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Abstract

In this paper, we present a novel pseudospectral (PS) method for solving a new class of initial-value problems (IVPs)
of time-dependent one-dimensional fractional partial differential equations (FPDEs) with variable coefficients and pe-
riodic solutions. A main ingredient of our work is the use of the recently developed periodic RL/Caputo fractional
derivative (FD) operators with sliding positive fixed memory length of Bourafa et al. [1] or their reduced forms ob-
tained by Elgindy [2] as the natural FD operators to accurately model FPDEs with periodic solutions. The proposed
method converts the IVP into a well-conditioned linear system of equations using the PS method based on Fourier
collocations and Gegenbauer quadratures. The reduced linear system has a simple special structure and can be solved
accurately and rapidly by using standard linear system solvers. A rigorous study of the computational storage require-
ments as well as the error and convergence of the proposed method is presented. The idea and results presented in
this paper are expected to be useful in the future to address more general problems involving FPDEs with periodic
solutions.

Keywords: Fourier collocation; Fractional derivative; Fractional partial differential equation; Gegenbauer
quadrature; Periodic solution.

1. Introduction

Fractional partial differential equations (FPDEs) have become the natural mathematical models to model various
problems and applications compared with integer-order partial differential equations (PDEs) due to their high accu-
racy in addition to the flexibility and non-locality of fractional derivatives (FDs) compared with classical integer-order
derivatives. In fact, FDs and FPDEs have played a very significant roles in chemistry, chemical engineering, geome-
chanics, computer vision, Coronavirus disease spread, hydrological processes, oceanography, decision and control,
nuclear energy, medicine and surgery; cf. [3—-12].

In contrast to integer-order derivatives, classical Riemann-Liouville (RL) and Caputo FDs of a non-constant 7 -
periodic function are not 7-periodic functions, limiting their use to model real periodic phenomena and prompting the
need for research advancements in this substantial field of science. In this study, we provide the first successful attempt
in the literature to model FPDEs with periodic solutions using periodic FD operators that can preserve the periodicity
of a periodic function and allow for the existence of periodic solutions to FPDEs. In particular, we model FPDEs
with periodic solutions using the recently developed periodic FD operator of Elgindy [2], which is a useful reduced
form of an earlier periodic FD inaugurated by Bourafa et al. [1]. The employed FD operator is a useful modification
of the classical RL and Caputo FD operators by fixing their memory length and varying their lower terminals. The
reduced FD operator developed in [2] allows accurate computation of the singular integral of the FD formula defined
in [1] by removing the singularity prior to numerical integration using a smart change of variables and renders the
reduced integral well behaved. In fact, the introduced transformation largely simplifies the problem of calculating the
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periodic FDs of periodic functions to the problem of evaluating the integral of the first derivatives of their trigonometric
Lagrange interpolating polynomials, which can be treated accurately and efficiently using Gegenbauer quadratures.
This approach, together with Fourier collocations and interpolations celebrated for their stability, rapid convergence,
and cost efficiency, constitutes the core of our proposed Fourier-Gegenbauer (FG) based pseudospectral (PS) method
(FGPS method): A novel PS method based on Fourier collocation and Gegenbauer quadratures for solving FPDEs
with periodic solutions. In particular, the proposed method converts the initial-value problems (IVPs) of FPDEs with
periodic solutions into well-conditioned linear systems of equations using FG-based PS technology. The reduced
linear systems have sparse block global coefficient matrices that can be generated efficiently using “smart” index
matrix mappings, which allow us to solve the reduced linear systems very accurately and rapidly using standard linear
system solvers. Although the use of Fourier and Jacobi polynomials for solving FPDEs is not novel and appeared in a
number of works such as [13-16], to the best of our knowledge, the current study not only provides the first successful
attempt to model FPDEs with periodic solutions using periodic FD operators but also provides the first efficient,
stable, and highly accurate numerical method for solving them. We confine our work to FDs with a fractional-order
0 < a < 1; however, the current work can be easily extended to cover higher-order FPDEs with periodic solutions.
The proposed FGPS method is an extension to classical PS methods, which are considered to be one of the biggest
technologies for solving PDEs that were largely developed about a half century ago [17-21]. For a clear exposition of
PS methods exhibiting a wide range of outlooks on the subject, the reader may consult, to mention a few, the books
[19, 22]. A comprehensive review on recent progress on Fourier PS methods can be found in [2, 23-26]. For a survey
on Gegenbauer polynomials and quadratures and their relevant theory, the reader may consult [21, 27-30], and the
references therein.

