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Spiked Singular Values and Vectors
Under Extreme Aspect Ratios

Michael J. Feldman

Abstract

The behavior of the leading singular values and vectors of noisy low-rank matrices is fundamental to
many statistical and scientific problems. Theoretical understanding currently derives from asymptotic
analysis under one of two regimes: (1) the classical regime, with a fixed number of rows and large
number of columns, or vice versa, and (2) the proportional regime, with large numbers of rows and
columns, proportional to one another. This paper is concerned with the disproportional regime, where
the matrix is either “tall and narrow” or “short and wide”: we study sequences of matrices of size
n X my with aspect ratio n/m, — 0 or n/my, — 0o as n — oo. This regime has important “big data”
applications.

Theory derived here shows that the displacement of the empirical singular values and vectors from
their noise-free counterparts and the associated phase transitions—well-known under proportional growth
asymptotics—still occur in the disproportionate setting. They must be quantified, however, on a novel
scale of measurement that adjusts with the changing aspect ratio as the matrix size increases. In this set-
ting, the top singular vectors corresponding to the longer of the two matrix dimensions are asymptotically
uncorrelated with the noise-free signal.

1 Introduction

The low-rank signal-plus-noise model is a simple statistical model of data with latent low-rank structure.
Data X, is the sum of a low-rank matrix and white noise:
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where 6; € R are signal strengths, u; € R" and v; € R™" are the left and right signal vectors, and the noise
matrix X,, € R™*™n contains independent and identically distributed (i.i.d.) entries with mean zero and
variance one. The noise matrix is normalized so that rows are asymptotically unit norm.

1.1 Proportionate growth asymptotic

Recent work studies this model in the high-dimensional setting where n and m,, are large, in particular,
where n and m,, are of comparable magnitude. Such analyses derive limiting behavior of sequences X,, as

n, My — 00, i—>B>O.
n

Here, the parameter 8 > 0 is the limiting aspect ratio of the data; thus for g = 1, the matrices are effectively
square for all large n. Baik, Ben Arous, and Péché [7], Baik and Silverstein [8], and Paul [22] study eigenvalues
of the spiked covariance model, which is closely related to model (ILT]). Benaych-Georges and Nadakuditi [12]
derive asymptotic properties of the singular value decomposition of )~(n (details of model ([ILT]) are provided
in Section [[3]). Two phenomena arise not present in classical fixed-n asymptotics:

Leading eigenvalue displacement. Let A > -+ > ), denote the eigenvalues of §n = min)?n)?,;r, the
sample covariance matrix. We assume signal strengths 6, > --- > 6,. are constant and distinct. The leading
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eigenvalues of S,, are inconsistent estimators of the eigenvalues of ES,: for fixed i > 1,
(1+62)(8+67)

5\1' a.s. 912
(1+ /)2, otherwise

) iST;0i>ﬂ1/4

The singular values of #mnf(n are of course determined by the eigenvalues of §n, and vice versa. We will
occasionally switch between the two without comment.

Leading singular vector inconsistency. Let w1,...,u, and o1,...,0, denote the left and right singular
vectors of X,,. The leading singular vectors 1, ..., 4, and 01, ..., 7, are inconsistent estimators of the left
and right signal vectors. For 1 <i<mand 1 <j<r,

2 a.s. _ ﬁ(l‘f'e?)
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(@i, ug) [(Di, v5) > == 1

and | (@i, u;)|, [(:,v;)| =25 0 otherwise.

1.2 Disproportionate growth asymptotic

Contrary to the proportionate growth asymptotic, the dimensions of many large data matrices are not
comparable. For example, Novembre et al. [2I] demonstrate a genetic dataset with 3,000 rows (people) and
250,000 columns (genetic measurements) has low-rank structure. Here the aspect ratio is 8 =~ 3/250.

This paper considers the signal-plus-noise model under disproportional growth:

n,my, =00, Bn=n/m, —0.

Transposing X, if necessary, our results also apply to 8, — oo. Substitution of 8 = 0 into the above
proportional-limit formulas heuristically suggests \; — 1 + 02 and |(@;,u;)]? L | (right signal vectors
are partially recovered). Indeed, these formulas are corollaries of Theorems 2.9 and 2.10 of [12]. Thus, under
Bn — 0 and constant signal strengths, leading eigenvalues of S, consistently estimate those of Egn, and left
singular vectors u;, corresponding to the shorter matrix dimension, consistently estimate left signal vectors
u;. In particular, leading eigenvalue displacement and (left) singular vector inconsistency no longer occur,
and seemingly no phase transition exists.

Our main contribution is the discovery of a vanishingly small phase transition located at Brl/ 4 Signal
strengths 0; = 0; ,,, hitherto fixed, now vanish. For signal strengths above this “microscopic” threshold,
left singular vectors partially recover their signal counterparts—enabling signal estimation at signal-to-noise
ratios previously thought insufficiently strong. Right singular vectors, corresponding to the longer matrix
dimension, are asymptotically uncorrelated with the signal.

We introduce a particular calibration 8,, = 7 - [3,1/ * between signal strength 6,, and (3, depending on a
new (constant) formal parameter 7. Under this calibration, we rigorously establish a new set of formulas
for the limiting displacement of singular values and inconsistency of singular vectors, in explicit terms of the
parameter 7. These results may be heuristically derived by substitution of 8,, = 7 - [3,1/ * into proportional
formulas and taking limits. Many important applications previously made under proportional growth may in
parallel fashion now be rigorously made under disproportional growth. For example, in the high-dimensional
Gaussian mixture model with many more parameters m than samples n, our theory gives a phase transition
for recovery of length-n signal vectors (encoding cluster membership). The optimal singular value hard-
thresholding level for low-rank matrix recovery as 8, — 0 may be calculated, analogous to proportional
results of Donoho and Gavish [I7]. Furthermore, there are new potential uses. Spiked tensors closely relate
to the disproportionate asymptotic: Montanari and Richard propose a tensor unfolding algorithm [20] that
produces noisy low-rank matrices of size n x n*, k > 2 (equivalently, 3, = n_(k_l)). Precise asymptotic
analysis of tensor unfolding is made possible by our results.

The related spiked covariance model is studied in the disproportionate asymptotic by Bloemendal,
Knowles, Yau, and Yin [I3]. An advantage of this work is that £, is permitted to vanish or diverge at
any rate, while [I3] requires the existence of a constant k > 0 such that ntk < m,, <nk.



1.3 Assumptions and notation
We make the following assumptions:

(A1l. Noise) The entries of X, = (z;; : 1 <i <n,1<j <m,) are i.id. with Ezq; =0, Ez?, = 1, and
Ez}, < oo

(A2. Signal vectors) The signal rank r is fixed. Let u; and v; be the i-th columns of U,, € R™*" and
Vi, € R™n %" respectively. The entries of v/nU, and \/m,V,, are i.i.d. with mean zero, variance one,
and finite eighth moment.

(A3. Signal Strength) The signal strengths 6; = 6; ., obey
0; =B/ (1 + &in)
for distinct constants 71 > ... > 7 > 0 and (nonrandom) sequences &; , — 0.
Alternatively, A1 and A2 may be replaced with
(B1. Noise) The entries of X,, = (z;; : 1 <i<mn,1 <j<m,) are independent standard Gaussians.

(B2. Signal vectors) The signal rank r is fixed. Let u; and v; be the i-th columns of U, € R"*" and
V, € R™»*" respectively. U, and V;, have orthonormal columns: UJ U, = VnTVn =1,.

