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L1 scheme on graded mesh for subdiffusion equation with
nonlocal diffusion term
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Abstract

The solution of time fractional partial differential equations in general ex-
hibit a weak singularity near the initial time. In this article we propose a
method for solving time fractional diffusion equation with nonlocal diffusion
term. The proposed method comprises L1 scheme on graded mesh, finite ele-
ment method and Newton’s method. We discuss the well-posedness of the weak
formulation at discrete level and derive a priori error estimates for fully-discrete
formulation in L?(£2) and H'({2) norms. Finally, some numerical experiments

are conducted to validate the theoretical findings.
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1 Introduction

The study of nonlocal problems has gained considerable attentions in recent years
(see, |[1-4,7] and references therein). Author in [4] consider the following parabolic

nonlocal problem

up—a(l(u)) Au+ flu)=h in Q=02x(0,T),
u(z,t) =0 on X =1 x(0,T), (1)
u(z,0) =up(x) in L2,

where {2 is a smooth bounded open subset of R? (d > 1) with smooth boundary
and [ : L*(f2) — R is a continuous linear form. This type of problems, besides
its mathematical motivation, arises from physical situations related to migration of a
population of bacterias in a container (say domain (2) where u describes the density
of the population of bacteria. The velocity of migration (¢) of this population is pro-

portional to the gradient of the density with a positive factor 'a’ depending on entire
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population, that is ¥ = aVu, a = a(fQ udx). Authors in [5] have mentioned that
fractional order differential equations are naturally related to systems with memory
which exists in most biological systems. Also, in the nature there exist many pro-
cesses that can not be adequately described with classical exponential law which is
corresponding to integer order derivative. For example, the dynamics of population
densities can follow a law that behaves like the exponential one but changes slowly or
faster than the exponential function (for more details see [6]). This motivates us to
consider following time fractional partial differential equation (PDE) with nonlocal

diffusion term: Find w such that

cDfu(z,t) —a(l(u)) Au(z,t) = f(u) in 2 x (0,77, (2a)
u(z,t) =0 on 0 x (0,77, (2b)
u(z,0) =up(x) in £, (2¢)

where (2 is an open bounded subset of R? (d = 1 or 2) with smooth boundary 92,
l(u) = [, u(z,t)dr and the Caputo fractional derivative {Dfu(x,t) (0 < o < 1) is
defined as [16]

¢ Dou(z, 1) :ﬁ/o (t— sy 2489 4oy oy (3)

Problem - is a time fractional version of the integer order nonlocal parabolic
problem given in [1,2,/4]. Authors in |13-15] have studied similar nonlocal problem
using finite element method with uniform time grid. Due to wide range of applica-
tions, the development of effective numerical methods for time-fractional parabolic
PDEs is of great importance. Many efficient time-stepping schemes have been pro-
posed in the literature for linear time fractional PDEs. Mainly, these schemes can
be divided into two class: L1 type schemes and convolution quadrature (CQ) (See
[8,9,[11112//19,24-31] and references therein). An important consideration in the de-
velopment of numerical methods for fractional diffusion problems is that solution u is
weakly singular in time near time ¢ = 0 [10,/11,23,24},28,30]. Authors in [24] consider

the following time fractional diffusion equation:
SDfu(z,t) — Au(e,t) = f(u) in 2% (0,7],
u(z,t) =0 on 082 x (0,77, (4)
u(x70> :u()(x)a n {2,

They show that if ug € HJ(£2) N H?(2) then the solution to problem (4] satisfies
|0l r2(2) < Ct*!. The spaces L*(£2) and H™({2), for m = 1,2 are defined in the

next section. In our work also, we assume that the solution to problem satisfies
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Ju®@ ()| 2y S 14+t for I = 0,1,2 and ¢ € (0,7]. In case of weak singularity
near ¢t = 0, the L1 scheme on uniform mesh for problem gives O(7%) order of
convergence in maximum norm in time, where 7 denotes the time step size (see
the numerical section) [24]. To overcome this issue, we analyse the L1 scheme on
graded mesh [10,|11] for the problem having initial singularity at ¢ = 0. We have
shown that with appropriate choice of the grading parameter r, one can recover the
optimal convergence order 2 — «v in temporal direction. Another concern of this work
is to derive the optimal order of convergence in L?*(2) and H'({2) norms in spatial
direction. Authors in [19] have pointed that due to initial singularity of the solution
and the discrete convolution form in numerical Caputo derivative, the traditional
H'(£2)- norm analysis (corresponding to the case for a classical diffusion equation)
to the time fractional diffusion problem always leads to suboptimal estimates. A
similar conclusion is also drawn in [32], where authors have used direct discontinuous
Galerkin method for solving the time fractional diffusion equation. For the derivation
of optimal error estimate in H'({2) norm, we follow the idea given in [9,19]. To the
best of our knowledge this is the first attempt when L1 scheme on graded mesh is
used for solving the subdiffusion equation with nonlocal diffusion term. The main
contribution of the present work are summarized below.

e To handle the weak singularity in the solution, we approximate §D{u(z,t) by well
known L1 scheme on graded temporal mesh [11].

e For nonlocal term and nonlinearity in right-hand side, we use Newton’s method.

e We derive a priori bound for the fully discrete solution in L*(§2), H3(§2) norms and
prove the existence-uniqueness of fully discrete solution.

e In previous papers [1315], the authors have shown convergence in L?({2) norm
using uniform mesh. We prove optimal rate of convergence in L%*(2) and H'({2)
norms using graded mesh.

Throughout the paper, C' denote a generic constant (not necessarily same at different
occurrences) while C;, i = 1,2,3...15, are fixed constants; all these constants are
independent of mesh parameters A and .

The rest of the paper is organized as follows: In Section 2, first we recall some
basic definitions and then define the weak formulation of given problem . In Section
3, we give fully-discrete scheme and derive the a prior: bound for the fully-discrete
scheme. We prove the existence-uniqueness of fully-discrete solution in section 4.
Error analysis of our proposed scheme is presented in Section 5. Finally, numerical

results in Section 6 confirm our theoretical estimates.



2 Preliminaries and weak formulation

Let L?(f2) be the space of square integrable functions on {2 with inner product
1

(91.92) = [, 91(®)g2(x) do and norm ||g;|| = (fQ |gl(m)|2dx>§. For a non-negative

) 1/2
integer m, H™({2) denote the Sobolev space on {2 with the norm ||w||,, = ( > o<a<m | G H2> :

Also, we write ||w||geo(zm) = supg i< [|w||m and

HY(Q) = {v e HY(Q) v = ()onarz}.

