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ON MAGIC DISTINCT LABELLINGS OF SIMPLE GRAPHS

GUOCE XIN'*, XINYU XU?, CHEN ZHANG? AND YUEMING ZHONG*

ABSTRACT. A magic labelling of a graph G with magic sum s is a labelling of the
edges of G by nonnegative integers such that for each vertex v € V', the sum of labels
of all edges incident to v is equal to the same number s. Stanley gave remarkable
results on magic labellings, but the distinct labelling case is much more complicated.
We consider the complete construction of all magic labellings of a given graph G. The
idea is illustrated in detail by dealing with three regular graphs. We give combinatorial
proofs. The structure result was used to enumerate the corresponding magic distinct
labellings.

Mathematic subject classification: Primary 05A19; Secondary 11D04; 05C78.
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1. INTRODUCTION

Throughout this paper, we use standard set notations R, Z, N, P for real numbers,
integers, nonnegative integers, and positive integers respectively.

Let G = (V, E) be a finite (undirected) graph with vertex set V' = {vq,...,v,} and
edge set £ = {ay,...,a,}. A magic labelling of G is a labelling of the edges in E by
nonnegative integers such that for each vertex v € V| the weight wt(v) of v, defined to
be the sum of labels of all edges incident to v, is equal to the same number s, called
magic sum (also called index by some authors). More precisely, let © : E +— N be the
labelling. Then

m

(1.1) wt(v;) = Z p(vi, v;) = s, i=1,2,...,m.

j=1,(v;,vj)€EE

A magic distinct labelling is a magic labelling whose labels are distinct. It is said to be
pure if the labels are 1,2,...,n. These concepts were introduced by graph theorists as
an analogous of magic squares, which have been objects of study for centuries.

Plenty work has been done for graph labellings. Magic labellings of simple graphs
seem first introduced in [9] as vertex magic labellings. Vertex magic total labelling of a
simple graph indeed corresponds to our magic labelling of the same graph with a loop
attached to each vertex. For related research, see [3,5,6,7,8,11,16]. Note that “magic”
may have different meaning in different context.

In the 1970s, Stanley [13] proved some remarkable facts for magic labellings:
Theorem 1. Let G be a finite graph and define hg(s) to be the number of magic labellings
of G of index s. There exist polynomials Pg(s) and Qg(s) such that hg(s) = Pa(s) +

(—1)*Qq(s). Moreover, if the graph obtained by removing all loops from G is bipartite,
then Qa(s) =0, i.e., hg(s) is a polynomial of s.
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In terms of generating functions, the theorem asserts that F%(y) = > ., Ha(s)y*
is a rational function with denominator factors 1 4 y.

Though magic labellings of graphs behave nicely, magic distinct labellings of graphs
behave very badly because of the “distinct” condition on the labels. For instance, for

the graph G4 depicted in Figure 4, the generating function for magic labellings is Liyty”

(1-y)°’
but the generating function for magic distinct labellings is

72y' (1 — )" Na(y)
(1= 1=y (1=9") 1=y 1=y 1=y
where Ny(y) is a polynomial of degree 19. See (3.2) and (3.3) for details.

Our starting point is a simple structure result for magic labellings, from which we
are able to extract information about magic distinct labellings.

The set of magic R-labellings of G is
Sr(G) :={a = (ai,...,a,) € R": (1.1) holds for u(ay) = ag, 1 <k <n, s=wt(vq)}.

Clearly, Sg(G) is a subspace of R™ and its basis can be easily computed by linear algebra.
Even the structure of Sz(G) = Sg(G)NZ™ is easy: it is a finitely generated abelian group,
and there are known algorithms for finding the generators. But the set of magic labellings
S(G) = Sr(G)NN" only forms a (commutative) monoid (semi-group with identity), and
it is usually not the case that the monoid is free; that is, there exists a1, ...,aq4 € S(G),
called generators, such that every a € S(G) can be written uniquely as Zle k;a; where
k; € N.

