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F-54500 Vandoeuvre-lés-Nancy, France

Abstract

This paper deals with the analytical computationtled magnetic field distribution in a wholly supenducting
reluctance motor. The rotor is made with high terapse superconductor bulks which nearly presahiamagnetic behavior
under zero-field cooling. The stator consists giesaonducting armature windings fed by AC curreritiigh amplitude.
The superconducting stator winding can generaigtarotating magnetic field without the need ofrfenagnetic material in
the rotor.The electromagnetic torque is obtained by the &utéwn between the rotating magnetic field credtgdthe
superconducting stator windings and the variablactance due to the superconducting bulks. The queg analytical
method is based on the resolution of Laplace’s igudby the separation of variables method) fazheaub-domain, i.e.
rotor shaft, holes between superconducting bulksaargap. The global solution is obtained usingrmary and continuity
conditions. Magnetic field distribution and electragnetic torque obtained by the analytical methreccampared with those
obtained from finite element analyses.

Keywords Analytical model, superconductor, HTS bulk, réimce motor

1. Introduction

High temperature superconducting (HTS) materials lwa used in various types of electrical devicks li
motors and generators which represent an impoptntof the superconducting applicatighs]. Among them,
Superconducting Synchronous Reluctance Motors ($RBY are studied and tested by different authors as
Chu and Tori[5], Kovalev et al[9], Malé et al[12], andOswald et al[14].

Conventional synchronous reluctance motors (SynRMh ferromagnetic materials present a simple
structure and rugged characterist{®}. The rotor of such motors consists of magnetic andmagnetic
materials.The electromagnetic torque depends on the differ&etween thd- andg-axis inductanced § - Ly).
Recently, some authors have proposed to replacecimemagnetic materials by HTS bulks. HTS bulks gnés
diamagnetic behavior when they are zero-field cmpl[il4]. This property is used to decrease thaxis
inductance of reluctance motors in order to imprilneperformances of such motors.

In this paper, we propose an analytical modelingaofvholly HTS ScSynRM without ferromagnetic
materials in the rotor. Compared[8] and[14], the proposed motor uses superconducting matéoiatsth the
stator and the rotoFig. 1 shows the structure of the studied motor. To siiylie analytical model, the HTS
stator windings will be approximated by an equindleurrent sheet placed on the stator bore as shofig. 1
In addition, we will consider the superconductortenials as ideals (no AC losses in the HTS coild perfect
diamagnetic behavior of the HTS bulks).

The performances of the studied superconductingctahce motor would be analyzed by an analytical
model developed in this paper. Analytical methods @ general, less computational time consumhant
numerical ones (like finite-element method) and pamvide closed-form solutions giving physical gisi for
designers. They can be useful tools for the fitesp ©f design optimization. Here, the two-dimenaidraplace
equation is solved in each sub-domain (rotor slmafies between HTS bulks, and airgap). The solutiogach
region is obtained using boundaries and interfaceslitions.

The paper is organized as follows. The problemrijgtgen and the assumptions of the model are ptegen
in section 2. Section 3 describes the analyticathot for magnetic field calculation in the diffetesub-
domains. The analytical results are then verifigth finite-element method in section 4.

* Corresponding author. Tel.: +33 (0)3 83 68 41f2%; +33 (0)3 83 68 41 33.
E-mail addressthierry.lubin@univ-lorraine.fr
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Fig. 1. Superconducting reluctance machine: (a) StuctbyeSimplified model@ =2,p=1,6,=0).

2. Problem description and assumptions

The structure of the studied ScSynRM is showim la It consists of a three-phase concentrated HTS
stator winding and) HTS bulks placed in the rotor. In the HTS stathg epoxy teeth insure the mechanical
stiffness of the structure. The stator yoke acta asagnetic shield, so its height is chosen tadammagnetic
saturation. In order to simplify the analysis, tH€S stator winding is approximated by an equivalemole-
pairs current sheet placed on the stator bore asrstin Fig. 1h This current sheet should create the same
fundamental component of the airgap flux densityhasreal HTS winding. The rotor contains a ringlfioles
sub-domains (region i=1 to Q) between th€ HTS bulks.