The weak formulation of given problem (2)) is: find u(-,¢) € HJ(£2) such that for each
t € (0,7] one has

(D5 u,v) + a(l(w)) (Vu, Vo) = (f(u),v), Vv e Hy(). %)
u(z,0) =up(x), in 2.

In our further analysis, we need following hypotheses on given data.

e H1l: a: R — R is bounded with 0 < m; < a(zx) <my < 0o, Vz € R.

e H2: a: R — R is Lipschitz continuous with Lipschitz constant L > 0, i.e.,

la(x1) — a(za)| < L|zy — xo|, Vap,20 €R. (6)

e H3: ug € H}(2)NH?*(2) and f : R — R is Lipschitz continuous with Lipschitz
constant K > 0, i.e., |f(u1) — f(u2)| < K|uy — ua, for us,us € R.

Under the hypotheses H1-H3, it can be shown that there exist a unique weak solution
of the problem (). For the proof, one can use Faedo-Galerkin method in a standard
way ( [7,/13,/15,23]). Note that for the derivation of error estimates, we require some

additional regularity of solution v and it is mentioned in Section 5.

3 Fully-discrete formulation and a prior: bound

For the spatial discretization, we use Galerkin finite element method (FEM). Let (2,
be a quasi uniform partition of (2 into disjoint subintervals in 1D and triangles in
2D with step size h. Let M > 0 be the finite integer and X} be the M-dimensional
subspace of H}(§2) such that X, consists of continuous functions on closure £2 of {2

which are linear in each T € (2, and vanishes on 0f2. i.e.,

X, = {v € C%(0) v, € Pi(Ty), VI € 2, and v = 0on 8(2}.
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For each i = 1,2,..., M, let ¢;(x) be the pyramid function in X, which takes the value
1 at ¢ — th node and vanishes at other node points. Then {gbi}ij\il forms a basis for
the space Xj.

For temporal discretization, we use L1 scheme on graded mesh [10,[11]. For this let
NeNand 0=ty <t; <ty <..<ty=T be a partition of the time interval [0, T
such that ¢, = T'(§)", for n = 0,1,..., N, where r > 1 is the mesh grading parameter
(for r = 1, the mesh is uniform). Also, the step size is given by 7,, = t,, — t,_1, for
n=12,...,N. For 1 <n < N, let U" denote the approximate value of u at the node
point t,,.

Now, the Ll-approximation to Caputo fractional derivative on the graded mesh [10-

12] is given below.

1 b Ju(z, s)
chv — tn _ —« ) d
0 tnu F(]. . Oé) /0 ( S) 88 S
L5 ’
= Wo g (W, terr) —u(x,ty)) + Eny, Yn=1,2,..,N,
Il —a) p
where
I
W = —— (t, —s) %ds, Vk=1,2,...,n. (8)
Tht1 Jtp_y

For any sequence {vn}ilvzl, let us define a discrete Caputo fractional differential oper-

ator DY, as
1 n—1
a,n .__ k+1 k _
DNU _F(Q——Cy) kZ:Own’k (U — v ), Vn-l,?,...,N,
d d — ®)
_ n,1 n__ n,n n—k
r2—a)" r(z—a)“ r2—a) D (s = dug) 0",
k=1
where
tn - tnf 1ma _ tn - tnf 1o
%ﬁz( ) ( r1) , for 1<k<n<N. (10)

Tn—k+1

In particular, d,,; = 7,,¢. From mean value theorem, it follows that
dn’kJrl < dn’k, for 0 < k S n—1 < N —1. (11)
Let ¢" := D¢ u(x,t,) — Dyu(z,ty).

Lemma 3.1. [8,9,|11] Assume that [uD(t)| < 1+t*79, forq=10,1,2 and t € (0,T).
Then there exists a constant C' such that forn =1,2,..., N,

||<—n”1 < Cn—min{?—oa,ra}. (12)
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Now, following the idea given in [9], we define coefficients bﬁl"_)z and pff_)z as follows:
for1<i<n<N,

d. ..
pM = ST g 1 <i<n < N. 13
S T2 a) or 1<i1<n< (13)
and
RONED RACETI LD v (2 = 02) Pl =12 (1), 14)
" re—-a)ry, ifi=n.
Lemma 3.2. [9,32/ Forn=1,2,....,N, one has
Z pgl_)s Sfmin{Qfa,ra} < Cmein{2fa,ra}. (15)
Lemma 3.3. [18/ Forn=1,2,...,N, one has
< 1.
Zp“r1—a)— (16)

Using the above notations, the fully-discrete scheme for the given problem is as
follows: For each 1 <n < N, find U" € X}, such that

(D%UH,U}L) + a(l(U")) (VU“, Vvh) = (f(Un),’Uh), Yo, € Xy,

17
where u is some approximation of ug(z).
From ((17)), we have for 1 <i < M,
(DYU™, &) + a(lU™)) (YU, Vi) = (f(U™), ¢:). (18)
From (9) and (18], we get
n—1
1 I'2—a«a
(Un7 ¢2) + = _dn,nUO + Z(dn,k—H - dn,k)Un_ky sz + ¥ G(Z(Un))
dn 1 dn 1
’ k=1 ’ (19)
I'2 -«
o, vo) = L= (50, 0)
where weights d,, ;41 (1 < k <n < N) are given in (10)).
Since U™ € Xp, 3 af € R such that
M
— ZQ?@' (20)
j=1



Set a" = [al, ), ..., o). Putting above value of U™ in (19)), we get system of non-

linear algebraic equations
F(a") = F,(U") =0, forl<i<M, (21)

where

dn,1 k=1
r2-—a)

= a(I(U™) (VU", V) —

n—1
Fy(U") =(U", ¢;) + L (—dn,nUO + Z(dn,kzﬂ - dn,k)Un_k7 ¢i>
(22)
r2

—Oé) n
T(f(U ); ¢i)-

If we use Newton’s method for finding af, 1<j < M then elements of the Jacobian

matrix J; take the following form
OF; Ir'2-—a)
(90/.‘ dn,l

J

Ir2-a)
dn,l

(U") = (¢, ¢5) — (f'(U™;, ¢5) + a(l(U™)) (V;, V)

4 %a’(lw”)) I'um </Q b; d:r;) (VU™, V).
(23)

We can observe that because of fourth term in the right hand side of , sparsity
of the Jacobian matrix J; is lost [2]. In order to retain the sparsity of the Jacobian
matrix, we reformulate our problem as follows [17]: Find U" € X}, and d € R such
that

(") —d =0, (24)

n—1
(Un7 QSZ)—i_dL <_dn,nU0 + Z(dn,/ﬁ-l - dn,kz)Un_k, ¢z>
n,1 k=1 (25)
(92— _
P22 o (wor vy - T2 (jwm), 6 = 0
n,1 n,1

For applying the Newton’s method in the reformulated problem, we rewrite equations

and as follows:

FU", d) =0, forl<i<M+1, (26)

I

where

1 n—1
E(Unv d) = (Una ¢z) + d_ <_dn,nU0 + Z(dn,k’-i-l - dn,k)Un_k7 ¢z>
n,1 k=1
I'2-—
+ % a(d) (VU™, V) —
n,1

F(ZTZQ) (f(U™), ¢i), for1 <i< M,

(27)



Frya (U, d) = L(U") —d. (28)

Now, using Newton’s method for the system of equations (26]) and (?7?), we get the

following matrix equation:

" A b " F
T = e , (29)
B c v |8 Faria
where J denotes the Jacobian matrix, o = [a?,a}, ..., o |T, F = [F}, Fy, ..., Fy)T

and entries A = Aprenr, b = barw1 and ¢ = ¢« are given below.

