously can be more
efficient than estimating parameters in each group separately. We focus on unraveling the depen-
dence structures of data based on directed acyclic graphs and propose a Bayesian joint inference
method for multiple graphs. To encourage similar dependence structures across all groups, a
Markov random field prior is adopted. We establish the joint selection consistency of the frac-
tional posterior in high dimensions, and benefits of the joint inference are shown under the
common support assumption. This is the first Bayesian method for joint estimation of multiple
directed acyclic graphs. The performance of the proposed method is demonstrated using simu-
lation studies, and it is shown that our joint inference outperforms other competitors. We apply

our method to an fMRI data for simultaneously inferring multiple brain functional networks.
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1 Introduction

Suppose we observe data from the following K groups,
ind. _
Xty ooy Xemy | Qe N0 Np(0,Q:1), k=1,...,K, (1)

where €, € RP*P is the precision matrix of the kth group. Here, N,(u, ¥) denotes the p-dimensional
normal distribution with the mean vector u € RP and covariance matrix ¥ € RP*P. We are in-
terested in investigating the dependence structures of each multivariate data set, especially in
high-dimensional settings. To consistently recover the dependence structure of multivariate data,
various sparsity assumptions have been suggested for high-dimensional covariance matrices (Cai

et al.; 2010; Cai and Zhou; 2012b), precision matrices (Banerjee and Ghosal; 2015; Ren et al.;



) and Cholesky factors ( ; ; ; ). In this paper, we focus on sparse
Cholesky factors, whose sparsity patterns are related to directed acyclic graph (DAG) models. Our
goal is to develop a theoretically supported Bayesian method for jointly estimating multiple DAGs
under a sparsity assumption.

In many applications, data are collected from multiple groups that share similar characteristics.
For examples, gene expression levels are often measured over the patients with different subtypes
( ; ; ; ), where the DAGs may vary across subtypes but share similar
structures. Then, joint estimation can be more efficient than estimating each DAG separately.
Another motivation for this type of problem comes from neuroimaging studies. In neuroimaging
studies, it is common to explore the changes in functional connectivity for different brain regions
through the progression of a certain disease. Taking the Parkinson’s disease (PD) as an example,
during the progression of PD, some patients may develop the comorbidity of depression, and others
may not. Neuroscientists are interested in learning the complex interactions that govern brain
connectivity networks and contribute to the onset of depression. In such applications, statistical
methods for jointly estimating multiple DAGs can serve as a powerful tool to gain insight into the
underlying neurological mechanism.

When data are collected from a homogeneous population, many statistical methods for estimat-
ing high-dimensional sparse Cholesky factors have been developed. ( )
proposed a penalized likelihood method based on a lasso-type penalty and derived its convergence
rate. ( ) showed the convergence rate of the £p-penalized maximum
likelihood estimator for sparse Cholesky factors. Recently, ( ) developed a convex
sparse Cholesky selection, by using a reparameterization trick, and proved the convergence rate
and selection consistency in a moderate high-dimensional setting. From a Bayesian perspective,

( ) introduced a class of DAG-Wishart priors for sparse DAG models, and

( ) showed the posterior convergence rate and selection consistency of hierarchical

DAG-Wishart priors. Based on the autoregressive model representation of a Gaussian DAG model,

( ) developed an empirical sparse Cholesky prior. They showed that the proposed

prior attains the minimax optimal posterior convergence rate as well as the selection consistency

under mild conditions. However, the above methods are lack of sharing information across graphs
when estimating multiple graphs with similar structures.

To infer data sets from heterogeneous populations, various methods have been proposed for
estimating multiple graphical models, i.e., precision matrices, by ( ),

( ) ( ) and ( ), to name a few. On the other hand, only
few joint inference methods for multiple DAGs have been proposed in the literature.

( ) proposed the joint greedy equivalence search for estimating multiple DAGs and proved its
convergence rate under the Frobenius norm. They showed that the cardinality of the union of
estimated DAGs has the same rate with that of the union of true DAGs. Recently, ( )



proposed a two-step method, called the multiple PenPC, to jointly estimate the skeletons of DAGs
and showed the joint selection consistency of the skeletons in high-dimensional settings. To the best
of our knowledge, no Bayesian method, which enjoys theoretical guarantees in high-dimensional
settings, has yet been suggested for multiple DAGs.

In this paper, we propose a prior for Bayesian joint inference, called the joint empirical sparse
Cholesky prior, for multiple DAGs in high-dimensional settings. We show that the proposed prior
achieves the joint selection consistency under mild conditions, which means that the marginal
posterior at the true DAGs converges to one as more data are collected (Theorem 3.1). To the
best of our knowledge, this is the first work that has established the joint selection consistency for
multiple DAGs under a Bayesian framework. We also prove theoretical benefits of the joint inference
under the common support assumption. Specifically, it is shown that the proposed method attains
the joint selection consistency under much weaker beta-min conditions (Theorems 3.3 and 3.4)
compared with separate inferences. In simulation studies, our joint inference method outperforms
the other state-of-the-art methods including frequentist joint estimators and Bayesian separate
inferences especially in high overlapping scenarios. These finding support our motivation for joint
inference: when multiple DAGs share similar structures, joint estimation can be more efficient than
separate estimations.

The rest of paper is organized as follows. Section 2 introduces multiple Gaussian DAG models,
the joint empirical sparse Cholesky prior and the fractional posterior distribution. In Section 3,
we show the joint selection consistency of the proposed method and benefits of the joint inference
compared with separate inferences. The finite sample performance of our method is investigated
in Section 4, and we conduct a real data analysis using a functional magnetic resonance imaging
(fMRI) dataset in Section 5. Section 6 concludes the paper with a discussion. The proofs of the

main results are given in Section 7.

2 Preliminaries

2.1 Multiple Gaussian DAG models

For a given precision matrix Q € RP*?, let Q = (I, — A)TD=1(I, — A) be its modified Cholesky
decomposition (MCD), where A = (aj;) is a lower triangular matrix with aj; = 0 and D = diag(d;)
with d; > 0, for all j = 1,...,p. Then, it is well known that X = (X1,...,Xp)T ~ N,(0,27!) can

be represented as a sequence of linear autoregressive models as follows:

Xi|dj ~ N(0,dy),

Xj|a5j7djasj ~ N(ZXlajladj)vj:27"'7pa
lesS;



where ag;, = (ajl)lTeSj c RISl S; € {1,...,5 — 1} and |S;] is the cardinality of S; (

: ). The support of the Cholesky factor, {S2,...,Sp}, determines the DAG, D = (V, E).
Here, V.= {1,...,p} is a set of vertices, and F is a set of directed edges, where {{ — j} € F if and
only if a;; # 0. In this paper, we assume that a parent ordering of variables is known in which no
edges exist from larger vertices to smaller vertices. The above model is called the Gaussian DAG
model.

