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Approximation of the Fokker-Planck equation
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Abstract

We consider a stochastic model of the two-dimensional chemostat as a
diffusion process for the concentration of substrate and the concentration of
biomass. The model allows for the washout phenomenon: the disappear-
ance of the biomass inside the chemostat. We establish the Fokker-Planck
associated with this diffusion process, in particular we describe the boundary
conditions that modelize the washout. We propose an adapted finite difference
scheme for the approximation of the solution of the Fokker-Planck equation.
Keywords:chemostat, stochastic differential equation, Fokker-Planck equa-
tion, finite difference scheme

1 Introduction

Many biotechnological processes are modelized with the help of ordinary differential
equations (ODE). For example, the dynamic for a single species/single substrate
chemostat is classically modelized as [12]:

§(t) = =k u(s(t)) b(t) + D (s = s(1)) , (1a)
b(t) = {u(s(t)) — D} b(t) (1b)
where b(t) and s(t) are the concentrations of biomass and substrate at time ¢ inside

the chemostat. The parameters are the dilution rate D, the input substrate concen-
tration s;,, and the stoichiometric coefficient k. The specific growth function p(s)
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could be of the Monod (non-inhibitory) type:

umax S
= 2
)= (2)

where ... is the maximum growth rate and k, is the half-saturation; it could also
be of the Haldane (inhibitory) type:

M) = e @

As pointed out in [2], the system (1) is simple and applicable to many situations,
it can be seen as a limit model of a stochastic birth and death process in high
population size asymptotic. Hence (1) can give account for the mean behavior of
the underlying stochastic process but it cannot give account for its the variance.
Moreover (1) fails to propose a realistic representation of the chemostat in small
population scenario, that is in cases close to the washout (corresponding to the
disappearance of the biomass, i.e. b(t) = 0).

We present the stochastic model in Section 2 and derive the associated Fokker-
Planck equation in Section 3. A finite difference scheme approximation is detailled
in Section 4 and some numerical tests are presented in Section 5.

2 The stochastic chemostat model

Consider the stochastic process X; = (X}, X?) = (S;, B;) solution of:

dS; = { — kpu(S;) By + D (s, — Sp) } dt + ¢1 v/ Sp AW}, (4a)
dBt = {,U/(St) - D} Bt dt + Co \/ Bt de s (4b)

where B; and S; are the concentrations of biomass and substrate at time ¢; ;! and
Wf are independent scalar standard Brownian motions; ¢; > 0 and ¢, > 0 are the
noise intensities; W' and W2 are independent scalar standard Wiener processes. We
suppose that Sy > 0 and By > 0 so that S; > 0 and B; > 0 for all ¢t > 0.

The precise analysis of the behavior of the solution of (4) will be addressed in
a forthcoming work [3]. Still we can describe it simply with some highlights about
the classic Cox-Ingersoll-Ross model. Consider the one-dimensional SDE:

A& = (a+b&)dt+0 /&AW, & =0 >0. (5)

with @ > 0, b € R, 0 > 0. According to [10, Prop. 6.2.4], for all zy > 0, & is a
continuous process taking values in R, and let 7 = inf{t > 0, §& = 0}, then:

(i) If a > 0%/2, then 7 = 00 P-a.s.;



(i) if 0 <a < o0?/2 and b < 0 then 7 < oo P-a.s.;
(711) if 0 < a < 0?/2 and b > 0 then P,(7 < 00) € (0,1).

In the first case, & never reaches 0. In the second case &; a.s. reaches the state 0, in
the third case it may reach 0. If @ = 0 then the state 0 is absorbing.

In case of the System (4), it is clear that B = 0 is an absorbing state for (4b), and
when B = 0, (4a) reduces to the substrate dynamics conditionally of the washout,
namely:

dS; = D (s, — Sy) dt + ¢; /Sy AW} (6)
hence the solution of this SDE will stay on the half-line [0, c0) and:

(i) if D s, > 2 then S; never reaches 0;

N)l»—ﬁo

2
(i) if Ds,, < %1 then S; reaches 0 in finite time and is reflected.