FC=9) o0y (voy, Vo) -

ro—
Ay = (95, i) + (Z—la)
I'2—a) |

dn71

(F(U™)e;, &), 1<4,5 <M,

bil = a'(d) (VU”, ngz), 1 S 1 S M,

Clj_/(bjdx? 1§]§M7
2

v =—1
(30)

Note that the sparsity of matrix A is same as the sparsity of the Galerkin matrix

corresponding to following semi-linear equation.
(w,v) + (Vw, Vo) = (f(w),v). (31)
So, A is a sparse matrix. Hence, J is also a sparse matrix [2]. Also, admits a

unique solution [17].

In the following theorem we show that solution of is equivalent to the solution

of @)

Theorem 3.1. If (U™, d) is a solution of (24)-(2F)), then U™ is a solution of (21)).
Conversely, if U™ is a solution of , then (U™, d) is a solution of —.

Proof. Suppose (U™, d) is a solution of (24)-(25)), then d = [(U™) and putting this
in , we get

n—1
1
(Una gbl) + (_dn,nUO + Z(dn,k—i-l - dn,k) Un_kv ¢z>

d
n,l k=1

I'2 -« I'2—a«
r2-o >a(l(U")) (VU", V) — F@2-a) (f(U™), ¢;) = 0.
dn,l dn,l
Hence, U™ is the solution of (21). The converse is obvious. O
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3.1 A priori bound

In this section we provide a priori bound for the fully discrete solution U™. First, we

write the following coercivity property of L1 scheme.

Lemma 3.4. (9] Let the functions v" = v(-, t,) be in L*(2), forn = 0,1,...,N.
Then, the discrete L1 scheme satisfies
1
(D™, v™) > §D;“VHU”H?, for n=1,2,...,N. (32)

For deriving a priori estimates and a priori error estimates for fully-discrete so-

lution U™, we need following discrete fractional Gronwall inequality.

Lemma 3.5. [9,19] Let (€")N_,, (™) _, and (N)];' be given non-negative se-

n=1

quences. Assume that there exists a constant A (independent of the step sizes) such

that A > Zﬁgl A1, and the mazimum step size satisfies

1
max 7, < : (33)
1<n<N /22 —a)A

Then, for any non-negative sequence (v*)N_o such that
Dy “<ZA“ 4 &0 + ()P, for 1<n <N, (34)

it holds that for 1 < n < N,

" < 2E,(2At%) [0+ nax Z p;’ ) ¢+ /T(1—a) max {tS% ns}] . (395)

1<s<n
Theorem 3.2. Let U™ be the solution of , then U™ satisfies following estimates.
o < (o) +1), (36)

vl < C(IvU°]| +1), (37)
wheren =1,2, ..., N.

Proof. Putting v, = U" in to get
(D{U™,U™) + a(L(U™) (VU",VU™) = (f(U™),U"). (38)
Using the bound of a and Cauchy-Schwarz inequality in equation , we have
(DRU™, U™) +m||[VU"[]* < [FOM)IHIT"]. (39)
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Lipschitz continuity of f yields

LA™ = \If(UO)M < |F@™) = fOOI < K (lU"]] + [1T°])).

Therefore,
LA@MI < IF@II+ K ([T +11U°]) < Cu (L+[lU™]),

where

Ci = mazx { K, || f(U°)|| + K |[U°||}.
From and (40), we get
(DRU™,U™) < Co (L4 [lU[f) lU™]).
Also from Lemma 3.4, we know that
(03 n n 1 o n
(DxU™,U") > 5 Dy|IU™ 1.
Thus, equation (42)) can be written as

DY[U™* < 2C, |U"* + 201 U™

(43)

Using Lemma (with v™ = ||U"|, Ao = 2C1, A; = 0fori = 1,2, ..., (n—1), " = 2Cy

and n" = 0) in , we obtain

J
U™ < 2 Ea(4Cy 1) <I|U°||+1rgja§>;zp§-3—)s (201)>

< 2E,(4C1t) <||U0||+F(1—a) max { (2C1t2) Zp] 5[’ >}>

Using Lemma in equation , we obtain

U™ < 2E,(4C1t2) (HUOH—l—F(l—a max {t 201})

<ji<n
<2E,(4C1t2) (U +2C (1 — ) T).

Hence,
1ol < ¢ (IU°] +1),

where C =2FE,(4C1t3) max{1,2'(1 — o) C1 T}

Next, we take v, = DyU" in to get

(DYU™, DXU™) + a(1(U™) (VU", V(DYU™)) = (f(U™), DYU™).

10
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Dividing both the sides of by a(l(U™)), we get

1 R o 1 o
m(DNU,DNU)+(VU,DN(VU ))—W(f(U ), DSU™). (48)

Now, in equation (48)) we use bound of a and Cauchy-Schwarz inequality to obtain
1 (0% n n (0% n 1 n (0% n
— [|[DRU* + (VU", D (VU™)) < — [lfU") | DXU" . (49)
ma my

For a,b > 0, using the inequality ab < %az + ibz (With €= mg) in (49), we have

mao

1 1
— [|[DRU|]? 4+ (VU", DY(VU™)) < IF UM+ S IDRU™||.
mso mao

mi
This gives us

mo

(VU™ DX(VU™) <o 1O (50)

mi
From equation and Poincaré inequality, we can get

IF @M < C(1+]Um) < G+ G VU]) < G (1+[vUrf),  (51)

where (5 is a constant which appears in Poincaré inequality and C3 = C; max {1, Cy}.
Also, Lemma [3.4] gives

1
(VU", DY(VU™)) = §D%HVU"H2- (52)
From and (52), we obtain
«a n||2 C??mQ n2 n||2
DYIVU"IE < —== (L+[VU"[])" < G (L+[IVT"F), (53)

1

where constant C} is depending on C3, m; and ms.
Using Lemma [3.5] (with v = [|[VU"||?, \o = Cy, \; =0,Vi=1,2,...,(n = 1), £"=0
and n" = Cy) in to get

IV0n < 2 Euf2Cats) (1071 + VT - @) ma (¢ ¢}

(54)
< 2E,(20,17) <HU0H2+C4 r(1—a)T%).