The magnetic field generated by the stator interasith the HTS bulks rotor. The electromagnetigyter is
obtained by the magnetic flux lines deviation du¢he flux shielding capability of the HTS bulkgon

Analytical approaches for the magnetic field comagion in classical ferromagnetic machires/e been
studied recently by many authors as Bellara gtllDubas and Espanfd], Liu and Li[10], Chebak et al4],
Tiegna et al[16], Zhu et al[17] for permanent magnets machines and Lubin gf &].for reluctance motorA
general formulation has been proposed by Gyseh f]aHowever, the proposed analytical models areedlat



to iron-cored electrical machine (with perfect éamagnetic boundary conditions to take into acctlmtslotting
effect) and cannot be used for the analysis optbposed machine with HTS bulks. Therefore, itdsessary to
develop a new analytical model for the analysithaf kind of motor. The mathematical approach deved in
the paper is similar to the one proposed8h It is based on boundary value problems with Fauainalysis.
However, compared to previous works, we have teiden perfect diamagnetic boundary conditions (Digt
boundary conditions) in the boundary value problem$ake into account the effect of the HTS bulkstloe
magnetic field distribution.
The geometrical parameters of the studied HTS narer

« for the rotor, inner and outer radii of the bulksandR, respectively,

« for the equivalent current sheet, the radRysf the stator bore.

As indicated previously, the three-phase statodimin is represented by a current sheet distribaved the
stator bore. The studied HTS reluctance machinagbai synchronous one, the static torque is obtabed
moving the rotor while keeping the magnetic fietdated by the stator currents at a given positiothis case,
the current sheet is written as:

js(6) = 3, cos( pb) (1)

whereJ, is the peak value of the current sheet in (A/m).
The hole opening angle & The angular position of theth hole is defined as:

a =—§ +%’T+490 with 1<i<0Q @)

whereg, is the initial angular position of the rotor.
In order to derive the analytical model, some aggions are made:

» The machine is supposed infinitely long in thdirection i.e. end effects are neglected.
« Infinite permeability of the stator back iron,

* HTS bulks have radial sides.

« Perfect diamagnetic behavior of HTS bulks.

Fig. 2ashows the flux lines distribution around a supateting bulk when it is cooled down below its
critical temperatur@, before a magnetic field is applied. The superceotidg material is modeled by a power-
law which links theelectric field E to the current density ; E(J)=E,(J/J)", wherel. is the critical current
density,E; is the critical electric field (I&V/m) andn is the power law indejd]. As it can be observed, the flux
is repelled from the HTS bulk except on the eddéss is due to the presence of surface currenteerHTS
bulk which prevent the penetration of the extemmalgnetic field (Faraday’s law). The penetratiortta flux
inside the bulk depends on the superconductor ctarstics, on the temperature cooling, and omtlagnitude
of the applied magnetic field. The characteristE$ITS windings (DI-BSCCO) and HTS bulks (YBaCu@nc
be found in[18] and[19]. Fig. 2b shows the flux lines while assuming a perfect dignetic behavior of the
HTS bulk. Compared tBig. 23 the flux is totaly rejected from the HTS bulk atheé flux lines are tangential to
the surface of the bulk. In terms of boundary ctiods, we can seA =0 on the surface of the bulk (the normal
component of the flux density on the boundariethefHTS bulk is null i.eB.n=0). Calculations in this paper
will neglect field penetration into the supercontucSo, The boundary conditioA=0 on all superconducting
surfaces will be used in the next sub-section tivdehe proposed analytical model.
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Fig. 2. Flux lines when the external field is applafter the cooling: (a) “real” HTS Bulk with£10* V/m, 3=100A/mm? and n=30,
(b) “perfect” HTS Bulk.