We will decompose S(G) into some shifted free monoids, whose elements can be
uniquely written as v + Zle kia;, where v is fixed and usually in S(G), and a, ..., a4
are still called the generators. We illustrate the idea by three examples. We give combi-
natorial proofs.

In terms of generating functions, we define
FC(x) = Z x%,
aGSN(G)

On

where x* is short for z{"---z% . It is known that F“(x) is a rational function with
denominator [,(1—2") where 3 ranges over all extreme rays of S(G). See [12, Theorem

4.6.11]. There are existing algorithms for computing F(x), such as the Mathematica
package Omega in [2], the Maple packages E11 in [17] and CTEuclid in [15]. But the
representation of F'“(x) by computer is usually not ideal.

Our decomposition give rise a rational function decomposition: F%(x) = Fj(x) +
Fy(z) 4 - - -, where each Fj(x) (corresponding to a shifted free monoid) is of the form

(1 —x01)(1 —x22)--- (1 —x%)

The paper is organized as follows. Section 1 is this introduction. In Section 2 we
deal with three graphs G, G2, and G3. We give detailed construction of their magic
labellings, and combinatorial proofs. In Section 3 we introduce basic idea of MacMahon’s
partition analysis, outline the result for G4, and setup basic tools for attacking magic
distinct labellings of graphs. In particular, we compute the generating functions for
several graphs.
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2. THREE EXAMPLES

In this section, we illustrate our decomposition by considering the magic labellings
of three graphs depicted in Figures 1,2 and 3. These graphs are all regular, i.e., the
degree for each vertex is the same.

In what follows we will often use e; to denote the i-th unit vector in R™. Then
a=(u,...,q0,) € R" will be written as @ = Y, oje;. The dimension n will be clear
from the context.

For a € S(G), the magic sum s = s(a) is determined by e, so it can be treated as
a redundant variable. It is convenient for us to use the generating function

FG (x,9) Z X%y
aGSN(G)

Then FY%x) = FY%x,1) and setting z; = 1 for all i gives the enumerating generating

function
FC(y) = = hals)y’,

s>0

where hg(s) counts the number of magic labellings of G with magic sum s.

2.1. Example 1. Let G; = K4 be the complete graph with V' = {v;,i = 1,2,--- 4}
and F = {a;,i=1,2,---,6} as shown in Figure 1.

4 3 3

1 1 2

FiGURE 1. The complete graph G, = K4

Suppose the magic labelling is given by u(a;) = z;, i = 1,2,...,6. Then the fulfilled
equations (1.1) becomes

[L’1+9§4—|—{E5:S,

171+I2+J?6:S,

(2.1)
To+ T3+ T5 =S,
T3+ T4+ T =S.
Then
100110 -1
110001 -1
ac Sp(Gy) & Ala,s)T =0, A=
R(G) & Ale9) 011010 —1
001101 -1
Thus Sg(Gy) can be identified with the null space of A, which is a subspace in R”. Since

rank(A) =4, dim Sg(G,) =7—4 = 3.

Indeed, we have the following result.
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Proposition 2. For GG as above, the magic labelling of Gy forms a free monoid with
generators a; = eg + e4,0 = €1 + €3,3 = €5 + €.

Proof. 1t is straightforward to check that they are linearly independent and hence form
a basis of Sg(G1).

Let a = /{7101 + k’gag + k’gag = ]{5261 + ]{?162 + k2€3 + k’1€4 + ]{3365 + k366 € S]R(Gl) Then
a € S(Gy) if and only if ky, ko, k3 € N. Therefore a1, a2 and aj freely generate S(Gy). B

Note that a1, as, a3 correspond to perfect matchings of Gj.

Corollary 3. Let Gy be as above. Then

1
FY(x,y) = .
(x:y) (1 — yxomy) (1 — yxi23) (1 — yasae)
Consequently,
1
FO(y) = 7 =1+3y+6y* +10y> + 159" +21¢° +28¢y° +36y" + - --
-y

2.2. Example 2. Let G be the graph with V' = {v;,1 = 1,2,--- |6} and E = {a;,1 =
1,2,---,9} as shown in Figure 2. Suppose the magic labelling is given by p(a;) = x;, i =

6

1

FIGURE 2. The Graph G with 6 vertices and 9 edges.