The remainder of this paper is organized as follows. In Section 2, we provide some primary definitions of FDs
and notations to be used in the paper’s presentation. In Section 3, the IVP of the FPDE under study is introduced in
general form. In Section 4, we present the FGPS method for solving the IVP. A study on the computational storage
requirements of the FGPS method is presented in Section 5. In Section 6, we present error and convergence analyses
of the FGPS method. The performance of the FGPS method is demonstrated in Section 7. Finally, Section 8 provides
concluding remarks.

2. Preliminaries and Notations

The following notations are used throughout this study to abridge and simplify the mathematical formulas. Many
of these notations appeared earlier in [2, 24]; however, for convenience and to keep the paper self-explanatory, we
summarize them below together with the new notations.

Logical Symbols. The symbols V¥, V,, ., and V; stand for the phrases “for all,” “for any,” “for each,” and “for some,”
in respective order.

List and Set Notations. € denotes the set of all complex-valued functions. Moreover, R, Z, Z*, 75,7}, 7;, and Za,e
denote the sets of real numbers, integers, positive integers, non-negative integers, positive odd integers, positive even
integers, and non-negative even integers, respectively. When we overset any 0;[: the above sets by a right arrow we
mean the subset of that set containing sufficiently large numbers; for example, Z* stands for the set of all sufficiently
large positive integers. The notations i:j:k or i(j)k indicate a list of numbers from i to k with increment j between
numbers, unless the increment equals one where we use the simplified notation i:k. For example, 0:0.5:2 simply
means the list of numbers 0, 0.5, 1, 1.5, and 2, while 0:2 means 0, 1, and 2. The list of symbols yi, ys, ..., y, is denoted
by yili—1., or simply yi.,, and their set is represented by {y;.,} ¥,n € Z*; the same set excluding y; is denoted by
{Vimtsy; M j € Ny The list of ordered pairs (X0, £1.0)s (Xm,05 In1)s - -+ » (X, 15 10.0)s - - - » (Xmun—15 Inn—1) is denoted by
(Xm.0:m—15 t.0m—1) and their set is denoted by {(Xp.0:m—1, tn.0m—-1)}. We define J, ={0:n—1}and N, = {1 : n} ,n e Z*.
ST = {t,0.1-1} is the set of n equally-spaced points such that , ; = T j/n V¥ j € J,. For a set of ordered pairs, we define

Sri? = Aot tnom-1) T Xmg € Syl tuj € S V(L) € Iy X I fmym} € Z4{T1, T2} € R}, G = {2, b is
the set of Gegenbauer-Gauss (GG) zeros of the (n + 1)st-degree Gegenbauer polynomial with index 4 > —1/2, and
G’l = {Aﬁ on  Zpom = : (zﬁon + 1)} is the shifted Gegenbauer-Gauss (SGG) points set in the interval [0, 1] ¥, n € Z*;
cf [29 31, 32]. The specific interval [0, T'] is denoted by 7 VT > 0; for example, [0, #, ;] is denoted by @,ﬂ/ VjieJd,.

Cartesian products like 07, X Or,,J,, X J,,, and N, X N,, are denoted by O, 1,, Ju, n,» and Ny, ,,, respectively,

Vo {T, T2} ¢ R" and {ny,np} C Z*.