Note that, as ¢; is “small”, condition (7) is more realistic than condition (#7): indeed,
with a continuous input s;, , there is no reason for the substrate concentration in
the chemostat to vanish.

Simulation schemes for (4) should respect the previous properties, an adequate
choice is:

Sivs =[S+ { = ku(S) Bi+ D (s, — S)} 6+ 1 VS Vowy] (7a)
Bis = [Bi+ {1(St) = D} Bid +ca VB Vo uwj] (7b)

where {w}s}ien and {wk}ien are i.i.d. N(0,1) random variables, also independent
from Xj. Note that B; = 0 is absorbing for (7b).

Notations 2.1 Let = (z1,22) = (s,b) € R2 =[0,00)? and

fil@) = fi(s,0) E —kpu(s)b+ D (s,, — s), o1(z) = 01(s,b) = 01(s5) = 1 /5,
fa(@) = fo(s,b) = [u(s) — D]b, 03(x) = 03(s,b) = 93(b) = 2 Vb,

so that (4) reads:

dX; = f(Xp) dt + o(X;) dW;

with f(z) = (;‘;gg) o(r) = <mc()x) 02[290)> and Wy = <%)

Let OR2 = Iy UTy with Ty = {(s,b) € [0,00)%; b = 0} and Ty = {(s,b) €
[0,00)%; s = 0}.



3 The Fokker-Planck equation
Let m(dx) = m(ds, db) be the distribution law of of X; = (S, By):
7Tt(A, B) = P(St S A, Bt S B)

for all Borel sets A, B of [0, 00). According to [11], m(dz) of X; can be decomposed
as:

m(dx) = m(ds x db) = §o(db) ¢i(s) ds + pi(s,b) dsdb (8)

indeed the diffusion process “lives” in R%r but never reaches I'y so the distribution law

features only a “regular” component p;(s, b) that only charges Ri and a “degenerate”
component ¢(s) that only charges I';.
As m; is a probability distribution we get the normalization property:

/Qt<5)d3+/ / pi(s,b)dsdb=1.
0 o Jo

and the washout probability at time ¢ is:

P(B; =0) = / @(s)ds =1 —/ / pi(s,b)dsdb.
0 o Jo
The Fokker-Planck equation in a weak form is:

d
G [ mtasanosn = [ mas.an ot (9)
dt R2 R2
¥ ¥
for all test functions ¢, where L is the infinitesimal generator defined by:
Lo(x) = Lp(s,b)
2 12
= g filw) &l (x) + 5 g o (x) ¢y ()
= Fi(s,0) @1(s,0) + fols,0) 64(5.b) + F s 9la(s.0) + Fbofi(s.0).  (10)
Using the decomposition (8), the Fokker-Planck equation (9) reads:

%{ /000 ¢:(s) #(s,0) ds + //RQ pi(s,b) ¢(s,b) ds db} -

:/qut<s>g¢(3,o)ds+/42 pu(s,0) Lo(s, bydsdb (1)



Lemma 3.1 For all functions ¢ € Hf (R3) (i.e. ¢ € H(RZ) and ¢|r, = 0) and
t>0

o) = [ Ln@ o ars D [0 6.0

%
where L* is the adjoint operator:

L) 2 () fi(@)], — [(x) fala)ly + 5 [() sl + F [() Bl
Proof By definition of L:

(P, LO) = fR2 pi(x) Lo(r)d = fRz pi(w) fi(z) ¢ (x) do + fRz pi(x) fo(x) ¢ () dz
+2ngrpt s ¢l (x) do + 2 fRzpt )by (r) dz

we consider separately these four last terms.
From Green’s formula | fRQ ul, vdx = fRQ uvl, dr + f or2 WU dS, where
+ ¢ +

n; is the ith component of the outward unit normal n, i.e. ny(z) =0 on I'; and —1
on I'y and ny(z) = —1 on I'y and 0 on I'y. So we get:

Jez pe(@) fi1 () ¢ () A = = [oo [pa() fr(2)] () dx+faRz pi(x )fl( ) ¢(x) ni(z) dS,
= fRi[pt(x) fi(@)] o(x) fp pe(z r) ¢(r) dS,
= — Jpo [pe() fi(@)]] $() da. <as ¢ =0onTy)

For the second term:

Jiz (@) fo(@) (x) Ao = — [z [pi() fo(@)]}, 6(w) A + [y pe() folw) $() na(x) S,
= — Juz (@) fo(@) 0(w) d — [, pu(2) fol) $() S,
= — iz (@) fo(@)]p 6(x) d. (as f>=0onIY)

For the third term:

Jrz pi(w) s () dw = = Jga [pa(w) ] 9 () A + [ogo pi(2) 5 6(x) ma(2) AS,
= = Jrz [pe(2) s @ () dx — [i,, pu() s ¢ () AS
= fRi [pe(z) s]; ¢ (x) d (as s =0 on I'y)
= Jez () 532 $(2) Az — [opa [pe(2) 5], () ma () AS,
= fRi [pe(2) ]2 ¢(x) dz + [, [pe() 8], ¢(x) AS,
= [z [pe(2) 5]% ¢(z) da . (as ¢ = 0 on I'y)



For the fourth term:
fRz p(x) b () do = _fRi[Pt x) b} ¢y () dff"‘fazgg pe(x) b @y (x) na(z) dS,
v)de — fy. pu(a) by(x) dS
) dx (as b=0onT)
T = Jop [Pe(7) By 9(2) ma(2) AS,
v+ [p,[pi() U]} $(x) S, .

Summing up these identities leads to:

(P LO) = (L7 pro ) + F fy [pelx) By d(z) dS,

finally
Jr, o) O] ( = [i. {lpe(2)ly b+ pi(2) } o) dS
= fr pi(r) o(x) dS,
= fo pe(s,0) o( O) ds
proves the lemma. O

According to Lemma 3.1, (11) becomes:

%{ /OOO ¢(s) #(s,0) ds + //R (s, b) ¢(s,b) ds db} -

_/Oooqt(s) L£(s,0) ds+//RQ Lpi(5,b) d(s,b) ds db

+%§ /Ooopt(s,O) ¢(s,0)ds (12)
Let ¢(s,b) = @(s) (b)) with ¥(0) = 1, ¥(b) = 0 for b > € and ¥'(0) = ¢"(0) =0

after letting € — 0, the previous equation leads to:

% OOO q(s) ¢(s)ds = /OOO q:(8) Gp(s)ds + %2 /000 pe(s,0) @(s)ds (13)

where

Gols) = D (5w — 5) () + % 56 (5) (14)

is the infinitesimal generator of the diffusion S; in washout mode, i.e. of the SDE
(6). As (13) is valid for all test functions ¢, we get the following equation for ¢(s):
0 3

eq( s) =G q(s) + Eth(s,O) , Vit >0, s€|0,00) (15a)



the equation for py(s,v) is

0
apt(sv U) = E*pt(S, U) ) vt > 07 (57 U) € [07 00)2 (15b)
The initial condition for (15a) and (15b) are:

a(s) = pu(s), pi(s,v) = p(s,b). (15¢)

where p,(s) dsdo(db) + p(s,b) dsdb is the distribution law of Xy = (S, By).
The operators are:

G p(s) = =D (50 — 5) 0(5)] + 2 [s0(5)]", (16)
; - [f2(87 b) ¢(37 b)};,
+ 5 [s(s, b))+ [bo(s, )]t (17)

Finally, the Fokker-Planck equation is a system of PDE’s: (15b) for p;(s, v) and
(15a) for ¢(s), the first one is autonomous, and its solution appears as an input for
the second PDE.