Similarly, for a given 1 < k < K, we denote the MCD of Qi by Qi = (I, — Ak)TDlzl(Ip — Ap),
where Ay, = (ax,j;) and Dy, = diag(dy;). Let Sg; = (Skj1,---,Skjj—1) € {0, 1}7~! be the support
of the jth row of Ay with Sy = I(ag ;i # 0). With a slight abuse of notation, if there is no
confusion, Sj; is sometimes used to denote the set of nonzero indices in the jth row of Ay, i.e.,
Spi = {l :arj # 0} C {1,...,5 —1}. We denote the data from the kth group and the whole
data by Xy = (Xg1,.. ., Xgm, )T € R™*P and X, = (XT, ..., XET)T € R™*P, respectively, where

n =31 ny. Then, model (1) can be expressed as follows:

ind.

Xk | dg; ~ Nipp(0,di;ln,),

ind. .
Xpj | ks> dijs Skj '~ N, (Xk,skjak,skj, dksznk>7 J=2,...,p, k=1,.. K,

(2)

where ag g, . = (ak,jl)ljéskj € Rl and Xk,s € R™*15| is the submatrix consisting of Sth columns
of X for any S C {1,...,j—1}. We call model (2) the multiple Gaussian DAG models. Note that
the lower triangular part of A can be seen as a set of regression vectors, thus we can use a prior
tailored to each row of the sparse regression coefficient vectors. We assume that the sample size
for each group, ni, can be different across all groups. We consider the high-dimensional setting in

which p > n and allow the number of groups, K, grow to infinity as we observe more data.

2.2 Joint empirical sparse Cholesky priors

( ) proposed the empirical sparse Cholesky (ESC) prior for a sparse DAG model on
the basis of the interpretation (2). In this paper, we extend this prior to deal with multiple DAGs.
For given 1 < k < K and S}, we use the following conditional prior for A and Dj:

ind. . dkj T -1 .
Ok, Sy, | dijs Skj ™~ N|Skj\ (a’k,Sk]" T(Xk’ysijk,Skj) )7 J=2,...,p, (3)

—vg/2—1 .
ﬂ-(dk]) X dk’;jO/ ’ J = 17"°7p7

for some positive constants v and vy, where @y s, = (X;‘f Sks Xk,gk].)_ng’ Sts X,j- This corresponds
to the ESC prior when K = 1. Note that the conditional prior for a g, is an empirical version of
the Zellner’s g-prior ( : ) centered at Gy s, ;, and the prior for dx; becomes the Jeffreys

prior ( ; ) when 1y = 0.



For joint inference on multiple DAGs, given an integer j € {2,...,p}, we propose the following

joint prior for (Sij,...,Sk;j):

K
m(S1js- - Ski) o f(Su-- s Skg) [ 7(Sks)s (4)
k=1
where

—1
(Sk) o ( ) =861 10 < | S| < Ry)
|Sk;

for some positive integers 0 < R; < j — 1. Here, m(Sy;) plays a role as a penalty term for the model
size |Sk;|, which prefers sparse models. Similar priors have been used in the literature including

( ) and ( ). For f(Sij,...,Sk;) in (4), we suggest using the following
Markov random field (MRF) type prior to reflect the expectation that different groups share similar
DAG structures:

j—1
F(Sij-. . Skj) = exp{cz]ZS}; 1x1% )Sﬂ}
=1
7j—1
= exp{2c2JZZISk,jl:Sk’,jlzl)}a ]:27,17

I=1 k<k/
for some constant cp; > 0, where S’jl = (Slyjl,...,SK,jl)T and 1x = (1,...,1)T € RE. This
MRF prior encourages similar patterns of sparsity for (Sij,...,Sk;). ( ) used a

similar MRF prior for inferring multiple graphical models. By putting together priors (3) and (4),

we propose a prior for multiple DAGs,

p K 14 b4
W(Ql,...,QK) X H?T(Slj,...,SK] H{Hﬂ'aksk]‘dk],skj H dk]}
j=2 k=1 = j=1

which we call the joint empirical sparse Cholesky (JESC) prior hearafter.

2.3 a-fractional posterior

We adopt the fractional likelihood framework, which has received increasing attention in recent
years ( : : : : : ). Let 6 and L(#) be a parameter
and a likelihood function, respectively. For a given constant o € (0, 1), a-fractional likelihood L (0)
is the likelihood with power a, i.e., {L(#)}*. Based on the JESC prior and a-fractional likelihood,

we have the following posterior distributions:

ind. . dpj T —1\ .
Ak, Sy | dij Skj»r X~ N\Skﬂ(akvskﬂ" «o —1—]7 (Xk,Sijkakj) )’ J=2-0p
ind. ang +1vy9 ang ~ .
dkj | Sk‘])Xk‘ e IG( 2 ) 2 dk:,Skj)a ]:17---7107



and
~ K
7ro<<51j7 oo ,SK]‘ ’ Xn) 0.8 ﬂ'(Slj, cee 7SKj) H fa(Xnk ’ Skj>7 j = 2, ey
k=1
where dy s, = ng ' XY (In, = Poy) X, Psy = Xy, (XE g, X, ) ' X[ g, and

fo(Xny, | Skj) = / / La(ak,sy;, dij Skj)m(an,se; | dijs Skj)m(dij | Skj)dag,s,; dd;

1Skl
2

o~ _ ank+uo
(dk,s,;) " 2

x (1 + 9)

Y
We denote the posterior by 74(- | X,,) to indicate that the a-fractional likelihood is used, and call
it the a-fractional posterior. To conduct the posterior inference for (Si;, ..., Sk;), the Metropolis-
Hastings within Gibbs algorithm can be used. The details are given in Section 4.1. Once we have
posterior samples of (Si,...,SKk;j), the posterior samples of ak,s,,; and di; can be directly drawn

from the normal and inverse-gamma distributions, respectively.

3 Main Results

3.1 Joint selection consistency

In this section, we establish the joint selection consistency of the proposed JESC prior, which guar-
antees that we can recover the true DAGs asymptotically. Let Qg be the true precision matrix of
the kth class, for k =1,..., K. Let Qo = (I, — AOk)TDakl(Ip — Ag) be the MCD of g, where
Aok = (aor,j1) and Doy = diag(dok,;). We denote S4 as the support of the matrix A = (ajy), ie.,
Sa = (I(aj #0)). We first introduce the following sufficient conditions for true parameters:

Condition (A1) There exists a constant 0 < ¢y < 0.5 such that ¢g < minj<p<g Amin(Qox) <
max)<k<i Amax(Q0ok) < 661.

Condition (A2) max)<j<x maxo<j<p > 1y L(aokji # 0) < so for some 1 < 59 < p.

Condition (A3) For some constant Cpy, > 0,

16
1—a)e3 (1 — 2¢)

. . 2
min min - ngay, i 2
2. a(

Cim log p.
1SK<K (j1):aok 140 27bm 8P

Condition (A4) K = o(logp).

Condition (A1) implies that the eigenvalues of each precision matrix Qg are bounded. This
condition is used to obtain upper bounds of dy ;, dakl ; and | Aok ||. Similar conditions have been

used in, for examples, ( ), ( ) and ( ).



