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Abstract

We study the maximum number of limit cycles that can bifurcate from a
degenerate center of a cubic homogeneous polynomial differential system.
Using the averaging method of second order and perturbing inside the class
of all cubic polynomial differential systems we prove that at most three limit
cycles can bifurcate from the degenerate center. As far as we know this is the
first time that a complete study up to second order in the small parameter
of the perturbation is done for studying the limit cycles which bifurcate from
the periodic orbits surrounding a degenerate center (a center whose linear
part is identically zero) having neither a Hamiltonian first integral nor a
rational one. This study needs many computations, which have been verified
with the help of the algebraic manipulator Maple.
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theory.
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1. Introduction

Hilbert in (16) asked for the maximum number of limit cycles which
real polynomial differential systems in the plane of a given degree can have.
This is actually the well known 16th Hilbert Problem, see for example the
surveys (17; 18) and references therein. Recall that a limit cycle of a planar
polynomial differential system is a periodic orbit of the system isolated in
the set of all periodic orbits of the system.
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Poincaré in (22) was the first to introduce the notion of a center for a
vector field defined on the real plane. So according to Poincaré a center is
a singular point surrounded by a neighborhood filled of periodic orbits with
the unique exception of the singular point.

Consider the polynomial differential system

I:P(l‘,y), y:Q(xay)v (1>

and as usually we denote by "= d/dt. Assume that system (1) has a center
located at the origin. Then after a linear change of variables and a possible
scaling of time system (1) can be written in one of the following forms

iz—y—l—ﬂ(x,y), «f:y‘i‘Fl(xvy): x':Fl(x,y),
(4) y =+ F(z,y), B y = Fy(z,y), @

with F} and F; polynomials without constant and linear terms. When system
(1) can be written into the form (A) we say that the center is of linear type.
When system (1) can take the form (B) the center is nilpotent, and when
system (1) can be transformed into the form (C) the center is degenerate.

Due to the difficulty of this problem mathematicians have consider simpler
versions. Thus Arnold (1) considered the weakened 16th Hilbert Problem,
which consists in determining an upper bound for the number of limit cycles
which can bifurcate from the periodic orbits of a polynomial Hamiltonian
center when it is perturbed inside a class of polynomial differential systems,
see for instance (9) and the hundred of references quoted therein. It is known
that in a neighborhood of a center always there is a first integral, see (21).
When this first integral is not polynomial the computations become more
difficult. Moreover, if the center is degenerate the computations become
even harder.

In the literature we can basically find the following methods for studying
the limit cycles that bifurcate from a center:

e The method that uses the Poincaré return map, like the articles (4; 8).

e The one that uses the Abelian integrals or Melnikov integrals (note
that for systems in the plane the two notions are equivalent), see for
example section 5 of Chapter 6 of (2) and section 6 of Chapter 4 of
(15).



e The one that uses the inverse integrating factor, see (11; 12; 13; 25).
e The averaging theory (6; 14; 19; 23; 24).

The first two methods provide information about the number of limit cycles
whereas the last two methods additionally give the shape of the bifurcated
limit cycle up to any order in the perturbation parameter.

Almost all the papers studying how many limit cycles can bifurcate from
the periodic orbits of a center, work with centers of linear type. There are
very few papers studying this problem for nilpotent or degenerate centers.
In fact, for degenerate centers as far as we known the bifurcation of limit
cycles from the periodic orbits of a degenerate center only have been study-
ing completely using formulas of first order in the small parameter of the
perturbation. Here we will provide a complete study of this problem using
formulas of second order, and as it occurs with the formulas of second order
applied to linear centers that they provide in general more limit cycles than
the formulas of first order, the same occurs for the formulas of second order
applied to degenerate centers. Of course, the computations from first order
to second order increases almost exponentially.

This paper deals with the weakened 16th Hilbert’s problem but perturb-
ing non—Hamiltonian degenerate centers using the technique of the averaging
method of second order, see (14), and Section 2 for a summary of the results
that we need here.

Since we want to study the perturbation of a degenerate center with
averaging of second order, from the homogeneous centers the first ones that
are degenerate, are the cubic homogeneous centers, see for instance (7). In
this class in (20) the authors studied the perturbation of the following cubic
homogeneous center

t=—-yB’+¢?), g=a(a® -y, (2)

inside the class of all cubic polynomial differential systems, using averaging
theory of first order. Here we study this problem but using averaging theory
of second order.

System (2) has a global center at the origin (i.e. all the orbits contained
in R\ {(0,0)} are periodic), and it admits the non-rational first integral

222
2, .2
H(z,y) = (27 +y°) exp (—m) :
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The limit cycles bifurcating from the periodic orbits of the global center
(2) have already been studied in the following two results, see (20) and (5),
respectively.

Theorem 1. We deal with differential system (2). Then the polynomial
differential system

T = —y(3$2+y2)+6< > aijxiyj>,

0<i+5<3

y = z(a®—y?) +e S bty |,
0<i+5<3
has at most one limit cycle bifurcating from the periodic orbits of the center of
system (2) using averaging theory of first order. Moreover, there are examples

with 1 and 0 limit cycles.

Proposition 2. We consider the homogeneous polynomial differential system
(2). Let PJ(x,y) and Q;(x,y) for i = 1,2 be polynomials of degree at most
3. Then for convenient polynomials P; and Q);, the polynomial differential
system

T = —yBx®+y?) +ePi(x,y) + 2Pz, y),

g = z(a®—y?) +eQu(z,y) +2Qa(z,y),

has at first order averaging one limit cycle, and at second order averaging
two limit cycles bifurcating from the periodic solutions of the global center

2).

Our main result is the following one and it do by first time the complete
study of the averaging method of second order for a degenerate center having
neither a Hamiltonian first integral nor a rational one.

Theorem 3. We consider the cubic homogeneous differential system (2).
Then the perturbation of system (2) inside the class of all cubic polynomial
systems

i = —y(3x2+y2)+€< > aij$iyj)+€2< 2. bijxi9j>»

0<i+j<3 0<i+5<3

(3)
g = a(@®—y?) +5( > Cz’jxiyj> + € < > dz‘jﬁiyj> ’

0<i+5<3 0<i+5<3
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has at most three limit cycles bifurcating from the periodic orbits of the center
of system (2) using averaging theory of second order. Moreover, there are
examples with 3, 2, 1 and 0 limit cycles.

The paper is organized as follows: In section 2 we present a summary
of the averaging method of second order following (14). Next in section 3
we provide the proof of our main Theorem 3. In section 4 we provide three
examples, of systems (3) with 0, 1, 2 and 3 limit cycles bifurcating from the
degenerate center. At the end we present the Appendices A, B and C.

2. The averaging method of second order

In this section we present the averaging method of second order following
(14). In that paper the averaging theory for differential equations of one
variable is done up to any order in the small parameter of the perturbation.
We consider the analytic differential equation

% = Go(0,r) + Z5ka<07 r), (4)

k>1

with r € R, § € S! and € € (—&g,g0) with gy a small positive real value,
and the functions Gy (0,r) are 2r—periodic in the variable 6. Note that for
e = 0 system (4) is unperturbed. Let 75(0,79) be the solution of system (4)
with e = 0 satisfying 75(0,79) = 79 and 75(0,79) is 27 periodic for rqg € Z
with Z a real open interval. We are interested in the limit cycles of equation
(4) which bifurcate from the periodic orbits of the unperturbed system with
initial condition rq € Z. So, we define by r.(6,ry) the solution of equation
(4) satistying r.(0,79) = ro.

In what follows we denote by u = u(6, 1) the solution of the variational
equation

ou . 3G0

% = W(@, ?"5(6, 7"0>>u,

satisfying u(0,ry) = 1.



We define

wiery = [ SIS [ Sl
Gute) = [ S0 l8ng .
Gt = [ (BLRED L B ) i

O n %%(9, ro(6,70)) u1(0,r0)2> do.

In statement (b) of Corollary 5 of (14) it is proved the following result.

Theorem 4. Assume that the solution r4(0,10) of the unperturbed equation
(4) such that r5(0,10) = 1o is 2m—periodic for ro € I with Z a real open
interval. If Gho(ro) is identically zero in T and Gao(rg) is not identically zero
in Z, then for each simple zero r* € T of Gao(rg) = 0 there exists a periodic
solution r-(0,r¢) of (4) such that r-(0,ry) — r* when ¢ — 0.

3. Proof of Theorem 3

System (2) in polar coordinates becomes

r = —2r3cosfsiné, 0 =12, (6)

or equivalently,
dr

do
and it has the solution r,(6,ry) = ro exp(— sin® ) satisfying that r,(0,7ry) =
To.

= —2rcosfsind,

Now we perturb system (2) inside the class of all cubic polynomial dif-
ferential systems as in (3). System (3) in polar coordinates give rise to the
differential equation

% = Gol0,7) + 2G1 (0, 7) + £2Ga (6, 7) + O(=®),



with
Go(0,7) = —2rcosfsind,

1 1
Gi(0,r) = g1.1(0) 2 + g1.2(0) - + g13(0) + g14(0) 7,

1 1 1 1
Go(0,7) = g2.1(0) 5 + 92,2(0) i + 92,3(0) 3 + 92,4(0) )
1
+92,5(0) ” + 92,6(0) + g2.7(0) 7,
where the expressions of the coefficients g;,(6) for i = 1,2,3,4 and g, ;(6)
for j =1,2,---,7 are given in the Appendix A.
Additionally, we consider the variational equation

du  0G,

% — W(97 Ts(ea TO))a

and its solution u(#, ro) satisfying u(0,70) = 1, namely u4(6) = exp(— sin® ).

We define

2T

I, = / exp(2sin® @) cos® # df = 3.572403292...,
0
2T

I, = | exp(2sin®6) cos® 0 df = 5.985557563..., (7)

o\

2

Iy = /exp(2 sin?0) df = 21.62373221...
0

Lemma 5. Consider Iy, I, I3 defined in (7). Then for ayg = —(Is — 21 +
L) /(211 — I3)cor and asg = —2co3 — co1 we have that the function Gio(ro)
defined in (5) is identically zero.

Proof. We have

Gl(i,(gs(:),)ro)) _ A(9) 7% . B(6) Tl +C(6) + D(6) o,



with
A(f) = [sinf (2 cos? 0 + 1) coo + cos 0 (—1 + 2 cos? ) ago) € ™7,

B(6) = [cosOsinf (=1 + 2 cos? 0) ag; + cos? (=1 + 2 cos? ) ayg
—(—cos20 +2 cos* 0 — 1) gy + cosOsinf (2 cos? 0 + 1) ¢y0) €2 50°°

C(0) =[—cosh (=3 cos? 0 + 1+ 2 cos? 0) agy + cos® 6 (—1 + 2 cos? 0) ag
+cos?@sind (—1 + 2 cos? 0) ay; +sin® 0 (2 cos? 0 + 1) coy
+cos20sin 6 (2 cos® 0 + 1) ca9 — cos 0 (— cos? 0 + 2 cos* 6 — 1) ¢qq] e

D(#) = cosfsin®0 (—1 + 2 cos?0) ags + cos* 6 (—1 + 2 cos? 0) azg
+cos® Osinf (—1 + 2 cos?0) ag; — cos? 0 (=3 cos? 0 + 1 + 2 cos* 0) aro
+ (1 — 3 cos?§ + 2 cos® ) co3 + cos® Osin 6 (2 cos? 6 + 1) c39

—cos?0 (—cos?0 + 2 cos* @ — 1) ey + cosOsin® 0 (2 cos? 0 + 1) c1a.

Now

2

Gho(ro) = / 16,740, 10)) 4 _ 7(,4(9) L BO) L +cw) + Do) ro) do,

u(f,ro) g To

and considering the change of coordinates § = ¢ + 7 in the interval [0, 27]
and the symmetries

sin(f + m) = —sin#, cos(f + m) = — cos 0, (8)
we have that
27 T 27 g
A(0)dO = | A(p)dp =0, C(0)do = | C(p)de = 0.
[rom=] [com=]
So we have
27 B(Q) 27
Glo(ro) = —=dbf + D(‘g) Tode
/ To 0/

1 T
= [(2a10 — 2co1) 11 + (co1 — a10) 2 + co1 3] - + 5 (2c03 + ago + c21) o,
0



and therefore G1o = 0 if

Is — 21, + I
o= — B I 1765322447 1, g0 = 2005 — Can.
20 — I,
This completes the proof of the lemma. n

Now we have

G2(9,T5(6,T0)> . 1 1 1 1 1 ~
o = As0) s A0) S As(0) St Ax(0) 5+ A0) S+ Ao(0) + A (0) o

with A5(0), A4(0), As(F), Ay(8) , A1 (0), Ag(6) , A (A) are given in the Ap-
pendix B.

We note that

2m 2m 2m
/A4(0) 46 — 0, /Ag(e) do = 0, /Ao(e) d6 — 0,
0 0 0
because of the symmetries (8). So we have
27rG (9 (6 )) 1 27 1 27 1 2 27
2V, Ts\U, To 1
=—[ A — [ A — [ A A
I g - [ 4s(6) s [as@yao+ [ aoyase | [ Ao)as | m,
0 0 0 0 0
9)

and we recall that the expressions of A5(0), As(6), A1(0), A1(0) are given in
the Appendix B. We have

2

27 27 27
/A5(€) do = (—4/ e85i0*0 oot 4 2/ e 5i0*0 052 040 1 / ef sin® 9d0> @00Co0
0 0 0
0

= 665.2264930..@00600,

21

/Ag(e) df = 239.0000390..@01001 + 97.83745135..@00002 + 97.83745135..@02600

0
—257.2692783..601010 + 12.93483815..@00020 - 7.99641945..(100(111

+12.93483815..as0co0 — 28.92767705..copc11,



2w

/Al(Q) df = 1.159249021..b19 + 20.46448319..dy; + 2.318498043..a11¢14

0
—4.73165232..602011 -+ 2.318498043..&200072 —+ 2.318498045..&02620
—3.761715750..611020 + 14.47892563..&02602 — 1.253905250..@02&11
+0.189312456..CL20C20 + 0.094656226..@11@20 + 0.647510463..@21001
—5.110277230..003010 + 2.318498043..@12010 + 2.22384182..&01621
+36.6143963..a03001 - 3.95102821..010021 - 1.25390525..&01&12
—45.6606188..cp1c12 — 7.1036910..co1¢30 + 14.28961317..a91 cos,

/1211(9) df = —0.3926990817..c3pc21 + 0.1963495408..c30a12 + 2.159844949..a3¢03

—0.1963495408..ap3a12 — 0.7853981634..c12¢21 + 0.3926990817..ap3¢21
—1.178097245..co3¢12 + 0.3926990817..c12a12 + 0.9817477042..co3¢30
+1.570796327..d9y + 3.141592654.. dy3 + 1.570796327..b3.

Remark 6. (a) Looking at the expressions of As, Ay, Ay in the Appendiz B
we can have the exact definition for the numerical coefficients which appear
in the previous integrals. Thus for instance

2

4 sin2 6 20 _ 4 20 _
239.0000390.“:_/6 (cos” 6 1)(2]1214]3[COS 0 + 213 cos® 6 — 1)
1— 12

e,
0
and 1y, Is, I3 satisfying relations (7).

(b) All the computations of this paper have been verified with the algebraic
manipulator Maple.

We additionally have
0G4

W(ea 7“5(0,7"0)) = BO(Q> + 7,3 + 7‘8 ’

with

By(#) = cos?0 (1 +2 cos?0 — 4 cos? ) cyy
+ (=2 cos® 0 + 1 — cos* 0) co3
+cos 0 (sin 6 cos® 6 — 2 cos* Osinf + sinb) ¢y
+ cos? 0 (sin§ + 2 cos? fsin 6) c3g
+sinf cosf (3 cos?d — 1 — 2 cos* 0) ags
+cos?0 (=1 + 3 cos® 0 — 2 cos 0) aro
+ sinfcos® 0 (=1 + 2 cos? ) aay,

10



Bi(A) = (—1— 18.65322447... cos? 0 4 37.30644894... cos* §) €25 ¥,
—sinfcosf (2 cos? § + 1) €57 0¢y
+5sinf cosf (—2 cos? 6 + 1) e2* Vg,

By(0) = —2sinf (2 cos?0 + 1) coo + 2 (—2 + e35i0%0 cog 9) ago.

Now we have

Gi(w, ro(w,mg))  Cy(w) — Cr(w) ~

= Co(w) + Ci(w)r
u(w, ro) re N To + Colw) + Crlw)ro,
with

Ch(w) = e¥°¥ [cosw (2 cos® w — 1) age + sinw (1 + 2 cos? w) coo)

Ci(w) = [coswsinw (—1+2 cos? w) an

I
+ (1 + o7 i L (cos? w — 2 cos? w)) Co1
+coswsinw (142 cos®w) ¢yo |25,

Co(w) = [cos® w (2 cos®> w — 1) agg — cosw (—3 cos? w + 2 cos? w + 1) apy
+ sinw cos® w (2 cos® w — 1) ay; + sinw cos? w (1 + 2 cos? w) ey
+cog sin® w (14 2 cos?w) — cosw (2 cos* w — 1 — cos? w) ¢qq] e° ¥,

Ci(w) = —(cos*w + 2 cos®w — 1) co3 4 sin® wcos w (1 + 2 cos® w) 1z

—cos?w (—1 — 2 cos® w + 4 cos* w) cgy + cosP wsinw (1 + 2 cos® w) e3g
+sin® w cos w (2 cos? w — 1) agz + sin w cos? w (2 cos? w — 1) ayy
+ cosP wsinw (2 cos? w — 1) ag;.