Henceforth, we supress the subscript n of m,,. Unless explicitly stated otherwise, all results and lemmas
in this paper hold simultaneously under (A1, A2, A3) and (B1, B2, A3). These assumptions are similar to
those of [12]. The primary difference is [I2] permits anisotropic noise X,,, provided two key conditions are
satisfied: (1) the empirical spectral distribution (ESD) of S,, = m~*X,, X, converges almost surely weakly
to a deterministic, compactly supported measure p and (2) the maximum eigenvalue of S,, converges almost
surely to the supremum of the support of p. This paper considers isotropic noise for the following reasons:
firstly, the extension from proportionate growth to disproportionate growth and vanishing signals is most
clear in the fundamental, isotropic case. Secondly, the anisotropic extension requires disproportionate analogs
of (1) and (2), such as (3) convergence of the ESD of ﬂ;lﬂ(m’li}}/?XnXJZ}lﬂ — X,) to a deterministic,
compactly supported measure p and (4) convergence of the maximum eigenvalue of this matrix to the
supremum of the support of g. While (3) is established by Wang and Paul [26], (4) is proven only in the
isotropic case, by Chen and Pan [I5] (see Lemma [A]). Assumption A2 is a relaxation of assumption 2.4 of
[12], which requires sub-Gaussian moments of the entries of \/nU,, and /m,V,. The assumption of distinct
signal strengths (A3) is for simplicity.

In this paper, “almost surely eventually” means with probability one, a sequence of events indexed by
n occurs for all sufficiently large n. The notation a,, < b, means eventually a, < Cb,, for some universal

constant C; ap, < b, means b, < a, < by; and a, = O(b,) means |a,| < b,. For a parameter ¢, a, <S¢ by,
means a, < C(£)b,,.

~

1.4 Results

As stated above, we study vanishing signal strengths 6; = Tiﬁ}l/ 4(1 +¢&in). The formal parameter 7 describes
the signal strength on a refined scale of analysis, with a phase transition occurring at 7 = 1. While for 7 < 1,
both left and right singular vectors are asymptotically uncorrelated with the underlying signal vectors, for
7 > 1, left singular vectors correlate with left signal vectors. Define the following useful index:

jp=max{1<i<r:m >1}.

Theorem 1.1. Let )N(n denote a sequence of signal-plus-noise models satisfying the above assumptions. As
n — oo and B, — 0, for any fixed i > 1,

e e (1.2)



For 1 <i,j <,

(@i, ug)|* == 0 - (L= 77%), (@i, 05) 7 == 0. (1.3)

Theorem [Tl is a consequence of the following stronger result: for i < ig, define

(1+62)(8u + 62)

N = .

=14+ (2 +77)VBn + B (1.4)

Theorem 1.2. Adopt the setting of Theorem[L1. For 1 <i,j <ig, i # j, and £ < 1/4, almost surely,

|5\i -l S (n_g + lein)V Bn (1.5)
|<ﬂi7ui>|2 =1- Ti_4 + O(nieﬂ + |5i,n| + v Bn) ’ |<ﬂi7uj>|2 5 niﬂ ) (1'6)
(@i, v3) 1> < /B (@3, 03P S 07/ B (1.7)

2 Preliminaries

2.1 Overview

This section reviews the framework developed in Benaych-Georges and Nadakuditi’s work [T1 [12] addressing
the B8, — 8 > 0, fixed signal setting, followed by a discussion of adaptations required to study the £, — 0,
vanishing signal setting.

As before, let S,, = %XWXJ be the sample covariance matrix of noise. Let F}, denote the ESD of S,, and
F,, the Marchenko-Pastur law with parameter 3,. s,(z) and 5,(z) will denote the corresponding Stieltjes
transforms, defined as follows:

//\_ZdF :—tr(S L) (2.1)

— 1-06,— 1 L, — 2)2 — 48,
§n<z>=/A_Zan<A>= ’ ”\/Qﬂ:f i 2 (2.2)

defined for z outside the support of F},, F',,. The square root is the principal branch.

Let ©,, = diag(61,...,0,). Recall that U,, and V,,, defined in Section [[.3] contain as columns the left and
right signal vectors. The following 2r x 2r matrices will be the central objects of study, providing insight
into the spectral decomposition of S,:

— [ VU (S, — 21,) U, FUn (Sn = 2L0) " Xy Vo + 0
Mn(z) - \/_%VnTXnT(Sn _ ZIn)ilUn 4 @;1 \/EVnT(%XnTXn _ ZIm)ilvn ) (23)
_\/Esn(z)lr Che
My (2) = o1 (ﬂn\/zsn(z) _ 1= l) 5 (2.4)
77 _\/Egn(z)lr Ch
M, (z) = - . —Bn . 2.5
(Z) I @nl (ﬂn\/zsn(z)_ 1\/,82 )Ir ( )

Pivotal to their utility is this essential observation:

Lemma 2.1. (Lemma 4.1 of [I2]) The eigenvalues of S, that are not eigenvalues of Sy are the real values
z such My, (z) is non-invertible.

Lemma 2.l focuses the study of the leading eigenvalues of §n—those resulting from the signal component
of X,—away from the increasing-dimensional sequence S, to the fized-dimensional sequence M, and its
associates, M,, and M ,. The roots of det M, (z) will be shown to localize near the roots of det M, (z). Using
the closed form (Z2) of the Stieltjes transform 5, det M, has explicitly known roots. As [12] shows, these
roots are precisely Ay, ..., Ay, introduced in Section [[4 (assuming €in =0):



Lemma 2.2. (Section 3.1 of [I2]) Define

Do (2) = VZ5a(2) (Buv/Z50(2) — - \}f”) i Sk \/(21[3: In=2P =48 (g
As the blocks of M ,,(z) commute,
det M,,(2) = det(D,(2)I, — ©,%) = ﬁ(l_)n(z) —0;%). (2.7)

=1

On the real azxis, Dy(z) maps ((1+ v/Bn)?,00) in a one-to-one fashion onto (O,ﬂ;lﬂ). The compositional
~1/2

inverse D%_l)(t) exists on the real interval (0,3 and is given in closed form by

t+1)(But+1)

DY) = ( - : 0<t<p 2. (2.8)

Thus, assuming €; , =0, i = 1_35171)(6‘;2) is a root of det M, (z) provided that 9;2 < 651/2, or i < ig.
The singular vectors of )?n are related to U,, and V,, via the next lemma.

Lemma 2.3. (Lemma 5.1 of [12]) Let 6 = \/K be a singular value of ﬁ‘)}" that is not a singular value of

\/%Xn and let u,v be the corresponding singular vectors. Then the column vector

0,V
0,U, i

belongs to the kernel of My(X). Moreover, for P, = S G,

- - 1 -
1=X0"P)(Sy — AL,) 2Py + —a' P, X, (Sn — \,) >X,, P
m
+ \/;'EaTPnXJ(Sn — ML) "2P0 + \/LE@TPJ(S” — M) "2X.Pla. (2.9)
The results quoted above lie at the heart of the strategy of [T} [12] for proportionate growth and fixed
signals. That strategy is able to employ convenient convergence arguments. Indeed, as 3, — 8 > 0, almost
surely, the ESD of noise eigenvalues F;, converges weakly to F'g, the Marchenko-Pastur law with parameter

B. Moreover, the top noise eigenvalue \; —= (1 + +/B)?, the upper edge of the bulk (the support of Fﬂ).
Let [a, b] be a compact interval outside the bulk: (1+ /3)? < a. By the Arzela-Ascoli theorem, the Stieltjes
transform of the noise eigenvalues s, () converges uniformly on [a,b] to 35(2), the Stieltjes transform of F's.
The implications of this key observation include the uniform convergence of M, (z) to a non-random matrix
M s(2) (the fixed-3 analog of M, (z)). From the uniform convergence of M,,(z), convergence of the roots of
det M,,(2) to those of det M z(z) is established.

Now, consider the disproportionate asymptotic. Leading eigenvalue displacement and singular vector
inconsistency no longer occur under fixed signals. Rather, the regime of interest is one where signal strengths
vanish as ﬁ}/ 4, mandating study of M,,(z) and M, (z) very near one. The convergences which were previously
so helpful under 3, — B > 0 and fixed signals are not useful as 8, — 0. The limits of F,, and M n(z) are
degenerate, as all noise eigenvalues converge to one. The upper edge of the support of I, lies approximately
at (14++/Bn)?. Theorem [ Tltells us the leading eigenvalues of S,, may still emerge from the bulk, but only by
a multiple of \/B,,. Phenomena of interest are no longer made visible by taking limits, but must be captured
by detailed finite-n analysis. This will require bounds on the convergence rate of s,(z) to 3,(z), developed
in Section Bl as well as careful tracking of the precise size of remainders, where previously it sufficed to know
that such remainders tended to zero. The proofs of Theorems [[.1] and are refinements of the proofs of
Theorems 2.9 and 2.10 of [12] and Lemma 6.1 of [IT].