Therefore,

Ivum® < ¢ (IVUOIIP + 1), (55)
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where C' = 2 E,(2Cyt%) max {1, CovI'(1—a) T%}.
From a? 4+ b* < (a+ b)?,

Ivur? < ¢ (VU +1)" (56)
Hence,

Vo[l < ¢ (IVU°]| +1). (57)
This completes the proof. 0

4 Existence-uniqueness of fully-discrete solution

In this section we prove the existence and uniqueness of fully-discrete solution of

the problem . For this, we use following proposition which is a consequence of
Brouwer fixed point theorem [22].

Proposition 1. Let H be a finite dimensional Hilbert space with scalar product (-, -)

and norm || - ||g. Let S : H — H be a continuous map with with following properties:
there exist p > 0 such that

(S(v),v) >0 Yo e H with l|v||lg = p
Then, there exists an element w € H such that
Sw)=0  wllg <p.

We also define

(58)

4m1
T = max ,
\/C’l 2—a (KR +L)’TI'(2—«)
where (' is given in (41)).

In the following we discuss the existence and uniqueness of the fully-discrete solution.

Theorem 4.1. Let U, U, ..., U™ are given and maxi<,<y 7, < 7, then for all
1 <n < N, there exists a unique solution U™ € X}, of .

Proof. Rewriting as follows

n—1
1
(U vn) + = <—dn7nU0 + ) (dngrr — duge) U, vh>
n,1

I'2-—a) - (59)

dn,l

I2-—a)

* dn,l

a(l(U™) (VU", V) — (f(U™), vp) = 0.
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Now, we define a map G : X;, — X}, such that

1 n—1
(G(X™),v) = (X", vp) + T (—aln,nU0 + Z(dn,k—l—l —dp ) U™ F, Uh)
n,1
’ (60)

Ir'2-a) " " - I'2-—a)
+T,1Q(Z<X )) (VX ’Vvh)_T,l

Then the map G is continuous. By choosing v, = X" in , we get

(f(Xn)a Uh) .

n—1
1
(G(X™), X7) = (X", X") + —— ( dnnU°+Z Ay g1 — d ) U™ F X”)
n,1
(61)

I'2— I'2 -
- %(f(xn), X" + %a(zp{”)) (VX" VX™).
n,1 n,1l
Applying the bound of a and Cauchy-Schwarz inequality in (61) we can arrive at
n n n mlF(Z_a) n F<2—Oé> n n
(GOX, X7) 2 X7 + P == o - o= e X
_ o 1T X™ |~ L 2:1 = dugr) U 1IX)
dn,l dn7 k=1 'fl 'fl
(62)
Since %HVX”H2 > 0, it follows that
n n n re - Oé) n dn,n
(G(x"). X7) > (nx ||—(d—1||f(X = S22 o)
. (63)

1 n— n
e Z o) |U kll)!lX I
From and , we get
o on CiI'(2 - ) " CiI'2—aw) du,
(Gxm),X") > { (1- S22y - & - S |

n,1 dn,l dn,l

n—1
1 — n
- (dnp — dnps1) U™ kH}HX -
R
(64)
Thus, (G(X™), X") > 0 if
Ci 2 —«) CiI'2—a) dun 0
1 - T xm) - _ nnyy
(1= S22 oy - AR S
- (dne — dner) | U] > 0.
oy



Since maxj<p<n Tn <7, |1 — %) > 0.
Thus, 4 X" € X}, such that

P p— G I2=0) | o
(1 _ M) dp 1 dp1
dn.1 . (66)
1 n—
b does) |07 ),
n,l k::l

Therefore, it is easy to see that (G(X™), X™) >0, VX" € X, with || X"|| = p,

where

1 01F(2—0z) om0 =" n
= — dp i —d, u" ,
p (1 e F(Qfa)) < dn,l d ”U H + d Z< k ,k+1)|| ||

n,1
dn 1 k=1

Thus, by Proposition , we can assure that has a solution.

Now, we prove the uniqueness of solution. For this we assume that for given U°, U, ...,
U1, there exist two solutions of (L7)), say Ul and UZ at time ¢ = ¢,. Throughout
the proof, we denote U{* by U; and U} by U, respectively. Let Uy — Uy = 7.

From (59)) we can get

I'2-—a)
dn,l

I'2-—a)

dn,1
I'2-a)
==

(U1 — UQ, Uh) + a(l(Ul)) (VUl, VUh> — CL(Z(UQ)) (VUQ, VU}L)

(f(Uh) = f(U), vh).
(67)

By subtracting ( (Z(Ul)) (VUs,, Vuy,) in both sides of (67), we get

(r, vn) + F(%O‘) a(I(h)) (Vr, Vup) = F(ZT:O‘) (a(Ua)) = a(U(W1) ) (YU, Vur)
+ LE= ()~ 10, ).
(68)
Now, we take v, = r in above equation to get
(r, ) + F(Z—_IO‘) a(I(U7)) (Vr, Vr) = F(fl—_lo‘) (a(l(Ug)) - a(l(Ul))) (VUs, Vr)
2= (g0 - 5w ).

(69)
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Applying the bound of a and Cauchy-Schwarz inequality in (69)), we have

e+ P2 g - T2 10 — afuqwn))| 9021 97
" " I'2-a) (70)
e £ (U) = F(O)]I]]-

Since a and f are Lipschitz continuous, we can get
|a(l(U2)) — a(I(Uh))| < L)) =) < LU =Tl = Lr|.  (71)

[f(U) = f(Uo)| < KU —Uaf| = K ]| (72)
Also, from Theorem [3.2] one can get

|VUs|| = Ry, where Ry = C(1+ ||U%)). (73)

Therefore, from (71)), (72), and Poincaré inequality, we get

2+ ™EE =) g < { (KRI [2-a) LIC- “)) Hru} 19r]. (74)

dna dp 1 dp1
For a,b > 0, using the inequality ab < §a2 + 2%62 with € = #&—m in (74), we get
i < (R LETEZ0) e (75)
This gives us,
QEEETR
Since maxj<p,<y Tn, < T, (1 — (KRZ;Z)Z:E%Q)) > 0. Using this condition in , we
get
Ir|* < o. (77)
This shows that
Uy = U,. (78)
This completes the proof. 0
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5 Error estimates

In this section, we derive a priori error estimate for fully-discrete solution U™. For
this, some additional regularity on solution u is required. Therefore, we assume that
there exist constants Rs, Rz, R > 0 such that

||8Dto;u||Loo(H2(Q)) < R3,||Au||Loo(L2(_Q)) < R2 and ||VUHLOO(L2(_Q)) < R. (79)

For our further analysis, we recall the definition of Ritz-projection and Discrete Lapla-

cian operators.