Additionally, from (5) we obtain

0 0 0
uy(60,7q) —%/ dw—i——/C’l dw+/C( )dw—irro/é’(w)dw,
O
0 0 0

and so

oG 1 1 1 1 1 B
! ——(0, r5(0,70)) u1(0,19) = 55(0) —5+s4(0) F+33(9) E+82<9) ﬁ+31(9) 7“_0+SO(0) +51(0) ro,
0 0 0

or o
(10)

11



and the explicit expressions of s;(#) for i = 0,1,--
in the Appendix C.
2

.5 and 5,(0) are given

Since 87“20 = 0 from (5) we have that
T (Gol0, ru(0,70)  OG
B 2\0, Ts\U,To 1
Glao(ro) = /( (. 0) + R (0, r5(6,70)) ul(Q,TO)) e,
0

and we obtain
5 6 4 2
TOGQ()(T(]) = UgTy + V4T + VaTg + Vo,

with

Vg = —0.3926990800 - - - C21C30 + 0.1963495397 - - - a12C30 + 2.159844949 - - - a03Co3
—0.1963495365 - - - apzaiz — 0.7853981634 - - - c1a¢91 + 0.3926990817 - - - agzcoy
—1.178097245 - - - Co3C12 + 0.3926990817 - - - a12C12 + 0.9817477042 - - - Co3C30
+1.570796327 - - - doy + 3.141592654 - - - dos + 1.570796327 - - - b3,

vy = —3.105691751 - -+ as1co1 + 6.612510180 - - - co3c19 + 1.786201647 - - - aja¢19
+2413154277 <+ Qap1Co1 + 38.88726613 - - - ap3Co1 — 1.253905255 - - - C10C21
—1.206577137 - - - ap1a12 — 68.30745733 - - - Co1C12 — 38.88726635 - - - Co1C30
+1327234849 c o a01Co3 -+ 2.318498043 - - - a11C11 — 4.73165232 - - - Cp2C11
+2318498043 c 0 A90Con2 + 2.318498045 - - - Qap2Co0 — 3.761715750 - - - C11C20
+1447892563 st ap2Co2 — 1.253905250 - - - QAp2a11 + 0.189312456 - - - a20C20
+0.094656226 - - - aj1as0 + 1.159249021 - - - byp + 20.46448319 - - - dyy,

vy = 93.95703341 - - - agoco2 + 105.7377762 - - - apacoo + 239.0000390 - - - apico1
—7.649140220 - - - agoa11 + 16.68739736 - - - apgoC20 — 110.9164314 - - - CooC11
—257.2692783 - - - Co1C10 — 0.000001 - - - 6012 —31.79348852 - - - a20Co0,

Vo = 665.2264933 - - - apoCoo-

We have that the coefficients wvg, v4, v2, v are independent because dy3 only
appears in vg, big only appears in vy, agpcoe only appears in vg, and agoCoo
only appears in vy.

Now we are going to use Descartes Theorem:

Theorem 7 (Descartes Theorem). Consider the real polynomial p(x) =
a;, " + a4 a7 with 0 < iy < iy < -+ < 4, and a;; # 0 real

12



constants for j € {1,2,--- ,r}. When a;;a;,,, <0, we say that a;; and a;,,,
have a variation of sign. If the number of variations of signs is m, then p(z)
has at most m positive real roots. Moreover, it is always possible to choose
the coefficients of p(x) in such a way that p(x) has exactly r — 1 positive real
T001S.

For a proof of Descartes Theorem see pages 82-83 of (3).

So from Descartes Theorem we can choose wvg, vy, U9, Vg in order that the
G99 has 3,2,1 or 0 real positive roots. This completes the proof of the first
part of Theorem 3.

Remark 8. Again the exact definition for the numerical coefficients which
appear in vg, vy, V2 and vy are given in Appendices B and C. For instance

21 2

27
Vo = /A5d6 + /5573d9 = /A5d9 = 665.2264933...
0 0 0

For completing the proof of Theorem 3 we shall provide examples of
system (3) with 3, 2, 1 and 0 limit cycles. In fact, strictly speaking it is not
necessary to provide examples with 3, 2, 1 and 0 limit cycles but we want to
provide such examples.

4. Examples

Example with 3 limit cycles
In Figure 1 we see that for ¢ = 0.001 the system

= —y(32% 4+ y?) + e +%(3570.576292x — 752.882380623)
= y(32% 4+ 3?) 4+ 0.001 + 0.003570576292x — 0.0007528823806x,

g = x(2?—y?) + (1 — 37.74385845y2)
= z(22 — y?) + 0.001 — 0.03774385845y2,
(11)

has three limit cycles, since for system (11) we have

1 1 1
Gao(ro) = —1182.624878 19+4139.187071 ——3621.788686 — +-665.2264933 —,
r

and from Ggy(rg) = 0 we obtain the three positive roots near to rq =
0.5,1,1.5.

13



e=20 e =0.001

Figure 1: For e = 0 we have the degenerate center of system (2), and for ¢ = 0.001 the
perturbed system (11) has three limit cycles.

We have used the program P4 described in Chapters 9 and 10 of (10) for
doing the phase portraits in the Poincaré disc which appear in this paper.

Example with 2 limit cycles
For € = 0.001 the system

i= —y(32® +y?) +e(l+y+a%y) + *(—856.6373973x + y°)
— —y(322 4 %) + 0.001 + 0.001y + 0.0012%y — 0.0008566373973x + 0.000001y?,

y= ( 2 y?) +e(1+42) + e3(x + 73.80732101y°)
(2% — y2) + 0.001 + 0.001y? + 0.000001x + 0.000073807321013°,
(12)
gives

1 1 1
Goo(ro) = 231.8725375 19—993.0560642 —+95.95703341 —+665 2264933 —
T'o 0 0

and Gao(rg) = 0 has the two positive zeros 1o = 1 and ry = 2. In Figure
2 we see the two limit cycles bifurcated from the degenerate center of the
unperturbed system (12).

e = 0.001

Figure 2: Two limit cycles bifurcate from the degenerate center of the unperturbed system

(12).
Example with 1 limit cycle
For € = 0.001 the system
T = —y(3x? +y?) + (1 — 176.5322447x) + £*(x + 2?)
= —y (322 +1?) +0.001 — 0.1765312447 x + 0.000001 23,

(22 — y?) +&(10 + 10y + Szy) + 2(y — )
(22 — %) + 0.010 + 0.010001 y + 0.005 2y — 0.000001 ¢?,

(13)

.
Il

i
T
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has

1 1 1
Gao(ro) = —1.5707963277,+21.62373221 — —5545.821670— +6652.264933 — .
From relation Gao(rg) = 0 we obtain —1.097575824, 1.097575824, —5.725902515—
5.1483247971, 5.725902515+4-5.1483247977,—5.725902515+5.1483247977,5.725902515—
5.148324797:. So only one limit cycle can bifurcate from a periodic orbit of
the center of the unperturbed system (13), as we can see in Figure 3.

e = 0.001

Figure 3: The limit cycle bifurcated from the degenerate center of the unperturbed system
(13).

Example with zero limit cycles
Now for ¢ = 0.001 we consider system

& =-yBz*+y?) +e+ek
= —y (32% +y?) + 0.001 + 0.000001 z,
(14)
(2° —y?) +e(l+y?) +e%°
(22 — y?) + 0.001 + 0.001 32 + 0.000001 32,

.
I

T
T

with

1 1 1
Glao(ro) = 31415926547, + 1159249021 — + 95.95703341 — + 665.2264933 — .

To ry o
We have that Goo(r0) = 0 has solutions —2.116012294—1.5703598314, 2.116012294+
1.5703598317, —2.0956995201, 2.095699520z, —2.1160122944-1.5703598317, 2.116012294 —

1.570359831:. So no limit cycles can bifurcate from the degenerate center, see
also Figure 4.
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e = 0.001

Figure 4: No limit cycle bifurcates from the degenerate center of the unperturbed system
(14).

5. Appendix A

g1,1(0) = cosf (2 cos®d — 1) agy +sinf (1 + 2 cos? 0)2 €00,

g12(0) = sin®@ (1+2 cos?6) cor +sinfcos b (1 + 2 cos? ) 1o
+sinf cos 0 (2 cos® 6 — 1) agr + cos? 0 (2 cos? 6 — 1) aso,

g13(0) = sin®0 (142 cos?6) co2 + (—2 cos® 0 + cos® § + cos 0) c11
+cos?fsind (1 + 2 cos? 9) Coo + (—2 cos® 0 + 3 cos® 0 — cos 9) aga+
cos? 0sin (2 cos? 6 — 1) a11 + cos® 0 (2 cos? 6 — 1) asg,

g1.4(0) = sin* 6 (1 + 2 cos? 9) co3 + sin® @ cos 0 (1 + 2 cos? 9) C12
+sin? 6 cos? 0 (1 + 2 cos? 9) C91 + sin @ cos® 0 (1 + 2 cos? 9) C30
+sin® @ cos § (2 cos? 6 — 1) ags + sin? 6 cos? 0 (2 cos? 6 — 1) aio
+sinf cos® 6 (2 cos? @ — 1) asy + cos® 6 (2 cos® 6 — 1) aso,

g2.1(0) = (2 cos? 0+ 1 —4 cos* 0) agocop — coo? sinf cos b (2 cos? 6 + 1) cop?
+sinf cos @ (2 cos? 6 — 1) ago?,

g22(0) = —cosf (—2 cos?0 — 1+ 4 cos? 9) C10a00 — 2 cos? Osin 0 (2 cos? 6+ 1) cioco0
+2cos?fsind (2 cos? 6 — 1) a10a0p — Sin 6 (—2 cos?0 —1+4 cos*0) coran
—sind (—2 cos? @ — 1+ 4 cos* 9) Cooap1 — cos (—2 cos? 6 — 1+ 4 cos* 0) Co0Q10
+ (4 cos® 6 — 2 cos§ — 2 cos® ) corcoo + (6 cos® 0 — 4 cos® § — 2 cos ) aprag,

g2,3(0) = (cos? 6 +4 cos® 0 — 6 cos* 0 + 1) agicor + (cos? 0 + 4 cos® § — 6 cos* 6 + 1) agocoz
+ (cos2 0+ 4 cos® 0 — 6 cos* 6 + 1) ag2Coo — C11aqo Sin 8 cos 6 (—2 cos?0 — 1+ 4 cos? 6)
—cgoai1 Sin 6 cos (—2 cos?0 — 1+ 4 cos? 0) — 2 ¢90Co0 sin 0 cos® 0 (2 cos? 6 + 1)
+2 aspaop sin 0 cos® 6 (2 cos? 6 — 1) + 2 agaan sin® 6 cos 6 (2 cos?h —1
—2 ¢pac00 sin® 6 cos 0 (2 cos2 6 + 1) — ¢10a01 Sinf cos 6 (—2 cos?f — 1+ 4 cos* 0)
—cora10sinf cos @ (—2 cos® 6 — 1+ 4 cos* 0) — capago cos? 6 (—2 cos? 6 — 1+ 4 cos* §)
—copasap cos? 0 (—2 cos?0 — 1+ 4 cos? 9) + (—4 cos® 0 + 6 cos* 6 — 2 cos? 9) a11a00
+ (4 cos® O — 2 cos?  — 2 cos? 9) €11€00 — C10a10 COSZ 0 (—2 cos?f — 1+ 4 cos? 9)
+ (—4 cos® 0 + 6 cos*§ — 2 cos? 9) ai0a01 + (4 cos® @ — 2 cos? f — 2 cos? 0) €10Co1
+a102sinf cos’ @ (2 cos? 6 — 1) — ¢o12sin® O cos O (2 cos? 6 + 1)
+ap12sin® f cosf (2 cos? @ — 1) — c19? sinf cos® 0 (2 cos? 0 + 1),

g2,4(0) = —coza00 sin® 0 (72 cos? 6 — 1+ 4 cos* 0) — ¢copaps sin® 0 (72 cos? 6 — 1+ 4 cos* 6‘)
—c30a00 cos® 0 (—2 cos? 0 — 1+ 4 cos* §) — copazg cos® § (—2 cos? 6 — 1 + 4 cos §)
+dgg sin 0 (2 cos? 60 + 1) + bgg cos 0 (2 cos? 6 — 1) — ¢9paqp cos® @ (—2 cos? 0 — 1+ 4 cos? 9)
—cqpagp cos® 0 (—2 cos?6 —1 +116cos4 9) — ¢paap sin® 0 (—2 cos?0 — 1+ 4 cos? 9)
—cp1ape sin® 0 (—2 cos?f — 1+ 4 cos? 9) — ¢o1agp cos? Osin 0 (—2 cos?60 — 1+ 4 cos* 9)
—Cooaaq cos® Osiné (—2 cos? @ — 1+ 4 cos* 9) — 2¢19¢00 sin® 0 cos? 0 (2 cos? 6 + 1)

—2 ¢30¢00 cos* O sin O (2 cos? 6 + 1) + 2aj2a00 sin® 0 cos? 0 (2 cos2 6 — 1)

+2 agzago sin® @ cos 0 (2 cos? 6 — 1) + 2 agoago cos* Osin b (2 cos? 6 — 1)

+2 agaao; sin® 0 cos 6 (2 cos?0 —1)

—2¢10C02 sin® 0 cos? 6 (2 cos? 6 + 1) — 2¢9pcyp cost Bsin b (2 cos? 0 + 1)

4+2a11an sin® 0 cos2 0 (2 cos?2 0 — 1) — copans cos20sinf (—2 cos2 0 — 1 + 4 cos? 0)



+(—4 cos” 0 — 2 cos® 0 + 6 cos® 9) as1a00 + (—2 cos® 0 — 2 cos® 0 + 4 cos” 9) €21C00

+ (=2 cosf + 6 cos® 6 — 4 cos” 0) Co3Co0 + (4 cos” 0 — 6 cos® 6 + cos? 6 + cos 0) 11001

+ (4 cos” 0 — 6 cos® 0 + cos® 0 + cos0) croape + (4 cos™ § — 6 cos® 6 + cos® 6 + cos 0) coza10
+ (4 cos” 0 — 6 cos® 0 + cos® § + cos 0) corarr + (—2 cos B + 6 cos® § — 4 cos” 0) cozcor
+(—4 cos” 0 — 2 cos® 0 + 6 cos® 9; a20a01 + (—4 cos” 6 — 2 cos® 0 + 6 cos® 9) a11a19

+ (=2 cos® 0 —2 cos® 0 + 4 cos” 0

92,5(0) =

92,6(0) =

C20Co1 + (—2 cos® 0 — 2 cos® 0 + 4 cos” 9) €11C10,

—c10a30 cos* 0 (72 cos26 — 1+ 4 cos* 9) — ¢30010 cos* 6 (72 cos?26 — 1+ 4 cos* 0) ,
—co2?sin® O cosf (2 cos? 0 + 1) — c112sin® 0 cos® 0 (2 cos? 6 + 1)

—c902 cos® Bsin 6 (2 cos? 0 + 1) + age? sin® 6 cos 0 (2 cos? 6 — 1)

+ (=7 cos*@+1—4 cos® O+ 10 cos® 6) ag1cos + (—7 cos?f+1—4 cos®f+ 10 cos® 9) ap3Co1
+ (=7 cos*@+1—4 cos®h+ 10 cos® 9) apacor + dig sin @ cos 6 (2 cos? 6 + 1)

+bygcos? 6 (2 cos? 6 — 1) + dgy sin? 62 (2 cos? 6 + 1) + aj12sin® 6 cos® 0 (2 cos? 6 — 1)
—cpraqa sin® 6 cos 0 (72 cos? @ — 1+ 4 cos* 9) — ¢3001 Sin 6 cos® 6 (72 cos?6 —1+4 cos* 6
—ca1a108in6 cos® 6 (—2 cos® 6 — 1+ 4 cos* 0) — capary sin b cos® 6 (—2 cos? 6 — 1 + 4 cos* 6
—cy1a90sinfcos® 0 (=2 cos? — 1 + 4 cos? 9) + 2a;j9a0s3 sin* 0 cos? 0 (2 cos? 6 — 1)