2.2 Preliminary lemmas

This section contains lemmas used in the proof of Theorem Let Ay > Ay > .-+ > )\, denote the
eigenvalues of S, = %XnXJ.

Lemma 2.4. Let Y, be the matriz obtained by entrywise truncation and normalization of X, as in Lemma
and Y, = /m>_, O;uiv] +Y,. For 1 <i<mn, almost surely,
A — Xi(m™ Y,V < Vﬂ".

Moreover, if |)\i(m’1}~/n§~/nT) — )\Hl(m*lffnﬁjﬂ = /B for 1 <1,5 <y,

(@i, uj)* = [(ay,i uj)]* + Oas.(n71), (@5, 0312 = Oy, 7)|* + Oas.(n™1),
where Uy,1, ... Uy, ond Vya,...,Vyv,, ore the leading left and right singular vectors of f’n, respectively.
Proof. This follows from Lemma [A3] O

By Lemma 2.4 without loss of generality, we henceforth assume the entries of X,, are truncated and nor-
malized in accordance with Lemma [A Comparing Lemma 2.4 and Theorem [[.2], the errors induced by
truncation and normalization are neghglble it therefore suffices to prove Theorem in this modified set-
ting. By Lemma [A2] \,...,\;, emerge from the ESD of S,, with high probability, a fact we shall use
repeatedly: for any 7, ¢ > 0,

Pr(A1 > 14 (24 1/2)v/Bn) = o(n™). (2.10)
The following lemma bounds s,(z) and 5,(z) on a region containing Ay, ..., \;,. The first point is a

standard result. See, for example, Lemma 8.17 of [4]. The second point relies on (2I0).
Lemma 2.5. Let n >0 and 2, , = {z: R(z) > 1+ (2+1)V/Bn}. Then,

_ _ d _ _
sup [5.(2)| £ B7/% sup |=5a(2)] S 877
2EZyn 2EZnn 4
Furthermore, almost surely,
_ d _
sup [sa(2)] S 8,112, sup | s (2)] S B,

Zezn,n Zezn,n
The implied coefficients depend on n only.
Proof. As the upper edge of the support of the Marchenko-Pasteur law lies at (1 + v/B,)?,

inf A==z Z V/Bn, inf IA=2z> > Bn. (2.11)

2€Znn )xesuppF 2€2Znn AesuppF

The first claims of the lemma now follow from the integral representations

R d _ L
= [ 3P, o)== [ G

By (210), almost surely eventually,

e 2
inf  min |Ay — 2| > R , inf  min |\, — 2|? > % (2.12)
2€2Z, ., 1<a<n 2 2€2Z,., 1<a<n 4
Together with
1 d RS
= e PO ek
we obtain the second group of claims. O



The follow lemmas bound the deviation of M, (z) (defined in (Z3)) and its entrywise derivative %Mn(z)
from M, (z) (defined in @Z)) and fL M, (z), respectively. Under assumption A2, M,(z) and <L M,(z) are
precisely the entrywise conditional expectations of ]T/[/n(z) and d%]T/[/n(z) given X,,.

Lemma 2.6. Let a,, > 1+ (24 n)y/Brn be a bounded sequence. For any ¢ < 1/4 and 1 < i,j < r, almost
surely,

sup |(ﬁ3%(2)—-ﬂ4ﬁ(2))uj|iin‘éﬂ;*/Q, (2.13)
lz—an|<n—1/4\/By

sup ’(Mn(z) - Mn( z]—i—r‘ <n” ) (214)
|z—an|<n—1/4\/Bn

sup (M (2) = My (2))ir | S0/ Br (2.15)

\Z—an\Sn71/4vﬂn

Proof. The argument is presented under assumptions (A1, A2, A3) for the diagonal of Mn(z) — M, (2) only;
the off-diagonal argument or argument assuming (B1, B2, A3) is similar and omitted. Consider z satisfying

|2 — an| < n"Y4/B, and 2’ = a,, + in~'/4\/B,,. We will decompose M, (z) — M,(z) as
M(2) = My (2) = (Mn(2) = My () + (Mo (2') = Mo (%)) + (Mn(2') = Mo(2))
and bound (the diagonal entries of) each term.

Relation (Z13): the upper left block. For 1 < a < n, by the almost-sure eventual spacing bound (Z12)
and |z — 2/| < 2n~Y4\/B,,

1 1 |z — 2| 8
_ = < . 2.16
‘)\a—z Ao — 2/ Ao — 2||Aa — 2| — n2n1/4V/B, (2.16)
Hence, almost surely,
LA — vy — T (S, — 2T s — wi(S, — 2T ) s
‘(\/EMn(z) \/?Mn(z ))” = |u] (Sn — 21n) " ug — wi(Sn — 2/ 1) gl
< ||Uz||§ H(Sn - ZIn)_l — (Sn — ZIIn)_lHQ
1 1 1
2 _ < 2.17
2 )\1_2 )\1_2/ Nn1/4 /—ﬂna ( )
(M) = o) [ = Isale) = sl < 230 |2 - | s 2.1
N N il " " T a2 A7 ~ nl/4 /B, '

Next, consider M, (2') — M,(z'). Applying Lemma [ conditional on X,,
1
Elu] (Sn — 2'1n) " ui — s ()| S 5 Eltr(Sn — 2'L) 7 (Sn — 2'1) 7'
n

. LEtr((sn — 1) NS, — 2 L)Y

2
(S ptem)
By @I0), |\a—2'| > nv/Bn/2 with probability at least 1—o(n~!), while with probability one, |\, —2'| > S(2'):
1 /1 1
1 4
Elu; (S, — 2'1,)  u; — sn ()] §F<ﬁ_% + W) .
This yields the tail probability bound

1
Pr(|u;-r(5’n — ')y — s ()] > n‘fﬁgm) <n*B2E|u] (S, — 2'L,)  tu; — s5,(2)[* < prsTR



which is summable. Thus, by the Borel-Cantelli lemma,

<1 (2.19)

~Y ne //Bn )
almost surely. (ZI3) follows from @I7) - @I9), |\/2'/2| < 2, and |V2' — /z| < n~Y4/B,,.

Relation (Z17): the lower right block. Let S, = L X, X,, denote the “companion” matrix to Sy, so-called
because the eigenvalues of S,, are the n (possibly repeated) eigenvalues of S,, joined by a zero eigenvalue

with multiplicity m — n. Let W be an orthogonal matrix such that W7T S, W is diagonal. By Lemma Al
we have an almost-sure bound on the magnitude of the component of v; orthogonal to the nullspace of S,,:

1 7 /
| = (V=) = Ma()),,

I(W T 0)1nll3 < B log(n). (2.20)

Consider first M, (z) — M, (z').