Condition (A2) controls the maximum number of nonzero entries in each row of Agg. This
condition allows the upper bound sy to grow to infinity as n get larger. Note that the estimation of
each row of Ay can be considered as the estimation of regression coefficient vector, thus introducing
this condition seems natural.

Condition (A3) is the well known beta-min condition for the minimum nonzero entries of each
Cholesky factor, Agi. This roughly means that the lower bound for nonzero a%k’jl is of order
O(log p/ny). The beta-min condition is essential for consistent variable selection in high-dimensional
linear regression models ( ; ; ; ) and Gaussian DAG models (

; ; ; ). Note that if we assume k& = 1 and n; = n, then the rate of the
lower bound in condition (A3) becomes logp/n, which is the best (minimum) beta-min condition
in the literature.

Condition (A4) restricts the number of classes. Note that K can grow to infinity as n — oo at
a rate slower than logp. ( ) and ( ) used similar condition for joint

estimation of high-dimensional precision matrices and DAGs, respectively.

Condition (P) vy = o(ming ng),c1 > 2,c25 < 1/(j — 1) and v = O(1). For some small 0 < ¢3 <
(€')2€2/{128(1+2¢0)?} and € = {(1—a)/10}?, we assume that R; = |{(logn)~!Ves} ming ng/logp].

Condition (P) shows a sufficient condition for hyperparameters in the JESC prior to obtain the
desired theoretical properties, where “P” stands for “prior”. The constant ¢; controls the penalty
for the sparsity of Cholesky factors, thus the condition ¢; > 2 gives the minimum strength of the
penalty. The constant cp; in the MRF prior controls the penalty for similarities across the DAGs,
thus cp; < 1/(j — 1) implies that the effect of the MRF prior should not be too strong. This
intuitively makes sense because if cy; is too large and dominates the other priors and likelihoods,
then the posterior will always select the full model, i.e., Sp; = {1,...,j—1} forall 1 <k < K and
2 < j < p. The condition R; = [{(logn)~!V c3} ming ny/log p| implies that the maximum number
of nonzero entries in each row of Ay should at least be of order ming ny/logp for the consistent
selection. In finite samples, we suggest choosing R; = |ming ng(logp logn)~!|. In Section 4.1, we

will give a practical guidance for the choice of hyperparameters.

Theorem 3.1 (Joint selection consistency) Suppose that conditions (A1)-(A4) and (P) hold
with Cpm > c1 + 2. Then, if splogp < ming ngcs3/2 and sg > Cpm — ¢1 — 1, we have

EO{WQ(SAI:SAOI,...,SAK:SAOK|Xn>} — 1 as mkinnk—>oo.

Theorem 3.1 presents the joint selection consistency for multiple DAGs. It is worth comparing
our result with those in ( ) in terms of the required conditions. To obtain consistency,

they assumed ming Amin (Zox,44) > C1 and maxy, o j; < Ca for any A € {1,...,p} with |[A] <



q and some constants C; and Cy > 0, which is weaker than condition (Al), where Xo; a4 =
(Xok,j1)jica- It was also assumed that ny, < n for all k = 1,..., K. Note that this condition implies
K = O(1), thus it is stronger than our condition (A4). They further assumed p = O(exp(n®)) and
q = max; |Aj| = O(n®) for some constants a € [0,1) and b € [0, (1 — a)/2), where A; = UleAg.k)
and Ag-k) = {l: Qorjy # 0and ! # j}. By Lemma 1 in ( ), ¢ = O(n®) implies
so < | UK, Sor;| = O(nP), thus it is slightly more restrictive than our conditions, (A2) and
sologp < ming nges/2. They used the beta-min conditions,

. . Qok,ji
min min o —

| 5 ’ z n—d1 and n—dQ S ‘py;')S’ <M< 1, (5)
1<k<K (5,0):Q0k,5170 | 320k, 55

for some 0 < dy < (1 —a—b)/2, 0 < dy < {1~ (aVb)}/2and any S € I}, where TI|}) =
{Ay;) \Dj(.f) : D%ﬂ - C](f)}, Agf) is the Markov blanket of j and [ after removing their common
children and descendants, and Cj(f) is the set of common children or descendants. Note that (5)
consists of two beta-min conditions to guarantee selection consistency in each step. Although their
beta-min conditions are not directly comparable with ours, the squares of the lower bounds in (5),
n~24 and n~2% are much larger than logp/ny in condition (A3). Therefore, we obtain the joint

selection consistency under weaker conditions on K, sy and minimum nonzero signals than those

in ( ).

Theorem 3.2 Let 7l (Sy; | Xp,) < fo(Xn, | Skj)m(Skj) be the independence posterior for Sk;.
Suppose that there exists 1 < k < K such that Up £1.Sorr j € Sok,;- Then, for any j =2...,p, we

have
T (Sokj | S0ty -+ - s Sok—1.7s S0kt 1,4 - - - » Sokc.js Xn) > TA(Sokj | Xing)- (6)

Theorem 3.2 shows that the joint inference increases the conditional posterior probability at the

true DAGs compared to the separate inference. Note that U1 Sor j € Sok,; holds if and only if

F(So1, s Sok—14>Skjs Sok+1,5s---+50Kk,;) < f(So1js---3S0k—1,5S0k,j> Sok+1,55 - - - » Sok.,5) (7)

for any Si; # So, ;. For example, (7) trivially holds if we assume the common support, i.e., Sp1,; =

oo = SoK -

3.2 Benefits of joint inference

In this section, the theoretical benefits of the joint inference, compared with separate inferences,
are presented. Although investigating benefits of the joint inference under heterogeneous DAGs is
important, it is very challenging to explore every possible scenario. Thus, we focus on the case
where all Cholesky factors share a common support, i.e., all DAGs share a common structure. For

example, ( ) and ( ) also used the common support assumption for



multiple precision matrices and showed advantages of the joint estimation. In this case, we suggest

using the restricted posterior to the space of common supports,

] (54— =S, =84 X
Fu(Sa 1K) = ST Z = S =

n)
ZSA 7TO<(SA1 = =S4, =5 X )

To prove the joint selection consistency of 74 (S4 | Xn), we introduce a weakened beta-min condi-

tion as follows:

Condition (B3) For some constant Cyy, > 0,

16
G Tﬂﬁéozn’“ Ohit 2 T ) (1 2eg K 1oBP

Note that condition (A3) implies (B3), thus we call condition (B3) a weakened beta-min condi-

tion. If we assume that ny = --- = ng, then condition (B3) roughly means that the lower bound

for K1 Zszl N} 1):a0, ;10 a%k,jl is of order O(logp/ny). Thus, we can consistently recover the

true support as long as the average of minimum signals is significant, even if minimum signals of

some classes are quite small. This can be seen as the benefit of the joint inference, and the following

theorem states the desired result.

Theorem 3.3 (Benefit of joint inference) Assume that Say, =+ = Sa,, = So and Klogp =
o(ming ng). Then, under the same condition with Theorem 3.1, except using condition (B3) instead
of (A3), we have

Eo{7a(Sa = So | Xn)} — 1 as mkinnk — 0.