Function Notations. [-],|-] and I" denote the ceil, floor, and Gamma functions, respectively. ( @ ) is the binomial

k

coefficient indexed by the pair @ € Rand k € Z;. (0)® = H (@ — [) is the kth-factorial power (the falling factorial)

function of @ € R. For convenience, we shall denote g(z,) by gnugeCnelt, €R, unless stated otherwise. We
extend this writing convention to multidimensional functions; for example, to evaluate a bivariate function u at some
discrete points set {(Xo.n—1, fo:n—1)}, W€ Write u,, ,, to simply mean u(x,,, t,) Vx,, € SL‘ 1, € S,{z. Uo:m—1,0-n—1 Stands for
the list of function values ug g, ug 1, - . ., Uon—1, U1,05 - - - » Ul n—15 - - - » Um—1 n—1. Finally, by u is a ,T';-,T>-periodic function
we mean u is a T} -periodic and a T»-periodic function with respect to x and #, respectively, ¥, u : R> — R.

Integral Notations. We denote fo” h(f)dt and |’  h(t)dt by T¥h and I, h, respectively, Y, integrable h € €, {a, b} C
R. If the integrand function % is to be evaluated at any other expression of #, say u(f), we express fob h(u(t)) dt and

fa b h(u(t)) dt with a stroke through the square brackets as J° g)h{u(t)} and Ef)b

hfu(?)} in respective order.
Space and Norm Notations. T7 is the space of T-periodic, univariate functions ¥, 7 € R*. Def(()) is the space of
functions defined on ). C¥(0) is the space of k times continuously differentiable functions on 0Vk € Z§ with the

common understanding that C(1) means C°(0)). We define the following two spaces:

X2 =y, oym] TR R sty € TrNCRR)Vj € Ny b,
X =y, ] RS R st yi(x, ) =z€R,y; € Ty, NC(R)Y 1 € Nr, and y; € Ty, NC(R) Y x € N, Vj € Ny, ),

where 'T%Zf is the space of T-periodic, n,-times continuously differentiable, n;-dimensional single-variable vector
functions on R, and T, V%Z%Zf is the space of ,T;-;T»-periodic, ny-times continuously differentiable, n;-dimensional
bivariate vector functions on R%. L(0) is the Banach space of measurable functions u defined on 0 such that ||u||;, =
(Inlulp)l/p < oo Vp > 1. In particular, we write ||u||,, to denote ||u||;~. Finally, for vector arguments, |[|-||, and |||,
denote the usual Euclidean and infinity norms of vectors.

Vector Notations. We shall use the shorthand notations ¢y and go.y—1 to stand for the column vectors [y, tn.15 - - -
tnn-11" and [go, &1s ..., gnv-11" YN € Z* in respective order. In general, ¥, 4 € € and vector y whose ith-element
is y; € R, and is denoted by y(7), the notation A(y) stands for a vector of the same size and structure of y such that
h(y;) is the ith element of h(y). Moreover, by h(y) or hj.,{y} with a stroke through the square brackets, we mean
(), ..., ()] ¥, m-dimensional column vector function k, with the realization that the definition of each array
hi(y) follows the former notation rule V, i. Furthermore, if y is a vector function, say y = y(¢), then we write A(y(ty))
to denote [A(y(tn,0)), A(Y(tn,1))s - . B (tnn-1)]T

Matrix Notations. O,, 1,, and I, stand for the zero, all ones, and the identity matrices of size n. C,,, indicates that
C is a rectangular matrix of size n X m; moreover, C,, denotes a row vector whose elements are the nth-row elements
of C, except when C, = O,,1,, or I,, where it denotes the size of the matrix. For a two-dimensional matrix C,
the notation C; stands for the matrix obtained by deleting the ith-row of C. Also, C;; is the row vector obtained by
deleting the jth-column of C;. The common notation C(i, j) refers to the (i, j) entry of C. For convenience, a vector
is represented in print by a bold italicized symbol while a two-dimensional matrix is represented by a bold symbol,
except for a row vector whose elements form a certain row of a matrix where we represent it in bold symbol as stated
earlier. For example, 1, and 0,, denote the n-dimensional all ones- and zeros- column vectors, while 1,, and O,, denote
the all ones- and zeros- matrices of size n, respectively. The notation [.;.] denotes the usual vertical concatenation.
Finally, «(A) denotes the condition number of a matrix A.