‘(%Mn(z) - \/L?Mn(z’))mm = |07 (S0 = L) ™" = (S — 2'Tn) )i

" 1 1 " 11
T 2 T 2
SZ(W Vi)a SV w—— + Z (W ), P
a=1 a=n+1
1 1 1 1

+ ”(WTUi)nJrl:mH%

z 2|

)\1—2’ )\1—2/

The first term above is bounded using (ZI6) and (Z20) and the second using |1/z — 1/2/| < 2n~Y4\/B,:
almost surely,

1 —_
(0 2) - Ty 5 22
Next, consider M, (z) — M,(z"). By 2I3)),
1 1 ,) _ 18, N
’(\/EMn(Z) \/gMn(Z ) i+ri+r N ﬁnsn(Z) z ann(z ) + 2!
1 1] _ B
_ / _ S |< M
< Bulsn(2) = sn ()| + (1 = Bn) P NS Y (2.22)
M, (2') — M, (') is bounded similarly to (2I9): applying Lemma [A4] conditional on X,, and (1I0),
y 1—8,14 _ 1 y y
E|v, (S, — 2/ 1) " vi — Busn(2)) + —/ﬂ < —4E‘tr(Sn —2'I,)"Y(S, — Z’Im)*l|2
z m
1 " 1 m—n\>
- _E
m <Z e )
1 /n 2
Sl tm)
Thus,
Pr( | o= (M () = Mo (' > nt < !
f(‘\/—;( n(2") = Mn(2'))itr isr| 2 0 5n) S EpE S g (2.23)

Summability of the right-hand side, together with (2Z.2I)) and ([222)), yields (215). The analysis of the off-
diagonal entries of M,,(z) — M, (z) uses Lemma [A5] rather than [A-4l Under assumptions B1, B2, the proof
uses that the left and right singular vectors of X, are independent and each Haar-distributed. O



Lemma 2.7. Let a, > 1+ (24 n)v/Bn be a bounded sequence. For any £ < 1/4 and 1 < i,j < r, almost
surely,

d —~ —t e
sup 7 (Mn(2) = Mn(2))ig| S 1 ‘Bt (2.24)
z—an|<n—1/4yE, 102
d —~ —l e
sup d_(Mn(Z> = Mn(2))ij4r| S0 eﬁn 1/2 ) (2.25)
Z_a71|§n71/4\/m <
d —~ _
sup d_(Mn(Z) — My (2))itrjir| ST ‘. (2.26)
Iz_a71|§n71/4\/m <
Furthermore, for i # j, almost surely,
1
sup — X[ (S, — 2L,) 2 X v — tr(S,, — 21,,) 728, | Snt, (2.27)
s—an|<n-1/4yFy T
1
sup — v X, (Sn — 21,) 2 X0 Snh. (2.28)
lz—an|<n=1/4y/B, T
Proof. The proof is similar to that of Lemma [2.6] and is omitted. O

3 Proof of singular value results: (I.2) and (1.5

The following lemmas, which we shall use to bound | det M, (z)—det M, (z)| and |4 (det M, (2)—det M, (2))]
in the vicinities of A1, ..., \;,, are critical to the proof of the theorem.

Lemma 3.1. Let a, > 1+ (2+n)v/Bn be a bounded sequence. For any £ < 1/4, almost surely,

sup |det M, (z) — det M, (2)| < n ‘8,772, (3.1)
|z—an|<n=1/4/B,

Proof. Partition Mn(z) into four blocks of size r x :

—~ ) = J\ZU gm .
Moy Moo

Let M (%) denote the matrix containing the above four submatrices individually rescaled:

N Yy 1/477
= [ ] o2

Let M, (z) and M, (z) denote M, (z) and M, (z) similarly partitioned and rescaled. This rescaling simplifies
comparison of determinants as all blocks are of similar size. Indeed, as consequences of Lemma 2.5 Lemma
2.6 and Theorem BTl (stated in Section [), we have the following almost-sure results:

sup 1M, (2)]|oe S 1. sup 1M, (2) = M, (2)]loc S,
lz—an|<n=1/4\/By z—an|<n=1Y4/B,
sup 1M, (2) = M, ()]l S1°, (3.3)
lz—an|<n=1/4/By
where || - || is the maximum-magnitude entry of the input. Applying Lemma [A.6] we obtain
sup |det M, (z) — det M, (z)] < n ™,

Iz_a7l‘Sn71/4\/ﬂ7l

which is equivalent to (31) as det M, (z) = 8, /> det M, (z). O



Lemma 3.2. Let a, > 1+ (24 n)v/Bn be a bounded sequence. For any £ < 1/8, almost surely,

sup
Z_an|§n71/4v ﬂn

di(det Mn(z) —det M, (2))| < n_éﬁg(ﬂrl)m ,
2z

sup
lz—an|<n-1/4yp, | 42

Proof. The proof is similar to that of Lemma [3.J] By Lemma 23] Lemma [2.7] and Corollary B.1.1]

s LA, <6, (3.4
z—an|<n=1/4/B, dz o0
d  —~ 0
swp | AL () - M, ()| s e,
z—an|<n-1/1yBy 102 o0
d — 0
swp || =L, ()~ BL ()| s nte (3.5)

lz—an|<n=1/4V/By
The claim follows from Lemma [A7] (3.3), and (3.5):

(et BT, (=) — det BL, ()| § || (AL, (=) — AL, (=)

HOO

8, ()| IBL () - M () S 572
O

Proof of (12) and (L3). We initially assume €;,, =0, 1 <7 <r. Fix £ < 1/4 and let ~; ,, denote a circular
contour with center \; and radius n=¢y/B,. We divide the proof into four claims:

(i) i eventually encircles a single root of det M, (2).

(i

i) Almost surely eventually, there exists a unique root )\(Z of det M, (z) encircled by 7; p.
(iil) )\(1 7)‘(1'0) are real and therefore eigenvalues of S, by Lemma 211
)

(iv) Almost surely eventually, S, has no eigenvalues other than /\ (1)s- -+ s :\(io) larger than 1 + (2 + n)v/5n,
where 77 > 0 is arbitrary.

Notice that v; ,, eventually encircles a single real root of det M n(2): as 1. -, Tjy are distinct, |5\i — 5\j| =
VBn, © # j. We now argue v, , eventually encircles no complex roots of det M,,(z). For £ € C such that

|€| < n* B,

po_ STV B 12 48,0 - VTT)

Dp(Xi +&) —0; 25, ,
_ 20— B DEFE 2P+ B e B
Y N —Ba—12—4B, (2 + 224
Using |1 — VI F 2 +2/2| < [2[2/8 for 2 € {R(2) 2 0, ]2] <1}, |¢] < n~*V/By, and |y S n~",
[Du(Xi +6) — 672 < (€16, - (3.6)
For j # i, almost surely,
IDn(hi +€) =052 = [Du(Xi + &) — 0,2+ (6,2 — 0;%) < B, /2. (3.7)

Recalling the formula det M,,(2) = [['_,(Dxn(z) — 9]72), (6) and (B7) imply

j=1

|det M (N + €)] =< |€]8, D72, (3.8)

10



Consequently, v; ,, eventually encircles no root of det M, (z) other than 5\1»_ (ar}d no roots occur on y; ).
Otherwise, there exists a sequence of perturbations &, # 0 such that det M, (\; + &,) = 0, contradicting
B3). This proves Claim (i). As a consequence, by the winding number theorem,

1 d% det M,,(2)

— — dz=1. 3.9
2mi Yi,n detM"(Z) ( )

To prove Claim (ii), it suffices to show that almost surely eventually,

L[ RIRG), L g,)

— z — - —
det M,,(2) 2mi Jy,, det M, ()

2mi

. . oy b1
a'sdth'e above integrals are integer-valued. Writing ¢ — 7 = 3 ( -
side is

) an upper bound on the left-hand

d r d TF

< det M, 2 det M,,
n~/B, sup |L& ol (=) _ e (2) (3.10)

z€vin | det Mp(2) det M ,,(z)
1 det M,, — det M d d
—L n

=n n SU — - —de tM + — detM —det M 3.11
o 2 det M, dz 2 ( W (1)

Below, the almost-sure bounds we have developed on the terms of (3.1T)) are summarized. Let ¢/ € (¢,1/4)
and ¢” € (0,1/8). By Lemmas BTl and B2 (applied to a,, = A; and n € (0,77 +7;.% — 2)),

» "1

sup |det M, (z) — det M, ()| <n~¢'B;7/2, (3.12)
2E€%i,n

sup i(det M, (2) — det M, (2))| < n= ¢ g (r+0/2 (3.13)
ZE€EYi,n z

sup |-L det M, (2)| < g;rt0/2, (3.14)
ZEYi,n dZ

As ([B.8)) depends on ¢ only through |¢],

|det M, (2)| < n=!B;7/2. (3.15)
Finally, 312), (3IH), and ¢ < ¢ imply,

|det M, (z)| < n~‘8;"/?. (3.16)