Note that Klogp = o(miny ny) trivially holds if we assume (logp)? = o(ming ny), by condi-
tion (A4). ( ) assumed K2¢!logp (logn)? = o(miny n;) and max(K, K4 %log K) =
o(log p) for some constant a > 0. The second condition is comparable to our condition (A4) when
a = 3, and then the first condition becomes K®logp (logn)? = o(miny ny). Thus, our condition
K log p = o(ming ny) is much weaker than that of ( ).

In fact, if we slightly modify the prior for S, we can further weaken the beta-min condition.

Define the modified prior for (Sij,...,Sk;) as
ﬁ'(Slj, ceey SKJ') X 7'('(51]', ceey SKJ')I/K

x  f(Sj,...,5K;) VKHw DVE
k=1

K
f(S1j,- - SK;) H 7(Skj)s
k=1



and let 75(S4 | X,,) = 75(Sa, = -+ = Sa, = Sa | X,) be the restricted posterior to the space of
common supports using the prior 7(S1;, ..., Sk;) instead of 7(S1;, ..., Skj). Then, it suffices to as-

sume the following condition (C3) instead of condition (B3) to obtain the joint selection consistency:

Condition (C3) For some constant Chy, > 0,

K
16
: 2
min Ng agp .1 > Chm log p.
(jJ):aOl,jl;&O; Ok, 3t a(l — 04)6(2)(1 —2¢0)?
Theorem 3.4 (Benefit of joint inference II) Assume that Sa,, = -+ = Sa,, = So. Then,

under the same condition with Theorem 5.1, except using condition (C3) instead of (AS3), we have
Eo{7}(Sa = So | Xn)} — 1 as mkinnk — 0.

Theorem 3.4 shows the advantage of the joint inference based on the restricted posterior 72 (S4 |
X,,): it only requires condition (C3), which is much weaker than condition (B3). Compared with
Theorems 3.1 and 3.3, it reveals that, under the common support assumption, we can obtain the
joint selection consistency as long as the summation of minimun signals is significant. Note that the
lower bound in condition (C3) coincides with that in (A3). ( ) used a similar beta-
min condition to condition (C3) for the nonzero entries of precision matrices, but using log K log p
instead of log p. Hence, our beta-min condition is weaker than their in terms of the rate. Also note
that [, 7(Skj) ox w(S1;)I(S1; = -+ = Sk;) when Si; = --- = Sk;. Thus, this implies that it is

sufficient to use a single penalty (prior) for all K classes rather than use a penalty for each class.

4 Simulation Studies

In this section, we carry out simulation studies to illustrate the model selection performance of our
method and show its potential benefits over other contenders.
4.1 Posterior inference

The use of the JESC prior not only guarantees the asymptotic properties but also allows us to

easily conduct the posterior inference. Recall that for j =2,...,p,

7Toz(‘sfljw . aSKj ’ Xn)

K o 1Sk R _amgtug j—l -1
x H (1 + 7) (dk,sk,j) 2 < ' > p_clls’“j‘l(() < Skl < Rj)
P v | Skl
j—1
XeXP{C2 Shlg1%k _IK)gjl}y
=1

10



where S’jl = (S1ts-- -5 SK’]-Z)T. Hence, we can run the Metropolis-Hastings within Gibbs sampling
algorithm for each j = 2,...,p in parallel. Here, we briefly summarize the algorithm used for the

inference:
Run the following steps for j =2,...,p.
o 1) (1)
1. Set the initial values Sy; ,...,SKj.
2. For each t = 2,...,T, run the following steps for k =1,..., K.

(a) sample Sp& ~ q(- | S,(;}));
(b) set Sy = Spev with the probability

new t t t—1 t—1) < i—1 new
mln{ ﬂ—a(Skj ’ S:(lj)7'"7S£ll,j75£+17;7"'75§{j )7 n)q(S](cjj ) ’ Sk] ) }
’ t—1 t t t—1 t—1) < new t—1
7"-oz(S](gj ) | ng)v"w‘s’](c,)l’jvsl(grl’;,'"7S§(j 7Xn)q(Sk] | S](g] ))
new t t new t—1 t—1 j—1 new
R {1 T (SE | X ) F(S1) o 121 ST S 83 a8 | SE5)
o ’ -1 -1 -1 -1 new -1
ma(Sh ) 1 Xn ) PS8 S st s atspee | S
otherwise set S,(;;) = S,Ef;*l).

The kernel ¢(S™" | S) is chosen to form a new set S™*" by changing a randomly selected nonzero
component to 0 with probability 0.5 or by changing a randomly selected zero component to 1 with
probability 0.5. Steps 1 and 2 in the above algorithm, can be parallelized for each column. For more
details, we refer the interested readers to ( ) and ( )

The tuning parameters are chosen as suggested in ( ) and ( ).
Specifically, we set o = 0.999 to mimic the Bayesian model with the original likelihood. In practice,
as long as 1 — « is close to zero, the performance was not sensitive to the choice of a. The other
hyperparameters were chosen as v = 0.1, vy = 0, ¢; = 2 and ¢; = {p(K — DYy tforj=2...,p
to satisfy the theoretical conditions. The above algorithm is coded in R and publicly available at

https://github.com/xuan-cao/Multiple-DAG-Selection.

4.2 Simulation setting

In this section, we demonstrate the performance of the proposed method in various settings similar
to those used in ( ); ( , ). We construct three Cholesky factors
A1, As, and Az corresponding to DAGs Dy, D> and D3 with different degrees of shared structure.
We include p = 150 nodes, and consider the first scenario as follows. For the first p x p lower
triangular matrix A;, we randomly chose 2% of the lower triangular entries of A; and sampled
their values from a uniform distribution on [—0.7, —0.3] U [0.3,0.7]. The remaining entries were set

to zero. Dy can be acquired by mapping the nonzero entries in A; to a DAG with p nodes. To

11
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obtain Ds, five edges are removed from D; and five new edges added at random. To obtain Ds,
five edges are removed from the graph for group 2, and five edges added at random. All the lower
triangular entries in Ay and As are generated in a similar manner as in A;. We call this simulation
setting Scenario 1 (high overlapping), where each pair of DAGs have 218 of 223 edges (97.76%) in
common.

Next, we investigate a different simulation scenario, say Scenario 2 (medium overlapping), where
A1, Dy, Ay, Dy are formed as in Scenario 1, but we change the design of A3 and D3 as follows. To
obtain D3, 20 edges are removed from the graph for group 2, and 20 edges added at random. All the
entries in three Cholesky factors Ay, Ao, and Ag are generated as in Scenario 1. Under this setting,
D; and Dj share 218 of 223 edges (97.76%), D2 and Ds share 203 edges (91.03%), and D; and D3
share around 219 edges (89.24%). For our final simulation setting, Scenario 3 (low overlapping),
we first create A; and D; as previously mentioned, and obtain Dy by randomly removing 20
edges and adding 20 edges from D;. D3 is again acquired by randomly removing 20 edges and
adding 20 edges from Ds. These steps result in DAGs D; and D, that share 203 of 223 edges
(91.03%), Dy and D3 that share 203 edges (91.03%), and D; and D3 that have 185 common edges
(82.96%). All the nonzero entries in Ay, Ag, and Az are then sampled from a uniform distribution
as elaborated in Scenario 1. For all settings, we simulate the diagonal entries of Di, Ds, D3 from
a uniform distribution on [2,5]. Given the precision matrices Qy = (I, — Ay)' D, (I, — Ay) for
k =1,2,3, the data sets were generated from the multivariate normal distribution N, (0, Q,;l) with
(nk,p) = (100, 150) for k =1,2,3.