3. Problem for mulation and solution

A magnetic vector potential formulation is use@Id polar coordinates to describe the problem. Adioay
to the adopted assumptions, the magnetic vectongiaté presents only one component along zkdirection
and only depends on tihendé coordinates. The notations used in the paper are:

A, = A (r,8)e, for the shaft sub-domain
A = A(r,0)e, for thei-th hole sub-domain
A, = A, (r,0)e, for the air-gap sub-domain

For simplicity and more clarity of the general smos in the different sub-domains, the following
notations are adopted throughout the paper

PU(RV,RW):(%] +[§—j @
Eu(vaRw):[%j _[%j (4)

3.1 General solution of Laplace’s equation in tith hole sub-domain (region i)

Fig. 3shows tha-th hole sub-domain and its associated boundarglitons. The Laplace’s equation must
be solved in a domain of inner radiRsand outer radiuB, delimited by the angle§ and g+ S.

2 2 <r<
a_A+1'a_A +_10_A =0 for {R' r % (5)

> roa 2o §<6<6+p

Considering a diamagnetic behavior for the HTS utke normal component of the magnetic field at th
sides of the HTS bulk is null. The boundary comdi§ for thda-th hole domain are:

A |e:5{ =0 and A |e:q =0 (6)

A HTS bulk

Fig. 3.i-th hole sub-domain and its boundary conditions.

The continuity of the tangential magnetic field eeén thei-th hole and its neighbouring sub-domains
(regions | and II) leads to:

o
or

_9A

=R, or

and ai
I’:Rl ar

= %A

ar (@)

=Ry =Ry



The general solution ¢b) can be found by using the separation of variatniethod[7] and is given by:

A(r,6) = Z[Cr 4 4D r/g}sm[F(H a)j (8)

n=1

where Cﬁl and Dﬁl are the integration constants which are determéhby the interface conditions.

Considering the interface conditiof®) and(7), the general solution of the magnetic vector pidém the
i-th hole domain can be rewritten as:

g Fvn (1 R) _o AR Pnnlﬂ(r’Pi)] . [MH—HJ
A(r,6)= Z[ g EnsRR) W EydR R sin ,B( ) ©)

wheren is a positive integerPyyp and Enyg are defined by3) and(4) respectively. The constanGﬁ, and

DL are obtained using a Fourier series expansioﬁﬁcpf/ar|Rl and dA, /6r|R2 over the hole-opening interval

(4. 8+p].

o2
Ch=% ! = sm(—(H 6?)jd6? (10)
D! %! sm(—(@ 6?)jd6? (11)

The expressions for the coefficier{f#] and DL are giverin the appendix.
3.2 General solution of Laplace’s equation in the totor shaft region (region 1)

The rotor shaft sub-domain and the associated tayrabnditions are shown Irig. 4. We have to solve
Laplace’s equation in a circle of radiBg

0°A ,10A , 10°A _

for
o2 ra 2902

{OsrsR1 12)

0<f<2m

The boundary condition at the radius R; is difficult to handle because of the existencehef holes as
shown inFig. 1 Considering the continuity of the magnetic vegtotential at the interface between the holes
and the rotor shaft domains and considering that rttagnetic vector potential is equal to zero elszeh
(diamagnetic properties of the superconductingdjulthe boundary condition et R; can be written as:

A (R.0)=F() (13)

with
A(R.6) D& (4.4 4

elsewhere

F(6) = { (14)

whereA (r,8) is the magnetic vector potential in thth hole region which is given K@).

The general solution ¢fL2) is well known[7]. By taking into account the boundary condit{@3) and the
fact that the magnetic vector potential must biiatr = 0, the general solution ¢12) can be written as:

A(r.0)=A +i(é} (4 cos(h) + G, sir( 9)) (15)



whereh is a positive integer. The Coeﬁicient!q'), AA and Cr'1 are determined using a Fourier series expansion
of F(6) over the interval [0, H]

| 1 & a+p

A= on ! A(R.0) & (16)
| 2 Q ﬂ‘lr/?