Thus, from BII) - B.I6]), almost surely,

d 7 d i
n VB sup = det M, (2) gz det M, (2)

—¢ —¢ p—T/2
n~"v/Bn (” fn _ﬂn(rJrl)/Q_'_nZ”ﬂn(r+1)/2)

2€vin | det My (2) det M, (2) n=¢8,"* \ n—tg,"/?
<n Y 407t —o0. (3.17)
This completes the proof of Claim (ii): almost surely eventually, there exist roots )\(1) 5\(10) respectively
encircled by 71 n, -, Vig,n- Claim (iii)—that )\(1 /\(m) are eigenvalues of S, —follows from Lemma 2]

and the fact that M, (z) is invertible for z ¢R (Lemma A1 of [12]).
It remains to prove Claim (iv): A= )\(1), e )\ = )\( 0)- Suppose det M, (z) has a sequence of roots

\e [1+ (24 n)vBn, C], for some n >0, C > 1, such that infinitely often, |)\~— Ni| > n=t/B, for all i < ig.
Let 7, denote a sequence of circular contours of radius n=%\/B, centered at A. Then, eventually,

d o d 7
i/ %(z)dzzl7 L Mdz:o. (3.18)
21t J,,  det M, (2) 2mi J,,,  det M, (2)

11



Note that on 7, (12) - (3I5) hold while (3I8) becomes 3, "2 Thus, similarly to BI0), the left integral

in (BI]) converges to the right integral, a contradiction. Furthermore, eventually §n has no eigenvalues
greater than C:

1 _ T
—=[Xull2 <) Oilluill2lvill2 + —= ||X e <C,

the last inequality holding almost surely eventually. This establishes Claim (iv). We conclude that almost
surely eventually, the leading eigenvalues of S,, satisfy

A — Nl <7 B i <o,
which is (LH) in the case &;,, = 0.
For general signal strengths 6; = Tﬁl/ 4(1 + &), the above argument may be used to show that \;

localizes about D'~ 1)(9 %) and that Claim (iv) holds. Recalling that D& 1)( t) = (t+1)(Bnt + 1)/t (Lemma
m); for 4 < 7/07

’l_)gzil)(ei_z) - 5‘1’ = ’55;1)(91'_2) - 1_77(1 2 ((7161/4 )’ = T +7 (1 +5i,n)72)|5i,n|(2 +5i,n)\/6_n
< lein|v/Ba - (3.19)

Thus, almost surely eventually,
N = Ail < [Xi =DV + DV 0% = Ml S (07 F [einl) VB
establishing (LH). (L2) is a consequence of (LH)) and Claim (iv).

4 Proof of singular vector results: (I.3)), (I.6]), and (I.7)

We prove (L6) and (I7), from which (L3]) immediately follows. For notational lightness, this section assumes
€;n = 0. All bounds are understood to hold only almost surely.

Lemma 4.1. Leti < ig, j <r, and £ < 1/4. Let 0;,v; be the singular vectors corresponding to 6; = \/ 5\1
Almost surely,

15150 (Xe)0; (i, v5) + (T, ug)| S n~ (B IV Bill1 + BY*), (4.1)
and for i # j,
(5, 05)| S 0 (B, vi) | + V/Bn) - (4.2)

Proof. Recall Lemma, the column vector

0,V, v
[@nUJ u} (4.3)
belongs to the kernel of ]T/[/n(:\z) As ([@3)) is orthogonal to the j-th row of Mn(:\z),
ZO} S —/\I ) u;ﬁk(vz,vk —|—Z(9 1{] k}+\/— ](S —/\I ) Xnvk)9k<ﬂi,uk>:0.
Isolating the j-th term, by Lemma [20]
i) (S — Niu) ™ g3 (Bi,v5) + (i ug)| < &0y Oklu] (Su = Nla) ™ (55, o)
k#j
1< <
+—=> Oklu; (Sn — Aily) " Xkl
vm ; !
ST BN (B v + 0 BY, (4.4)

ki

12



|Gi5n (X)0; (05, v3) + (i, u)| < |50 (Sn — NiLn) ™ by (B3, 0))
+ (T, ug)] + 630 |u] (S — Xidn) ™ g — 50 (X)) [(B5, v;))|

<~ BTAS (B )|+ BYE (4.5)
k=1

Note that eventually, |s,(A;) — sn(Ai)]

IN

[Xi—Xi . .
FeSwhwswE By an application of (LE) and Theorem [5.1]
1Gisn (M) = 0380 (N)| < 165 — Fallsa )] + [l [sn(\i) = s0(N)] + 1G] [sn (M) = 5a(X)]
Snfl+nffﬂ;1/2+nflﬂ;1/2' (46)

(@) follows from () and ([@T). By a similar argument for row j +r of M, (X;),

(35,0 + 03 Busn(he) = 522 )5 )| S BVl + 5% (4.7)

2

Substitution of (41]) into (1) yields
1- ﬁn

)

| @, 0) = Aia(A0) (B (Ae) = = )58, v,) | S = (VT illa + v/Ba)

Recall that D,,(2) = 8,25,(2)% — (1 — Bn)3n(2) and ); is defined by D,,(\;) = 6; 2. Thus, for j # i,
[(Bi, 0501 S 0~ UV Tille + v/ Ba)
Rewriting this as (1 — Cn =) (||[V.] 0|1 — [{s, vi)|) < n ({04, vi)| + V/Bn), we recover ([@2):

(@1, 00| S ™ (1, vi)| + v/ Bu) -

O
Proof of (I.6) and (1.7). Let ¢ <ig and ¢ < 1/8. By 29), a,, + b, + 2¢, = 1 with
Ap = XJJP"T(S” — 5\1‘)_2Pn’l~}i = 5\1' Z 9j9k<’l~}i,’l)j><’l~}i, ’U].C>’U,;r(5n — 5\1-[")_21%,
k=1
L T T 37 -2 T RN ~ ~ TyT 17 )2
by = —ii] PX,, (Sp — AL, 72X, P, = — ‘;1 050k (i, wj) (Ui, uk)vy X, (S — Niln) ™= Xpv,
k=
O T XT(S - 3P 5 = OL ST 0.0 (i w5 o yeT XT (S — Rl )-2
Cn = \/ﬁul P, X, (Sn— A,)"*P,0; ﬁjél 00k (i, uj) (0, vk)v; Xy (Sp— Aidn) ™ “ug, - (4.8)
By (3) and Corollary B.1.1]
Sitsn(80) = Are 5, (A0)| < 5 = Al |2 s (Ro) | 4+ 1Al (s (Re) = s Ra)| + IAal | (s (Re) = 5 (30))
ldz n 3 ldz n X3 — X3 X3 dZ n X3 3 dz n X3 n X3 3 d n X3 n X3
5 n_2éﬁ;1/2 + n—2€ﬁ;l + n—@ﬁ;l )
Together with ([2:24) of Lemma 2.7
an = Z 0,0, (5, v;) (7 uk>(5»kxi§ (X)+0(n*%*1))
n o J iy Uj (2 i le n\N\i n
k=
kA _ _ d ~ _ B 7 _
= 3 OB PR () + O B VTR (4.9
j=1

13



Similarly, using
d

1 N2 — j; X\, -1 . Y. -2\ _ . N2 .
— (S = A) 7280 = —tr((Sh = Ailn) !+ NS = i) 2) = ﬂn(sn(m Y dzsn(m) ,

Z25), @27), and 228), it may be shown that

bn = Z 001 isy ;) i k) (S8 (30 () + Xi%gn(&-)) +0(n™))

Jik=1 d
- 2/ 2 = Y LA, —
= > 021 iiy ) 280 (50 (0) + A5 (W) + O™ V/By)
j=1
lenl S8 T 030k (thi, ) (B, vg)| St (4.10)
dik=1

Thus,

T _ _ d - _ T _ - _ _ d - _ 3 3 _
SO ) A5 () + 62 (@, ) B, (sn()\i) + A@sn(m) —1+0(n (1 + 8,2V 5:]2) -
j=1 j=1