4.3 Performance comparison

We compare the following methods: the proposed JESC prior, Bayesian inference based on ESC

applied separately for each group (SESC) ( ; ), multiple PenPC (MPenPC) ( ;
), joint graphical lasso (JGL) ( ; ), and seperate DAG lasso (DAGL) for
each group ( ; ). The tuning parameters in JGL were selected using a

grid search to identify the combination that minimizes the AIC as suggested in
( ). Since for our simulation studies, JGL could not produce exact zeros in the Cholesky factors
of the estimated precision matrices, we further adopt the hard thresholding of these Cholesky
factors. The penalty parameters in MPenPC were tuned using the extended BIC (EBIC) (

: ) as suggested in ( ). The penalty parameters in DAGL were set as
Ai(a) = 2n_1/226‘.1/{2p(i_1)} (separate for each variable i), where Z; denotes the (1 — q)"" quantile
of the standard normal distribution. This choice is justified in ( ) based
on asymptotic considerations. For Bayesian methods, we ran the Metropolis-Hastings algorithm
specified in Section 4.1 for each data set to conduct posterior inferences. Every MCMC chain

started from an empty initial state and ran for 5,000 iterations with a burn-in period of 1,000, since
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Table 1: Performance summary for Scenario 1 (high overlapping). Comparison of true positive rate
(TPR), false positive rate (FPR), Matthews correlation coefficient (MCC) and area under the ROC
curve (AUC). The models compared are the Bayesian joint ESC method proposed in this paper

(JESC) ( ; ), separate ESC method applied for individual group (SESC), multiple
PenPC (MPenPC) ( ; ), and joint graphical lasso (JGL) ( ; ).
Measure  JESC SESC  MPenPC JGL DAGL
Group 1 TPR 0.8879  0.8610 0.8924 0.9148  0.3785
FPR 0.0045 0.0048 0.0232 0.0365 0

MCC 0.8403  0.8193 0.6163 0.5432  0.6113
AUC 0.9761  0.9684 . . .

Group 2 TPR 0.9148  0.9072 0.9462 0.9372  0.3668
FPR 0.0039  0.0044 0.0211 0.0326 0

MCC 0.8664  0.8369 0.6638 0.5769  0.6009
AUC 0.9962  0.9780 . . .

Group 3 TPR 0.8969  0.8654 0.8879 0.8789  0.3552
FPR 0.0038  0.0041 0.0230 0.0369 0

MCC 0.8580  0.8361 0.6152 0.5224  0.5901
AUC 0.9835  0.9805 . . .

All edges TPR 0.8999  0.8775 0.9088 0.9103  0.3669
FPR 0.0040  0.0044 0.0224 0.0353 0

MCC 0.8549  0.8308 0.6317 0.5471  0.6010
AUC 0.9479  0.9289 .

Differential edges TPR 1 0.9050 1 1 0.4600

FPR 0 0 0 0 0
MCC 1 0.9098 1 1 0.5463
AUC 1 0.9525

we observed that on average the posterior samples converged rapidly and stabilized after 1,000
iterations. The hyperparameter co was set to 0 when implementing SESC. We constructed the final
model by collecting indices with inclusion probabilities exceeding 0.5.

To evaluate the performance of joint DAG selection, the true positive rate (TPR), false positive
rate (FPR), Matthews correlation coefficient (MCC), and area under the curve (AUC) are reported

at Tables 1, 2 and 3 averaged over 20 repetitions. The criteria are defined as

TP
PR = — -
R TP+ FN’

FP

FPR — — -~
TN + FP’

TP x TN — FP x FN

MCC = x x

V(TP +FP)(TP+ FN)(TN + FP)(TN + FN)’

where TP, TN, FP and FN are true positive, true negative, false positive and false negative,
respectively. The AUC is calculated based on the TPR and the FPR for Bayesian methods with
varying thresholds. The AUCs for the regularization methods are omitted.

Based on the simulation results (Tables 1 to 3), we can tell that the proposed method is more
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Table 2: Performance summary for Scenario 2 (medium overlapping).

Measure  JESC SESC  MPenPC JGL DAGL
Group 1 TPR 0.8704 0.8475 0.9058 0.9193  0.3565
FPR 0.0051  0.0049 0.0227 0.0363 0
MCC 0.8195 0.8096 0.6275 0.5465  0.5908
AUC 0.9810 0.9836
Group 2 TPR 0.9238 0.8654 0.9238 0.9372  0.3632
FPR 0.0030  0.0043 0.0216 0.0330 0
MCC 0.8901  0.8307 0.6466 0.5748  0.5963
AUC 0.9896  0.9885
Group 3 TPR 0.8610 0.8834 0.8924 0.8879  0.3529
FPR 0.0040 0.0046 0.0232 0.0368 0
MCC 0.8335 0.8359 0.6163 0.5276  0.5897
AUC 0.9859  0.9853
All edges TPR 0.8849  0.8654 0.9073 0.9148  0.3584
FPR 0.0041  0.0046 0.0225 0.0354 0
MCC 0.8475 0.8254 0.6301 0.5484  0.5930
AUC 0.9405 0.9304
Differential edges TPR 0.8920 0.8482 0.9241 0.9190  0.3800
FPR 0 0 0.0381 0.0814 0
MCC 0.8978  0.8584 0.8867 0.8423  0.4835
AUC 0.9461  0.9235

Table 3: Performance summary for Scenario 3 (low overlapping).

Measure  JESC SESC  MPenPC JGL DAGL
Group 1 TPR 0.8879  0.8520 0.8924 0.9193  0.3796
FPR 0.0042  0.0048 0.0226 0.0360 0
MCC 0.8456  0.8140 0.6207 0.5484  0.6067
AUC 0.9866  0.9786
Group 2 TPR 0.8969  0.8565 0.9148 0.9193  0.3330
FPR 0.0041  0.0040 0.0236 0.0372 0
MCC 0.8526  0.8327 0.6254 0.5422  0.5705
AUC 0.9829 0.9785
Group 3 TPR 0.8879  0.9103 0.9148 0.9148  0.3643
FPR 0.0044  0.0047 0.0255 0.0365 0
MCC 0.8403  0.8497 0.6116 0.5432  0.5967
AUC 0.9869  0.985
All edges TPR 0.8909 0.8729 0.9073 0.9178  0.3576
FPR 0.0042  0.0045 0.0239 0.0366 0
MCC 0.8462  0.8321 0.6191 0.5446  0.5916
AUC 0.9433  0.9342
Differential edges TPR 0.8530  0.8105 0.9255 0.8940  0.3375
FPR 0 0 0.0518 0.0905 0
MCC 0.8617  0.8256 0.8753 0.8392  0.4459
AUC 0.9251  0.9022

conservative in the identification of differential edges compared with frenquentist approaches, as
indicated by its lower sensitivity and FPR. The high FPR of the penalized likelihood based methods
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Figure 1: The log of unnormalized posterior scores during the first 500 iterations under different

scenarios.

in selecting differential edges is partly due to the fact that they select a larger number of false
positive edges overall and may be because the regularization methods based on cross-validation
tend to include many redundant variables resulting in a relatively larger number of errors compared
with those for the Bayesian methods ( ; ).