A]:ET; b[ A(R,6)coq 19) & (17)
2% s .

ch=57i2:1“ ! A(R,6)sin( 16) & (18)

whereQ is the number of HTS bulks in the rotor. It is #onoting that the interaction between the holeshen
magnetic field distribution is related by the supemtion onQ in (16), (17) and(18). The expressions for the

coefficientsA(') , A1'1 and Cr|1 are given in the appendix.

Fig. 4. Rotor shaft sub-domain (region I) with its bdary conditions.

3.3 General solution of Laplace’s equation in tlregap sub-domain (region II)

The air-gap sub-domain with its boundary conditians shown irFig. 5 We have to solve the laplace
equation in an annulus of inner radRsand outer radiuBs:

(19)

2 2 < re
_a Al +}ai+_la A =0 for Rsr<R
o r o r? 962 0<@<2r

The same method as the one presented previouskeis to determine the boundary conditiom atR,.
Introducing the functios(9), the boundary condition is:

A (R, 0) = G0) (20)

with
A(R.6) D& (4.4 f
0

(21)
elsewhere

G(&) ={

where A (r,0) is the magnetic vector potential in thth hole region which is given bg).
The boundary condition at= R3 is given by:



oA,

" = this(6) (22)

r :R3

By taking into account the boundary conditiq28) and(22), the general solution of the magnetic vector
potential in the air-gap is given by:

A (1.0)= A +§(A" RETR g 303 ]cos( i)

2|7 TP R.R) T R(R B 2
o wR E(R)  , ROLR) |
+;( FTRmR TR @JS'”( 9

wherej is a positive integer.

Fig. 5. Air-gap sub-domain (region Il) with its boundagnditions.

The integration constantsA(',' , AJ!I , BJ!I ,CJ!I and DJ!I are determined using Fourier series expansions of
Hojs(B)and G(6) over the air-gap interval [0y

2r
n_ 1
A = 2”£ G(6)do (24)
2r
Al =§T j Lo docos{ pd) cos(i6 16 (25)
"
n_ 2 ;
B! = va([ G(6) cos(j6 6 (26)
2 2
c! == J' 1oJo cos{ pB) sin(j6 Y& 27)
"
D} == JO' G(8)sin(j6)d 8 (28)

where the expressions for these coefficients arengin the appendix.
The flux density distribution in the air-gap candexluced from the magnetic vector potential by



10, oA,
== d  Byy=-—21 29
Y an e ar (29)

The electromagnetic torque is obtained using thevidl stress tensor. A circle of radi&s in the airgap
sub-domain is taken as the integration path. Teetelmagnetic torque is then expressed as follows:

2 21T
Fo=" 2 [Bu(ROBI(R O @ (30

0 o

whereL is the axial length of the superconducting reloceamotor.

4. Resultsand comparison with finite element

In order to validate the proposed analytical modetomparison with 2D finite element (FE) simulago
has been done using FEMM softw§t8]. The geometrical parameters of the studied HT&tahce motor are
given inTable | The geometrical parameters giverible |have been chosen arbitrary. The main objective of
this paper is to show the validity of the propoaedlytical model.

The analytical solutions in the different regiorsvé been computed with a finite number of harmonic
termsN andK as indicated ifTable | In the finite-element simulations, the surfacéthe HTS bulks have been
modeled by homogeneous Dirichlet boundary conditibA=0) as in the analytical study. The mesh in the
different regions have been refined until convetgesults are obtained.

Table |

Parameters of the model

Symbol Quantity Value

R, Inner radius of bulks 9cm
R, Outer radius of bulks 9.5cm
R; Radius of the current sheet 10 cm
B HTS bulk opening wQ

Jo Maximum value of the current sheet 600A/mm
p Pole-pairs number 1

Q Number of bulks 2

N Number of harmonics in regions 50

K Number of harmonics in region | and Il 50

4.1 Flux density distribution

The magnetic flux lines for two rotor positiong$0° and&=45°) are shown respectively ffg. 6a-b The
position & = 45° corresponds to the maximum torque positidie ATS bulks are represented in green color. As
expected, the flux lines are repulsed by the sumehecting bulks.