Definition 5.1. [20] The Ritz-projection is a map Ry, : H}(2) — X}, such that
(Vw, Vv) = (VRyw, Vv), Yw € Hy(£2) and Yv € X, (80)
It is easy to prove that Rj, satisfies
IVRyw|| < R, (81)

where R is given in ([79)).

Lemma 5.1. [21] There exists a positive constant C (independent of h) such that
|w— Ryw||z2(0) + ||V (w — Ryw)||20) <CR* || Aw|| 120y, Yw € H*N Hy. (82)
Definition 5.2. 22/ The discrete Laplacian is a map Ay : Xy — Xp, as
(Apu, v) = —(Vu, Vo), Yu,v € X (83)

Now, with the help of the projection operator Rj,, we split the error in two parts

and it is given below.
u" —=U" =u" — Rpu" + Rpu™ — U™ = p" + 0", (84)
where u" :=u(t,), p" :=u" — Ryu" and 0" := Ryu™ — U".

Next, in the following theorem, we provide the convergence estimate for the fully-

discrete solution.
Theorem 5.1. Let u™ and U™ be the solution of and respectively, then
[ — UM < € (2 + N-mntz-auraly, (85)
V@ = U] < € (h+ NTrmEmerad), (86)

where n =1,2,..., N.
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Proof. For simplicity, we write a := a(l(u™)) and a; := a(I(U™)). For any v, € X},
the estimate for §" is given by
(DXO",vn) + ap (VO", Vuy)
= (DY Rpu",vy) + ap (VRyu™, Vo) — (DYU™, vp) — ap (VU™ Vuy,)
= (DY Ruu”™,vp) + ap (Vu",Vo,) —a(Vu", Vo) + a(Vu", Vo) — (f(U"), vh)
(DN Rpu",vp) + (ap —a) (Vu", Vo) + (f(u”),vh) - (SDtO;U; vp) — (f(Un)a'Uh)
= (DY Rpu™ — §D u,vp) + (an, — a) (VRyu™, Vo) + (f(u™) — fF(U™), vh).

(87)
We choose v, = 0" in to get
(DYO™,0™) + a (VO", V") = (DY Rpu” — {D u,0") + (an — a) (VRyu"™, V")
+ (f") = f(U"),0").
(88)
An application of Cauchy-Schwarz inequality in gives
(Dy0",0") + a, (VO",V0") <||DyRpu™ — (D7 ull[|0”(| + |an — al [V Rpu™|[[[ V0"
+1f ™) = F@m)lle"|.
(89)
By using the bound of a, triangle inequality, Poincaré inequality and in , we

have

(DXO",0") +ma [VO"|* < [|IDY Ry — §D7 Ryl [07]] + Rlan, — al [ V6"

(90)
+ o |50, Bru — §Df ul| [[VO™]] + Co || f (u") = FUM)[ VO],
where C} is a constant which appears in Poincaré inequality.
For a,b > 0, using ab < $a? + 5-b* (with ¢ = ) in to get
m
(DN0",0") +mq (VO",V0") < ||DYRpu™ — §D7 Ryull [[6"] + 71 Ive®
305 (& (0% C (03 n n
s (D5 Rus = §D5ulP” + fan — af? + || (") = FO)I?).
(91)
where C5 = maxz {C3, R*}.
From (91)), we have
(D30.0%) < D% B — 508, Rl 1071+ Ci (50 Ru — 505, o
92

+lan = af? + | F(u") = FO).
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where Cj is a constant depending on C5 and m;.

Note that
lan — a =[an(I(U")) —a(l(u"))] < LIU™) —l(u")] < L|U" —u"|]
. . (93)
<L (|lp" +11e"])-
and
1f(u") = FUM] <K [lu" = U™ < K([lp"]| +[16"]])- (94)
Also from and one can get
| D% Ryu™ — §DP Ryul| < Cp-mint2mesred (95)
16D, Ryu — §D3 ull < Ch*[|A§DR ul| < C7h?, (96)
where constant C7 is depending on Rj3. Also, from Lemma [3.4] we have
1
(D0",07) = 5 DR 0" (97)

Using the values from - in to get
DY < 2Cnmn = on 42 G [(Cr ) + (12 + K2) (7] + [6])°]

< QOn—min{Q—a,ro} ||0n|| + 206 (07 h2)2 + 206 (LQ + KZ) ||pn||2
+2Cs (L* + K?) |6

(98)
Using in to get
DY["I* < Cs [|07]* +2Cnmmmmerad |lg7)] 4 (Cy h*)?, (99)

where constant Cy is depending on Cg, L, K and constant Cy is depending on Cg,
C7, L, K.

From Lemma (with v™ = [|6"]], Ao = Cs, \i =0, Vi =1,2, ..., (n — 1), " = Co h?,
g =20 n MMzl ) ywe get

J
67 < 2 Eu(2Cat) (16°] +2C a3 2,57 neoered 4 /P a)
T os=1

pas {1 cun} )

(100)
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Using Lemma in to obtain
167 < 2Ea(2Cxtg) (6] +2C N-mntered ¢y T =) TH h2). (101)
Choosing U® = R,u°, we get ||6°]| = 0. Hence, from (101]), we have
167]] < Cho (h? + N-mintzmerad) (102)
where Chg = 2 E, (2 Cs t%) mazx {2 C, Co+/I'(1 - ) T%}.
Thus,
[ = U™ <" + 116"

< Ch2 + ClO (h2 + mein{Qfa,ra}) (103)
< C <h2 + N—min{Q—a,ra})‘

Now, we will derive the error estimate in Hj-norm. Using the definition of A; and
Ry, we can rewrite the equation as follows:

(D{O™, vp) — an (Apf™, v) = (DY Ryu™ — §D; u, vy) + (a), — a) (Vu", Voy)
+ (f") = f(U"), vn).