—c1pas1 sin @ cos® 0 E—2 cos?f — 1+ 4 cos? 9) — ¢prasp sin 6 cos® 0 (—2 cos?0 —1+4 cos*d
—c19a0; sin® 0 cos 6 (—2 cos?f — 1+ 4 cos? 9) — ¢11a02 sin® 6 cos 6 (—2 cos?0 —1+4 cos*d
—c10a03 sin® @ cos 0 (—2 cos? 6 — 1+ 4 cos* 9) — ¢3a10 sin® 0 cos 0 (—2 cos?f —1+4 cos* 6
—Cp2a11 sin® 6 cos 0 (72 cos2f — 1+ 4 cos* 0) + 2a12a01 sin? 0 cos? 6 (2 cos? 6 — 1)
+2ay1a02 sin? 0 cos? 0 (2 cos? 0 — 1) + as? cos® fsinf (2 cos® 6 — 1)

+2 az1a1 sin® 6 cos® 0 (2 cos? 6 — 1) + 2 asgags sin® § cos® 6 (2 cos?f — 1)

+2aspaig cos® Osin 6 (2 cos? 6 — 1) — 2¢30¢10 cos® Osin 6 (2 cos? 6 + 1)

—2¢p3¢01 sin® 0 cos 0 (2 cos? 6 + 1) — copasgp cost (—2 cos?0 — 1+ 4 cos? 9)

—2 ¢91¢01 sin> O cos® 6 (2 cos? 6 + 1) — 2 ¢9pCpe sin® 6 cos® 6 (2 cos? 6 + 1)

—2¢12¢10 sin® 6 cos® 0 (2 cos? 6 + 1) + 2aj2a10sin® 0 cos® 0 (2 cos? 6 — 1)

+2 ag3ap sin® 6 cos @ (2 cos? § — 1) + (6 cos® 6 — 4 cos® 6 — 2 cos? 9) C10C03

+ (=4 cos® 6 — 2 cos* 0 + 6 cos® 0) azgaor + (—4 cos®§ — 2 cos® 6 + 6 cos® 0) asiaip

+(—4 cos® @ — 2 cos? 0 + 6 cos® 9) as0a11 + (0052 0 — 6 cos® 0 + cos? 0 + 4 cos® 9) 11011

+ (cos? 0 — 6 cos® 0 + cos* @ + 4 cos® 9) Co1@21 + (—2 cos® 0 — 2 cos* 0 + 4 cos® 9) €30C01

+ (72 cos® 0 — 2 cos* 0 + 4 cos® 0) co1C10 + (72 cos® 0 — 2 cos* 0 + 4 cos® 0) C20C11

+ (cos? 6 — 6 cos® 0 + cos* 0 + 4 cos® ) capags + (cos? § — 6 cos® 6 + cos® 6 + 4 cos® 0) ci2a10
+ (cos? 0 — 6 cos® 0 + cos* @ + 4 cos® 9; 10012 + Ecos2 0 — 6 cos® O + cos? 0 + 4 cosd 9) Co2a90
+ (cos? 0 — 6 cos® 0 + cos? @ + 4 cos® ) carapr + (6 cos® 0 — 4 cos® 0 — 2 cos? 9) €12C01

+ (6 cos® @ — 4 cos® § — 2 cos? 9) €11Co2 + bo1 sin 6 cos 6 (2 cos? 6 — 1) ,

—2¢91¢11 sin® O cost 6 (2 cos? 6 + 1) — 2¢9pc19 8in® O cost 0 (2 cos? 6 + 1)

—2 ¢30¢90 cos® O sin O (2 cos? 6 + 1) — eopap3 sin® 6 cos? 0 (—2 cos? 6 — 1+ 4 cos* 0)
+2asqa11 sin® 0 cos? 6 (2 cos? 6 — 1)

+2 agpaz sin® 6 cos* 0 (2 cos? 6 — 1) — czpazg cos® 0 (—2 cos? 6 — 1 + 4 cos* §)
—copasp cos® 0 (—2 cos?0 — 1+ 4 cos? 9) + (Cos3 0 4 cosf — 2 cos® 9) di1

+ (— cos @ + 3 cos® 0 — 2 cos® 9) boa + dga sin® 0 (2 cos? 6 + 1)

—Copasay cos? Osin O (—2 cos?f — 1+ 4 cos* 9) + 2as1a02 sin* 0 cos® 0 (2 cos? 6 — 1)
+2 aspaos sin® 0 cos® 0 (2 cos? 6 — 1) + 2a1a;1 sin* 0 cos® 6 (2 cos? 6 — 1)
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+2 ag3ape sin® 0 cos 6 (2 cos? 6 — 1) — 2 ¢p3c02 sin® O cos O (2 cos2 6 + 1)

+2a;1a03 sin® 0 cos? 0 (2 cos? 6 — 1) — 2¢11¢03 sin® O cos? 0 (2 cos? 6 + 1)

—2c30cp2 8in® 0 cos* 0 (2 cos? 0 + 1) + 2 araag2 sin® 6 cos? 0 (2 cos? 6 — 1)

—c11a30 cost Osin 6 (—2 cos?20 —1+4 cos? 9)

—c11a12sin® 0 cos? 0 (—2 cos?f — 1+ 4 cos? 9) — ¢o1aga sin® 6 cos? 0 (—2 cos?f — 1+ 4 cos? 9)

+byg cos® (2 cos? 6 — 1) — 2 ¢19¢02 sin® O cos? (2 cos? 0 + 1)

—c1ay; sin® 0 cos? 0 (—2 cos?6 — 1+ 4 cos? 9) — ¢3paq1 cos* Osin (—2 cos? — 1+ 4 cos? 9)

— (91090 cos* Osin (72 cos?26 — 1+ 4 cos* 0) + 2 agpagg cos® Osin @ (2 cos?f — 1)

—co3az208in” 0 cos? 0 (—2 cos? @ — 1 + 4 cos* §) — cpaaz; sin® 0 cos? 0 (—2 cos? 6 — 1 + 4 cos* §)

+2 agoagz sin® 6 cos* 0 (2 cos? 6 — 1) — cozape sin® 6 (—2 cos? 6 — 1 + 4 cos* 6)

+dsop cos? Osin § (2 cos® 0 + 1) + by1 cos® fsiné (2 cos? 6 — 1)

—cgaaps sin® 0 (—2 cos?0 — 1+ 4 cos? 9) + (0059 +10 cos” @ — 7 cos® @ — 4 cos? 9) 11003

+ (COSH + 10 cos7 6 —7 cos® O —4 cos 9) Co3a11 + (cos5 6 —6 cos” 0 + 4 cos? 6 + cos® 9) Co1011
+ (cos® 6 — 6 cos” 6 + 4 cos® § + cos® ) crra1 + (cos®§ — 6 Cos7 0 + 4 cos® 0 + cos® 0) capai2

+ (cos® @ — 6 cos” 0 + 4 cos? 6 + cos? 9) c12a20 + (cos® § — 6 cos” 0 + 4 cos? 6 + cos® §) 802a30

+ (COSH +10 cos” @ — 7 cos® @ — 4 cos 0) C12a02 + ((:059 +10 cos”® — 7 cos® @ — 4 cos 9) Co2a12

+ ((3085 6 —6 cos” 0 + 4 cos® 0 + cos® 9) C30002 + ( 2 cos® 0 + 6 cos” § — 4 cos’ 9) C21C02

+ ( 2 cos® 0+ 6 cos7 6 — 4 cos’ 9) C20Co3 + ( 2 cos® 0+ 6 cos7 6 — 4 cos® 0) C12C11

+ (=4 cos® 6 + 6 cos” 0 — 2 cos® §) azoarr + (—4 cos? 0 + 6 cos” § — 2 cos® 0) aziazg

+ (4 cos? 0 — 2 cos® 0 — 2 cos 9) c30C11 + (4 cos? 0 — 2 cos® 0 — 2 cos 9) €21C20,

g27(0) =  —co1%sin® 6 cos® 0 (2 cos? 0 + 1) + a12? sin® 6 cos® 0 (=142 cos?6)
—co3?sin” @ cos @ (2 cos? 0 + 1) + agz? sin” O cos§ (—1 + 2 cos® §)
+as12 sin® 0 cos® 0 (—1 + 2 cos? 9) — ¢192sin® O cos® 0 (2 cos? 6 + 1) — 302
cos’ Osinf (2 cos? 6 + 1) + 2 aspays sin® 6 cos® 6 (—1 + 2 cos? 9)
—cp3a12 sin” 6 cos 0 (4 cos?H — 2 cos? 6 — 1) — ¢30a91 cos® fsin f (4 cos?H — 2 cos? 6 — 1)
—c19as; sin® 0 cos® 0 (4 cos?h — 2 cos? 6 — 1) — ¢30ap3 sin® 0 cos® 0 (4 cos* — 2 cos? 0 — 1)
—2 ¢91¢03 sin® 6 cos® O (2 cos? 6 + 1) — 2¢19¢03 sin® O cos? 0 (2 cos? 6 + 1)
+2 azpaos sin® 0 cos* 0 (—1 + 2 cos? 9) + 2 aj2a03 (sin 9)6 cos? 6 (—1 + 2 cos? 9)
+2as1a1s sin® 0 cos* 0 (—1 + 2 cos? 9) — ¢o1a30 cos® Osin 0 (4 cos* 0 — 2 cos? 6 — 1)
—cp3aso sin® 0 cos® 0 (4 cos*d — 2 cos? 6 — 1) — ¢orai28in® 0 cos® 0 (4 cos* — 2 cos? 0 — 1)
+bps3 sin® 0 cos @ (—1 + 2 cos? 9) + brasin? O cos? 0 (—1 + 2 cos? 9)
—c30a30 cos® 0 (4 cos*f — 2 cos? 6 — 1) — ag3co3 sin® @ (4 cos*f — 2 cos? f — 1)
+d15sin® 0 cos 0 (2 cos? 0+ 1) + do sin? 0 cos? 0 (2 cos? 6 +1)
+dssin 6 cos® 0 (2 cos? 0 + 1) — 2 czpc12 sin® 0 cos® 0 (2 cos® § + 1)
+2 asyag3 sin® 0 cos® 6 (—1 + 2 cos? 9) — 12003 sin® 6 cos 0 (4 cos*® — 2 cos? 9 — 1)
+dy3 sin* 0 (2 cos? 6 + 1) + bsg cost 6 (—1 + 2 cos? 9) + asp? cos’ Osin b (—1 + 2 cos? 9)
+ (6 cos® — 4 cos'? 9 — 2 cos? 9) c30C03 + (6 cos®§ — 4 cos'? 9 — 2 cos? 9) C21C12
+ (4 cost90 — 2 cos® 0 — 2 cos® 0) €30C21 + bap sin 6 cos® 6 (71 + 2 cos? 9)
+ (=6 cos® 6 + cos* 6 + cos® 0 + 4 cos'®0) ca1as + (—4 cos'® 0 — 2 cos® 6 + 6 cos® 0) azpann
+ (cos? 0 — 7 cos® 0 4+ 10 cos® 6 — 4 cos!® 9; Co3a91 + 2—6 cos® 0 + cos? 6 + cos® 6 + 4 cos'® 9) C12a30
+ (cos? 0 — 7 cos® 0+ 10 cos® 0 — 4 cos'V0) ciaa12 + (—6 cosB 0 + cos* § + cos® 0 + 4 cos'® 9) C30012
+ (cos26 — 7 cos® 6 + 10 cos®  — 4 cos'? 0) C21003-

18



6. Appendix B
We present the expressions of Ay, Ao, Ag, As, As, A1, A; that appear in equation (9).

_ (4 a01coofg — 8]1 ap1Coo — 8[1 CooC10 — 4(100001]3 =+ 4600610]2) COS4 9

A0 = ¢ sin® 0

I, —21
(—4 11 coocro + 2 aoocor I3 — 2 apicoola + 2 coocrols + 4 It agicoo) cos® 6
a I,—21I,
~ (=ao1co0l2 + 211 agicoo + 2 11 apocor — aooco1l2) 0
I, —-21

~ (4coocorls + 4 agociols — 811 agoaor — 811 aocio + 4 agoaor I2) (cos 0)°

I 21, ,
_ (12 Il apoQo1 + 4]1 apoCi1o — 2 000601_[3 -2 (Looclofg - 6&00&01]2) (COS 9)3

L —21,
~ (=2cooco1s + cooco1lz — 411 agoaor + 2 agoaoi Iz + 2 11 agocio — cooco1ls — aoociol2) cos f

I, —21 ’

As(0) = [A2,7 cos” 0 + A 6cos® Osind + Ay 5cos® 0 + Ag 4 cos? Osinf + As 3 cos® 0 + Az 5 cos? Osind
+ As 1 cos0 + As o0sinf] exp(3 sin? 9),

As 7= 4dapsagy — 4aag —I4 c30a00 + 4 c12a00 — 4 azpaop1 + 4 ap2ao1 + 4IC11a01 —4croa20
a11¢01 1 co1¢a01:
4 crpa0n + 4 2 4 degpars + 4 cozcoo + 8cancop + 4 ol
/ 21 — I 26 — I
Co1C0243
—4 ——= 44
5T, — I, + 4 ci1010, ,
a20Cp143
Asg = —4daizapy — 4cozaoo — 8 caraoo — 4 ariaor — 4coa01 + 4coaaor — 44— 57 — 1
i )
ap2co1l3
+4 Cy A A dayicio +4agzcoo — 4azicoo — 4 c30co0 + 4 c12c00
1— 1>
coici1d3
4 ——= 4 4
+ 51, — I, C20€10 + 4 €10C02;
Ass = —10agsapo + 6 as1a00 + 2 cs0a00 — 6 c12a00 + 6 az0a01 — 10 agaaor — 6 criao1 + 2 cipago
aiico1ls co1¢2013
—6cipage — 6 ————— — 6 ¢cgpa 2 cp3co0 — 4 o100 — 2 —————
10 02I 5l 1, 0012 + 2 Co3C00 21C00 51, 1,
co1co213
6 o2’ ,
+ 51, — I, €11C10 .
a0co113
Asa = 6agoaiz — 2apocos + 4 apoc21 + 6ap1arr + 2ap1co0 — 6 apicoz + 2 A
1— 1o
ap2co113 corc1113
—6 ———— 4+ 2ay1c10 — 6 apsc 2a21c00 — 2 CooC30 — 2CopC12 — 2 ——————
5, — I + 2aijic10 03C00 + 2 a21¢o0 00C30 00C12 °n, — I,
—2cypc20 — 2 cp2c10,
Asz = 2bgo 4+ 8apoto3 — 2ap0az21 + agoc3o + agoci2 — 2 ap1a20 + 8 ap1ao2 + ao1¢11 + a20¢10
—2I3 —Ir+21)coran
+ap2c10 — ( 3 ) + a12¢00 — 2 cooco3 — 3 coocol
1— 1
(=L +26L +1I3)conco | (211 — I3 — 1) cozcor 9 erne
2L — I —L+21, 107
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Aso = 2doo — 2agoai2 + apocos + aooc21 — 2 ap1a11 + Go1C20 + Go1Co2 + A20C01

(=213 — Iy +211) cora02

+ ai1¢10 + ap3coo + a21¢op — 2 cooCi2

21, —
(—Ig+2[1 +Ig C11C01 9
- 20, — I — 4C02C10,
Az 1 = —boo — 2ap0a03 + agociz — 2 ag1ao2 + apici1 + Go2cio + ai1co1 + ar12coo — 2 cooCos
_ (—12 + 2 .[1 + 13) C01Co2
20 — I ’
Az o= aoscoo + doo + aooCoz + ao1co2 + @o2€o1-

Now we have

Ap(0) = Apgcos® O+ Aggcos® 0+ Ag7cos” 0+ Aggcos® 0 + Ag s cos® 0 + Ag 4 cos? 6
+A03 cos® 0 + Ap 2 cos? 60 + Ap,1cosb + Apo,

with
Apo(8) =

Aps(0) =

Ap7(0) =

Aps(0) =

Ao5(0) =

Ao 4(0) =

s

Ao3(0) =

Apo(0) =

— (=4 agic11 + 4 coaco3 + 8 cozcar — 4cogezo +4cricia — 4ericzo — 8caoc21
—8ai1c21 + 4 a1aco2 — 4 aiacop + 4azoazr — 4aspciz + 4 azpcso + 4 apao3 — 4 apgza91
+4dagacr2 — 4 agzczo — 4apzaze + 4 agzcry —4ariarz — 4aicos) esin® 0

— (—4agzco0 +4arraz —4aiiciz +4aisaz — 4agacos — 8apacar — 4apzann

+4 ag3co2 — 8cr121 — 4 c1acag + 4 ca0c30 + 4 ariczo — 4dagaarz —4aiacn
+4 azocos + 8azcar — 4azicor + 4 asicao + 4 coacia — 4 coaczo — 4coscin) e
— (211630 + 4 c20c21 — 14 ap2a03 + 10 apgzaz — 10 agzci2 + 6 apacao + 10 agzazo
—10apsc11 + 10 ar1a12 + 2 a11¢03 + 12 a11¢01 — 10 a12co2 + 6 arac2g — 6 azoaz1 + 6agocio
—2agoc30 + 6agic1n — 2¢o2c03 — 12 copca1 — 2 cozca0 — 6 c11¢12) esin® 0

— (22030 + 2 a02c03 + 6 araciy + 2a20co3 — 4 azoca1 + 6azicor — 2a1¢20 — 6 coac12
+2cgac30 — 2cp3c11 + 4111 +2c12¢20 — 6ariaz +6aricia — 2aiiczo — 6 aizasg

+6 ap3C20 + 12 ap2C21 + 10 ap3a11 + 10 ap2a12 — 10 aogcog) eSin2 0 sin 97

) .
sin GSIHH,

— [=2b20 + 18 apzaps — 8 ar1ai2 + 2boz — agpci2 — az0c30 — a21¢11 — 4 Co2¢03 + Co2c21
+2cp3c20 + 21,1630 + 32021 + 3 a11c03 — 3ar1c21 + T aiacor — a12c20 + 2 aspazi
+7agaciz — agacso + 2di1 — 8 ageas — 8apzazo + 7 apzcii] esin’ o

— [Taopzcoz — apzc20 — 8ap3arr — a11¢30 + 2 ai2a20 — a12€11 — A11C12 — A20C21
—8ag2ai2 + 3 agaco,3 — 3agaca1 + 2 cp3c11 + 3cr1c21 + 2 c12c20 + 2a11a21 — A20C03

2g
—2b11 + 2dog — 2da,0 + 2 coac30 — az1co2 — azicag) €M Y sin g,

—[—a11¢21 — d11 — @12¢20 — 3oz + bao + 2 a11a12 + 3 coac21 + 2 CozC20 — A20C12

a2
sin“ 6
—agic11 — 10 apzaos + 2 ageaz1 + 2 cr1¢12 + 2 agzazy — ao2c3o] € ;

- [2 @p3G11 — A03C20 — Ap2C21 — G20C03 — A21C02 — G11C12 — A12€11 — do2 — da2g
s2
3 9 .