The corresponding flux density distributions (rddiad tangential components) in the middle of tineyap
(atr =9.75 cm) under no-load conditiordf = 0°) and load conditiond, = 45°) are plotted, respectively, kig. 7
andFig. 8 The effect of the HTS bulks on the flux densitgwsforms is very clear.

One can see the distortion of the flux densityrittigtion at the location of the HTS bulks. The eddlux
density is almost null behind the bulks due todlsnagnetic behavior of the superconducting mdteédiae can
observe a very good agreement between the analgtichthe finite elements predictions for both ghdind
tangential components.
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Fig. 6. Flux lines under (a): no-load conditi®g=0°) and (b): load conditiord=45°).
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Fig. 7. Flux density distribution for radial (a) and ge@nmtial (b) components in the middle of the airdamain
under no-load conditiordg = 0°).
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Fig. 8. Flux density distribution for radial (a)catangential (b) components in the middle of tirgap domain under
load condition €, = 45°).
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4.2 Electromagnetic torque

The static torque versus mechanical rotor positignis presented irFig. 9. Compared to the FE
simulations, one can see that the analytical cafimd well tracks the electromagnetic torquéne torque
characteristic shown itfrig. 9 presents the same behavior as conventional 2-pplehronous Reluctance
Motors[11]. One can observe that a maximum per length toofaeound 2700 N.m/m is obtained for a value
of & equal to 45°This corresponds to an active torque density oLials6 kNm/ni (if we consider an outer
radiusR = 12 cm for the stator core), a value which i¢east twice that of state-of-the-art conventionBIVs

[2].

In order to have a good precision in the analyticedue evaluation, the number of harmonic ternesus
the computations is equal #8=50 (regionsi) and K=50 (regionsl and Il) as indicated inTable L The
computation time is about 0.288th the analytical model whereas the finite eletr@mulation takes about 3s
for a mesh of 50 000 elements (for one positiothefrotor). The analytical computations being mfagter, the
presented model can advantageously be used idimimay design of HTS reluctance motor.

We have also included in Fig.9 the torque vs. pmsiturve while considering the re&lJ power law, viz.
E(J)=E4(J/J)", of the HTS bulks. The computation is done ferE* V/m, 1=100A/mm? and n=30, which
represent realistic values of YBCO bulks at a caittemperature of 30K. The problem is solved \2#D finite-
element software (COMSOL multiphysics). The obtdipell-out torque is about 2280 Nm/m, a value whih
15% lower when compared to the one obtained wighathalytical model that uses the perfect diamagmetif
the HTS bulks. This result shows the ability of #malytical model in predicting the torque of trES$nRM.
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Fig. 9 Static torque versus rotor position Jgr600A/mm forp = 1.

4.3 Effects of pole-pair number and airgap lengththe torque value

The variation of the static torque versus the eilggdtrotor positionpd, for different value of the number
of pole pairs is shown ifrig. 10 The results have been computed by ugR®) and (30). The geometrical
parameters are those givenTiable | As it can be observed Fig. 10 the maximum torque decreases rapidly
with the number of pole pairs. The optimum valueresponds t@ = 1 and the® = 2 (Q must be equal top2
for this reluctance motor).

Fig. 11 shows the variation of the maximum torque as atfan of the airgap length fop = 1. As
expected, it can be observed that increasing tlgamilength results in lower values of the maximongue.
However, the decreasing is relatively small comgdeethe large variation of the airgap length.dhde noted
that the maximum torque varies approximately liheatth the airgap length.
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5. Conclusion

In this paper, we have developed an analytical intmdealculate the magnetic field distribution ating
electromagnetic performances of a superconducthgtance motor. The proposed motor uses superctingu
materials for both the stator and the rotor. Theestonducting stator winding can generate a raatiagnetic
field of high amplitude without the need of ferrognatic material in the rotor. The magnetic fielthgeated by
the stator interacts with the HTS bulks rotor. Bhectromagnetic torque is obtained by the magrikticlines
deviation due to the flux shielding capability betHTS bulks rotor (reluctance effect).