(104)
From Green’s theorem, it follows that (Vu", Vuy,) = —(Au", v,). Therefore, equation
takes the following form
(DXO™, v) — ap (Ap0", v) = (DY Ryu™ — §D; u, vy) — (a, — a) (Au™, vp) (105)
+ (f(u") = F(U), vn).
Now, we take v, = —A,0™ in to get
— (D{O™, Apb") + ap (AR8", Ap0™) = — (DY Ryu™ — §D; u, Apf™) + (a), — a)
(A", Ap0") = (f (") = F(UT), And").
(106)
Using the definition of A, we get
(VDXO", V") + ay, | An0"|)* = (V(DYRyu" — §D; u), VO™) + (a), — a) (107)

(Au", A40) — (F(u") = FU™), 267,
Applying the bound of a, triangle inequality and Cauchy-Schwarz inequality in
to get
(VDRO", VO") +my [|A40"]]* < [|V(DYRyu" 5 Dp Ryu)|| V6" |
+IVEDE, Buw =5 Dy w)l| VO™ ]| + o — an] || Au™|] | An6™]] (108)
+ L ™) = SO 2007
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By using and ab < $a® + £b? (with € = 1 in 1 term and € = ™ in 3™ & 4

term) in (108)), we get
1
(VDRO", V0") + ma [ 46"|° < |IV(DR Ruw” =G Df, Ry | V6" + 5 [[V6" |
1 (4 « C (6% R2 1 n n ml n
+ 5 IVGDE, Ruw =5 D w)l + 521 ja —an|* + s L (") = SO + == 14067
(109)

Therefore,

2

(DX (V6"),96") < 3 IVO"? + [V (DS R =5 DE, Bua) [ 1967 + 52 o - an
+ 5 IVGDE R =5 DLW + - ™) = SO
(110)
Note that from (12]), we get
IV (D% Ryu™ —§ D Ryu)|| < C'n-mint2meerel, (111)
Lipschitz continuity of a and f gives

jan —al =]an((U™) = a(l(u™)] < LIU™) = 1(u")] < LJU" ="
< L(llp"ll + l16"1) (112)
<Co L(|[Vp" ]+ V")

1f (™) = FUMI <Kl = U] < K([lp"[ +110"]]) < Co (Ve[| +[VO]]).-

(113)
From one can get
IVEDE, Bru — gDy u)|| < ChAGD] ul| < Cuh, (114)
where constant C; is depending on R3. Also, from Lemma |3.4] we have
(D% (VO™),0") > % DY Vor 2. (115)

Using the values from (111]) - (115) in (110) to get

. 02L2R2 CQKQ
DYIVO < [V + 2 Cnmmntz-eed [7ge) o (o + (L4 )

mi mi
n n)2
(vl +11vem])”
(116)
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Since ||[Vp"|, |[V6"|| > 0, we can find a constant Ci5 such that ([|Vp"|| + ||V9”||)2 <
Ciz ([[Vp™]|? + [|[V6™||?) and from (82)), |[Vp"|| < Ch. Therefore, from (116]), we get

DY|IVO"|P <Oy [[VO"||* +2Cn-mn2mered V67| 4 (Crah)®. (117)

where constant ('3 is depending on L, K, Ry, my, Cy and constant C'4 is depending
on L, K, Ry, my, Cy and C1;.

An application of Lemma (with v = [|[VO"[|, Ao = C13, X =0, Vi=1,2,...,(n —
1), & =20 p~minl2meral pn — 0y h) gives

J
V0| < 2E,(2C15t2) (||w°|| +2C max > pl) sminemered 4 /P(1— a)
T s=1

max {ts% Chy h} )
1<s<n
(118)
From Lemma [3.2] we get

VO™ < 2E.(205t%) (||v00|| +20 N-min2merad 4 0 \/T(1—a) T2 h).

(119)
Choosing U® = R,u°, to get ||[V0°|| = 0. Hence, from ([119)), we have
||9n” < 015 (h + ]\7—7712'71{2—(3{,'r"oz})7 (120)
where C15 = 2 E,(2C13t%) max {2 C, Ciu/I'(1—a) T%}.
Hence,
V(" = UM <[[Vp"[|+ V0"
S Ch + 015 (h + N—min{?—a,ra}) (121)
< C (h + N—min{Q—a,ra})'
This completes the proof. O

Corollary 5.1.1. The LI-FEM solution U™ satisfies:
Ju™ = U™y < C (h+ N-™n@7erel) forn =0,1,..., N. (122)

Proof. By using Poincaré inequality, we can write

[u" = Uy < C[[V(u" = U")]. (123)
Now using the estimate from Theorem , we get the desired result. O

Remark 5.1. For the time fractional partial differential equation — , we have
assumed certain reqularity of solution w in Lemma and in equation (79)). The

deriwvation of assumed reqularity of solution u to our problem is still open.

21



6 Numerical experiments

In this section, we present three different numerical examples to conform our theo-
retical estimates. For calculating the error, we consider problems with known exact
solutions which also satisfy the assumption of Lemma [3.I] In every example, we
consider the time interval [0, 1] and tolerance € = 1072 for stopping the iterations in
Newton’s method. Let N denote the number of sub-intervals in time direction and

(Ms + 1) be the number of node points in each spatial direction.

Example 1: Consider the time fractional non-local PDE

oDy u(z,t) — a(l(u)) Au(z,t) = f(z,t,u), in2x(0,1],
u(z,t) =0 on 012, Vt € [0, 1], (124)
u(z,0) =0 in £,

where 2 = (0,7), a(x) = 3 + sinz and we choose f(z,t,u) in such a way that the
exact solution of given PDE be u(z,t) = t*sinz.

To obtain the order of convergence in time, we fix M, = 1000 and calculate the error
for different values of N. Table 1 shows order of convergence in the temporal direction
in L*° norm using uniform mesh.

To obtain the convergence rate in spatial direction, we fix N = 15000 and calculate
the error for different values of M. The order of convergence in spatial direction in
L? and H} norms are given in the Table 2 and Table 3, respectively. Through this
example, we have shown that if solution u does not have initial singularity then there

is no issue in getting optimal order of convergence in L*° norm in temporal direction.

a=04 a=20.5 a=0."7
Error oC Error oC Error oC
26 | 3.40E-04 | 1.5698 | 6.39E-04 | 1.4789 | 2.08E-03 1.2911
27 | 1.15E-04 | 1.5912 | 2.29E-04 | 1.4911 | 8.49E-04 1.2955
28 | 3.80E-05 | 1.6339 | 8.15E-05 | 1.5104 | 3.46E-04 | 1.300039266
29 | 1.23E-05 - 2.86E-05 - 1.40E-04 -

N

Table 1: Error and order of convergence in L™ norm in temporal direction on uniform

mesh for Example 1.
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a=04 a=0.5 a=0.7
Error 0C Error 0oC Error oC
24 | 8.76E-03 | 2.0060 | 8.77E-03 | 2.0057 | 8.60E-03 | 2.0061
2° | 2.18E-03 | 2.0026 | 2.18E-03 | 2.0034 | 2.14E-03 | 2.0091
20 | 5.44E-04 | 2.0053 | 5.44E-04 | 2.0086 | 5.32E-04 | 2.0327
27 | 1.36E-04 - 1.35E-04 - 1.30E-04 -

M

Table 2: Error and order of convergence in L?* norm in space for Example 1.

a=04 a=0.5 a=0.7
Error 0C Error 0oC Error oC
24 | 1.42E-01 | 0.9992 | 1.42E-01 | 0.9992 | 1.42E-01 | 0.9992
25 | 7.10E-02 | 0.9998 | 7.10E-02 | 0.9998 | 7.10E-02 | 0.9998
26 | 3.55E-02 | 0.9999 | 3.55E-02 | 0.9999 | 3.55E-02 | 0.9999
27 | 1.78E-02 - 1.78E-02 - 1.78E-02 -

M

Table 3: Error and order of convergence in H} norm in space for Example 1.