+2 Cp2C12 + 2 Cp3C11 + b11 + 2 (Lozalg] S S1n 9,

.2
0
— (2 coac03 — apac12 + boa — di1 + 2 ap2a03 — ap3¢11 — G11C03 — G12C02) €Y,

2 .
- [—dog — ap2Cp3 — aogcog] s 0 sin 6.
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Additionally, we have

As(0) = [sin@cos@ (—1 + 2 cos? 9) ago? + (—4 cos? 0 + 2 cos? 6 + 1) €000
—sinfcos 6 (2 cosZ 6 + 1) c002] b sin’ 0

A3(0) = 2 cos®fsinf (—1 + 2 cos? 0) apoGao — 2 cos @sinf (0052 0— 1) (—1 + 2 cos? ) agpaos
—2 cos? 0 (cos2 0 — 1) (—1 + 2 cos? 9) agoa11 — cos? 6 (4 cos?O — 1 —2 cos?0) agpcan
+ (Cos2 0 — 1) (4 cos*f — 1 — 2 cos? 0) agoCo2 — cos B sin @ (4 cos*§ — 1 — 2 cos? 9) €11a00
—cosfsinf (COS2 0 — 1) (—1 + 2 cos? 9) ap? — (cos2 0 — 1) 204 COS:%?J_F? cos” 013~ I ao1Co1
—cosfsinf (4 cos?f — 1 — 2 cos? 0) C10001 — cos? 0 (4 cos?0 — 1 —2 cos?0) copaszn
+ (cos2 0 — 1) (4 cos*f — 1 — 2 cos? 0) CopQo2 — cos Bsin @ (4 cos*§ — 1 — 2 cos? 9) Cood11
—2 cos® fsind (2 cos? 6 + 1) cooc20 + 2 cosBsin b (cos? 6 — 1) (2 cos? 6 + 1) coocoz
+2 cos? 6 (cos2 0 — 1) (2 cos? 6 + 1) C11Cog0 — cosBsinf I 211*[2“35;10_[?;2 cos® 1 co1?

— cos 92]1+I3+2 cos? 0Is—Iy—4 cos® 015
211 Iz

Aq1(0) = [— cos? §2L1t1a+2 cos® 01z —I—4 cos’ 01, co1¢30 + cos* @ (8 cos?f — 3 — 4 cos? 9) C10C21

€10C01 — cos> fsinf (2 cos? 6 + 1) 0102] exp(4 sin? 0),

20— 1>

+2 cos? 6 (2 cos? § — 1) (cos® 6 — 1) ap2a11 + cos? 0 (cos? 6 — 1) (4 cos* @ — 1 — 2 cos? §) agocoz

. 2 . -
+sinf cos @ (2 cos?6 — 1) (C052 0 — 1) agy® — sin @ cos® 0 (0052 0 — 1) (2 cos? 6 — 1) a112
—2 cos? 0 (cos? 0 — 1) (2 cos? 0 — 1) ar1a20
Je25in%0 g2 9 (cos? 6 — 1) (8 cos* 6 — 4 cos? 0 — 1) agca
+2 cos? 6 (2 cos? 6 — 1) (0052 0 — 1)2 ag1012 + cos? @ (2 cos? 6 — 1) bio
+cos26 (C082 0 — 1) (4 cos* — 1 —2 cos? 6‘) cloa12 + 2 cos* 6 (cos2 0 — 1) (2 cos? 6 + 1) C11C20
—sinf cos 8 (2 cos? 0 + 1) (c052 0 — 1)2 co2? — 2 cos? 0 (2 cos? 6 + 1) (COS2 0 — 1)2 €11C02
+sinfcos® 0 (cos2 0 — 1) (2 cos? 6 + 1) c112 + cos? 0 (C052 0 — 1) (4 cos?f — 1 — 2 cos? 0) 11011
+ cos? 6 (cos? 6 — 1) (4 cos* 6 — 1 — 2 cos? 0) apacao

4 2
—sinfcosd (C0829 1) 2—4 cos g}fficos 0s—12 150,
—sinfcosf= —4 cos® 0I5—Io+2 I, +2 cos? 92I}I+C(I)25 0I34I3—2 cos* §I3—cos? 912(301003
—sin @ cos® 6 (2 cos? 6 + 1) o2 — sin 6 cos3 4 cos” ‘9[3+411 8 cos’ 0Ly 413 =21, 001021

+2 cos H(cos 0 —cos?f —1+2 cos® 9) 003010—l—s11r19(:os56?<2 1+2005 0) as0?

—cos? 0 (4 cos* @ — 1 — 2 cos? 0) asgcao + (cos? 6 — )2 21, -4 cos g{ffims O3=12 0oy

— (Cos2 0 — 1) (2 cos? 6 + 1) do1 + sinf cos 0 (2 cos? 6 + 1) dqg + sin 6 cos 0 (71 + 2 cos? 0) bo1
—sinf cos® (4 cos* @ — 1 — 2 cos? ) ay1c9 — sinf cos® 6 (4 cos® 6 — 1 — 2 cos? 0) apiczo

+ (cos2 0— 1) (4 cos® 0 + 2 cos* § — (cos (9)2 — 1) a01€03

4 2 _
_ C082 0 (C082 09— 1) 21,—4 cos 20]1fj?2005 OIs—1Io as1Co1

— (4 cos*f —1—2 cos? 0) (cos2 60— 1)2 ag2Co2 — Sin @ cos® 6 (4 cos* —1—2 cos? 9) c11a90
+cos? 6 (cos? § — 1) 2tlat2 Cos;lflfljrzl cos* 01 ¢ oo
—sin @ cos® 6 (4 cos®f —1—2 cos? 9) C10a21 — 2 sinf cos® 6 (2 cos? 6 + 1) €10C30
+sin 6 cos 8 (COS2 0 — 1) (4 cos* — 1 —2 cos? 9) C12a01
—2 sinfcos 0 (cos? 0 — 1) (2 cos? 0 — 1) agraz
+2 sin 6 cos 0 (—1 + 2 cos? 9) (0052 0 — 1)2 ap1aps — 2 sin 6 cos® 6 (0052 0 — 1) (2 cos? 6 — 1) ap2a20
+sinf cos @ (COS2 0 — 1) (4 cos* — 1 —2 cos? 0) €11a02
+sinf cos @ (cos® 6 — 1) (4 cos* @ — 1 — 2 cos? 0) ar1coz
+sin 6 cos (C082 0 — 1) (4 cos*f —1—2 cos? 0) €10003
+2 sinf cos® 0 (COS2 0 — 1) (2 cos? 6 + 1) €12€10
+2 sinf cos® (0082 0 — 1) (2 cos? 6 + 1) 002020] o2 sin’ v,
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A1(0) = cosfsind (cos* 0 — cos? 0 + 2 cos® 6 + 3 cos® 6 — 1) co3?

- (4 cos® 0 4+ 2 cos* 0 — cos? 0 — 1) (cos2 0 — 1)2 a03Co3

—cos® fsin O (4 cos*f — 1 — 2 cos? 0) ao1¢30 + cos® 0 (8 cos?d — 3 — 4 cos? 0) €21C30

+2 cos® § (cos* § — cos? § — 1 + 2 cos® ) cozeao

+cos3fsind (2 cos? 6 + 1) dso + cos® fsin (—1 + 2 cos? 9) bo1

+2¢912 cos® Bsin b (4 cos?f — 1 — 2 cos? 9) + aj92 sin® O cos® 0 (—1 + 2 cos? 9)

—cos” fsinf (2 cos? 6 + 1) cz0 + (2 cos? 6 + 1) (cos? § — 1)2 dos

+cos30sinf (4 cos* 6 + 8 cos® § — 3 — 3 cos? 9) Co3Co1 — cos? 0 (0052 0 — 1) (2 cos? 6 + 1) do1
—cos? 0 (0052 0 — 1) (—1 + 2 cos? 9) b1a + cos o (—1 + 2 cos? 9) b3o

—cosfsinf (—1 + 2 cos? 9) (0052 0 — 1)3 aps? + cost 6 (0052 0 — 1) (4 cos®f —1—2 cos? 9) a12€30
—2 cos? 0 (cos2 0 — 1) (cos4 0 —cos?6 —1+2 cos® 0) Cp3C12

—cosfsinf (cos2 0 — 1) (2 cos? 6 + 1) di2

—cosfsinf (C082 0 — 1) (—1 + 2 cos? 9) bos + 2 cos* 4 (—1 + 2 cos? 9) (0032 0 — 1)2 a12a91
+cos* 6 ((3052 0 — 1) (8 cos* @ — 4 cos?f — 1) a21C21

—cos* 6 (C082 60— 1) (8 cos* @ — 3 — 4 cos? 9) C12C21

—2 cos? 6 (—1 + 2 cos? 9) (cos2 0 — 1)3 ag3aia — cos? 6 (8 cos* 0 — 4 cos? 6 — 1) (COS2 0 — 1)2 ap3Ca1
—cos?0 (4 cos?f® —1 — 2 cos? 9) (0052 60— 1)2 a12C12

+cos? 6 (C082 0 — 1) (4 cos® 0 4+ 2 cos* 0 — cos? 0 — 1) a21Co3

—cos® Osin b (0052 0 — 1) (—1 + 2 cos? 9) a1

—cos® fsinb (2 cos? 6 + 1) (cos2 0 — 1)2 c122 + 2 cos® fsin b (cos2 0 — 1) (2 cos? 6 + 1) €12€30
+2 cos® §sinf (—1 4 2 cos? §) (cos? 4 — 1)2 ag3a21

+cos30sinf (cos?6 — 1) (4 cos*§ — 1 — 2 cos? 0) apscso

+cos?fsinf (cos26 — 1) (8 cos* @ — 4 cos? 0 — 1) a19¢91

+ cos® fsin 6 (cos2 0 — 1) (4 cos?O —1—2 cos?0) ascia

—cosfsinf (4 cos?f — 1 — 2 cos? 0) (0082 0 — 1)2 ap3C12

+cos@sinf (cos2 0 — 1) (4 cos® 0 4+ 2 cos* 0 — cos? 6 — 1) a12€03.

7. Appendix C

Here we present the explicit expressions of s5(6), s4(6), s3(0), s2(0), s1(6),51(0) that
appear in relation (10). Thus s5(0) = s5.1(0)c3, + s5.2(0)ad, + s5,3(0)aoocoo, with

0 0
s51(0) = —2¢3 sin” 0 / €3 810 W gin) 4w +2 / 3 510” W gin 4 cos? wdw)
0 0
(sin9 + 2 sin 6 cos? 9) ,
. 0 q .2 0 - .2 -
s50(0) = —2¢3 50 (/ e S coswdw + 2 / 3 S W g3 wdw)
0 0

—cosf + 2 cos30)
(
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0 0
2
s53(0) = —2e35n70 / 3 sin® wsmwdw+2/ 8 sin® w gin 4y cos? wdw
0 0

(—cosf + 2 cos® §)
2 4 2 o .2
—9Q g3 sin” 0 —/ g3 sin wcoswdw—|—2/ e 51 oo wdw
0 0

sin @ + 2 sin 0 cos? 6) .
(

Additionally, we have

54(0) = s4,1(0)aooc10—54,2(0)aooao1 —54,3(0)cooco1 —54,4(0)cooc10—54,5(0)aooco1 —54,6(#)ao1coo,

and s4,;(6) for i =1---,6 are the following:

84’1(9) =

5472(9) =

84,3(9) =

0 0
. Cwin2 o2 2 .
— | —sinfe~ ™ 9/ e 1 cos wdw + 4 cos? 9/ €2 1" W gin w cos wdw
0 0
0 P
+2 sin e~ sin ef 3 sin w (463 4pdw + 4 cos? O sin e~ sin ‘9/ e3 s oogd wdw
0
0

2 _ ain2 a2
+8 cos? 6 e2 sin"w o663 w sin wdw — 2 cos? O sin fe™ 5" a/ e3 S ¥ cog wdw
0

0 )
— 4/ €2 50" @ 663 4y sin wdw — 2/ e 510" @ giny 4y cos wdw | €3 5970 cos 0,
0 0
) 0
— [ sin fe—sin* 9/ 3 510° W cogundw — 2 sin fe— S0 6/ e 510° W 0063 1w
0 0
0 0

—4 cos?8 | €25 ¥ gin w cos wdw — 4/ €2 510° W 063 4 gin wdw

0 0
—92 cos? f sin fe— 50 9/ e 510° W o dw

% 0
+4 cos? O sin e~ sin? 6/ €3 510° W 063 1w + 2/ 2 sin® w g ) cos wdw
0

0

0
L2 . s2
+8 cos? 9/ e2 SI W o83 w sin wdw | €3 519 cos 6,

0
.2 .2 . )
*62 sin® 0 8 esin 0]‘1 C082 QSIHQ/ 6‘2 sin® w g,
0

0 0
L
—2[2/(33 st “’s1nwcos2 wdw + 2 1; 350 W gin wdw
0

0 0
_9esin’ 07, sm& 2 sin®w ) 9 cos 9[3/ 3 sin® w i i
0
—4 50 9I2 coszﬁslnef 2 sin* Wy, 4 9 gsin® 07, s1n9/ 2sin® w 0062 4y
0 0
+4Il/ 8 sin® w i 4y cos? wdw — 450 01, Sln9/ 2 sin w 64 4w
0 0

0
) . s 2 . s 2
+2 cos? 01 / e 51 gin w cos® wdw + 4e 15 cos? Osinf [ €™ ¥ cos? wdw
0
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0 0
02 . in2 in2w .
+4es7°07 ginf [ 25 Ydw + cos? 9[3/ e 31 gin wdw
0 0

6 6
.2 .
7]2\/63 s ws1nwdw74cos49I3/ 3 sin® w i 4 cos? wdw
0 0

1

—8¢sin” 01, cos GSIIlefe 2 sin’ wcos4wdw) Sy

0
s14(0) = — [ 8e" cos? 0/ €2 50" 0663 4 sin wdw
.2 O P
+4 e85 0 cos? 9/ e? S gin w cos wdw + 2 / e3 S gin w cos? wdw | cos f
0 0
o ot
+ / e S Wsin wdw | cos @ + 25 9/ 2500 i cos wdw
0 0
0 0
+4 / 8 sin® w gin 4y cos? wdw | cos® 6 + 450’ 9/ ¢? %W cos®  sin wdw
0 0

0
.2 .
+2 / 8 sin® w gin wdw | cos®w | €2 50”9 gin 6,
0

6 6
in?
s45(0) = —e?sin”? —2[1/ 8 sin® w oospdw + 2 cos 9I3/ 8 sin® w oo pdw
0 0
0 0
2 s 2 12
—212/ &3 57 o83 wdw + 4 e 01, cos&/ e2 s W oot wdw
0 0

0
esin® 0T, cos@/ 2 sin® w 0062y — 4 cos® 9[3/ 3 sin® w 0063 4 dw
0
0
+2e50* 01, cosf 25”1 wdw—l—Ig/ 3 sin® w oo ndw
0

0 0
—4 51 9I2 cos® w/ e? sin” Ydw — 8651“ 9I3 cos® w/ e2 51" W oot wdw
0, 0

6
.2 .2
+4esin” 07, cos3w/ e2 ST W o662 wdw+4]1/ 3 sin®w o3 4 du
0

0
6

0

. 2 .2 .2

+8e% 9T cos? w/ e S Wy + 2 cos? 9[3/e3 sin®w o063 wdw
0 0

1

0 0
2 2 2
— cos? (9[3/ &3S coswdw — 48 1 cosf [ €25 Vdw | ———,
0 0 2[1 — 12
4 02 a2 9 a2
sq6(0) = — <4/ e S 053w sin wdw + 4 cos® we ™ SM 9/ 3 S gin w cos? wdw
0 0
in2 . n2w .
+8 cos? 9/ e S 663 1 sin wdw — 4 cos? 9/ e2 S gin w cos wdw
0 0