The proposed model is based on boundary value gmabWith Fourier analysis. To simplify the analysis
we have considered the HTS bulks as a perfect djaate material, therefore homogeneous Dirichletrizary
condition A=0 has been imposed on the surface of the HTS bulkshbw the effectiveness of the proposed
model, we have compared the results with thosdriaby finite element simulations. We have shohat the
proposed analytical model is able to predict thefgpmances of the proposed HTS motor. Moreover, the
analytical model presents less computational tin@a thumerical ones. Hence, it can be used as npraty
tool to investigate the influence of the designapagters on the motor performances or for desigimigation
of the studied machine.

Appendix
For the determination of the integration coeffi¢gmwe have to calculate integrals of the form:
6+p
f,(ni)= J- cosge)sir{M -4 )]dH (A1)
3 B
6+p
g,(ni)= J- sin(uH)sir(%T -9 )jdH (A.2)

4



12
a+p

N, = j sin[%r(e—a,)]de

(A.3)
3

The development of these integrals, which are use¢de expressions of the integration coefficieai® given
by:
-for nr#£up

niy=— ()" co )+ B)u) - co$qu
L= e (0 cod (@ +A)u) - ot

gu(ni)=— 7%

W((-1) sin((@ +)u) - siqu))

(A.4)

(A.5)
-for nr=up

f,(n,i)= g(sm(ue (Coi (§+ D)) - CO(SQU))j

(sn( (8 + P)u) - sirﬁé{u))j

(A.6)
g,(ni)= ﬁ(cos(u&

(A7)

(A.8)

« Expressions of the coefficien®) , &, and C,, for the rotor shaft sub-domain (regitin
The development dfL6), (17) and(18) gives

o 1 S BR P (R, Rz) 1 > o BR A9
& ﬂ;;q Nt E,5R,R) +2- ,zlnzz‘{ "nm {5[/;;(3 B) (A-9)

A :%iid BR PmpRR) . 1S

BR 2 |
f = D f.(n,
22 e RRy MY nZlZl nn Gz R

(A.10)

,BRi n 5(R R) S

22 R (R Ry BN —,Z;Z; n 7 4—;,,;;(3 R o)

(A.11)

* ExpressionsC, and D}, for thei-th hole sub-domain (regioiis
The development fL0) and(11) gives

——Z[ (ni +C‘Egu( )]

(A.12)

i BN, 2 23 Ry 2 .} Ei(R,R) .
D,=——F—7"1—+— Al 2 B!
"R ﬂ+ﬁ;( 'RB(R B ' RRAR BJL(M)
< Dl-l jEj(RZvF%) .

Z( j RzP(% 'Y 5 g2

(A.13)

* Expressionspy , Al , B}, C{' and D]’ for the air-gap sub-domain (regiti)
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The development 24) to (28) gives:

L3S 2 L& BR P plRe R)

o ek 2.7 D, A.14
AD Zﬂ;nz—l n.Jr En/,ﬁ(a. %) n* 2]7;; niT {-;[/ﬁ(e B) ( )
K = oo (A.15)

Q [
Bl == 2 4 (nia kS S p AR AmsReR) e
Zlnzl n.7r ﬁn/ﬁ(a %) (nl)+ %nzl n nii @/B(B B) (n’l) ( )
i =0 (A.17)
D' == 2 5 BR P sReR) e
J Z1nz—l n.m ﬁn/ﬁ(Pl %) %nz—l nir 51/[?( B’ B)gu(n I) ( )

From (A.9) to (A.18), we have found the expressiohthe ten coeffients (one of the coefficient idlme.
A.17). To obtain the solution of the magnetic figidhe different sub-domains, a system of lineguations has
to be solved. The total number of equation dep@mdthe number of harmonic terms used in each suofado
By rewriting the above equations in matrix and westformat, a numerical solution can be found bingis
mathematical software (Matlab).
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