1,2,...,9. Then the fulfilled equations (1.1) becomes

(x4 + 16 + 23 = S,

1+ X9+ X7 =S,
.T4+$5+.T9:S,
To + X3+ Tg = S,
Ts + g+ T7 =S,

T+ T3+ Tg = S.

\

It is easy to see the following properties hold:
ii) By =e1+es+es, By=ea+es+ey, By=e3+es+er, By=er+es+ey are

linearly independent and hence form a basis of Sg(G2), and they correspond to the 4
perfect matchings of Gb;

iii) By = €1 +ea+e3+e4+e5+ e € S(G2) is not a nonnegative linear combination
of B,...,B8,. Indeed we have B5 = B, + By + B; — B,.

Proposition 4. Let Gy be as in Figure 2. Then every B in S(Gy) can be uniquely written
in one of the following two types.
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Bl . ll,Bl + 12,32 + l3,33 + l4,34, lZ & N (1 < 1 < 4),
1

By : Bs+ 4B+ LBy + 13B5+1uBs, L e N (1 <i<4).

Proof. By property ii), any element 8 € Sg(G2) can be written as 8 = k18, + kofy +
kgﬂg + k4ﬂ4 Where klz E R, ]_ < Z < 4

Then,B = /{3161 +l€262+k3€3+k364+k‘165+k266+(/{33+k4)67+(k}1 +k4)68+(l€2+/€4)€9.
It belongs to S(G3) if and only if ki, ko, k3, k1 + kg, ko + k4, ks + k4 € N. Note that we
can only deduce that ky € Z.

When k; € N, such B naturally corresponds to the type By case (by setting [; =
ke N (1<i<4)).

When k, <0, i.e., —k4 € P we need to rewrite

B = klﬂl + k'2:32 + k?’ﬂB + k4(,31 +ﬂ2 +,B3 - ,35)
= B5 + (k1 + ka)By + (k2 + ka) By + (k3 + ka)Bs + (—ks — 1)B5.

By comparing with the type B, case, we shall have [; = k; + k4 for i« = 1,2,3 and
ly = —k4 — 1. The conditions on the k;’s transform exactly to [; € N, 1 < i < 4. Finally,
the uniqueness follows by the linear independency of 84, 85, B85, B5. 1

Corollary 5. Let G5 be as above. Then
1

(1 — yxixsws) (1 — yroxers) (1 — yr3raxs)(1 — yrrzsay)
Y21 LT3 LT 5T

(1 — yxixsws) (1 — yaoxere) (1 — yrzrsxr)(1 — y2w1 200324576

FGQ(X, y) =

+

Consequently,

14+y+12

_ 2 3 4 5 6, ...
T =1+4y+11y"+23y° +42y" +69y° + 106y~ + .
1=y (1—-y?)

F%(y) =

2.3. Example 3. Let G3 be the graph with V' = {v;,1 =1,2,--- |8} and E = {a;,1 =
1,2,---,12} as shown in Figure 3. Suppose the magic labelling is given by p(a;) =

F1GURE 3. The Graph G3 with 8 vertices and 12 edges.
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x;, i =1,2,...,12. Then the fulfilled equations (1.1) become

( Ty + 25+ Tg = S,

331—|-ZL‘2+337:S,
Lo+ T3+ Ty = S,
T3+ X4+ Tg = S,
(2.3)

[L’4+9§5+[L’10=S,
.T7+I8+.T11:S,

Tg + X1 + T2 = S,

( T6 T T10 + T12 = 8.

It is easy to see that dim Sg(G3) = 5. The structure of S(Gj3) is indeed pretty
complicated. Our combinatorial proof is guided by but independent of the algebraic
decomposition described in Section 3.