4 Approximation

Many finite difference schemes and finite element schemes are adapted to space
discretization of the system (15). Here we use the specific finite difference scheme
proposed in [8]. This classical scheme presents nice numerical properties and it also
can be interpreted as an approximation of the solution of (4) by a pure jump Markov
process on a finite discretization grid, the resulting system in discrete-space and
continuous-time is the exact Fokker-Planck equation (forward Kolmogorov equation)
associated with this pure jump process. The infinitesimal generator £ of the SDE
(4) is given by (10), this operator fully characterizes the distribution law of the
process X; = (S, By), indeed the set of equations (15) is totally determined by the
operator L as G is only the restriction of £ to I's.

The finite difference scheme is detailed in A, it leads to the following approxi-
mation of the infinitesimal generator:

L) ~ Lyp(z) = > La(x,y) d(y)
y€Gh
for x € (G}, where:
Gn={x=(kihy,kahy); ki=0,...,N;,i=1,2},
CrnE{x=(kihi,koho): ki =1,...,N;—1,i=1,2},
G} = {x = (ki hy,0); k1 =0,...,Ny},
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Figure 1: Discretized domain Gj,.

are the grid version of R?, Ri and ['y respectively, see Figure 1.
For the interior points x € G}, the finite difference scheme is:

T T o?(x o2(x
La(oz) = —Mal - Bl - o) - .

+
Ly(z,x £ h;e) :fh—(x) ”;—}(;), i=1,2,

Ly(z,y) =0 otherwise.

For the boundary points x € G}, \ éh the finite difference schemes are detailed in
B. They correspond to the Figure 1: for s = s,.. or b = b,.., we must impose
reflecting conditions, for for s = 0 or b = 0, the boundary conditions are natural,
they derive from the value of the coefficients. Indeed, when b = 0, then fo =09 =0
and the jump process stays on the boundary “b = 0” (it cannot jump to b = hy or
to b = —hy). When s = 0, then f; = D s, and o1 = 0, so the jump process can only
jump to s = hy.

We obtain a matrix £, = [Lx(2, y)]syeq, Wwhich is the infinitesimal generator of
a pure jump Markov process (X/');>o in continuous time and discrete state space Gj,.
Starting from a point x of the grid, the process X/ stays there during a time exponen-
tially distributed with parameter —Lj,(x, z) then it jumps to a point y with probabil-

ity Ln(z,y)/(—=Ln(x, 7)) for all y € Gy, and Ly, is a Q-matrix as Y, o Lu(z,y) = 0.
Then the following Kolmogorov forward equation:
9 pba) = i) (18)
ot t h 't



gives the evolution of the distribution law p} of X!, pl(z) = P(X} = x), » € G),.
It is important to note that this approach gives an approximation of the coupled
system of PDEs (15): (p?(x))zegh\g}l is an approximation of (p:(s,b))sp)e(0,0)2 and
(p?(x))xeg}b is an approximation of (g:(s))se(0,00)-
For the time-discretization we use the implicit Euler scheme approximation:

h h
Pis(z) — i () .
sl 5 : =L, pil_,,_(;(l‘)

that is:

(I =0 L}) pys(z) = pe(x) .

5 Numerical results

5.1 Comparison

Many works [7] propose the following structure for the diffusion coefficients:

dSt = { — k’/JJ(St) Bt -+ D (Sin — St)} dt —+ St thl 3 (19&)
dBt = {M(SO Bt —D Bt} dt + Co Bt th2 . (19b)

It is slightly different from (4). In large population size, these two models are rather
equivalent; they differ drastically in the washout regime.