The proposed method achieves the highest MCC in identifying all edges across methods com-
pared and yields a higher AUC compared with the separate inference, especially in the high and
medium overlapping scenarios. As indicated in our theoretical results, the estimation performance
based on the joint inference benefits the most when all graphs share the common support. Figure
1 shows the unnormalized posterior scores in log scale. Based on Figure 1, it seems that, in the
high and medium overlapping settings, not only does JESC outperform SESC but also the poste-
rior probabilities based on JESC increase faster than SESC during the beginning of the MCMC

procedure.

5 Inferring Brain Functional Networks

In this section, we continue the illustration of JESC by applying the proposed method to an fMRI
data set for simultaneously inferring multiple brain functional networks. Parkinson’s disease (PD) is
a major neurodegenerative disease influenced by both genetic and environmental factors (

; ). As the second most common neurodegenerative disorder, PD is characterized by the
degeneration of dopamine-producing cells in the brain resulting in motor symptoms and nonmotor
features ( ; ). Depression is the most common psychiatric symptom in patients
with PD, and one of the earliest prodromal comorbidities that can have a significant impact on
the quality of life ( ; ). Nonmotor features including depression can appear in

the earliest phase of the disease even before clinical motor impairment ( ; ;
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; ; ; ), but the efficacy of medications and psychotherapies for treating
depression in PD (DPD) patients remains limited ( ; ). Hence, advances in timely
detection and concerted management of DPD becomes urgent.

Up until now, the neural and pathophysiologic mechanisms of DPD remain unclear and are key
research priorities for neurologists. A variety of neuroimaging technologies including fMRI, structure
MRI, positron emission tomography and electroencephalography have been adopted to study PD.
Among these, neuroimaging indicators have achieved considerable progress, and have provided
new insights into PD. Resting-state fMRI exploits blood oxygen level-dependent signal to assess
the correlation of the networks in different brain areas. An intra- and inter-network functional
connectivity study in DPD demonstrated abnormal functional connection in left frontoparietal
network, basal ganglia network, salience network and default-mode network ( ; ).
To understand the underlying functional network changes for both DPD and non-depressed PD
(NDPD) patients so that physicians could get an early-diagnosis in time for available treatment,
we apply the proposed method to an fMRI data set ( ; ) for identifying regions of
interest that are associated with the aberrant functional network and relevant to the onset of DPD
and NDPD.

Twenty-one DPD patients, 49 NDPD patients and 50 matched healthy controls (HC) were

recruited. Image data were acquired using a Siemens 3.0-Tesla signal scanner and functional imag-
ing data were collected transversely by using a gradient-recalled echo-planar imaging (GRE-EPI)
pulse sequence. We further perform image preprocessing procedure using Data Processing Assis-
tant for Resting-State fMRI (http://rfmri.org/DPARSF) based on Statistical Parametric Mapping
(SPM12, http://www.fil.ion.ucl.ac.uk/spm/) operated on the Matlab platform.
( ) proposed the method of Regional Homogeneity (ReHo) to analyze characteristics of regional
brain activity and to reflect the temporal homogeneity of neural activity. In particular, we focus on
the mReHo maps obtained by dividing the mean ReHo of the whole brain within each voxel in the
ReHo map. We further segment the mReHo maps based on the Harvard-Oxford atlas (HOA) and
extract all the mReHo signals corresponding to 15 subcortical regions of interest (ROI) (HOA num-
ber: 97-112) using the Resting-State fMRI Data Analysis Toolkit. Hence, adapted to our setting,
n1 = 21, no = 49, ng = 50, p = 15, and the ordering is taken according to the HOA number.

We apply JESC along with other contenders to the resulting mReHo data set consisting of three
groups for jointly estimating the functional connectivity networks. The parameter configuration are
identical to those in the simulation study. Table 4 lists the number of edges selected by JESC and
its competitors. The separate estimation methods (SESC and DAGL) resulted in graphs that share
fewer edges in the Cholesky factors for the precision matrices of three groups. JGL resulted in most
shared edges, followed by MPenPC and our method (JESC). Overall, JGL and MPenPC selected
a lot more linked genes than other methods. JESC and SESC selected less unique edges among the
ROlIs for DPD than those for NDPD and HC. This might suggest that the patients with DPD lack
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some important links among the subcortical regions. By visualizing the brain connectome as nodes
and edges, Figure 2 shows the DAGs for three groups and all the shared edges estimated by JESC.

Table 5 lists six edges that are unique to the group of DPD identified by JESC. In particu-
lar, we discover discriminative connectivity changes between hippocampus and amygdala areas.
These findings suggest disease-related alterations of functional connectivity as the basis for faulty
information processing in DPD. Our findings are in good agreement with the aberrant functional

features in subcortical regions that are related to the onset of DPD as shown in previous studies

( ; ; ; ; ; )-

(a) Shared edges (b) HC (c) DPD (d) NDPD

Figure 2: Estimated brain function activity networks for HC, DPD, NDPD and the shared connec-

tions among three groups.

Table 4: Number of edges selected by the proposed method and its competitors. “DPD unique”
counts the number of edges that only appear in the DPD group; “NDPD unique” counts the number
of edges that only appear in the NDPD group; “HC unique” counts the number of edges that only
appear in the HC group; and “Shared” counts the number of edges shared by all three groups.

Method DPD unique NDPD unique HC unique Shared

JESC 6 8 12 14
SESC 8 9 11 10
MPenPC 10 5 8 19
JGL 9 3 9 27
DAGL 5 3 5 5

6 Discussion

In this paper, we proposed the JESC prior for Bayesian joint inference of multiple DAGs. In
high-dimensional settings, the induced posterior attains the joint selection consistency under mild

conditions. We also showed the advantage of the joint inference over separate inferences, in terms of
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Table 5: Estimated edges that are unique to the group of DPD and the related brain regions indexed

in the HOA template.