We need the following vectors

Y, = €1+ es+ e+ e, Yo = €2+ e4+ e+ e11,
(2.4) Y3 = e3 +es5 +er + e1g, Y, =62+ es+eg+er+es + 2e9 + e,
. Y5 =€2tes+es+egter+eg+eptenn, Yg=e1r+eqs+eg+ e,

Yr=¢ex+tes+es+es+ertegtegtern, Yg=e+es+ e+ e

The 7,’s are the extreme rays which are computed by other methods. The following
relations can be easily checked.

Proposition 6. The v,(1 < i < 8) have the following relationship.

B) |vs =71 +71—7s

(c1) [ Y4 = =71 +Y2 +73— Y6 + 275
Y5 =Y2 93— Y6 T Vs

(2:5) () [ 71 =72 + 75 — 76 + 275
Y5 =2 +Y3 — Y6 T Vs

(e3) | Y1 =22+ 73 +Y4+7 — 277
Y5 =Yoo TV +Y4 — V7

In order to the Theorem 9, we give the following Lemma.

Lemma 7. Any~y € Sg(G3) can be uniquely written asy = ki17y,+koyy+ksys+kay,+ksys
for some k; € R (1 < i <5). It belongs to S(G3) if and only if the following properties
hold true.

]{31, kg, k3; k:47
(26) ]i]1+/€2+k5, k’1—|—]€3+/€5, k1+k4—|—]€5, k2+k4+k'5, €N
ks + ks + ks, 2ks+ ks,

Consequently, ks € 7.
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Proof. The first part follows by the linear independency of 74, ...,75;. By writing in the
e; basis, we have

v =kiey + (ko + kg + ks)ea + (k1 + ks + ks)es + koey
(2.7) + (ks + kg + ks)es + (ko + kg + ks )eg
+ (ks + kg + ks)er + kges + (2ky + ks)eg
+ (k’l + kg + ]{5)610 + (/{1 + ko + ]{55)611 + kseqs.

Now v € S(G3) if and only if each coordinate belongs to N. This is the second part.
The consequence k5 € Z is obvious. |

From now on, we will identify v € Sg(G3) with (ki,...,ks) € R°. For a set S of
(k1,...,ks) € R® and a property P, we will use P(S) to denote the subset of S satisfying
P. We will use the following properties.

P: kZGN(1<Z<4),k‘5€Z,

P kseN ke N(1<i<4);

Pb: —k‘5 € IED, min{/{:l, ]{74} 2 —k5, ]{Zz S N(l < 1 < 4),

Pq: —k’5 S IP, min{kl,k4} < —k'5, ki > k47ki € N(l <1 < 4),

Pc2: —k‘5 S IP, min{kl,k4} < —k‘5, ki < ]{347 2k + ]{35 = O7kz € N(l <1 < 4),
P03: —k?5 S P, min{kl,k4} < —k?5, ki < k?47 2k + k?5 < 0, k?z € N(l <1< 4)

It is easy to see that P(R®) = P,(R*) W B(R*) W P., (R°) W P.,(R®) W P.,(R®), where W
denotes disjoint union. This implies that

P(5(Gs)) = Fa(S(Gs)) © By(S(Gs)) W Py (S(G)) W Pey (S(Ga)) W By (S(Gs)).

Lemma 8. Let h be any of a,b,cy,co and c3. Then Pn(S(G3)) = {(Iy,...,l5) € N° :
l; are given in Table 2.8}.

(2.8)
Types [y lo l3 l4 l5
P.(S(G3)) | ks ko ks K ks
Py(S(G3)) | k1 + ks ko ks ky + ks —ks — 1
P..(S(G3)) | k1 — ky ko+ky+ ks | ks+ky+ks| —ks —ky—1|2ky + ks
P.,(S(G3)) | ke + ki + ks |ks+ ki +ks | ks—Fki—1 | —ks— ki — 1|2k + ks
P.,(S(G3)) | ke + ki + ks | ks+ki+ ks | ks +ki+ ks | by —ks —2k; — 1

Proof. We only prove the case of h = ¢, namely, P.,(S(G3)) = {(l},...,l5) e N°: [} =
kl - k4, lg = kz + k4 -+ ]{]5, 13 = k3 -+ k4 —+ k5, l4 = —k5 — k4 — 1, l5 = 2]€4 + k5} Other cases
are similar.