9 9
tn2 02 . _win2 02 .
+2 cos® we™sin 9/ e3 57 gin wdw — cos e S 9/ e3 S gin wdw
0

o
2 12 . 12 . a2 .
— 2 cosfe 5 9/ 3 8107 W gin w cos? wdw — 2/ 2 sin “’smwcoswdw) e3sin"0gin g,
0 0
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Now we have

s3(0) = s3.1(0)agocoz + s3,2(8)aozco0 + $3,3(0)ao1cor + s3,4(8)aooarr + s3.5(0)agocao
+53.6(0)cooc11 + s3,7(0)co1c10 + $3,8(0)asoaoe + s3,9(8)aooazo

+s3,10(0)aogoc11 + s3,11(8)ao1c10 + $3.12(0)a11¢c00 + 83,13(6)coocoz + $3,14(0)cooc20
+s3,15(0)ag; + s3,16(0)c3o + $3,17(0) 51 + 53,18(0)azocoo,

and s3;(f) for i =1---,18 satisfying the following expressions:

0
s31(0) = —2e35n" 0 cosf [(4/ 5" ¥ sind w cos wdw) cos? 0
0

0 0 0
-2 / S10° W 03 40 cos® wdw + 2 / S10° W i3 apduw | cos? 6 — / 510”3 4pday ,
0 0 0
0
s30(0) = 263507 0ging [ (/ S og wdw) cos? 6
0
o 2 0 2 b 2 w2
+2/ S ¥ cos® wdw + 4 </ S W cogd wdw) cos? 0 + / S cos wdw
0 0 0

0 0
-6 (/ sin® w o wdw) cos?f — 3/ sin® w (563 wdw> ,
0 0

0 0
2 . 2 2 .
s33(0) = —e?sin 0 [—2]1 cosfsinf [ €25 Ydw + 414 / €2 5I7 W 6663 4 sin wdw
0 0

) 9
2 .2
—2[1/e2 SIN° W gin w cos wdw + 4 I; sin 6 (/ g2 sin “’dw) cos®
0 0

0

. .2
4215 cosOsind [ €25 v cos* wdw
0

0 0
+2 13 sin 6 (/ o2 sin® w (52 wdw) cos® 0 + 215 (/ 2 5in” W 663 4 in wdw) cos? 6
0 0
0

0
a2 . . a2
—2[2/(32 sin®w 03w sinwdw + I cosfsind [ e 5 Ydw
0

) 0
. 2 . 2
—4 15 sin6 / e2 s W gt wdfw) cos® 0 — I3 cos @ sin 9/ e2 1" o062 wdw
0 0

0 )
+213 /62 sin® w g0 cos wdw) cos*d — 21, sinf (/ e? Sin2“’dw> cos’ 6
0 0

0 0
—4 13 / 2 sin® w0563 1) gin wdw) cos® weos* O — I (/ 2 sin® w gin 45 cos wdw) cos? @
0 0

1

9
+Iz/0 e? sin® wblnwcoswdw] 5T 1,
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0
Q in2
s3.4(0) = 2e35 9 cosf 2/ S W 052 o sin wdw | cos? 6
0

0 0
2 .
—/ S Y cos? w sin wdw + 2 / sin® w06 1) sin wdw
0 0

0
in2 .
—4 /esm v cos? wsinwdw | cos? 6|,
0

0
.2
s35(0) = —2e351 Pcosh |2 /esm ¥ cos® wsinwdw | cos? 6
0

0
02 .
+4 / S cost w sin wdw | cos? 6
0

0 0
— / S10° W 0062 41 sin wdw — 2 / sin®w o6t 4 sin wdw ,
0 0

0 0
in2o -
s36(0) = —2e351 fsing /esm wcoswdw—2/ sin w0695 wdw
0 0

0 0
L2 s2
+/ S cos® wdw 4 2 / S Y coswdw | cos® 0
0 0

0 0
+ 2 /esm v cos® wdw | cos? 0 — 4 /e““ v cos® wdw | cos? 0] ,
0 0

0 0
s37(0) = —e2sn’0 o cos&sin@/ e2s0* Wy 4 4T, sind /62 sin®w gy | cos® 6
0 0

¢ 0
2 .
+2Il/ 2 sin “’smwcoswdw—l—4]1/ 28w 6083 4 sin wdw
0 0
o o
+13 cosHsinH/ e? 57 eos? wdw — I COsGsine/ o2 sin®w g

0
—213 cos@sin&/ 2sin® w o0 gy — .[2/ 2 sin® w iy 41 cos wdw
0

0
0

0
. a2
+1I3 /e2 sin® w 6w cos wdw | cos? 6 — 215 sin 6 /62 SIL" Wy | cos® 0
0 0
o b, .
-2 Ig/ e? S 6683 w sin wdw — 4 I5 sin 6 /62 sin®w o5t wdw | cos® 6
0 0

) 9
+2 15 sin 6 / 2 510° W o062 1y | cos® @ + 215 / 2 510° W 0063 4 sin wdw | cos? 6
0 0

1

0 0
sin? . 2w
—4 13 /e2 sSin"w (663w sin wdw | cos* 6 — 215 /e2 SI" W gin w cos wdw | cos* 6 YA
0 0 1— 12
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0 0
2
s3.8(0) =—2e35" 0050 73/e““ v cos® wdw — 2 /e““ ¥ coswdw | cos® O
0 0

0 0
s 2 i02 2
+6 /esm v cos® wdw c0520+2/ S cos® wdw
0 0
0 0
+/esm Y coswdw — 4 /esm v cos® wdw | cos® 0| ,
0 0

2 o 2 ¢ 2
s3,9(0) =2e351 0 cos9 2/ S cos® wdw — 4 /esm v cos® wdw | cos? @
0 0

0 6
f/es““ v cos® wdw + 2 /esm v cos® wdw | cos? 0|,
0 0

9
.2 a2
s3,10(0) = —2e3507 0050 |2 /esm ® cos® wdw | cos? 0
0

6 6
. 2
+2 / S coswdw | cos? 6 — / 5 ¥ 083 dw
0 0
0 0 0
sin? w 5 2 sin? w sin? w 5
—4 e cos® wdw | cos® 0 — [ e coswdw + 2 | € cos” wdw | ,
0 0
6
2 .
s311(0) = 2e?5™ Osinfcosh | —4 / 2 sin® w0068 ) sin wdw | cos? 0
0
0
2 sin? w _:
+ / e sinw cos wdw | ,
0

0
2 . a2 .
s3.12(0) = 225 Oging |2 /e““ ¥ cos? wsin wdw | cos®
0

0 0
.2 a2
+/ S ¢os? w sin wdw — 2/ S cost w sin wdw
0 0
o 2
—4 / S cost wsinwdw | cos? 0] ,
0

0
.2 .
s313(0) = —2e35m fging 2/65”‘ ¥ sin® w cos? wdw
0

0 0
L2 . 02 .
+/ S ¥ gin® wdw + 4 / S ¥ sin w cos® wdw | cos® @
0 0

0
+2 /es”’ v sind wdw | cos? 6| ,
0
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s3,14(0) =

s3,15(0) =

s3,16(6) =

s3,17(0) =

s318(0) =

0
2 w2 .
—2e3sin" 0 ging 2/ 510” W cost 4y sin wdw
0

0 0
.2 . .2 .
+4 / S cogt w sin wdw | cos?2 0 + / 5" Y 082 1 sin wdw
0 0
0
+ 2 / 511”0 052 4 sin wdw | cos? 0 ,
0
0
s 29 . in2 .
e 0ginfcosh | [ —4 / e2 51" W o053 w sin wdw | cos? @
0

0
.2
f/ e2 51" gin w cos wdw + 2 / 2sin® w g 4 cos wdw | cos? 0
0 0

0
. 2' .
+ 2/62 sSin"w 0663 w sin wdw | |
0

0
.2 .
—e? s 0 ginfcosh |4 / 2 sin®w o668 4 sin wdw | cos? 6
0

0 0
2 . 2 .
+/ e? SI07 W gin ) cos wdw + 2 / e? S0 gin q cos wdw | cos® O
0 0

6
+2/ 2 sin® w 063 41 sin wdw ,
0

0 )
.2 s 2 . 2
—e2sin”0 |41, Ig/e2 sIn®w gy — 9 152 /e2 sin®w o5t wdw | cos? 6
0 0

0 0
_12 Id / 62 sin? w C052 wdw + 122/ 62 sin? W
O 0 » 0 0
+2]1]3/62 st wCOSQU)dw+212I3/ 2 sin w 64 4w
0 7 6
+21, I3 /82 sin® w gy, cos? 0 + 152 /62 sin’ w 2 wdw) cos2 6
0 0

0 0
.2
—I I3 /62 S dw 00520+4I12f0 2 sin® Wy, 41 3/62 sin w 6064 4pduw
0 0

0
—2 1,2 /e2 sin® w662 4 du cos®0+ 21 I /e2 sin “’dw) cost o
0 0
0 2 sin? 2 0 2 sin? 4 1
—41; I3 /e ST Wy | cos* 0 4415 /e sin“w ot wdw | cos* 6 —_—,
0 0 (—I,+21)

0 )
) .
2350”0 giy g —2/eSln W cos® wdw+/ sin® w 063 4w
0 0

0 0
+2 /e““ W cosd wdw | cos? 6 — 4 /e““ ® cos® wdw | cos? 0
0 0
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Now we have

s2(0) = s2.1(0) apocso + $2,2(0) azocio + $2,3(0) agociz + s2,4(0) apacio + s2,5(6) a12¢0,0 + s2,6(0) agoaz1
+52,7(0) ap1a20 + $2,5(0) ao1c11 + S2,0(0) a11co1 + 52,10(0) coocar + s2,11(8) co1c20 + s2,12(8) croc11

+52,13(0) apoaos + 52,14(0) ao1ao2 + $2,15(0) coocos + S2,16(0) co1co2 + $2,17(0) apoai2 + $2,18(0) aoscoo

+52,19(0) ar1¢10 + 52,20(0) aoicoz + 52,21 (0) agicao + $2,22(0) ap1a11 + $2,23(0) aoocos

+52,24(0) agocar + 52,25(0) aoacor + 52,26(0) a20co1 + 52,27(0) az1¢00

+592,28(0) cooci2 + 52,20(0) coocso + 52,30(0) co1c11 + s2,31(0) coacio + s2,32(8) cro¢20,

and sg;(6) for i =1,-- -, 32 satisfying the following expressions:
1 2 : —3 sin? 0 o 3 sin? 3 4 : ? 3 sin? w —3 sin? 6
s2,1(0) = 6 12 cos”® @ sinfe™> " e” " “cos® wdw — 12 cos* fsin 6 e coswdw | e %™
0 0
0

0
+2 cos%0 — 14 cos?2 0 — 6 cos? Osin 6 </ 8 sin w o wdw) —3sin® 0

0
. g a2 2 2
+24 cos? §sin fe3 s 9/ e® ¥ ¥ cos® wdw — 3 cos 0 + 7+ 8 cos® §) e " % cos ),
0

0 0

S2.2(0) = 72/ sin® w665 wdw+/ sin w693 wdw
0 0
4 2 0 02 2
+ 2 / S eog? wdw | cos? 0 — 4 / S cos® wdw | cos? 0 | €25 ?sin 6 cos 6,
0 0
1 : —3sin%0 935111271) 3 4
s2.3(0) = ~5 —12 sinfe™> 5™ e cos” wdw — 9 cos™ 0
0

0 0
. in? —3 gin2 . . —3 gin?
—12 cos* fsin 6 (/ e sin “’coswdw) e 3570 1 6 cos? sin (/ el sm2wcoswdw> g3 sin"0
0 0

9 0

. _3 sin? a2

—10 cos® § — 12 cos? f sin fe~3 5in 9/ 3 sin®w 063 wdw + 6 sin 6 (/ 3 sin® “’coswdw) e 35”0
0 0

0
. _3 gin? in2 i02
+8 cos® 6 + 16 cos? § + 24 cos? §sin fe~3 st 9/ e3 5 cog3 wdw — 5 | €35 ¢ cos b,
0

0 0 0
s24(0) = — (—4 </ ein” @ cog wdw) cos? 0 + 3/ sin® w0053 wdw + 6 </ S’ W cog wdw) cos? 0
0 0 0
6 o 0 ¢ s 2
—/ e Y coswdw — 2 /ebm W coswdw | cos? 0 — 2/ sin® w 0665 apduw | €2 517" @ sin 6 cos 0,
0 0 0

1 9 2 .
s0.5(0) = 6 cos* @ 331“ Wgin wdw + 4 €3 sin 0 00679 — 18 e3 S gin w cos? wdw | cos? O
’ 3
0 0
) ¢ 2 .2 0 2
—6e3570 o859 — 9 /63 sm wsinwdw) cos? 0 4 23 sin ecos0+3/e3 STV gin wdw
0 0

G o
) .
+ 12 cos? 0/ 387 W gin w cos?® wdw + 6/ 3 sin®w gip) 4 cos wdw) cos? 0,
0 0
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0
1 . o 2 9
s2,6(0) = g —12 cos?fsinfe3 5070 [ 357w o063 4pdiy 41 — 2 cos? @
0
0 .2 2
—10 cos® 0 — 12 cos* fsin 6 / e S W cogwdw | e 3570 4 3 cost O
0
2 0 .2
+24 cos* 0 sin fe—3 sin 9/ e 51 o063 wdw
0

0
. .2 a2 .2
+ 6 cos?fsind /e3 ST coswdw | e73 50 18 cos® O | 35070 cos h,
0

0 0
2 2
s2,7(0) = 2/ e cos® wdw — 4 / e cos® wdw | cos? 0
0 0
2 2 2.,
— / S eog wdw + 2 / S W eog3 wdw | cos? 0 | €25 9 sin 6 cos b,
0 0
0 R o 2 0 2
s28(f)= —|2 / e cosd wdw | cos? 6 + 2 / e Y coswdw | cos? ) — / S cos3 wdw
0 0 0
2 o 2 2 2
—4 / S cos® wdw | cos? 0 —/ e v coswdw + 2/ S cos® wdw | €2 57 9 5in § cos 6,
0 0 0
2 sin” 0 o sin? w 2 : o sin? w 2 :
s29(0) = e I, [ e cos“wsinwdw +21; [ e cos” w sin wdw
0 0

0 0
.2 2
—41 / S cost w sin wdw — 2 I3 cos? 0/ S cost w sin wdw
0 0

) 0
s 2 . .2 .
+15 cos? 9/ &S 0082 wsinwdw — 2 I cos* 9/ &S 082 w sin wdw
0 0

0 0
2 . o2 . 1
+4 I3 cos* 9/ SV cost w sin wdw + 2 I / S cost wsinwdw | ———,
0 0 2[1 — [2
1 2 o 3 sin?w _: 2 3 sin? 6 o 3 sin?w _:
s2,10(0) = —z cos®0 | —6 e sinwdw | cos? 0 — 2e cosf —3 [ e sin wdw
0 0

6 6
02 02 . 02
76/ 3 5 gin w cos? wdw — 12 / e® 510" W sin w cos® wdw | cos® 6 — 6> 5 ¥ cos® 6
0 0

0 0
o2 2 . 2 .
+8e3 5170 0057 9 4+ 12 cos? 9/ e S ¥ gin wdw + 24 cos* 9/ e3 51" % gin w cos? wdw | |
0 0
2 4 .2 o .2
s211(0) = —e?sin ol2r / eV 082 w sin wdw + 2 I3 cos? 9/ S cost w sin wdw
0 0

0 )
in2 . in2 .
-1 / S ¢os? w sin wdw + I5 cos® 9/ 5" 082 w sin wdw
0 0

0 0
1 2: . 1 2' .
—2 15 cos? 9/ S Y 082 w sin wdw — 4 I3 cos* 9/ S cogt w sin wdw
0 0

0 0
. . . . 1
— 21, [ ™ ¥ costwsinwdw +41; | MY cos* wsinwdw | ——,
0 0 2[1 —12
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s2,12(0) =

52,13(0) =

82,14(9) =

52,15(0) =

s2,16(6) =

s2,17(0) =

0 0 0
— /ebm Y eos wdw — 2/ sin w g wdw+/ sin w 6663 4pduw
0 0 0

0 0
.2 a2
+2 / S ¥ coswdw | cos? 6 + 2 / S ¥ 083 wdw | cos? @
0 0

—4 /ehln v cos® wdw | cos? 0 | e SinZGCOSQSiHG,
0
1 O o 2 ¥ 4 gn?
—= | =12 cos* O sin b e3 SIn" W oos wdw — 6 sin @ e3 SIn" W oos wdw
6
+24 cos 951n9/ 3 sin®w o3 wdw + 12 sm@/ 3 sin® w 063 4y

—36 cos? 0sin 9/ 3sin®w 063 4y — 223 510”0 g6 9 +é? sin” 0

0
a - . 2
—8e35in” 0 0052 4 83 510”0 g8 § 4 18 sin f cos? 9/ e3 S cogwdw
0

02
+ 2163570 o5t 9 cosd,

0 0 0
sin? w 3 sin? w . 2 sin? w .3 L2
— -3/ e cos” wdw — 2 e coswdw | cos“ 0 + 6 e cos” wdw | cos* 6
0 0 0

6 0 0
sin 2 .
—|—2/ sin® w (65 wdw+/ sin’ w oogapdw —4 /e“" v cos® wdw | cos? 0 | €2 5™ 9 cosfsin b,
0 0 0

0
.2 .2 .
—92e3570 00T — cost 0 [ 35 ¥ ginwdw — 2 cos® 0/ 8 sin® w gin 0w
0 0

—2e35i0*0 ¢85 — 2 cos 9/ 3 sin*w gip 4 cos? wdw

10 4
+— 3 e350%0 0053 ) — 4 cosP 9 3 sin W gin 4 cos? wdw — 3 cos? g3 sin” ¢

0 0
a1 21 2 .
+2e3 50" 0 cos 6 + / 3 sin’ w gin wdw + 2 / e3 S W gin w cos? wdw,
6 0 o
2 sin? 6 sin?w ;3 2 2 sin?w ;3 2
—e —215 [ e sin® w cos® wdw + 213 cos* 0 | e sin® w cos” wdw
0 0

0 0 0
2 . L2 . L2 .
+21; / S gind wdw + 4 1, / S gind w cos® wdw — 4 I3 cos* 0 | €™ ¥ sin® w cos® wdw
0 0 0

1

6 6 6
.2 2 2
+15 cos? 0 [ ™ Y sind wdw — I S W gin® wdw — 215 cos? 0 [ M ¥ sind wdw | ———,
0 0 0 21 — I

0 0

1 2 in2 sin2 .