(4.11)
Terms on the left-hand side with j # i are negligible: by (£.2),
N - d_ _ _ ~
82101, v03) PAi - 5n ()| S 48, 21, 0P + V)
J#i
v 4o s
S 021(Gis, ) 280 (50 () + Ai=5(0)) | € VB
i
implying
—d - _ —d -
0?|<6ivvi>|2Ai£§n(>‘i) +9§|<ﬂi7ui>|25n(5n(>\i) +>\z'%§n(/\i)) =1+0(n (14 B8,V 5il1}) + V/Bn) -
(4.12)
Substitution of (@I into [@I2)) yields
—d - - _ —d -
= o N2(p2). o ) 4y = \2 5 ) 3 )
(@i, v3)| (@Aldzsn(m 0N () ﬁn(sn(&)uzdzsn(&)))
i — - t _
= (5, v:)]? 92/71an15 03 Xi5,(Ni)? n/i_ant
3000 (6 [ G255 P+ 6855, (028, [ syt
=1+0(n~ 1+ B, 2V, 6ill}) + V/Ba) - (4.13)

(#13) is included to facilitate comparison with Theorem 2.10 of [12]. In the regime where 3, — 8 > 0 and
0; > 1 is constant, the term multiplying |(3;,v;)|> converges to a positive limit, and |(9;,v;)|*> converges to
the limit’s inverse. Here, since

G2 is, w7 (5n(30) + Ai-o5 ()| € v/

E) and @I imply
—d -
912|<ﬁivvi>|2)‘i£§n()‘i) =140 (14 8,2V, &ill}) + V/Ba) - (4.14)
Evaluated at z = \;, Lemma [Z5]is tight up to constants: XidizEn(j\i) = B,1. Thus, for j # i,

(1= Cn= ) (@3, v:) > S VB s (@, v0)| S B/ (@i vg)| S 2B (4.15)
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The third inequality follows from ([2]). We have established (ILT): right singular vectors asymptotically do
not correlate with right signal vectors.

Now, by (@1), (£14), and (£I5), we obtain
(s, i) |* = (382N (01, vi))? + O(n ™) = F=Z== +0(n~" + /Ba). (4.16)
Direct calculation yields

—(F ) (P ) 4

Sn(Ni) = N/ +0(1),

d - 1 72 4772

_,n )\i — _ 1— [ ) O ;1/2 ,
dZS ( ) 2ﬁn)\i< (Ti2+7'i_2)2_4> + (ﬁ )

from which we conclude (LG):
(s, ui)* =1 =7+ 0(n™" + /Bn). (4.17)

Therefore, |(i;, u;)|? <25 1 — 7, For j # i, (i, u;)| < n~2 follows from @I).

5 Convergence rate of the Stieltjes transform

This section develops bounds on |s,(z) — 8,(z)| and |4 (s, (2) — 5,(2))| based on the work of Zhidong Bai,
Jack Silverstein, Jiang Hu, and Wang Zhou, in particular, Section 4.1 of [2] and Section 8 of [4].

Theorem 5.1. Let n > 0 and u, > 14 (24 n)v/Bn be a bounded sequence. For any ¢ < 1/4, almost surely,

sup |50(2) = 8n(2)| S 0B, 12. (5.1)
lz—un|<n=1/1V/By

Corollary 5.1.1. Letn > 0 and u, > 14 (24+n)v/Bn be a bounded sequence. For any € < 1/8, almost surely,

diz(sn(z) - En(z))‘ <n7fg;t. (5.2)

sup
‘Z_U7L‘Sn71/8\/ ﬂn

These bounds are novel in that (1) dependence on §,, is more carefully tracked and (2) the bound applies
to 2 > 1+ (2 + n)y/Bn (rather than to z with (z) > 1/y/m). (2) is critical since the proof of Theorem
requires bounding [s,(2) — 8n(2)| and |2 (s, (2) — 8n(2))| along a contour centered on the real line.
Furthermore, (2) above enables improvement of previous bounds using the concentration of the maximum
eigenvalue of S,,. For example, in place of deterministic bounds such as

L (S = 21) 1S, — 21,) ! < S(2) 2,
n

we will argue using Lemma [A2] that 1tr(S, — 2I,)~'(S, — zI,)~' < B,;' with high probability. As set
forth in Section 22, the entries of X,, are assumed truncated and normalized as in Lemma [A.22l We note
that Theorem [B.1] and Corollary E.I.1] hold for non-truncated noise as well; the effects of truncation and
normalization may be shown to be negligible using Lemma [A.3]

Let x; denote the kth-row of X,,, X, consist of the remaining n — 1 rows, and Eg(-) denote the
conditional expectation given {z;;,7 < k,j < m}. Additionally, we define

1 — )
Skk = EZ'QE’”' )
Jj=1

15



1
Snk - _XnkXJk;
m
ap = XppTy,
o = tr(S, — zIn)fl —tr(Spk — zIn,l)fl ,
Y = (Er — Ex_1)on,

by — 1
A Brn — Ztr(Snk — 2lp—1)7 1’
i 1
k= )
Sik — 2 — =30 (Snk — 2In—1) oy,
- 1
by, =

C1—z— B, — BnzEsy(2)’

1 1 1
€ = Spp — 1 — —2042(5711@ —z2lp1) rag 4+ —tr( Sk — 2Ln—1)  Snk + —
m m m

1
—a; (Snx — 2L_1) Loy, (5.3)

€ = Skk — 1+ Bn + BnzEsp(2) — —

Standard properties of these definitions are stated below (see Theorem A.5, Lemma 8.18, and (8.4.19) of
4]).

Lemma 5.2. For z € CT,

1+ #a;—(snk — 2L, 1) 2y, 1
op?

Il
)
il

A

Sik — 2 — =70 (Snk — 2In—1) " ou ~ S(z)’
1 - 1

) b,| < .
3(2) bl < 5

Furthermore, for 3(z) > \/—1%, [b| < (ﬂn|z|)71/2.

|Bk| <

In the following lemmas, we will use u,, and v, to refer to the real and imaginary parts of a complex
sequence z,. The subscripts will be suppressed for notational lightness. Lemmas and [5.4] respectively
bound |s,(z) — ES,(2)| and |Es,,(z) — §,(z)| for z with imaginary part at least 1/y/m. The proof of Theorem
.1 extends the bound to the real axis.

Lemma 5.3. Let z = u+iv be a bounded sequence where u > 1+ (2 +n)y/Bn and v > 1/\/m. Then,
1 /1 1
Elsn(z) — Esy, 2<—(— —).
L

Proof. Begin with a standard decomposition of s,(z) — Es,(2):

Z(E;C — Ek_l)(tr(Sn —2L,) 7t = tr(Spp — zIn_l)_l)
k=1

:%Z”Yk-

k=1

sn(2) —Esu(z) = %

n

As {v,}7_, forms a martingale difference sequence, the Burkholder inequality (Lemma 2.12 of [4]) yields
1 n
Elsn(2) — Esn(2)]* < = Z E|v:|?.
k=1

This martingale decomposition, together with the bound |vx| < 2/v, appear in proofs of convergence to the
Marchenko-Pastur distribution as 3, — 8 > 0 [, [6]. Such proofs consider z fixed. Here and in [2 4], as v
may decay rapidly, a tighter bound on the moments of 7 is needed. Using the identity

Snk(Snk - ZIn71)71 - (Snk - ZInfl)ilsnk - Infl + Z(Snk - ZIn71)71 5 (54)
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we obtain

bl —bt = e, be= T Jf’gm :
Thus,
o = bik (1 + ia;(snk - zIn,l)*Qozk) = —oRbrer + bi (1 + iakT(Snk - zIn,l)*Qak)
1+ brep m2 m2
and

1
Y = —(Ex — Ep_1)owbrer + W(Ek —Ep_1)bray (Sng — 2Lh—1) 2o,
1 T —2 T —2
—(Ek — Ek,l)akbkek =+ WEkbk [0% (Snk — ZInfl) A — tr(Xnk(Snk — ZInfl) Xnk)} . (55)
Here, we have used that by does not depend on zy, so (Ex — Ex_1)br = 0. By Lemmas and [A 4]