In this test we use the Monod growth rate function (2) and the parameters:
k=10, s, = 1.3 (mg/1), D = 0.4 (1/h), e = 3 (1/h) , ks = 6 (mg/1). The initial
law is (Sp, Bo) ~ N(0.45,107°) ® A(0.01,107°). The discretization parameters are
Smax = 2, bpax = 0.06, 0 = 0.1, Ny = Ny = 70. In Figure 2, we see that with small
noise intensities the simulation of the two models are very similar; with higher small
noise intensities, the simulations are very different. This is due to the fact that the
behavior of the two diffusion processes near the boundary “b = 0" are different:
with the model (4) the washout regime is attainable which is not the case with
the model (19). In Figure 3 we compare the evolution of the washout probability
t — P(B; = 0) for both models, we clearly see that the model (19) does not give
account for this probability.

5.2 Simulation with the Haldane growth rate function

In this test we use the Haldane growth rate function (3) and the parameters: k = 2,
S = 2.4 (mg/l), D =0.1 (1/h), a =5 (1/h) , ks = 10 (mg/l), & = 0.03: ¢; = ¢ =
0.01. The initial law is (Sp, Bg) ~ N (1.5,107°) ® A(0.68,107°). The discretization
parameters are S,.. = 3, bu. = 2.5, 0 = 0.25, N1 = N, = 300.

9
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Figure 2: In cases “1” the diffusion coefficients are oy (s) = ¢; /s and o3(b) = 3 Vb;
in cases “2” the diffusion coefficients are o1(s) = ¢; s and o9(b) = ¢ b. In cases
“a’ ¢ = co = 0.005; in cases “b” ¢; = c3 = 0.02. For small noise intensities
(cases “a”), cases “1”7 and “2” behave rather similarly. For higher noise intensities
(cases “b”), as the law m; of (S, By) is closer to the absorbing “washout” boundary
{(s,b) € R3;b =0}, cases “1” and “2” behave rather similarly. See Figure 3 for the

evaluation of the washout probability.
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Figure 4: Phase portraits for the system (1) for the Monod growth function (left)
and the Haldane growth function. Left (Monod case): there are two equilibrium
states: the washout equilibrium (red dot) is unattractive, the equilibrium point
(s*,0%) with s* = kg D/(fmax — D) (solution of pu(s) = D) and b* = (s, — s*)/k is
attractive. We suppose that fi,,., > D. The dashed line is b = (s, —s)/k, in blue two
trajectories (blue circles: initial positions). Right (Haldane case): the washout
is still an equilibrium point but now it is attractive, there are two other equilibrium
points given as solutions of u(s) = D (we suppose that it admits two separate
solutions), (s7,b}) is attractive (corresponding to the smallest value of s), (s5,b3) is
unattractive. The black dashed curve separates the two basins of attraction; in blue
four trajectories (blue circles: initial positions).
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In Figure 5 we plot the time evolution of the distribution law of X;: for each time
t, we represent (the approximation of) (p;(s,b); (s,0) € (0, Spax) X (0, byay)) together
with (the approximation of) (g:(s);s € (0, Spax))- In this test the mean of X is on
this curve that separates the two basins of attraction (dashed white line): hence
part of the mass will be attracted by (s, b7) and the other part will be attracted by
the washout (s,,,0) (see Figure 4).

For t = 0 we plot all the trajectory (z(t))ico:80) (white line). At the beginning
the distribution law starts to “stretch” between the two attractors (f = 24). At
t = 32, part of the mass is already on the point (s7,b7). Note that at this instant
pi(s,b) is bimodal and x(t) is a good approximation of E(X;), but it is a poor
statistics for X;. At the final time ¢ = 80, the deterministic trajectory z(t) reaches
the equilibrium point (s3, ) and 13% of the mass has been trapped by the washout
absorbing boundary and some mass is still in the washout basin and will be trapped
by the boundary “b = 0".

A General finite difference scheme for n-dimensional
diffusion processes

Let X, be the following diffusion process:
dXt = b(Xt) dt -+ O'(Xt) th

where X; takes values in R”, b : R" — R", ¢ : R" — R™™ and W, is a standard
Brownian motion with values in R™. Let a = g o* : R" — R"™". The coefficients
are supposed to be locally Lipschitz and at most of linear growth.