3 —6 [ 9 Vo wdw +3 [ €35 ¥ coswdw + 2e ™ ? cos? 0 sin 6
0 0

9
in? in2 . in? .
+6 cos* 9/ e 5 coswdw + 4e3 5 0 cos8 Osinf — 63 5™ cos? Osind
0

0 0
—9 cos? 9/ e 5 W cos wdw + (18 cos® § — 12 cos™ 0) / e 510° W 0683 wdw | cos? 6,
0 0
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0
1 2 2
~5 (863 sin® 0 008 ) — 1403 5in* 0 06 § — 3 sin’ 0 +12 cos® 9 3510 W i
0 0 o
+24 cos® 9/ 3 5in® w i cos? wdw + 4¢3 57”9 cos?  — 36 cos 9/ e3 51" % gin w cos? wdw
0

s2,18(0) =

0 0
.2 a2
—18 cos? 0/ e3 S W gin wdw + 6 cos 9/ e S gin wdw
0 0

0
2 . .2 .
+ 12 cos 9/ e 51" W gin w cos? wdw + 3 ¥ 9 cos? 0 | sin 6,
0
9 2 6 2
s2,19(6) = 2 / ¥V 0og? wsin wdw | cos? 6 + / %1 082 w sin wdw
0 0
0 a2 4 s2 2
— 2/ S cost w sin wdw — 4 / S cost wsin wdw | cos? 0 | €25 ¢ cosfsin 6,
0
0
S2,20(6) = (4 S0 @ gin3 4 cos wdw | cos? § — 2/ sin® w 63 4 cos? wdw
0

0 0
21 2 . 31 2 .
/ 510 W gin3 4pdw + 2 / S sin® wdw | cos? 0 | €25 % cosOsin b,
0 0
0

5 )
S2,01(0) = (2 S10” ¥ 0052 4y sin wdw | cos? 0 +4 / &S cog w sin wdw | cos? 0
0

0
. in? . in2 .
/ 0% W 052 4y sin wdw — 2 / S cost w sin wdw | €2 5179 cos fsin O
0 0

0
S2,22(0) = 2 (/ Si0” W 052 4y sin wdw | cos? 6 — / sin® w 662 ) sin wdw
0
0 0
sin? w 4 : sin? w 4 : 2 2 sin? 6 :
+2 [ e cos” wsinwdw — 4 e cos™ wsinwdw | cos“ 0 | e cosfsin 6,
0 0

0
.2 . 4 .2 . .2 8 a2 .
82723(9) — 283 sin 9C086081n9+563 sin OCOSSGSIHH-FQ/GB sin “’cos3wdw—|—§e3 sin 6(2084981119
0

—2 cos 9/ 3sin® w o063 4y — 2 €3 510 0 g2 fsinf + 2 cos 9/ 3sin® w oognduw

0
—4 cos® 9/ 3 sin® w o063 4y — / 3 sin”w ocandw + cos 9/ 3sin’w g wdw,
0

1 0 o
52,24(0) = 3 6/ e 510" W 063 wndw + 12 cos 0/ 3sin® w oogndw + 12 cos? 0 [ €3 50 ¥ cos® wdw
0 0

0
.2 .2 . ;2
—3/ e 5 coswdw + 8 e ¥ 9 cos® hsin § — 24 cos? 0 e3 sin"w o663 wdw
0

0
. 2 . 2 X
—6 cos20 [ &35 % coswdw — 2e3 5 ¢ cos? @sin | cos? 6
b
0
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0 0
.2
s9.05(0) = —e?5m° 0 [ 35 cos? 0/ sin® w 0663 wdw + 2 I3 cos 9/ sin’ w o6 wdw
0 0

) )
+6[1/ sin® w 063 1w — 4]1/ sin w 5 wdw + 4 I3 cos? 0 S0 W 6065 1w
o (s
—l—QIg/ sin w 565 wdw—l—lg/ sin® Y coswdw — 6 I3 cos 0 510”0068 1nduy
0 0

0 0
—2 I3 cos? 9/ Sin” W g5 wdw—QIl/ sin” w 666 apduw
0 0

1

0 0
.2 a2
—31, [ ™ YcosP wdw — I3 cos? 0 [ ™ ¥ coswdw | ——,
0 0 2[1 — _[2

0 0
a2 2 2
s2,26(0) = e2sin"0 | _ 9T, cost 9/ S o83 wdw + 4 I3 cos? 9/ S cos® wdw
0 0

0 0 0
2
*IQ/ sin?w 063 wdw — 2 I3 cos 9/ sin®w (65 wdw+212/ sin w 665 1 dw
0 0 0

1

0 0 )
.2 2 a2
+2Il/esm W cos® wdw — 4[1/esm v cos® wdw + I cos? 0 [ ™ ¥ cosd wdw | ——,
0 0 0 21, — I

[% 0
1 . NPT
S2.27(0) = g —6 cos? 0 [ ¢ 5 % ginwdw + 12 cos® 0 [ 350" ¥ sinwdw — 3¢ 5070 cost 9
0 0
0
.2 .2 .2 c2 .
_263s1n 000829—263sm 900869—638m 9+24 COS59/ e3sm w51nw0032wdw

0
31 2 . 31 2 .
— 12 cos® 0/ 3 s gin w cos® wdw + 8 e3¢ cos® | sin 6,
0

1 . L
S2,28(6) = 6 5350”0 4 24 cogd 9/ &3 50" @ gin 4 cos? wdw
0

0 0
i02 . sin2 .
—12 cos® 9/ e 1" ¥ gin w cos® wdw — 12 cos 9/ e 1" W gin w cos® wdw
0 0
i 2 . in2
—6 cos® 9/ e3 51 gin wdw — 15 5™ ? cos* § — 6 cos 9/ 8 sin® w g 4w
0 ) 0
.2 .2
—|—463 sin 0C0520+8€3 sin 000589+12 COSSQ/ 3 sin? “’smwdw
0
in2 .
—92¢3 8070 g6 9) sin 6,
1 3 sin? 6 2 3 sin? 6 6 5 o 3 sin?w
S2,29(0) = 6 —14e cos” 6+ 10e cos® + 12 cos® 0 | e sin wdw
0 o 0 ) ’ 2
+6 cos® 9/ e3 S Y gin wdw + 12 cos® 9/ e 51" gin w cos® wdw + 82 1™ 9 cos® §
0 0

0
in2 in2 .
_’_36351n 9cos49_76351n 9+24 COS59/ 3 sin? wsmwcos wdw smG,
0
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) )
.o .2 . 2
s230(0) = —e?sin O —-41 / S ¢08® wdw — 2 I3 cos? 9/ e ¥ cos wdw
0 0

0 0 0
2 2 2
—2 I3 cos? 9/ SN W ¢ogd wdw—&—QIg/esm ® cos® wdw — 2 Iy cos? 9/ S 083 wdw
o 20 o 0 o 0
+2]1/esm wCOS’LUdU)*IQ\/GSIH W cos® wdw + I3 cos? 9/ e Y coswdw
0 0 0

0 0
.2 s2
+21 / S cos® wdw + I3 cos? 9/ S cos® wdw
0 0

6 0
a2 i 2 1
— I / SV coswdw + 4 I cos? 9/ S cos® wdw
0 0

20 — I’
0 ) 0
.2 .2 202
s2,31(0) = — 2/ S sin3 w cos? wdw + / e sind wdw + 4 / 5 ¥ sin3 w cos? wdw | cos? 0
0 0 0
0
- o2 .
+2 / S v gind wdw | cos? 0 | €25 ¢ cosfsin b,
0
0 s 2 9 a2
S2,32(0) = — 2/ 5V cost w sin wdw + 4 / 5" Y cost w sin wdw | cos? 0
0 0

9 (%
in? . sin? : sin? i
+ / SV 082 w sin wdw + 2 / S Y cos? wsinwdw | cos? 0 | e2 57 ¢ cos @ sin 6.
0 0

We also have

s1(0) = s1.1(0)aoscio + s1,2(0)ao1cos + s1,3(0)aoscor + s1,4(0)ao1cso + s1,5(0)croc21 + s1,6(8)ao1a12
+s1.7(0)cor1c12 + s1,8(8)corar1 + s1,9(0)cozcio + s1,10(0)ar2c10 + $1,11(0)co1¢21
+s1,12(0)croc12 + s1,13(8)az1c10 + 51,14(0)ao1a21 + 51,15(8)c10¢30 + 51,16(0)ao1c21
+s1,17(0)ao1aos + s1,18(8)ao1c12 + s1,19(0)a12¢01 + s1,20(0)co1cos + s1,21(8)azi1co1,

and s1;(0) for i =1---,21 are given in the following expressions:
1 o 2 si 2 .2 Y 2 si 2
s1,1(0) = T 24 /e SN W gin w cos wdw | cos? 6 — 2 570 +12/e S gin w cos wdw
0 0

o2 2w . 0 o in2 .
+4e25070 00520 — 36 / e2 1" W gin w cos wdw | cos? 6 — T2 ( 0 €2 8" W 0083 4y 5in wdw) cos? 6
0

0 0
.2 s 2 in2
+24/ ? 5107 W cos® w sin wdw + 8 e ™ ¥ cos® 0 + 48 / e? S W cog3 w sin wdw | cos®
0 0

21 2 51 2 1
+3e251 0 cost ) — 142 5 0 st 9) cos fsin 6,
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6
1 2 2 .2
s1,2(0) = ~3 e2510%0 0056 9 4 2 cos® 0 [ €2 5™ ¥ gin w cos wdw — 3 e 5”0 g1 g
0

0
in2 0 .
—2 / 02 51 cos® wsinwdw | cos* § — [ e? S ¥ sinw cos wdw
0
9 a2 7 2 0 s 2
+ / e2 1" ¥ gin w cos wdw | cos? 6 + 3 e2 5070 0o5t § — 4 cos® 9/ e2 51" W 0663 1 sin wdw
0 0

2Sln QCOS 0 — 36251n29C0889+2/ 2 sin? wCOSSU}Sled’LU
s1.5(0) = 25970 (cosh — 1) (cosf + 1) (—8 cos® 0I5 + 14 cos® 613 — 7 cos* 013 + 8 cos* 014
0

. 9 sin? in2
—4 cos* 01 + 24 I3 cos® fsin fe~2 sin 9/ €2 5" co52 wdw
2 0 102 ’ in2 0 in?
+48 I cos® @ sin fe—2 sin 6’/ e2 S Wiy — 48 I3 cos® 0 sin fe 2 50 9/ e2 S oot wdw
0, 0
. 9 in? in2
—24 1[5 cos® Osinfe=250"0 [ o250 W, 4 00205 — 10 cos? 01, + 5 cos® 01

6
. _ in2 Lin2 . o ain2 2
+121, cos@sinfe 2570 [ 257wy, 19 [ cos B sin fe ™2 50 9/ e? 5" oo wdw

0, 0
. 9 ain? 2
—24I; cosfsinfe™2 s 9/ e2 s Wy
0
2 9 a2
3 cosfsinfe™= " e cos” wdw — I 1| 57—
+24I 0 2] 2 sin“ 6 2 sin® w 4 d I+2I 12(112[ ,
0 2— 1)
1 0
s1,4(0) = T 24 cos* he—2 sin 9/ 2 510° W g ) cos wdw — 7 + 3 cos*d
0
0
.2
—8 cos® 0 + 14 cos? 6 — 24 cos? fe2 sin 9/ €2 510° W 063 4 sin wdw
0

) .
—2 cos® 0 + 12 cos? fe—2 sin 9/ 28I W gin w cos wdw
0

9
L2 2 . c2g
—48 cos* fe=2 sin 9/ €2 57 ¢683 w sin wdw | €2 5™ ¢ sin 6 cos 6,
0

0
1 o2
s1,5(0) = ~3 —e2 570 o529 + 12 e2 510° W gip  cos wdw | cost 0
0

0 0
.2 .2
+24 / e2 S o3 wsin wdw | cost @ — 3/ e S W gin w cos wdw
0 0
0 0
2 sinw 2 2 sin? w 3
—6 e sinw cos wdw | cos® 6 — 6 cos” w sin wdw
0 0

0
.2
—12 / 2 510° W 063 1) sin wdw | cos? 6 + 4250706589
0

— 3e25in” 0 ooy 9} cos? 0,
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) 0
1 in? . in2w .
s1,6(6) = ~3 12 [ €25 % 683 w sin wdw cos* 6 + 9 e2 1" W gin w cos wdw | cos? 6
0 0
0 ¢ L2 2
+6 / €2 510° W 063 4y sin wdw — 3 / €2 5" W gin w cos wdw + 4e 5™ ¥ cost 6
0
0 ; 2 2
/ e 510° W i cos wdw | cost ) — 5e2 50° 0 cogb g 4 26251070 g8 9
0

0
2
—18 </ o2 sin*w o3 4y gin wdw> cos? § — 250" 0 cog? 9) cos? 6,
0

o
s1,7(0) = —12 e2 sin® 0 <12 Iy cos 6 sin fe~? Sin29/ 2 s’ wey,
0

0 0
. o win2 s 2 . _ 9 ain2 s 2
—12 I3 cos® @ sin fe—2 sin 9/ e2 5 W o8 wdw — 24 I cos@sinfe 25 0 [ g2 sin"w gy,
0

0

0
. _ 2 2 . _ 2 2
+12 15 cos3 Osinfe=2307 0 [ o257 W g, 4 94 [ cos® Osin e 25 0 [ @257 W o5t pdw
3
0

oso\

. 9 ain? 9 ain2 .2
+24 I3 cos @ sin fe~2 sin ‘9/ €2 5in” @ o6t gy — 12 I3 cos 0 sin fe ™2 s 0/ e? 5" W oo wdw
0 0
2 0 s 2 .2 9 .2 2
—24 I cos® @ sin fe2 sin 9/ e2 S Wy + 94 I3 cos® 0 sin fe 2 50 6/ g2 sin"w (0034 w) dw
0 0

0 )
+48 I cos® 0 sin fe—2 sin” 9/ Q2sin’ w9y 15 cos® O sin fe ™2 sin® 9/ 2 sin’ wypy,
0 0
0
—48 I5 cos® 6 sin e 2 sin 0 [ o2sin® w oocd oy 16 cos? 0I5+ 9 cos® 0I5 + 5 cos® 015
0
—12 cos?0I; — 815 cos'®6 + 8 cosb 01, —4 cos%I, — 515+ 101 + 6 cos? 61,

1
—6 cos* 017 + 3 cos* 01, + 10 cos® 913)
2 — Iy’

1 . ) o
s1,8(0) = D o2 sin 0 (—4 cos® 01, — 48 I3 cos® @ sin fe—2 sin 9/0 2 sin” w ooed 4y