1 _ _ 2
mEbi\a;(snk — 2lho1) Pag — (X (Suk — 21—1) 2 X)) (5.6)

1
<S— 3 Etr X,[ (Spr — 21 1) 72 Xn (X, (Snke — ZL—1) 2 X ) T
m=*py,

1 1

= —FEtr Snk(Snk - ZIn—l)_zsnk(Snk - EIn—l)_2 =

nm m

where A1 > -+ > Apn—1 denote the eigenvalues of S,;. By ([ZI0) and a union bound,

Pr (/\kJ >1+4(2+n/2)\/ By for some k) < l
n

On the complement of this event, the integrand of (5.7) is bounded by 16|z|/(7v/B,)*. In addition,

)‘i,i <1+ u? )‘ivi |Z|2
Ak — 2|2 = 0?2’ Ak — 2|t = ot
Therefore,
L E02 |0l (S — 2Lu1) 2k — (X (Snk — 2Tn1) 2Xoi)|* S — (= + — 58
—7Eb g (S = 2ln1) P = tr( Xy (Sue = 2Ln-1) 7 X)) |7 S — =) (5.8)

Note that [4] bounds terms such as (B.7) deterministically. Similarly,
1

E|€k| < E|SMC — 1|2 + — + E|Oék ( ZIn_l)_loék — tl“(XJk(Snk - ZIn—l)_ank)|2
1 . 1 1
S—+ WEtr snk(snk — 2ln1) " S Sk = Fn1) TS — (1 n mm) . (5.9)

By Lemma 52 and (59,

S —- (5.10)

Thus, using (B.3) - (5.10) and v > 1/y/m,

MIH

)

E[s(z) = Bsn(2)]” < — ZE|%|2
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Lemma 5.4. Let z = u+iv be a bounded sequence where u > 1+ (2 +n)y/Bn and v > 1/\/m. Then,

[Bsa(2) - 5n(2)] S — .

nv

Proof. Recall definitions (5.3]). We have

i)lzl — b;l = €L, l~)k — l_)n = —l_)igk + Bil;kgi .

Together with Theorem A.4 of [4], this leads to the following decomposition of s, (z):

ZBk =b, +
k=1

(8.3.12) of [4] proves the moment bound |Eé;| < 1/(mwv). The second moment of € is bounded as follows:

sn(z) =

> (—brex + bibier) (5.11)
k=1

S|
S|

Elec|” < Elex — E(e|Xok)|” + BIE (6| Xor) — Béxl” + [Bé ], (5.12)
A bound on Elex — E(6x|X,1)|? = Elex — m ™12 < 2(Elex|? + m~2) is given by (59). By (5.4) and Lemma
5.2
1
E|E (e Xnk) — Eel? = WE‘tr(Snk — 2L, 1) 'S — Etr(Spx — zIn,l)—lsnkf
= ﬁE“cr(S — 2l 1) ' = Btr(Spx — 21, )_1|2
= m2 nk n—1 nk n—1
2 32 2, 2027
< [2[°BuElsn(2) — Esn(2)|" + —55 - (5.13)
m?v
By (II) - (613) and Lemma[5.3]
Bou() bl £ 5 S IBal+ Y Bl
~ nBy nvfB,
k=1 k=1
1 1 1 1 1
<4 (= 2E|s,(2) — Esn 2)<—. 5.14
<o om G e + AElsn(e) ~ Bsa(2)P) £ o (5.14)
The above bound describes an equation that is quadratic in Es,,(2):
1
Es,(z) =, (5.15)

1=z —fn— BnzEsn(2)

where §,, = Es,(z) — b, obeys |6,] < 1/(nv) < 1/y/npB, (note that 3,(z) is a solution of the related
equation s = (1 — z — B,25)71). By (3.3.8)-(3.3.13) of [4], the unique solution satisfying the requirement
that S(Es,(2)) > 0 (recall that 2 € CT) is given by

Thus,
N 2z + B — 1)8, + Bn202
|Esp(2) — 5n(2)| = 92 on + VGE+ B — )2 =482+ /(2 + B — L + Bnz0n)? — 48,2
M(l [2(2 + B — 1) + Bu20| )<L -
= i V(& +Bn —1)2 = 4Bnz + /(2 + Bp — L+ Bnz0n)2 — 4Bnz|) ~ v’ (5.16)
O
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Proof of Theorem 51l Let z satisfy |z — u| < n=Y/*/B, and 2/ = u + in"'/*\/B,. We will decompose
|sn(2) — 8n(2)] as

[s0(2) = 8n(2)] < [sn(2) = su(2)| + [sn(2") = 5u(2')] + [5n(2) — 50 (z")]
and bound each term. The first is bounded in the proof of Lemma By Lemmas and [£.4]
1

sn(2) — 3, (2)| < , 5.17
30(2) = ()] S (517)
almost surely. As u is bounded away from the support of F,, by a constant multiple of /3, I,
z—z
n - n < - A
[5n(2) = 5n()] /‘)\—z - /|)\—z||/\—z’| ()
n1/4\/_ (5.18)
O

Proof of Corollary[Z.11. Consider z satisfying |z — u| < n=Y/3\/B,. Let v = n=1/8/B,, and 2’ = u+ iv. We
will decompose |d%(5n(2) — 5n(2))] as

[ (50(2) = 50(2))] < |2 (50(2) = sn ()] + 2= (50 () = 50| + | 3 (50(2) = 50()]

and bound each term. For 1 < o < m, by the spacing bound (2.12)),

1 3 1 =220 — 2 — 2| 32
Ca—2)2  (a—2)2 Mo — 22\ — 22— 1Pnl/53,
Thus, almost surely,
d 1o 1 1
< - <= < . :
’dz (8n(2) = su(z ’ —n g T (a— 22| Y 0138, (5.19)
Note that
1 1 2v 1 1
_ < —_ =3 ——).
‘(z\—z’)Q A—u)2+02| ~ |A—ul3’ (A —u)? + v? J(v(A—z))
Hence,
A /# _/# 7
| (s() = 5u()| = ‘ G - [ GdFa)
< / o g (@F — AR + / Lk, —dF)(N)
- —2’2 A—u)2 402" " " A—z
< 2v/ e i) +AF)(N) + Ssn(z) — 5a(2")].
v

We bound the first term above as in Lemma 2.5 and the second using Theorem 5.1t almost surely,
v 1

’@(sn(z/) - §n(z/))’ S e MYy (5.20)
Finally, by (ZI1),
d , —
O
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A Appendix

Lemma A.l. (Theorem 1 of [15]) Let X,, = (x5 : 1 < i <n,1 < j <m) be an array of i.i.d. real-valued
random variables with Exyy = 0, Ex?; = 1, and Ex}, < co. Suppose that as n — oo, B, = n/m, — 0.
Define
A, = L(lx X7 1)
"oy/B,\mT T A
Then,

a.s

)\maz (An) — 17

where Amaz (Ay) represents the largest eigenvalue of A,,.

Lemma A.2. (Theorem 2 of [15]) In the setting of LemmalAd, let X,, = (#i;:1<i<n,1<j<m)and
Y, = (yi; : 1 <i<n,1<j<m) denote X,, after truncation and normalization, respectively:

Tij — E.Ill
)

&35 = wijl(|wi5] < 0n(nm)'/*) Yij = ”
where v? = E(211 — EZ11)? and J, is a sequence constructed in Section 2 of [15], satisfying 6, — 0 and
Sn(nm)t/* = co. Define

~ 1 1
Ay = —— (—YnYT - In) :
24/Bp \m "
Then, for any n,£ > 0, ~
Pr()‘mam(An) > 1+ 77) = O(TL_Z) .