The probability density function p(t,x) of X; is solution of the following Fokker-
Planck equation:

Splt,x) = Lp(t,2) (20)
where L is the infinitesimal generator defined by:
. n 1 n
Lo(x) =Y filz) ¢, (x) + 5 > ai(@) ¢, ().
i=1

,j=1

We consider finite difference schemes based on the following stencil (for the compo-
nents (z;,x;)):

13



We use the following up-wind scheme [8]:

, file) K2Rt fi(2) > 0,
F2) s, (2) = {ﬁ(w) slel-oliohie) - if fiz) <0

aii(2) @ () ~ ay(x) Lt ei)f2ﬁ§zx)+¢(x7hi @)

Ty

( d(x+h; e;+h;i e;)—o(xz+h; e; o(z+hje;)—p(x
() 2 [ selelrthe) _ glothie)=o0)
+¢(x)_¢}(f_hj €;) . P(x—hie;)— (w h;i e;—h; e])}
j
1f a;;(z) >

aij(x) ¢gzx] ($) = <

1 |:¢(Z+hi ei)—¢(zthiei—hje;)  ¢(x)—d(xz—hje;)

ai; () 55 h; h;
p(zthjej)—p(x)  ¢(z—hieith;e;)—p(z—h;e;)
+ h; by ;

if aij(m) <0,

fori,j =1,...,n, i # j. The last non-diagonal second order schemes correspond to

the following diagrams:

————————————————— OO oo
— —
SO @ L SR
—t —1
Qe Qe e Qe
o) 20 o) <0

With notation f*(z) = max(f(z),0) and f~(x) = max(—f(z),0), we get the

14



following approximation:
Lro(x) = 32, fila) ¢, (x) + 5 225 5 aij(x) ¢ 4, (2)
=2 AT (@) = f (@)} 60, (@) + 5 i aii(@) 62(2) + 3 2, {0 (2) — a5(2)} 6, ()

= {52 (e + i) — 0()] — 2 6() — olx — hiei)]}

2GR 0 + hie) — 20(@) + Gla — hiey)

+ % > {22(;3 (16 + hies + hyeg) = 3+ hiea)] — [z + by e) — 6()]
R + [¢(z) — ¢(z — hjej)] — [p(x — hie;) — ¢p(x — hie; — h; 6j)]>
;2(2 (W«T +hie;)) — d(x+ hie; — hje;)] — [p(x) — ¢p(x — hyjej)]
[0 + by e) — 6(@)] — [0z — hies + hye5) — d(w — hies)])

— fi(z @i (T |CL,L(£E)|
= ¢(x) { ROYL D - BT Y Shi by }

+ 22 6 + hiey) {f @+%L;g)—2j;j¢i%}+2‘2i#j¢x"‘hjej) %
fi (@ au-a: a; a;i(x
+Zi¢(x_ i€ ){ h1 2]512)_2]]7&1 l4fih }+Z Zzz#] ( _hjej) |4iiz(h3|
+.T
+sz¢]{ J(hz [d(x + hie; + hje;) + ¢(x — hie; — hjej)]

+ A B + hiei — hye;) + 8z — hiei + hye;)] )

J

the symmetry a;; = aj; leads to

L) = ofw) { - 50, L - 57, eled 3 L G
(13) tl“ z) aii(x
+ > d(x+ hie) { 2n7 Zj;j;éi ‘QIii(hj-I}
fl azz $ |a2(x)‘
+2.i6(@—hie ){ AR T S D 2f~fihj}
a);(x)
+Zz]z#]{ ]hj [¢($+h €Z+h e])+¢( hiei_hjej)]

* ;Zﬁji(zj [6(x + hiei — hjej) + ¢(z — hiei+ hy ej)]}

~

We get the following approximation of the infinitesimal generator:

Lo(x) ~ Lag(z) = > Li(x,y) ¢

yeGh
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for x € G, where G, = {x = (k1 hy,..., ko hy); ki=0,...,N;;i=1,...,n} and
( Gura) =~ el s [ -3,
Li(z, o £hie) = a;’g) ~ Y
Ly(x,x+ h;e; + hje;)) —,Ch( —hie; — h-ej):;}:(zz for i #j,
Ly(x,x+ h;e; — hje;) —Eh( —hje;+hje;) = ;;11(2 for i # j,
Ly(z,y) = otherwise.