“CIf (kl,kQ,kg,k4,k5) € PCI(S(G:J,)) then we have —k5 € P, min{k;l,k4} <
—k'5, kl/k'4andk EN(1<Z 4) Wegetll—kl k4€N&Hdl4:—k’5—k4—1€N.
In addition, by Table 2.6 in Lemma 7, we get Iy = ko + k4 + k5, l3 = k3 + k4 + k5 and
ls = 2ky + ks are all in N.

¢ 2 it (l17l27l3al4al5) S {(l17‘ . '7l5) S N5 : ll - kl - k47l2 - kQ + k4 + k5vl3 -
]{?3 —+ ]{?4 —+ ]{75,l4 = —k?5 — ]{?4 — 1,[5 = 2]{74 —+ ]{?5}, then we get ll = ]{?1 — ]{/’4 € N and
ly = —ks —ky—1€N. So ky; > ky and min{ky, ks } = k4. Also, by inversely solving the
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k;’s from the l;’s, we obtain ks = —2ly — 5 — 2 < 0. Hence, —k5 € P and min{ky, ks } =
k4 < _k:5° Thus’ (kla k?a k37 k47 k5) € PCl (S(G3)) i

Now we are ready to state and prove our result.

Theorem 9. Let G3 be the graph in Figure 3. Then any v € S(G3) can be uniquely
written in one of the following five types.

To : by + leyo + U3ys + Ly + Isys;

Ty o vs + hyy + vy + lvs + layy + Us7s;

Tey = e+ lyy + lays + 1375 + lavg + I57s;

Tyt Yo+ + 1Yy + 2y + 374 + lave + U57s;
Tey = ¥z + Uy + lays + I3y + laye + 1577,

where 7y;, 1 < j < 8 are given by Equation (24) and l; e N, 1 <1 <5.

Proof. Let v € S(G3) be written as
(29) ’Y:kl")’l+k272+k373+k4’)’4+k}5’y57 k’l,...,k5 e R.
Then vy € P,(S(G3)) for h € {a,b,c1,ca, 3}

We can use Table 2.5 to rewrite 7. The results are given in the following table.

Types Y
P,(S(G3)) | kryy + koya + kays + kayy + ksys
Py(S(G3)) | vs+ (k1 + Es)yy + kayy + ksys + (ks + ks )y, + (—ks — 1)yg

P (S(G3)) | ve + (ky = ka)yy + (k2 + Ky + ks)vo + (ks + ko + ks)vs

+(—ks — ka — L)y + (2ks + ks )vs
P.,(S(G3)) | Y4+ + (ko + k1 + ks)ys + (ks + ki + ks)ys + (ks — k1 — 1)y,
+(—ks — k1 — 1)yg + (2k1 + ks )vs

P, (S(G3)) |77 + (ko + ki + ks5)vy + (ks + k1 + ks)ys + (ko + k1 + ks)yy + K1y
‘|‘(—]{?5 — 2]€1 — 1)")’7

By Lemma 8, P,(S(G3)) is transformed exactly to type T}, for each h.

Corollary 10. Let G5 be as above. Then we have the decomposition

F%(x,y) Z xVys ) = ZFG3 X, 1), where
Y€S(G3)

G _ 1 .
Fy®(%.9) = toarpu ey om0 0myn i<

G x78
Ey" (%, Y) = sy i (b ) T ) (i)
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G x76
FS 3<X7 y) (1—x76y)(1—x78y)(1— x’ng)(l —x73y)(1— x'Yly)’
G x('74+'76) 3
F4 3<X7 y) (1—-x73y)(1—x"2y)(1— x’YSy)(l xY6y)(1—xV4y? )
G xY7
F{*(%,9) = (i s o )
Consequently,

1+2y+4y* +2¢9° +¢*

oW = ey

=1+5y+18y* + 469> + 101 y* +193¢° + - --

3. MACMAHON’S PARTITION ANALYSIS AND MAGIC DISTINCT LABELLINGS

We first introduce the basic idea of MacMahon’s partition analysis and discuss
possible applications of our results.