0
—3 cos* 0I5 + 14 cos? 0I5 — 24 I5 cos® O sin fe 2 sin? 9/ €2 sin* W o6t 4wy

+3 cos® 0I5 — 2 cos® 015 + 24 I3 cos® O sin fe—2 sin° 9/ o2 S0 W 0062 4y
0

0
+6 cos* 017 + 8 cos® 01, + 71, — 24 I5 cos® 6 sin fe 2 sin’ 9/ 2 sin’ wepy,
0
0
—12 15 cos® 6 sin fe—2 sin” ef()@ez sin® w oy 1 48 I cos® fsin fe—2 sin’ 9/ e2si’wg,, g I cos'® 6
0
0
—7 cos? 0I5 + 12 I5 cos® fsin fe 2 sin? 9/ 2sin® w 0062 0oy
0

0
. . 1
24T 39 9—251n20/ QSlnzwd 147
+ 1 cos” 0 sin e 0e w 1 7_12_'_2],
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0 0
s19(0) = — / 2 sin® w gin 4 cos wdw | cost  + / 2 sin® w gin 4 cos wdw
0 0
2 2 . 2
—e? 570 0058 9 — 2 cos® 9/ ? S0 in  cos wdw — e* 5 cosb 9

0
.2 in2 .
+5/362 sin QCOS49+2/62 sin® w cos3w51nwdw
0

0 2
a2
—4 cos® 9/ 2sin® w 068 1) sin wdw — 3 e2 50 0109
0

0
.2 in? :
4e2sin" 00520 9 / €2 5" W ¢6g3 w sin wdw | cos* 6,
0

0
i 2 2 . 2
s1,10(0) = -3 ? SN 0% cos? § 412 /62 ST W o83 wsin wdw | cos* 6 — 3e? 570 cosb 9
0

0 0
.2 .
-9 / e? S gin  cos wdw | cos? 6 + 6 / e2 510" W gip w cos wdw | cos 0
0 0

0 0
in2 . in2 .
+6/62 SIn"w 663 4 sin wdw — 18 / e2 31 oog3 w sin wdw | cos? 0
0 0
0 L,
—|—3/ 2 sin” w gin 4 cos wdw + 262 59 cos® 0 | cos? 0,
0
L 5 sine? 2 —2sin’% 6 92sin2w 70
s1,11(0) = —ge SO cog?f | —611 e =™ e dw + 4 cos’ 6sin 013
0

0
. o a2 s 2
—4 cos® 0sin 017 + 6 Iy cos? fe~2 sin 9/ e2 S Wy
0

0 0
2 .2 o win2 ;2
—121; cos? fe=25n 9/ e? S Wy — 337250 9/ e? S cog? wdw
0 0

0 0
+2 0083 951n 9[2 + 24 Il COS4 96_2 sin? 9/ 62 sin? wdw + 12 13 COS2 96_2 sin? 9/ e2 sin? w COS4 ’lUdU}
0 0
6
+12 I3 cos* fe2 sin” 9/ 2sin® w 662 4y — 2 cos §sin 01,
0

6
—121, cos* fe—2sin 92/ ? 50" Wy 4 cos Osin 01,
0

0
L2 a2
—|—6[3 e—2 sin 9/ e2 sin wCOS4’Lwa
0

6 (2

. 2 s 2 9 ain2 2

—24 13 COS4 96_2 sin @ / e2 sin“ w COS4 wdw + 3 I2 e 2 sin 9/ e2 sin wdw
0 0

1

9
. — 2
— cos3Osinflz — 6 I3 cos? fe—2 5% 0 [ o2 sin*w 0 20 _
0 2L -1
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0

.2 i 2 .
s1,12(0) = 13 —12¢25in 0/ e2 5" gin w cos wdw — 15 cos* 6 — 2 cos® 6
0
2 6 102 a2 0 i 2
+24 cos* fe—2 sin 9/ e2 S W gin w cos wdw — 24 cos? fe~2 50 6/ e2 S 0o¢3 1 sin wdw
) 0 0
g g )
—24¢~2sin 9/ e2 1" o053 w sin wdw + 8 cos® 6 + 4 cos? 6
0
2 9 a2
+48 cos? fe—2 sint / e2 s cog3  sin wdw
06
.2 a2 . s 2 .
—12 cos? e~ 2 sin 9/ e? 50" W gin w coswdw + 5 | €257 % cos B sin b,
0
1 2 p.—2 sin? 6 9251n2w :
s1,13(0) = — | —12 cos® fe e sin w cos wdw
12 o
.2 2 .
+24 cos*fe2sin ‘9/ e2 51" W ginw cos wdw + 8 cos® O — 3 cos* 6
% 0
2 2 . 9 ain2 L2 .
—24 cos? fe~2sin 9/ e2 50" W 6663 4 sin wdw + 48 cos? fe2 5 0/ e2 S 0¢84 sin wdw
0 0
) .
—1—2 cos® @ —2 cos® ) e 5" ¥ cos fsin 6,
)
1 o2 2 .
s1,14(0) = T 14 48 cost Pe=25in"0 [ o2 sin"w (30 ginwdw + 8 cos® 6
0
0
.2 L2 .
—24 cos? fe~2sin 9/ e2 51 cog3  sin wdw — 10 cos® 6
%
.2 2 .
—24 cos f*e—2 5in 9/ e2 S W gin w cos wdw — 2 cos® 0
%6
2 win2 . o2 .
+12 cos? fe—2 sin ‘9/ e? S W gin wcos wdw + 3 cos? 0 | €259 cosfsin b,
0
1 2 p.—2 sin? 60 62sin2w 3 : 6
s1,15(6) = 12 24 cos? fe e cos” w sinwdw + 10 cos” 6
0

2 02 .
+24 cos* fe=2 sin ‘9/ e2 1" W gin w cos wdw
0

0
2 2 .
+48 cos? fe=2 sin ‘9/ e? S W o83 sin wdw
0

)
.2 L2 .
+3 cos? O + 12 cos? fe=2 50" 0 [ o2 807w gin s coswdw + 8 cos® @

0
—14 cos? 6 — 7) e? 510”0 o5 P sin 0,
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0
1
s1,16(0) = —3 6 2 sin w068 w sin wdw — 12 e2 510" @ gipy 4 cos wdw | cos® 0
0

0
s 2 s 2 22 .
+e2 51070 052§ 4 425170 cos8 9 — 12 / e? 5" ¢og3 w sin wdw | cos? 6
0

0
.2
+24 / 2 510° W (063 1 gin wdw | cos? 6 — 4e2 507 0 cogb §
0
o 2 2
+6 / e2 51" W gin w cos wdw | cos? 6 — 25070 cogt g
0

0
+3/ 2 50° W gin 4y cos wdw | cos? 6,
0

0

1 o2 <in2 .
s1,17(0) = T 48 cost fe=2sin" 0 [ g2 57w (3 0 gin wdw
0

0 0
2 —
—12¢72sin 9/ 2 sin’ w gip 4 cos wdw — 24 cos? e~ 2 510 9/ 2 sin” w iy 4 cos wdw
0 0

136 cos? fe—25m0° | o250’ W i 0 coswdw + 8 cosS O+ 1 + 21 cos* 6
0

0
.2 .2 . _ .2 .2 .
42472570 [ (2507w (0634 gin wdw — T2 cos? Pe 2 S 9/ e2 517 % 6683 4 sin wdw — 8 cos? 0
0

0
—22 cos® §) * s 9% cosfsin 6,
1

0

2

s1,18(0) = T —24 cos? fe—2 sin 9/ 2 sin® w i ) cos wdw
0

0
. o . 2 . .
—24 72 sin 9/ e2 51 W 053 4 sin wdw 4 16 cos® 6 — 5
0

0
.2
+12 cos? fe2sin 9/ 2 sin® w i ) cos wdw
0

0
o o ]
—9 cos* 6 — 24 cos? he2 sin ‘9/ e2 S o3 4y sin wdw — 10 cos® 6
0

0
2 2 A
+12e2sin ‘9/ e2 S W gin w cos wdw + 8 cos® @
0

0
.2 s 2 . .o A
+48 cos? fe~2 sin 9/ e? S0 cog3 w sin wdw | 2 5™ ¥ cos fsin 0,
0
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51,10(0) =

81,20(9) =

3
—cosfsinfI; — 3 cos® @sinO15 + cos? A sin O1,

0
1 . . .2 2
—Z @250 00520 [ 2 cosOsinfI; — 18 I; cos? e 250”0 [ g2sin"wyg,,
0

9 0
.2 .2 o 2 2
+9 I, cos? fe=2 sin ‘9/ e? S W iy + 18 I3 cos? fe 2 sin 9/ e2 5" W oot wdw
0 0
.2 4 2
+ cos® 0sin 013 — 6 I cos* fe—2 sin 9/ e2 s W,
0

0 0
.2 .2 o win2 .2
+6 I3 cos* fe—2 sin ‘9/ e2 S W oo wdw + 6 I, e 72510 9/ e s Wy,
0 0

0 0
. _ 2 2 _ 2 2
+2 cos 07 sinfI5 — 3 [ e~ 250 0/ e2 S Wy — 95 cos? he2 50 9/ e 5" 6682 wdw
0

0

0 0
.2 .2 9 win? 2
—12 IB cos? fe—2 sin 0/ 62 sin” w COS4 wdw + 121, COS4 fe 2 sin 0/ e2 sin”w 7.,
0 0

0 0
. 9 ain2 2 9 ain2 2
-2 COS3 081119]1 _ 6[3 e 2 sin 0/ e2 sin® w COS4 wdw + 3[3 e 2 sin 9/ e2 sin® w (3082 wdw

0 0

0
1 sin2 2 2
_g e2 sin” 0 -6 IS COS4 9672 sin” 6 62 sin® w COS4 wdw
0

0
. o ain?2 .2
+2 cos® Osin 0I5 + 12 I cosb fe—2 sin 9/ e2sin”w g,
0
2 0 2 . 2 0 o
—612 0086 96_2 sin 9/ e2 sin®w g, _3[2 COS4 96_2 sin 0/ eQ sin® w gy
0 0

. Lo i p2 o2
—3 cos®Osin I3 — 12 I3 cos® fe—2 sin? / e2 s oot wdw
2 o 2 ’ s 2 ¢ a2
16 Il COS4 8672 sin” 6 62 sin®w g, 6.[1 672 sin 0/ e2 sin” w gy 4 C055 0 sin 9[2

0 0
+4 cos® Osin 0I5 + 3 cosfsin 01 + 3 cos’ OsinO15

0 0
. 2 2 9 ain2 2
—3[3e 2sin 9/ e? 5 cos? wdw + 3 I cos? he2 S 0/ e2 5w 6682 wdw
0, 0

43 [, e 2sin” 9/ s W, 6 cosOsin O — 2 cos® O sin 01,

0
0

+6I3e72 sin’ 9/ 2 1% W cost iy — 4 cos® fsin 01, + 215 cos® Osin 6
0
+6] 6825in26/92sin2w 2 d 1
cos® fe e cos” wdw | ——
3 0 20 — I’
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1 . . o _
s1,21(0) = 5 o2 sin6? (2 cos* §I5 — 48 I3 cos® 0 sin fe 2 sin? 6/ e2 sin* W o6t
0
. 2 g 2
—3 cosb I3 — 4 cosb 01, + I, — 12 I3 cos® O sin fe—2 sin? / e2 S W o682 wdw
0
0
—6 cos*0I; — 815 cos'®@ — 21 + 24 I5 cos® fsinfe™? sin’ 9/ €2 s10° W cost 4y
0
0 0
—24 I5 cos® 0 sin fe—2 sin ‘92/ 2 s’ wyp, + 121, cos® 0 sin e 2 sin” 9/ 2 sin’ wyp,
0 0
0
—24 I cos® @ sinfe 2 sin” 9/ o2 sin*w gy, + 10 cos® 015
0

0
. 9 sin? in2
+8 cos® 01, — cos? 015 + 24 I3 cos® O sin fe2 si» ("/ e2 S o062 wdw
0

0
+3 cos* 0I5 + 48 I cos® Osin fe—2 sin’ ‘9/ 2wy, | =
o 21 — I

Now we present the expression of so(6).

s0(0) = s0.1(0)araci1 + so0.2(8)azocos + s0.3(0)azocor + So0,4(8)asic11 + s0,5(0)az1coz + S0,6(60)az1c20
+50,7(0)coz2cs0 + S0,8(8)aoza12 + s0,9(0)ao2cos + S0,10(0)ao2c21 + S0,11(0)aosa11 + so,12(0)aoscoz
+50,13(0)aozc20 + S0,14(8)ar1a21 + s0.15(0)ar1c12 + s0,16(0)a11¢30 + S0,17(0)a12a20
+50,18(0)a11a12 + s0,19(0)aozaz20 + 50,20(8)ao2a21 + 50,21 (8)ar1c21 + 50,22(8)c20¢30
+50,23(0)c11¢03 + 50,24 (8) co2co3 + S0,25(0)c11¢21 + 50,26 (8)c12¢20 + S0,27(0)coac12 + S0,28(6)ao2c12
+50,20002¢30 + 50,30(0)ao2a03 + S0,31(8)a20a21 + s0,32(0)c11¢30 + 50,33(0)c20c21 + 50,34 (0)co2¢21
+50,35(0)cosca0 + S0,36(0)c11¢12 + S0,37(0)az0c30 + S0,35(0)a12¢20 + S0,39(0)azoc12
+50,40(0)a11cos + S0,41(8)a12c02 + s0,42(0)aoscii-

and sg;(6) for i =1--- ,42 are the following:

0 0 0
.2 L2 in2
s0,1(0) = —cos?0 | 2 cos* 9/ ™ ¥ coswdw + / e cos wdw — 3 cos? 9/ ™ ¥ coswdw
0 0 0
0, o o,
—4 cos* 9/ e cos® wdw — 2/ S cos® wdw + 6 cos? 9/ S cos® wdw
0 0 10
L2 2 i 2
+2 cos* 9/ S cos3 wdw + / S o3 wdw —3 cos? 6/ S cos wdw |
0 0 0
0

0 0
.2 s2 in2
s02(0) = —4 cos® 9/ S cos® wdw + 2/ S o8 wdw — 2 cos? 9/ S ¢os® wdw
0, 9 570
.2 L2 in2
+2 cos® 9/ SV o83 wdw — / S cog? wdw + cost 9/ S cos? wdw,
0 0 0 ,

0 0
.2 .2 2
s03(0) = cos?6 (2/ S cos® wdw + 4 cos? 0/ e cos® wdw — 8 cos* 9/ e cos® wdw
0 0 0

0 0 0
) L2 in2
—/ S Y cos® wdw — 2 cos? 9/ S ¥ cos® wdw +4 cos? 9/ S W g3 wdw) ,
0 0 0
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0 0 0
s04(0) = cos®Osind | 2 cos? 9/ sin® v oogandw — / S coswdw — 4 cos? 9/ sin® w0655 1w
0 0 0

0 0 0

.2 .2 s2
—|—2/ S cos® wdw +2 cos? 6 [ ™ ¥ cos wdw — / S cos wdw |
0 0 0

0 0
s05(0) = cos®Osind | 2 cos? 0/ sin 0 i3 wdw — /esm ¥ sin® wdw
0 0

0
.2 . 02 .
+4 cos?0 [ ™ sin® w cos? wdw — 2/ S sin® w cos? wdw | |
0

0 0
.2
S = COS Sin COS € COS™ w s waw — e cos” w sin wdw
0.6 0 39 612 29 sin® w 2 d sin? w 2 d
0 0

0
2 . .2 .
+4 cos? 0 [ e v cost w sin wdw —2/ S Y cost wsinwdw | |
0
0 0,
s0,7(0) = cos®Osind /esm ¥ sin® wdw + 2 cos 0/ s gin3 wdw
0 0
o, 0,
—|—2/ S W gind w cos? wdw + 4 cos? 0 [ ™ sin® w cos® wdw |,
0
o .2 o .2 0 .2
sos(f) = —cos?6 |6 cos 9/ e cos? wdw + 3/ e*" Y cos? wdw — 9 cos? 9/ SV cos® wdw
0 0 0
o 2 o 2 o 2
—4 cos* 9/ S cos® wdw — 2/ S Y cos® wdw + 6 cos? 9/ S cos® wdw
0 0
o 2 o 2 o 2
—2 cos* 9/ S cos wdw 7/ S coswdw + 3 cos? 9/ S Y coswdw |
0 0 0
0
s0.9(0) = —6 cos® 9/ sin w B wdw—|—3/ sin® w0068 dw — 3 cos 9/ sin® w0063 wdw
0

0
+4 cos’ 9/ sin w 665 4w — 2/ sin® w 6665 4w + 2 cos 9/ sin® w 065 4w
0

0
2
+2 cos® 9/ sin w o5 apdw — /e““ Y cos wdw + cos 0/ sin w o wdw,
0
0 s 2 s 2 2
s0.10(0) = —cos*0 —3/ S cos3 wdw — 6 cos? 6/ S cosd wdw + 12 cos? 9/ S cos® wdw
0 0 0
o o, o,