B Boundary conditions for the finite difference

approximation

For the boundary points Gy, \ Gy, of the grid, we use the following schemes:
o Forz € {(s,0) € Gr,; s =0,b € (0,b.) }

2

€T x 0'2 x o5
Lo(z,z) = _+|f1h(1)| - el i _ gt
x 0'2
Ly(x,x+hie) = flh—(l)+%,
Lp(x,x—hie)) = flh—(lx) + 021}(:27 = 0 because f1(0,0) = Ds,,, 01(0,0) =0,
+ x o5(x
Lp(z,x £ hoey) = th—i) + %3), note that f>(0,b) = —Db <0,
\ Ly(z,y) =0 otherwise.
o For x € {(5,0) € Gi; S = Smax, b € (0, b100x) }
0'2 xX 0'2 x
( P QI L G, (0
Ly(x,x+hie) =0 (set artificially to ())
) Ln(z,m—hie) = |f1 A 01(33)
Eh(xax + h2 62) ($) + 2;(L2) )
\ Ly(x,y) = otherwise.

[ ] FOI' T € {(S,b) & Gh7 S € (07 SmaX)’b = 0}

( 2

o) = L,
Ly(z,x £ hie) = (x) + 021,(;5) ,
Lp(z,x £ hoey) = f2 x) + 02222 = 0 because fs(s,0) = 02(s,0) =0,
\ Ly(z,y) = otherwise.
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o Forz € {(5,0) € Gr; 5 € (0, Spuax), b = bpua }

Ifl(l“ _ k@] oi@)  o3(2)

Ly(z,z

) = ha h? R
i (96 o (x)
Lp(z,xxhie) =3 2h2 :
S Lp(x,x+ hees) =0 (set artlﬁ(:lally to 0),
Ln(z, 2 — hyey) = Ifz IS ‘72(5’3) ’
\ Ly(x,y) = othervvlse
e For z = (0,0)
( Eh(m x \fl 7

) =
Ly(z,z+hie)) =
Ly(z, 2 —hye) _Obecause f1(0,0) = D, 01(0 0) =0,,
) o9
) =

Ly(x,x + hyey) =0 because f5(0,0) = 02(0,0) =

L Lp(z,y otherwise.

e For z = (S, 0)

_h@)] (I)
h1

)

) =0 (set artlﬁaally to 0),
)

)

( Ly(x,x

= 0 because f2(Smax, 0) = 02(Smax; 0) = 0,

=0 otherwise.

=0 othervvlse.

( z T o2(x
Lila,z) =L@l _1pwl _ o)
_ i@
Ly(z,x+hie) = 2
Ly(x,z —hie;) =0 because f1(0,b,.y) = D sy 01(0,b,.) =0,
Ly(z,x+ hayey) =0 (set artificially to 0),
Ln(x,x —hyes) = |f2( )|y 02(%‘)
)

17



o For = (Spmax, Dmax)

( T x o2 (z o2(z
La(z,z) =Bl 1p@] 1}1%) _ 2(3)’

Ly(z,x+ hie;) =0 (set artificially to 0),
£h($7l' — hl 61) |f1( ) + 01(1')
Ln(xz,x+hyes) =0 (set art1ﬁ01ally to 0),
Lh(l’,x — hQ 62) |f2( )l + ‘72(35) ’

\ Ly(z,y) =0 otherw1se.
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