3.1. MacMahon’s Partition Analysis. MacMahon’s partition analysis was intro-
duced by MacMahon in [10], and has been restudied by Andrews and his coauthors
in a series of papers starting with [1]. The Mathematica package Omega was developed
in [2]. The main idea of MacMahon’s partition analysis is to replace linear constraints
by using new variables and MacMahon’s Omega operators on formal series:

o

Q i e\ = ¢, Z e\ = ch

k=—o00 - k—foo

MacMahon’s operators always acting on the A variables, which will be clear from the
context. We explain to how to compute F91(x,y) in Example 1. By (2.1), we have

FG1 X y x . xQGySQ /\a1+a4+as—s/\al+a2+a6—s)\az+a3+a5—5>\as+a4+&6—s
6 1 2 3 4
(a,s)EN7
A1 A2 A3\
= ﬁ, where
= 11X,y

Dl(x, y) = (1 — )\1)\41’1) (1 — >\1A21’2) (1 — )\2)\3113) (1 — Ag)\4$4) (1 — )\2)\41‘5) (1 — )\1>\3176) (—y + )\1)\2)\3)\4) .

Eliminating the \’s will give a representation of F“!(x,y). The whole theory relies on
unique series expansion of rational functions. See [17] for the field of iterated Laurent
series and the partial fraction algorithm implemented by the Maple package E11. The
maple package CTEuclid in [15] is better in most situations.

The normal form of F¥ (x,y) (by Maple) already has combinatorial meaning. The
normal form of F(x,y) is

1 — 4P21 29030405 T6T728Tg

(1 — yarwsxy) (1 — yaozewe) (1 — yria5w8) (1 — yw3xawy) (1 — y2w10003042576)

FGz _

which can be easily decomposed by inspection.

For the graph G, CTEuclid gives an expression of F“(x,y) quickly, but the normal
form of F%(x,y) is
N(x,y)
(1 —yam)(1 — ya72)(1 — ya¥s)(1 — y?274)(1 — y2275)(1 — ya7e)(1 — y2a77)(1 — ya7s)’

F9(x,y) =
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where
3 2.2 3 2 2
N(x,y) =1 — Y’ 2102045060708 9" T10T12 — Y T1T2T3T5TL7TRTY” T10” T11

943 4.2 2.2 2 2

— 2l T1T2X3X4T5TeL7LLYL10L11L12 — Y T2 T3T4X5 Te L7 TL9 T10TL11T12
4.2 2.2 2 5 2 2.2 2 2 3 2

+ Y X1 23T X5 LT Ty T10 X11T12 + 2Y X1 T2  T3T4 x5 e L7 T8 L9 T10 11X 12
5 2 2.2 .2 2 2 2 2 5 2.2 2.2 2 2 2 2

T Y T1X27 X347 X5 LT X7 XY X9 X 101112 T Y X1T2 X3 X4 T5T X6 X7 T8X9 L0  T11” T2

3 3,..3,..3,.3

8 .2 2.2 4., 3. 2. 2
—Y X1 X2 T3 T4 X5 Te T7 Tg L9 T1o L11 Ti2,

is polynomial of 10 terms. It is not clear how to decompose F%3(x,y) as a sum of
simple rational functions. We guessed such a decomposition (in Corollary 10) by certain
criterion. The verification of the formula by computer is easy.

We should mention that for some complicated graphs G, Maple will stuck when
normal F%(x,y).

We conclude the subsection by reporting the following result. Let G4 be given in
Figure 4, with 6 vertices and 9 edges.

FIGURE 4. Regular graph G4 with 6 vertices and 9 edges.