+2/ S 08 wdw + 4 cos® 9/ S 08 wdw — 8 cos? 9/ S ¢o8® wdw

0 0 0

0 o, o,
+/ e0° ¥ coswdw + 2 cos 0/ S W cogwdw — 4 cos? 9/ e Y coswdw | ,

0 0 0

%
; 22
$0,11(0) = cosfsin | 2 cost 0 | o5 W epg2

0
. in2 .
wsinwdw + / S cos? w sin wdw
0
2 o sin? w 2 : 4 o sin? w 4 :
—3cos®f [ e cos®* wsinwdw — 4 cos™ 0 [ e cos™ w sin wdw

6 6
in2 . in2 .
—2/ e cost w sin wdw 46 cos? 9/ S W cost w sin wdw |
0 0



0 0
: in?w - in?w
s0.12(0) = —cosfsinf | 2 cos? 0/ S sin3 wdw +/e““ ¥ sin® wdw
0 0

0 0
. 2, 202 .
—3 cos? 9/ S sind wdw + 4 cos® 0/ S sin3  cos? wdw
0 0
0 0
—|—2/ S W gind 1 cos? wdw — 6 cos? 9/ S W gind w cos? wdw |
0 0
o, o,
s0,13(0) = —cosfsinf | 2 cos? 9/ S cos? w sin wdw + / S cos? w sin wdw
0 0

0 0
2 . 2 .
—3 cos? 9/ e cos? w sin wdw + 4 cos? 9/ S cos® w sin wdw
0 0

L2 i 2
+2/ S cost w sin wdw —6 cos? 0/ S cost w sin wdw | |
0 0

0 0
. 1 2 . in2 .
50.14(0) = —cos®sinf | 2 cos? 9/ SN 082 w sin wdw — / S Y 082 w sin wdw
0 0
0 o2 o
—4 cos? 6 [es™" ¥ cos® w sin wdw +2/ S Y cost wsinwdw | |
0
o o
s0.15(0) = cosBsinf | — cos? 0/ S Y 082 w sin wdw — / 5" ¢0g? w sin wdw
0 0
0 0
4 sin? w 2 . 2 sin? w 4 :
+2 cos* 0 [ e cos” wsinwdw + 2 cos“ 0 | € cos”™ w sin wdw
0 0

0 0
.2 . .2 .
—|—2/ S cost w sinwdw —4 cos? 9/ S cost w sinwdw | |
0 0
0

9
. in? . in2 .
s0.16(0) = —cos®Osinf / S ¥ cos? w sin wdw + 2 cos? 9/ "™ cos? w sin wdw
0 0

0 0
L2 . .2 .
—2/ S W cost w sin wdw —4 cos? 9/ S cost w sin wdw | |
0 0

0 0

.2 - .2 5
s0.17(0) = cos?0 | —4 cos? 9/ e v cos® wdw — 2/ S Y cos® wdw
0 0

0 0 0
.2 .2 2
+6 cos? 9/ e cos® wdw + 2 cos? 0/ S cog3 wdw + / S 083 wdw
o 0 0
2
—3 cos? 9/ S cos? wdw |
0
0 2
s0.18(0) = cos?0 | 2 cos? 9/ S cos? w sin wdw
0
0 0
sin? w 2 : 2 sin? w 2 .
+ [ € cos” wsinwdw — 3 cos“0 [ e cos” w sin wdw
0 o,

21 2 . 31 2 .
—4 cos? 9/ S ¥ cost w sin wdw — 2 / S ¥ cost w sin wdw
0 0

0
.2 .
+6 cos? 9/ S cost wsin wdw | |
0
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50,19(8) =

S0,20(8) =

S0,21(0) =

50,22(0) =

S0,23(0) =

50,24(0) =

50,25(6) =

6 6
A .2 = 2
cosfsin® [ —4 cos* 9/ MM Y cos® wdw — 2/ S Y cos® wdw
0 0

0 0 0
. 2 2 12
+6 cos? 9/ S cos® wdw + 2 cos? 9/ S cosd wdw + / S cos® wdw
0 0 0

0
.2
—3 cos? 9/ S cos? wdw |,
0
9 2
cos30sinb [ 6 cos? 0 / S cog3 wdw
0

o 2 o 2

—3/ S 083 wdw — 4 cos® 9/ S ¢08% wdw
0 0

0 0 0
.2 2 2
+2/ S Y cos® wdw — 2 cos? 0/ e Y coswdw + / e Y ecoswdw | ,

0 0 0

0
0 in2 . in2 .
cos?0 | — fo e % 052w sin wdw — 2 cos? 9/ S 082 4w sin wdw
0

0 0
21 2 . 31 2 .
+4 cos* 9/ S ¥ cos? w sin wdw + 2 / S ¥ cost w sin wdw
0 0

0 0
in2 . in2 .
+4 cos? 9/ S cost w sin wdw — 8 cos? 9/ S cost w sinwdw | |
0 0

6 0
. 31 2 . 31 2 .
cos® fsin @ / e cos? w sin wdw + 2 cos? 9/ e cos? w sin wdw
0 0

0 0
.2 . .2 .
—|—2/ S Y cost w sin wdw +4 cos? 9/ S cost w sinwdw | |
0 0

0 0 0
.2 . 2 G2
—2 cos?® 9/ e ¥ coswdw + / S coswdw — cos? 9/ e ¥ cos wdw
0 0 0
0 0 0
6 sin? w 5 sin? w 5 4 sin? w 5
+4 cos®l | e cos’wdw —2 [ e cos®’wdw + 2 cos* 0 | e cos® wdw
0, 0 570
.2 L2 in2
—2 cos’ 0/ S cos? wdw + / S cos® wdw — cos 04/ SV cos3 wdw,
0

0 0
(4 4

)
in2 w - inZw - in2w .
-2 / S ¥ gind wdw | cos® 0 + / S gind wdw — cos 94/ S gind wdw
0 0 0
)

0
.2 . 2
—4 / e v gin? w cos? wdw | cos® 6 + 2 / e gind w cos? wdw
0 0

0
2 .
—2 cos?t 9/ S W gin3 w cos? wdw,
0
0 0

0
.2 . 2 .2
—cos? 0 7/ ™ Y coswdw — 2 cos 02/ e coswdw + 4 cos? 9/ e Y coswdw
0 0 0

9 6 9
L2 s2 in2
+2/ S cos® wdw + 4 cos? 0/ S cos® wdw — 8 cos? 9/ e cos® wdw
0 0 0

0 0 0
.. 2 22 <in 2
—/ S eog3 wdw — 2 cos? 9/ S cog wdw +4 cos? 49/ S g3 wdw | |
0 0 0



50,26(0) =

S0,27(6) =

S0,28(0) =

S50,20(6) =

50,30(9) =

50,31(0) =

50,32(0) =

0 0
—cosf@sinf | — cos? 9/ sin w 662 ) sin wdw — / 510”0652 ) sin wdw
0 0

) 0 0
in? . in2 . in2 .
+2 cos? 9/ S 0082 w sin wdw — 2 cos? 9/ S cogt w sin wdw — 2/ S cogt w sin wdw
0

0
.2 .
+4 cos* 9/ S ¥ cost wsinwdw | |
0

9 o
. in2 .
—cosfsinf | — cos? 9/ S v gind wdw | — / Sin” w gin3
0 0

0 0 0

+2 cos? 9/ &S ” gin3 dw — 2 cos? 9/ S0 gin3 4y cos? wdw — 2 / 0”@ 5in3 4y cos? wdw
0
0
+4 cos* 9/ sin® w i3 1 cos? wdw ,
0
0 o
—cosfsin® [ =3 cos?20 [ ™ ¥ cos? wdw — 3/ S o83 wdw
0
0 a2 9 .2
+6 cos* 9/ S 083 wdw + 2 cos® 9/ S cos® wdw
0 0 0 0

+2/ sin® w0065 4pdw — 4 cos 0/ sin w6665 1 duw + cos 0/ sin w666 4pduw

0 0 0

0 0
02 2
+/ SV cogwdw — 2 cos® 9/ e Y eoswdw |,
0 0

0 0 0
cos® @ sin 3/ S0 0063 wdw + 6 cos? 0/ sin w 0663 4pdw — 2/ sin w 665 1 duw
0 0 0

0 0 0
o 2 02
—4 cos? 9/ 510 W 005 apduw — / S coswdw — 2 cos? 0/ e Y eoswdw |,
0 0 0

6
2
—cosfsinf | 6 cos 9/ sin® w0068 wdw + 3/ ST W cog3 wdw
0

0
-9 cos 9/ sinw® 063 dw — 4 cos 9/ sin’ w (65 wdw—2/ sin w 065 4w
0

0

2
+6 cos? 9/ sin®w 065 4pdw — 2 cos 9/ $in’ w o6 wdw — / e ¥ cos wdw
0

+3 cos Gfo esin’ W cog wdw) ,

6 0
3, . 2
—cos30sinf | —4 cos? 9/ S o8 wdw + 2/ sin w 6665 4w
0 0
o 2 o 2
+2 cos? 9/ S cog3 wdw — / S cos® wdw | |
0 0
0 0 0 )
. |4
cos® Osin 6 / SV cog wdw + 2 cos 9/ sin w 606 apdw — 2/ sinw™ (068 wdw
0 0 0
o 2 o 2 o 2
—4 cos? 9/ S cos® wdw —|—/ S cos? wdw + 2 cos? 49/ SV g3 wdw |,
0 0 0
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0
0 gin2 .
s0.33(0) = —cos?0 (— [ s W cos? wsinwdw — 2 cos? 0 10" ¥ 0052 4y sin wdw
; 0
0
0 0
+4 cos* 9/ sin’ w 062 1 sin wdw — 2 / sin w o064 4 sin wdw
% 0 0
2 . 2 .
—4 cos? 9/ S cost w sin wdw + 8 cos? 9/ S eost w sin wdw |
0 0
0 0
s0.34(0) = —cos?0 7/ W gind wdw — 2 cos 9/ sin w in3 wdw
0 0
9 2 o 2
+4 cos* @ [ ™ ¥ sind wdw — 2 / S W sin® w cos? wdw
0 0 0
sin2 . sin2 .
—4 cos? 9/ S ¥ sin® w cos® wdw + 8 cos? 9/ S ¥ sin® w cos® wdw | |
0
0 0
s035(0) = —2 cos® 0/ sin” w 062 1) sin wdw + / sin” w 062 1) sin wdw
9 0

— cos 9/ sin® w662 4y sin wdw — 4 cos 9/ sin® w 6064 4 sin wdw

0
+2/ sin® w o064 4 sin wdw — 2 cos 9 ¥ cost w sin wdw,
0

0 0
. i 2
s0.36(0) = —cosfsinf | — cos? 9/ sin® w o0 ndw — / S cos wdw
0 0

0
+2 cos (9/ sin® Y coswdw + 2 cos 9/ sin w 565 wdw—|—2/ sin® w 6665 4w
9 0
—4 cos 9/ sin® w 65 1dw — cos 9/

+2 cos?* 9/ sin® w 663 1dw ,
0

]
sin® w 663 4w — /esmw cos® wdw
0

0 0
. L2 2
s0.37(0) = —cos®0sinf —2/ S cos® wdw — 4 cos? 9/ S cos® wdw
0 0

) 0
+/ " W cosB wdw +2 cos 0/ sin w0663 wdw ,
0 0

o 2 0 2

s03s(0) = —cos?0 | 2costd [ ™V cos? w sin wdw + / S0 082 w sin wdw
0 ;
—3 cos? 0/ sin” w 0062 1) sin wdw + 4 cos 9/ sin’ w o6t 4 sin wdw
0 0

6
in2 . in2 .
—|—2/ eI cost w sin wdw —6 cos? 9/ S cost w sin wdw |
0 0

0 0 0
. sin? < 2
S0,39(0) = cosfOsinf | 2 cos? 9/ S ¢o8® wdw + 2/ sin® w065 4pdw — 4 cos 9/ S cos® wdw
0 0 0

0 0 0
.2 22 in2
— cos? 9/ S s wdw —/ S cos® wdw + 2 cos? 0/ S cos® wdw |
0 0 0
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0 0 0
S0,40(0) = 2 cos® 0/ 0% W 652 4 sin wdw — / 10 ¥ 0052 4y sin wdw + cos® 0/ 10" W 052 4 sin wdw
0 O e
—4 cos® 9/ sin’ w o6t 4 sin wdw + 2 / sin w 06t 4 sin wdw — 2 cos 0/ sin’ w o6t 4 sin wdw,
0 0 0
o, o, 0,
s0.41(0) = —cos®0 <2 cos? 9/ S W gind wdw + / e Y gin® wdw — 3 cos? 9/ S W gind wdw
0 0 0
0
+(4cos? + 2 — 6 cos®0) / sin® w ind 4 cos? wdw,
0 02 0 ) 0
S0,42(0) = —cosfsind | 2 cos? 9/ S cogwdw + / S coswdw — 3 cos? 0/ e cog wdw
0 0 0
0 0 0
—4 cos? 9/ S0 W 055y — 2/ S0 W 655 4w + 6 cos? 9/ 1% W 0085 4w
0 o 0
+2 cos? 9/ sin w 063 1 dw +/ sin w 6063 apduw —3 cos 9/ sin w (63 wdw) .
0 0 0

Now we have

51(0) = 81.1(0)cozciz + 51,2(8)coscso + 51,3(0)aoscos + 51,4(0)azico3 + 51,5(0)cs0c12 + 51,6(0)c12a21
+51,7(0)cs0a21 + 51,8(0)apzazn + 81,9(0)aoszczo + 51,10(8)aozciz + 81.11(0)ar2cos + 51,12(0)a12¢21
+51,13(0)cozcar + 51,14(8)az1c21 + 31,15(0)az1a12 + 51,16(0)cr2a12 + 31,17(8)apzcan
+51.18(0)aoza12 + 31,10(0)cs0c21 + 51,20(0)cz0a12 + 31,21 (0)cr2car + 51,22(0)a,
+51,23(0)c31 + 51,24(0) 30 + 51,25(0)ads + 51,26 (0)cFs 4 31,27(0) a5y + 51,28(0) ¢t

and §1 ;(0) for i = 1--- , 28 satisfying the following expressions:
51,1(0) = —% (16 cos® 6 + 34 cos® @ + 37 cos* O + 8 cos? O — 5) (0052 0 — 1)2 ,
512(0) = 1—12 (cos?6 — 1) (16 cos'® 6 + 38 cos® 6 + 53 cos® 0 + 15 cos* 0 — 7 cos?§ — 7) ,
51,3(0) = —% (16 cos® 0 + 14 cos® 0 + 15 cos* @ — 16 cos? 0 + 1) (0052 0 — 1)2 ,
51,4(0) = % (0052 0 — 1) (16 cos'06 + 18 cos® @ + 19 cos®  — 15 cos* § — cos? 6 — 1) ,
515(0) = D cosfsin® 0 (2 cos? 0 + 1) (8 cos* 0 + 12 cos? 0 + 7)
51,6(0) = 122 cos 0sin® 0 (16 cos® 0 + 12 cos* 0 — 2 cos? 6 + 1)
51,7(0) = g cos® 0 sin® 6 (8 cos® 0 + 8 cos* @+ 5 cos? 9 — 3)
518(0) = % cosfsin® 0 (—1 4 2 cos?§) (8 cos*f + 1),
51000)= — cos Bsin® 6 (16 cos% 0 + 12 cos* @ + 6 cos? 9 — 7) ,

. :

51,10(0) = g cosOsin’ 0 (8 cos? 0 + 4 cos? 0 — 3) ,

$111(0) = 4 cos® 0sin® 0 (cos® 0 + cos? 0 + cos? 0 — 1),

§1,12(0) = —3 cos® O sin® 0 (4 cos?h — cos? 6 — 1) ,

f1.3(0) = % cos® Osin @ (=5 cos® 0 — 2+ 5 cos® 0 + 4 cos" 6 + 4 cos® 0)
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51,14(0) = —1—12 sin? 6 cos? 0 (32 cos® @ — 4 cos® 0 — 6 cos* 0 — 3 cos? 6 — 1) ,
51,15(0) = % sin* 0 cos2 0 (—1 + 2 cos? 9) (8 cos* @ + cos? 6 + 1) ,

51,16(0) = 'F sin® @ cos? 0 (16 cos* 0 + 10 cos? 6 — 5) ,

S117(0) = I sin? 0 cos? 0 (32 cos®0 — 12 cos* 0 — 6 cos? 6 + 1) ,

5118(0) = % sin® @ cos? 0 (8 cos?f —1) (—1+2 cos?),

51,10(0) = —% sin? 0 cos? 0 (32 cos® @ + 36 cos® @ + 14 cos* @ — 21 cos? O — 7) ,
51,20(0) = 11—2 sin? 6 cos? 0 (16 cos® @ + 14 cos* @ + 7 cos? O — 7) ,

51,21(0) = —% sin? 0 cos? 0 (32 cos® 0 4 28 cos* 6 — 10 cos? 6 — 5) ,

51,22(0) = 1 cos® Osin” 0 (—1 4 2 cos?6)

51,23(0) = 3 cos® fsin b (2 cos? 6 + 1) (4 cos*f — 1 — 2 cos? 0) ,

§1.24(0) = % cos® 0sin® 0 (2 cos? 0 + 1) (4 cos* 0 + 7 cos?0 +7)
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