Furthermore, Pr(X,, # Xn i.0.) =0,

(nml)3/4 ’ o - 1] = 0(¢i—m)

[E211| <

Lemma A.3. In the setting of LemmalA3, let P, € R™*™ have bounded operator norm and consider the
singular value decompositions

1 1 e~
P, +—X, =UAVT P, +—Y,=UAV"T
+ = , + 0= ,

where A = diag(oq,...,0p) and A= diag(G1,...,0n). Almost surely,

1

sup o7 — 67| <

f

1<i<n
Moreover, for fived i < n, if min(o? — 0?2 |, 02 — 01-2_,_1) = +/Bn, where o9 == o0 and o, = —o0, then
Tr7 < 1 Ty < 1
L=|{U V)il 5 =5 L=V V)il S — -

Proof. By Lemmas [A1] and [A22] almost surely eventually, || X, |2 < 2v/m, |Y,ll2 < 24/m, and

— | X, = Y,|o = —=|| X, = Yol|o = —=|Xn —vY,— (1 —-1)Y,

1 . v—1 1
< —|[(Bé11)101,,[|2 + N [Yall2 S ok

T Vm
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The first claim of the lemma follows from (A.J]) and Weyl’s inequality:

1
|07 — 67| = |oi — Gillos + 3] < ﬁHXn — Yall2|o1 + 61
The second claim follows from the Davis-Kahan theorem (Corollary 3 of [28]). O
Lemma A.4. (Lemma 2.7 of [3]) Let A be an n x n nonrandom matriz and x = (x1,...,2,)" be a random

vector of independent entries. Assume that Ex; = 0, E|z;|? = 1, and E|z;|* < vy. Then, for any £ > 1,
Elz* Az — trAl* <p (vatrA* A)Y2 + voptr(A* A)/2

Lemma A.5. Let A be an n x m nonrandom matriz and x € C"*, y € C™ random vectors. Assume x and
y are independent with entries satisfying the moment conditions of Lemma[A.4. Then, for any { > 2,

Elz* Ay|’ <o (14 vy + v0) (atr(A* A2 4 vptr(A* A)Y? + (trA* 4)2) .
Proof. Condition on y and apply Lemma [A4] O

Lemmas and [A.7] below are elementary, following from the Leibniz determinant formula.

Lemma A.6. For any n X n matrices A and B,
|det A —det B| Su ([ Allo + | Blloo)" A = Bllos -

Lemma A.7. For any n X n matrices A(z) and B(z),

L (et 4~ det B)| S AN oA - B[+ (Al + 18110 28] A~ B

dz ° ¢ ~n > lldz oo > > dz e o
where dizB denotes the entrywise derivative of the matriz. Additionally,
d
—a|| .
dz o}
The remaining lemmas pertain to the right singular vectors of the noise matrix. Consider an array X,

satisfying assumption Al and a vector v satisfying the assumptions A2 places on right signal vectors. Let
W be a matrix containing as columns the first n (normalized) eigenvectors of X, X,,.

d
- det A| S [14]% 7|
| det A] S0 J14]1%

Lemma A.8. Let S, = %XWX,;'— and A, = ﬁXJS;an =WWT. Almost surely,
v Agv = [W o3 S Balog(n).
The proof requires the following two lemmas:

Lemma A.9. Let n/m < j for some 3 € (0,1]. There exists constants co,c1,c2 depending only on Exf,
such that with probability at least 1 — colog(e/B) exp(—c1fm),

\/—lﬁo’min(Xn) Z 1- 02\/5-

Proof. This is one case of Theorem 1.3 of [19]. O

Lemma A.10. Let A, = %XJ(S,Z + %In)_an. The fourth moment condition on the entries of \/mv
implies

_ ~ 2
E(v'A,v) < B, Var(v" Apw) < Ba .

21



Proof of Lemmal4.8 Let SD denote standard deviation. By Lemma [A.1(0] eventually,
1

Pr(v A > B log(n) < Pr(vT v > B Aww) + Vinlog(n) - DT Aw)) < s

Summability of the right-hand-side gives v 4,0 < 3, log(n) almost surely eventually.

Let Ay > -+ > ), denote the eigenvalues of S,, and A = diag(A1, ..., A,). Observe that the eigenvalues of
A, = WAY2(A+ LL)TIAY2W T are \j/(\j+L), 7 =1,...,n, joined by a zero eigenvalue with multiplicity
m —n. A first consequence of Lemma [A0]is A\, = 1 almost surely. Hence,

T T T I3
vl Apv <ol Ayv+ )12 A max (An — Ay) < v Apu + ﬁ
< By log(n)
almost surely. O
Proof of LemmalA. 10 As X, and v are independent,
E(UTAWU)2 = Z E(Ujl Uj2Uj3Uj4)E(Aj1j2Aj3j4) : (A2)

J1,J2,33,ja=1

Any term E(v;,vj,v;,v;,) containing a singleton index vanishes, leaving the following terms:

J1=J2=J3=Ja: ZEA”7

J1=1J2,03 =Ja 0 # J3 W Z E(4;,5, Ajy5)

J1,J3 (Ag)
J1=JssJ2 = Ja,J1 # J2 ¢ m2 ZEAsz’

J1,J2
J1=JasJ2 = Js. n #F J2 3 ZEAJW,

Ji,j2

where v, = m?Ev} < oo. Let x; denote the j-th column of X,, and B; = S,, + %(In - x]x;r) By the
Sherman-Morrison formula,

~ 1 9 1 B (] B '2;)% \?
2 T 1 -1, \2 _ T 1. J 3 I
B = B (5 + ) ) = (e By T mee B,
1 TB_ ] ? 1 Tp—1,.12 1 4 —142
= _mQE(—l Il x]> < —m2E(xj B; xj)* < —m2EijH2 EAmax(B,; )7,

where the final inequality follows from the independence of z; and B;. Lemma [A.9 and the almost-sure

lower bound Amin(B;) > 1/m imply EAmax(B; 12 < 1. Moreover, EHxJHQ =nvy + (n? —n)v3. Thus,

E|A;[% < 82. (A4)

Next, consider terms of the third and fourth types. Let Bj, j, = Sp + (I, — zj,2] — :Cjzzv;';). By the

J
Woodbury formula, '

1 _ 2
EA? . = WE(I; (Sn+ £1,) 'y,)

J1,J2

1 TB 1 2
= _—_F Ji, J2 J2
m? <(1 + ~z! B ! 'rjl)(l + _:ETB ! :Ejz) ( x] B, ! $j2)2)

m*j17" j1,J2 m*j27" j1,J2 m ]1 J1,J2
1

m

I /\

1
QE(‘T Balljzsz) SWE(le,xh) E)‘m&x(Bnlp) ‘
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The second-to-last inequality follows from the Cauchy-Schwarz inequality. The final step uses the indepen-
dence of Bj, j, from z; and x;,. We have that EAmaX(Bj:}jz)2 <1 and E(z;,,7;,)? = n. Therefore,

gz < (A.5)
m

Ji,J2 ~
As the non-zero eigenvalues of A, = WAY2(A + LL)TIAYEWT are A /(N + ), € {1,...,n},
1 Aj

~ 1 ~ A - 71
E(" Aw) = —Btrd, = — ZE()\_ n l) < Bu, Eltrd, —n| < ZE‘ T+,
j=1 J m Jj=1

< B s

1 + T)’L(/\j1 + /\j2)

~ 2 2 ~
E|(trd,)* —n?| < Z ‘(1+m/\j1)(1+m%z)

Ji,d2=1

< nbn -

We have used that by Lemma [A.9] there exists ¢ > 0 such that with high probability, A,, > c¢. On this
event,

1 + m()\jl + )\j2)

‘ )\;11)\]_—21 + m()‘j_ll + /\j_gl) < c 242" 'm
(1 + m)\jl)(l + m)\jz)

= 3 —1,-1 -1 —1 ) —1 2"
/\jl )\jz +m()\j1 +/\j2 )+m2 cE 2 im+m

Thus,
1 ~ o~ ~ Var trgn
‘W > B4, Ay ) — (BuT A)?| = %
J1,J3

< L|E(trﬁn)2 —n? + i|(Etr21n)2 —n? < Ba (A.6)
~ m? m2 ~m

Var(vT A,v) < n~1p2 follows from (A2) - (A.6). O
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