Then
(3.1)
FCa (x,y) = YT2TyTe
(1 — yzyzg2s) (1 — ywowyws) (1 — ywowswe) (1 — yrswery) (1 — yriwsws)
1
* (1 —yxyzyas) (1 — yxowszo) (1 — yxszery) (1 — yrrrszy) (1 — yrizsxs)
4 Y Lo T4 67 8T
(1 — yzrasry) (1 — yraxerr) (1 — yroxszg) (1 — yaowsze) (1 — yr1w428)
(3.2) FO(y) = lgy—;?? 1+ 6y 42112 455 + 120y + 231 4 + 40655 + - - .

It is not hard to give a combinatorial proof using similar ideas.

3.2. Magic Labellings. The complete generating function F'(x, %) encodes almost all
information of S(G).

Let S*(G) be the set of magic distinct labellings of G. In some literature, the
technique condition “positive” is added because it is possible that any a@ € S(G) must
have label 0 on some edges. For instance, if G is given by Figure 5 (a), then it is easy to
check that S(G) only contains the all 0 labelling; if G is given by Figure 5 (b), then for
any a € S(G) the labels of 2 and 3 must be 0. In deed, we have F&® (x,y) = —=

l1-yxix4’
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FIGURE 5. Graph G5 with 5 vertices and 6 edges and graph G5 with
4 vertices and 4 edges.

For a d regular graph G, the all 1 labelling 1 is magic with magic sum d. Thus
Sp(G) =1+ S5(G) ={1+a:ac S(G)}. In this sense, the positive condition makes no
difference for magic labellings of a regular graph.

The graphs G1, G, G5 in our examples are all regular graphs. It is an accident that
none of them have magic distinct labellings. Indeed, they do not have magic distinct
R-labellings. To see this for G, any v € Sg(G3) can be written as in (2.7) for some
ki,...,ks € R. Then the ay and ag labels are the same. The situation for the other two
graphs are similar: look at the a; and as labels for Gy, and the a; and as labels for Gj.

In general, the structure of S*(G) is pretty complicated. It is obtained by slicing
out all @ € S(G) in the (}) hyper planes ; = aj, 1 <i < j < n. Using inclusion and

exclusion principle will be too expensive since that will involve 2(3) cases. Tt is possible
to obtain the generating function
= 2 Xy

acS*(G)
by MacMahon’s partition analysis.

Here we introduce two operators that can be realized by MacMahon’s partition

analysis. If A(x,y) = Zz‘jzo a; jz'y’ is a formal power series in z and y. Then the
diagonal operator defined by
dlagA x,y) Z a; vy = Z a; jx'y’
i>0 i,j>0, i—j=0

can be realized by MacMahon’s Omega (linear) operator. We have
disg A(r,y) = 3 aya'y’ QN7 =05 ai,(0a)' (y/A) = Q4G /).
z,Y i,j>0 - - 1,720 -
Similarly, if we define
diag A(zx,y) Z a; vy = Z a; ;'Y
>y i>5>0 i,j>0, i—j—1>0

then it can be realized by
diag A(z,y) Z a; ;'Y Q)\Z -1 (ZZZ> LO\2)i(y/N) = Q/\ YAz, y/N).

>y i,j>0
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We have
EG<X7 y) = H (1 - diag)FG(X7 y),
1<i<j<n Tiry
whose expansion is just the inclusion and exclusion result. We can normal the result
after each application of 1 — diagmi7xj, provided that the result would not explode, i.e.,
the numerator becomes too large for Maple to handel. Note that the computation highly
relies on the order of the operators. For instance, (1 — diag,, . )F“*(x,y) = 0. But the
result quickly explodes for some orders.

Another way is to use the natural decomposition

5°(6) = | 576

T€6y
where 7 ranges over all permutations of {1,2,...,n}, and S™(G) consists of all @ =
(a1,...,a,) € S(G) compatible with 7, i.e., ay, > ag, > -+ > ay,,.