Example 2: Consider the time fractional non-local PDE

cDju(z,t) — a(l(w)) Au(z,t) = f(z,t,u), in2x(0,1],
u(z,t) =0 on 012, Vt € [0, 1], (125)
u(x,0) =0 in £2,

where 2 = (0,7), a(x) = 3 + sinz and we choose f(z,t,u) in such a way that the
exact solution of given PDE be u(x,t) = (£ + %) sinz.

To obtain the order of convergence in temporal direction, we fix M, = 1000 and
calculate error for different values of N. Table 4 shows the order of convergence in the
temporal direction in L*° norm on uniform mesh. In Table 5, we provide the order
of convergence in the temporal direction in L*> norm on graded mesh with grading
parameter r = 2=c

To obtain the convergence rate in spatial direction, we fix N = 15000 and calculate
the error for different values of M. The order of convergence in spatial direction in

L? and H} norms are given in the Table 6 and Table 7, respectively.
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N

a=04

a=0.5

a=0.7

Error

0C

Error

OC

Error

OC

26

3.27E-02

0.2463

2.60E-02

0.3830

1.13E-02

0.6384

27

2.76E-02

0.2860

1.99E-02

0.4207

7.27E-03

0.6638

28

2.26E-02

0.3163

1.49E-02

0.4461

4.59E-03

0.6784

29

1.82E-02

1.09E-02

2.87TE-03

Table 4: Error and order of convergence in L> norm in temporal direction on uniform

mesh for Example 2.

N

a=04

a=20.5

a=0.7

Error

0C

Error

OC

Error

0C

26

3.77TE-03

1.4771

4.21E-03

1.4157

6.10E-03

1.2649

27

1.36E-03

1.5210

1.58E-03

1.4498

2.54E-03

1.2815

28

4.72E-04

1.5530

5.78E-04

1.4735

1.04E-03

1.2921

29

1.61E-04

2.08E-04

4.27E-04

Table 5: Error and order of convergence in L* norm in temporal direction on graded

mesh for Example 2.

a=04 a=0.5 a=0.7
M
Error ocC Error oC Error oC
24 | 4.03E-03 | 2.0014 | 3.94E-03 | 2.0018 | 3.77E-03 | 2.0041
25 1.01E-03 | 2.0018 | 9.85E-04 | 2.0030 | 9.40E-04 | 2.0113
26 | 2.51E-04 | 2.0063 | 2.46E-04 | 2.011 | 2.33E-04 | 2.0434
27 | 6.26E-05 - 6.10E-05 - 5.65E-05 -

Table 6: Error and order of convergence in L? norm in space for Example 2.

a=04 a=0.5 a=0.7
M,
Error oC Error oC Error OC
24 | 7.10E-02 | 0.9993 | 7.10E-02 | 0.9993 | 7.10E-02 | 0.9994
25 | 3.55E-02 | 0.9998 | 3.55E-02 | 0.9998 | 3.55E-02 | 0.9998
26 | 1.78E-02 | 0.9999 | 1.78E-02 | 0.9999 | 1.78E-02 | 0.9999
27 | 8.88E-03 - 8.83E-03 - 8.83E-03 -

Table 7: Error and order of convergence in H} norm in space for Example 2.
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Example 3: Consider the time fractional non-local PDE
S Dfu(e, 1) — a(i(w) Au(w, ) = f(z,t,u), in2x (0,1,
u(z,t) =0 on 012, Vt € [0, 1], (126)
u(z,0) =0 in £,

where 2 = (0,1) x (0,1), a(z) = 3+ sinx and we choose f(z,t,u) in such a way that
the exact solution of given PDE is u(z,t) = (t* + t*)(z — 2%)(y — v?).

To obtain the order of convergence in temporal direction, we take different values of
N and use the relation My = LNQ_TQJ for a = 0.5, and , M, = 2 LN?_TQJ for a = 0.7.
In Table 8, we have given the order of convergence in the temporal direction in L*>®

norm on graded mesh with grading parameter r = QjTO‘

2
To obtain the convergence rate in spatial direction, we take N = LMS(%“)J . The order
of convergence in spatial direction in L? and H} norms are given in the Table 9 and
Table 10, respectively.

The graph of exact and numerical solutions for a = 0.5 are shown in Figure 1.

a=20.5 a=0."7
Error ocC Error oC
24 | 3.16E-03 | 1.4909 | 1.39E-03 | 1.2815
3% | 2.82E-04 | 1.4995 | 1.74E-04 | 1.3042
43 | 5.01E-05 | 1.500 | 3.87E-05 | 1.3250
5% | 1.31E-05 - 1.19E-05 -

Table 8: Error and order of convergence in L*° norm in time on graded mesh for

Ezxample 3.

a=0.5 a=0.7
Error oC Error oC
22 | 1.20E-02 | 1.9223 | 1.20E-02 | 1.9192
23 | 3.16E-03 | 1.9808 | 3.16E-03 | 1.9797
24 | 8.00E-04 | 1.9963 | 8.01E-04 | 1.9951
25 | 2.00E-04 - 2.01E-04 -

M

Table 9: Error and order of convergence in L* norm in space for Example 5.
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a=0.5 a=0.7
Error 0C Error 0oC
22 | 8.80E-02 | 0.9802 | 8.79E-02 | 0.9801
23 | 4.46E-02 | 0.9950 | 4.46E-02 | 0.9950
24 1 2.24E-02 | 0.9987 | 2.24E-02 | 0.9987
25 | 1.12E-02 - 1.12E-02 -

Table 10: Error and order of convergence in H} norm in space for Example 3.

Exact Solution Numerical Solution

7

7
TR

X7 X7
27

7
R
TSN
KON

Z

Figure 1: The exact and numerical solution at T=1, o =0.5.

7 Acknowledgement

The authors acknowledge anonymous reviewers for many helpful suggestions and com-
ments. Also, the authors would like to sincerely thank Professor Chaobao Huang for

the valuable comments and suggestions.