ID  HOA number Brain region A HOA number Brain region B

1 105 Left Pallidum 99 Left Thalamus

2 105 Left Pallidum 102 Right Caudate

3 107 Left Hippocampus 100 Right Thalamus
4 107 Left Hippocampus 101 Left Caudate

5 108 Right Hippocampus 106 Right Pallidum

6 109 Left Amygdala 108 Right Hippocampus

requiring weaker beta-min conditions, when the DAGs share the common structure. The proposed

joint inference outperforms other state-of-the-art methods in numerical studies based on simulated

data sets. We also applied our method to an fMRI data set, where our results are consistent with

previous neurological findings.

Throughout the paper, we focus on the MRF prior to encourage similar structures across all

DAGs. The other choice of prior can be imposed that depends on the relationship between graphs.

For example, if there is a natural ordering between K classes so that it is expected that the DAGs

were generated based on a Markov chain, one can use a prior,

K
F(Siyo- s 8ki) = f(Si) [ 7(Sks | Sk-1.5)

k=2

K j-1
x HeXp {QCQZI(Sk,jl = Sk—1,j1 = 1)}7 J=2,...,p
k=2 =1

for some constant co > 0, which encourages similar patterns of sparsity for two consecutive graphs

Sk; and Si_1 ;. Theoretical properties of the joint inference based on various types of joint priors

for (S1;,...,S5Kj), including the above Markov-type prior, may worth investigating as future work.
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7 Proofs

Proof of Theorem 3.1 Let S; = (Sij,...,S5k;) and Sp; = (So14,---,50k,;)- It suffices to show
that

Eo{ﬂa (Sj # Soj | Xn)} = o(p")

for any j = 2,...,p, because
1 Eo{wa (SAI = Saps-- s Sa. = Sag | Xn)} < XP:EO{M (Sj £ So; | Xn) }
=2

Note that {S; # Sp;} is equivalent to {Sp; # So,; for at least one & = 1,...,K}. For given
1<I<Kand1<k <...<k <K, define

Nkl,...,kl = {S] : Skj 7é S(]kJ‘ if and only if k e {kl, ceey kl}}
Then, we have

o (Sj # Soj | Xn)

= i Z Wa(5j|5(n)+ Z Z 7ra(5'j|5(n)+ Z Z 7"Oz(Sj|Xn)

k=1 SjENk k1<ko SjeNkl,kQ k1<ko<ks SjeNkl,kQ,k:;

e Z Wa(Sj|Xn). (8)

S]'GNl

The first term in (8) can be divided into two parts:

K
ZEO{Wa(Sj c Nk ‘ Xn)}
k=1
K

= Z [EO{WQ(S]' € Ny, Skj 2 Sok,j | Xn)} + Eo{ma(S; € Nk, Sk; 2 Sow.j | Xn)}}
k=1

Let ml(Sk; | Xn,) < fo(Xn, | Skj)m(Skj) be the posterior for Si; based on the separate inference
for each DAG. Note that if S; € Ny, then we have

oS5 [ Xn) _ wh(Sk [ Xny)  f(Sys--o0Sk)
Ta (S0 | Xn) 7k (Sox,j | Xny,) f(So1js-- -, S0k 5)
and
f(Sljv"'vSKj) _ ) ) | . .
FSorsr - Sorc ) = exp |:02j k,§€ {|Skj N Sok’ ;| — |Sok,j N Sok,ﬂ]}]
< exp |:62j Z {|Sk] N SOk’,j‘}]
K £k

< exp{egi(K—-1)(j—1)} < exp{e(j —1K}.
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Then, we have

IN

IN

IN A

K
Z |:E0{7Ta(Sj € Nk, Skj 2 Sok,j | Xn)}

k=1
= Wa(sj | Xn)
Z Z EO{M@OJ. | Xn)}

k=1 SjeNk,Skj;SOkyj

f: Z EO{ ﬁ ﬂ-é(sk/] | Xnk/) }f(‘sbl,j"")SOk—l,j,Skj,S[)k+17j,...,S()KJ')
ml(

k=15;€Nk,Sk; 2Sok,; oy TalSow | Xony) f(Sorj,-- -5 S0k 5)

(S i | Xy .
Z Z {7"[ SOIZ:]|’ Xnk)) } b {CZj(] - 1)K}

k=1 Sk]DS()k j
Kp~“Rjexp {CQj(j — I)K}
Kp~ @D exp {e;(j — 1)K} < Kp {Com=er=Ae1=D} oy {eg;( — 1K}

where the last inequality follows from the proof of Lemma 6.1 in ( ). Let Ng, . o2 be
the set defined in the proof of Theorem 3.1 in ( ). Then,

IN

N
IM=

n

AN

IN N

K

ZEo{Wa(Sj € Nk7Skj ;ZS SOk,j | Xn)}}
k=1

K
> Y Po(Xn, € Ny,

k=1 SkaSOk j

S X c ]
+Z Z {M[(Xnk € Nsk-,a,x2)} exp {ez;(j = DK}
S()k] ‘ Xnk) !
k=1 Skj ;7_550k i

exp { - <>2%nk}
64(1 + 2¢9)2
j 2 S0k, ( )

I
7t (Sk: | X .
2. EO{MI(Xnk € Ng,, axz)} exp {c2;(j — 1)K }
= oz(SOk’J | Xnk) 3T

=1 Sk; 2ok,

M=

_|_

o

()5 mi } K (p—Com+1 —Chm-te1+1 .
e —— bm R bm+c1+ X -1 K
{ 128(1 + 2¢0)2 "R S T (v jtp ) exp {e2;(j — DK}

Kp~(©@m=er=Uexp {ey;(j — 1)K }

=
©]
¥
S

where the second and third inequalities follow from Lemma 6.2 and the proof of Theorem 3.1 in

Now

( ). The last inequality holds by Condition (P) because we assume sg > Cyyy —¢1 — 1.

consider the second term in (8). Note that if S; € N, i,, then we have
ma(Si 1 Xn)  mh(Skiy | Xny) TSk | Xany,)  f(Syy,..., Sky)
7o (S0 | Xn) 78 (Soky 5 | Xny, ) T4 (Sokzj | Xny,) f(So1,5, - -+, Sox )
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and

f(S1j,. .., SKy) <
i USkyj M Skyjl + Sy, N Sopr i
f(SOLj, . SOK,j) S exp [023{| k1j k2j’ k/¢{zk;k2}’ kg 0k J\}}
< exp [C2j{j_1+2(K—2)(j—1)}]
< exp {Czj(j — I)QK}.