The generating function E%™(x,y) of S™(G) can be extracted from F¢(x,y) by
applying MacMahon’s Omega operator. We have
E¢™(x,y) = diag --- diag F%x,y).

Ty >Trg Ty, _1>%my

For F%(x,y) with the combinatorial decomposition as F} + F, + F3 as in (3.1), and
for each F;, i = 1,2,3, we can extract
ET = diag --- diag Fi(x,y).
Try >Trg Trg >:1:7r9
for any particular m € Gy. Only 432 = 2433 out of 362880 = 9! permutations give non-

varnishing results. And the three sets of permutations do not overlap. Each result are
simple rational functions with numerator either a monomial or a binomial. For instance,

7..3,.5,15,10,.8..6,.4,.2 7.3, 515 10,. 8, 6,. 4, 2
7134568279 _ TyToZely X1 T3LsLgly (1 — 2420 w6y w1 Vw3’ 25w 27”)
| —

D(x,y) ’

0

where

D(x,y) = (1 - y3$1$2$3$4$5$€6$7$8$9) (1 - y4$13$2$32$42$52$6$8)

3,.2.2..2 6,. 4 3,.3,.2..2 2
Ty Ts Te 5571'8) (1—?/ L1 T3 Ty T5 Tg $7£U8)

5 3

(1 - y5x13:£2x3

X
7,5 4,.3,.3,.2 2 8 2.4, .4 3 2
X(l—yI1I2$3$4$5I‘6I71’8)(1—yI1I21’3$4$5I6I71’8).

There are total of 243* = 1296 permutations 7 such that E+7(x,y) # 0.
As a consequence, we have
724" (1 —y)* Na(y)
(1= L=y (1 =95 (1 —¢%) (1 —y7) (1 - )
= 72(y12 + 2913 + 4yt 4 8y 4 1240 1+ 20917 + 29415 442410 + BAyP 4 ...)

where Ny(y) is given by

L+4y+119y% 4249 +449* + 7395 +1099° + 15297 + 1924® + 233 y° + 258 yy'°

+ 274yt + 268 y'2 + 249413 4+ 207y 4+ 166 y® + 117y + 7997 4 41 y'® + 18417,

(3.3) E%(y) =
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The 72 in the numerator seems a surprise. Observe that the symmetry group of G4
is the Dihedral group Dg which is of cardinality 12. Thus we have the following result.

Corollary 11. Let ﬁ(s) be the number of magic distinct labellings of G4 of magic sum
s up to isomorphism under the Dihedral group Dg. Then it is divisible by 6 for all s.

Proof. Clearly we have
E%(y)/12 =" h(s)y".
s>0

The corollary then follows by the formula (3.3). |

Corollary 11 needs a combinatorial proof. We list in Figure 6 all non-isomorphic
magic labellings of G4 with minimum magic sum s = 12.

FIGURE 6. All non-isomorphic magic labellings of G4 with minimum
magic sum s = 12. The edges are labeled by the blue boxed numbers.

4. CONCLUDING REMARK

We have studied the complete construction of magic labelling of graphs S(G). Our
aim is to decompose S(G) into some shifted free monoids. We have achieved this for
four graphs, and give combinatorial proofs of the decompositions.

In general, there are algorithms to compute the generating functions F¢(x,y). Then
the decomposition corresponds to algebraic decomposition of F(x,y). Such a decom-
position seems easier to attack, and it is a guide for combinatorial proofs.

Our approach to magic distinct labellings is by using MacMahon’s partition analysis,
especially the Maple package CTEuclid. The package extracts constant term of an
Elliott-rational function, i.e., a rational function whose denominator is a product of
binomials. The number of binomials in the denominator affects the performance of
Maple significantly. This is why we prefer a good decomposition of F%(x,y).

Magic distinct labellings of the cube was studied in [18], where the cube has 8
vertices and 12 edges. The generating function is more complicated than that of G,. It
seems that the more edges the graph have, the more complex the generating function is.
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Another direction is to restrict the number of vertices. In an upcoming paper, we
will report the results for all graphs with 5 vertices.
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