References

[1] S. Chaudhary, Finite element analysis of nonlocal coupled parabolic problem using
Newton’s method, Comput. Math. Appl. 75-3 (2018), 981-1003.

[2] S. Chaudhary, V. Srivastava, V. V. K. Srinivas Kumar, B. Srinivasan, Finite

element approzimation of nonlocal parabolic problem, Numer. Methods Partial

26



[13]

Differ. Eq., 33 (2017) 786-313.

M. Chipot, B. Lovat, On the asymptotic behaviour of some nonlocal problems,
Positivity 3 (1999), 65-81.

S. B. Menezes, Remarks on weak solutions for a nonlocal parabolic problem, Int.
J. Math. Math. Sci., 2006 (2006), 1-10.

S. Rida, A. El-Sayed, A. Arafa, Effect of bacterial memory dependent growth by
using fractional derivatives reaction-diffusion chemotactic model, J. Stat. Phys.,
140-4 (2010), 797-811.

Y. Luchko, M. Rivero, J. Trujillo, M. Pilar Velasco, Fractional models, non-
locality, and complez systems, Comput. Math. Appl., 59-3 (2010), 1048-1056.

R. Robalo, R. Almeida, M. Coimbra, J. Ferreira, A reaction diffusion model
for a class of nonlinear parabolic equations with moving boundaries: Fxistence,

uniqueness, exponential decay and simulation, Appl. Math. Model., 38-23 (2014),
5609-5622.

C. Huang, M. Stynes, Optimal spatial H' — norm analysis of a finite element
method for a time-fractional diffusion equation, J. Comput. Appl. Math., 367
(2020), 112435.

C. Huang, M. Stynes, Optimal H' spatial convergence of a fully discrete finite el-
ement method for the time-fractional Allen-Cahn equation, Adv. Comput. Math.,
46-4 (2020), 63.

K. Mustapha, W. McLean, A second-order accurate numerical method for a frac-
tional wave equation, Numer. Math., 105 (2007), 481-510.

M. Stynes, E. O’Riordan, J. Gracia, Error analysis of a finite difference method
on graded meshes for a time-fractional diffusion equation, STAM J. Numer. Anal.,

55 (2017), 1057-1079.

N. Kopteva, Error analysis of the L1 method on graded and uniform meshes for

a fractional deriwvative problem in two and three dimensions, Math. Comp., 8
(2019) 2135-2155.

J. Manimaran, L. Shangerganesh, A. Debbouche and V. Antonov, Numerical so-

lutions for time-fractional cancer invasion system with nonlocal diffusion, Front.
Phys., 7 (2019), 93.

27



[14]

[15]

[16]

[17]

[18]

[20]

[21]

[22]

[23]

J. Manimaran, L. Shangerganesh and A. Debbouche, Finite element error anal-
ysis of a time-fractional nonlocal diffusion equation with the Dirichlet energy, J.
Comput. Appl. Math., 382 (2021), 113066.

J. Manimaran, L. Shangerganesh, FError estimates for Galerkin finite element
approximations of time-fractional nonlocal diffusion equation, Int. J. Comput.
Math., 98-7 (2020), 1365-1384.

K. Diethelm, The Analysis of Fractional Differential Equations: An Application-
Oriented Using Differential Operators of Caputo Type, Lecture Notes in Mathe-
matics, Springer, (2010).

T. Gudi, Finite element method for a nonlocal problem of Kirchhoff type, SIAM
J. Numer. Anal., 50-2 (2012), 657-668.

H. Liao, W. Mclean, J. Zhang, A Discrete Gronwall Inequality with Applications
to Numerical Schemes for Sub-diffusion Problems, SIAM J. Numer. Anal., 57-1
(2019), 218-237.

J. Ren, H. Liao, J. Zhang, Z. Zhang, Sharp H1-norm error estimates of two time-
stepping schemes for reaction—subdiffusion problems, J. Comput. Appl. Math.,
389 (2021), 113352.

M. Wheeler, A Priorily error estimates for Galerkin approzimations to parabolic
partial differential equations, STAM J. Numer. Anal., 10 (1973), 723-759.

R. Rannacher and R. Scott, Some optimal error estimates for piecewise linear
finite element approximation, Math. Comp., 38 (1982), 490-507.

V. Thomée, Galerkin Finite Element Methods for Parabolic Problems, Second
revised and expanded ed., Springer, Berlin, (2006).

K. Sakamoto, M. Yamamoto, Initial value/boundary value problems for fractional
diffusion-wave equations and applications to some inverse problems, J. Math.
Anal. Appl., 382 (2011) 426-447.

B. Jin, B. Li, Z. Zhou, Numerical analysis of nonlinear subdiffusion equations,
SIAM J. Numer. Anal., 56(1) (2018) 1-23.

X. Zheng, W.Hong, An FError Estimate of a Numerical Approximation to
a Hidden-Memory Variable-Order Space-Time Fractional Diffusion Equation,
SIAM J. Numer. Anal., 58-5 (2020), 2492-2514.

28



[26]

[27]

28]

[29]

[31]

[32]

X. Zheng, W.Hong, Optimal-order error estimates of finite element approrima-
tions to variable-order time-fractional diffusion equations without reqularity as-
sumptions of the true solutions, IMA J. Numer. Anal., 41-2 (2020), 1522-1545.

X. Zheng, W.Hong, A time-fractional diffusion equation with space-time depen-
dent hidden-memory varitable order: analysis and approrimation, Bit Numer.
Math., 61 (2021), 1453-1481.

M. Maskari, S. Karaa, Numerical approximation of semilinear subdiffusion equa-
tions with nonsmooth intial data, SIAM J. Numer. Anal., 57 (2019) 1524-1544.

D. Li, C. Wu, Z. Zhang, Linearized Galerkin FEMs for nonlinear time fractional
parabolic problems with nonsmooth solutions in time direction, J. Sci. Comput.,
80 (2019) 403-419.

D. Li, H. Qin, J. Zhang, Sharp pointwise-in-time error estimate of L1 scheme
for nonlinear subdiffusion equations, arXiv:2101.04554v1, (2021).

S. Karaa, Galerkin type methods for semilinear time-fractional diffusion prob-
lems, J. Sci. Comput. 83, 46 (2020).

C. Huang, M. Stynes, A direct discontinuous Galerkin method for a time-
fractional diffusion equation with a Robin boundary condition, Appl. Numer.
Math., 135 (2019), 15-29.

29


http://arxiv.org/abs/2101.04554

	1 Introduction
	2 Preliminaries and weak formulation
	3 Fully-discrete formulation and a priori bound
	3.1 A priori bound

	4 Existence-uniqueness of fully-discrete solution
	5 Error estimates
	6 Numerical experiments
	7 Acknowledgement