If S; € Ni, ko, then one of the followings holds: (1) Sk, ; 2 Sok,,; and Skyj 2 Soks.js (2) Skij 2 Soky.j

- = =

and Syj 2 Sokzjs (3) Skij 2 Sokyj and Skyj 2 Sokyj or (4) Skyj 2 Soky,; and Skyj 2 Soky,j- For
example, by the similar arguments used in the previous paragraph,

2 2. Eo{ma(S; | X))}
k1<ko S ENkl ko>
Sklj SOkl R Skg] 2501«2 3

Z Z Py (X, € N5, an?)

k1<k2 Sk2]‘250k2’j

N

7TI (Sk'lj | X”k ) T‘-I(Sk j ‘ Xy )
Eo\ 7 ! Eof — et 22 (X, € N
i Z Z O{Wé(SOICl,j ’X”kl)} Z O{Wé(SOkz,j |X1’Lk2) ( e © Sk X )}

k1<k2 SkleSOkl,j SijQSOkQ,j
x exp {cg;(j — 1)2K }

< Z p~ A (Com—c1=DA(e1=1} oy {C2j(j - 1)2K}
k1 <ko

< K AOma D) e (o, — 126},

Thus, by applying the similar arguments to the above four cases, the expectation of the second

term in (8) is

Y D Eofma(Si1Xn)}

k1<ko S‘ENkl ko

(85 | Xa) \ £(S))
< k;ﬂgé% 5 { 1(So; | X )}f(soj)
Wé(sk’m |Xnk1) Wé(skzj |X7Lk2> .
= Z Z Z EO{W(Q(SOM,]' ’ Xnkl) Wé(SOkz,j ’ XnkQ) } P {C2j(] N 1)2K}

k1<k2 Sk j7S0ky .5 Skoj7S0ks.j
< K2 20(Com—a-DAla-D} gy {ea;(j — 1)2K }.
Note that if S; € Ny, . ,, then we have

f(Slj, cy SKj)
f(So1js---550kK.5)

IN

exp [eo, {526 - 1) a0 -G - 1)}

< exp{e;(j—1IK}.
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Therefore, by repeatedly applying the similar arguments, we have

fen(s s x)} £ 3 ()
=2 Kek k
< [p{(cbm_cl—l)/\(cl—l)}]
k=1

Kel .
p{(cbmfclfl)/\(clfl)} = O(p )a

because we assume Chy > 1+ 2, ¢1 > 2, ¢ <1/(j — 1) and K = o(logp).

Proof of Theorem 3.2 We will only show that (6) holds for k¥ = 1 when U5:250k’,j C So1 4,
but one can easily check the other cases using similar arguments. Let S; = (Si,...,Sk;) and
Soj = (S()Lj, e SOK,j)- Note that

ra(S; 1K) (S 1K) F(S)
Ta (S0 | Xn) 7L (S0 | Xin) £(S05)
Because we assume nggsok’,j - SQL]‘, it holds that f(SLj, 5027]', ce SOK,j) < f(SOI,j7 S()QJ', e S()Kyj)
for any S1j # So1,;. Thus,
Ta(S15, 02, - - Sorcj | Xn) _ 7L(S1; | Xn)  f(S1j, 02,5, -+ Sok,j)
Ta (501,55 502,55 - - - » Sorcj | Xn) 7L (So1; | Xn) f(So1,55 502,55 - - -+ S0k, 5)

wl(Sy | Xn)
7l (Sor; | Xn)

for any Si; # So1,;. Then, we have

1 — 70 (So1; | So2js-- - Sox.j» Xn) _ Z Ta(S1j | So2.js - Sorc.j» Xn)
Ta(So1,5 | Soz2,45- - -, S0k jXn) 81,7501 5 Ta(Sorg | Soz,55 -+ Sorc; Xn)

_ Z Ta(S17, 802,45 - - Sorci | Xn)
Slj?ésm,j 7701(301,]'7 502’]', PN SOK,j ‘ Xn)

IN

)

3 (81 | Xn) _ 1= mi(Sovs | Xn)
S1;#S01 Wé(SOLj | Xn) 7T£(Sol7j | Xn)
which implies

Ta(So1,5 | Sotjs---802s -+ +» S0k s Xn) > Th(So1,; | Xny)-

Proof of Theorem 3.3 In this pI‘OOf, let Sj = (Slj, ey Sj_lj) and S()j = (S()Jj, .. -,SO,j—lj) be

the (common) support of the jth row of the lower triangular part of S4 and Sp, respectively. Let
Ta(Sa | Xp) o Ta(Sa, == Sa, =S4|Xy)
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be the joint posterior for (S4,,...,S4, ) restricted to common supports. Then,

p
Fa(Sa# S0 | Xn) < ) FalSj # Soj | Xn)
j=2

p
7al(S) 2 Sop | Kn) + > 7al(S) 2 Sy | Ko, (9)
j=2

I
M*@

<.
[|
N

The expectation of the first part of (9) is bounded above by

zp:lEo{fra(SjQSOj\Xn)} < i O{W}

E -
j=2 j=2 8,280, o (Soj | Xn)
K -
= > > ®{Il 7r£<8kj=8j|xnk>} f(85,---.55)
555, o eSOk = S0j | Xn) S F(So, -5 Sog)
p
m(S5) \ K K(1S;1-150;1)
SDPDIRE e R S CR AU SETRE M)
J=2 55250

P
S D e R exp {ey K(K —1)(j - 1)}
< exp{ —c1Klogp+logp+ Klogca + K(K — 1)} = o(1),

where o = (1+a/v)"/2{2/(1 — a)}'/?, by the proof of Lemma 6.1 in ( ), c1 > 1,
c25 < 1/(j — 1) and K = o(log p).
On the other hand, the expectation of the second part of (9) is
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Note that (10) is of order o(1) and

f(S5,...,55)

(Sorr 50 < exp{ey; K (K —1)||S;] — [So;]|} < exp{K(K —1)}.
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By the proof of Theorem 3.1 in ( )s
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where Nj g, . is the set defined in the proof of Theorem 3.1 in ( ), v = (1+a/y)/?

and vy = {1 — (a+wy/n)/(1 -4V —5¢')} /2. Note that the last inequality holds due to K logp =

o(ming ng) and
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< exp{ — (1S0j] = 18 1 Sosl) Clm K log

for some constant C' > 0 by condition (B3). Thus, (11) is bounded above by
IPIE

K K
Soil—184] 1Si]—|S0;NS;
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J=25;2

X eXP{ — (1801 = 155 N So;)Com K log p + K (K — 1)}
S exp{ = (Com —c1 = 2)Klogp+ K(K —1)} = o(1),

because Cpy, > ¢1 + 2 and K = o(logp). This completes the proof.
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Proof of Theorem 3.4 Similarly to the proof of Theorem 3.3, we have
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< exp{ —(c1 = 1)logp + Klogcay + K} = o(1),

where o = (1 + a/y)"Y2{2/(1 — @)}'/? and Wé’*(Skj | Xn,) < f(Xp, | Skj)7(Skj), because
c1 > 1, ¢ <1/(j —1) and K = o(logp). The second and third inequalities hold by the proof of

Lemma 6.1 in ( ) and

H < exp{czj(K—1)‘|Sj|—|50j’|} < exp(K —1).

Furthermore,
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where

by the similar arguments used in the proof of Theorem 3.3 and condition (C3). Note that the last
inequality holds due to logp = o(ming ny).

25



Therefore, (12) is bounded above by
1S01=15] IS |=150;M5;1
> ¥ I b
J=2 8;2S0;
xexp { = (1S0j] = S; 1 Sos])Com logp + (K — 1)}
S exp{ = (Com —c1 —2)logp+2K} = o(1),

because Cpy, > ¢1 + 2 and K = o(log p). This completes the proof.
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