Common Fractional Differentiation Formulas. Let @ € R, m = [a], and f € Def (()7). The a-th order Griinwald-
Letnikov derivative of f with respect to f and a terminal value a is given by

GL na _ - k[ @ _
ADIf() = lim h Z( 1)( )f(t kh).

nh=t—a

The a-th order left RL and Caputo FDs are denoted by RSD‘,’ f(®) and OCD;’ f(), respectively, and are defined for ¢ € ()



by

wpopy = | Teman e (€= a7,
0 ff( ) (m) +
e, aelt,

1 (1) _ m—a—1 p(m) +
oDy f(n) = ”{";“’I’ = ometpm], ag
™), aezt
The RL and Caputo FDs with sliding fixed memory length L > 0, denoted by MRED? f(1) and M€ D¢ f (1), respectively,
are defined by

1 a7 —a—1
MRL py £(7) = ey s L oL [(t— )" f] , a¢lt,
o o, aelt,

1 (1) _ ym—a—1 g(m) "
MEDeF(b) = r((nn;;(t)It—L,t [(t +T) A ], a¢ 7",
", aez”,

cf. [1]. If f € CY(RY), then MRED? £(1) = M€ D¢ f(1), so we can denote both modified fractional operators by }/Df. A
reduced form of 24 D{ with constant integration limits, denoted by fD‘,’ f(1), is given by

m—-a

Epye pin — L W[ pmgy s
D0 = Tl P - L)

cf. [2].

Remark 2.1. For a comprehensive review and background on the periodic derivative 2’1 Dy f, the reader may consult
[1]. A proof that the modified derivative ﬁ”D;’f indeed preserves the periodicity of f N, periodic function f € C"[a —
Lbl:ae R\Z*",Le R*,m =[al,{a, b} C R :a < b can be found in [1, Theorem 3.9]. The reader may also consult
Sections 3.4 and 3.5 of the same reference for a comparison between classical fractional-order derivatives and the
modified derivative, in addition to two examples, including one on a physical model, to support the consistency of the
modified derivative motif.

Remark 2.2. The Gegenbauer polynomials we adopt here in this paper are the ones standardized by Doha [33, Eq.
(6)] or its equivalent form [34, Eq. (A.1)], where Chebyshev polynomials of the first kind and Legendre polynomials
become special cases of this family of orthogonal polynomials for 1 = 0 and 0.5, respectively. The generated form
of Gegenbauer polynomials are therefore different than those standardized by Szego [35] in which the Gegenbauer
polynomial evaluates to zero at A = 0, for any nonnegative integer degree.

3. Problem Statement

In this study, we consider the following class of time-dependent one-dimensional FPDEs with variable coefficients
and periodic solutions:
E na E —
a(x, ) [ Diu(x, 1) + b(x, t)LDfu(x, 1) = f(x,1), (3.1a)

subject to the initial conditions
u(x,0) = g(x), u(0,1) = h(1),
where {a, b, f} ¢ C ([Rz) ,8 € lTl X and h e ITZX? are some given functions, u € T %7%1 is the solution, 'LEDﬁu(x, t) and

F D,B u(x, t) are the ath- and Sth-order RL/Caputo FDs of u with sliding fixed memory length L € R* with respect to x
and ¢, respectively, such that {a, 8} C (0, 1].



4. The FGPS Method

Collocating the FPDE (4) at the rectangular mesh grid set ST' Tz : {N1,N,} c Z7 provides the following NN,
system of linear equations:

alyijiNl_,u(x, th,j) + blyijsz\ju(le,l, t) = fl,j Y(I, j) e J]N] N>+ “4.1)

To solve Eqs. (4) for the grid point values u; ;, we can approximate the FDs by using [2, Eq. (4.9)] to obtain the
following numerical formulas:

Ni-1
D5, ux i, ) ~ Z £ DN 1ithj Vi€ Iy, (4.2a)
k=0
Np-1
EDL uCn )~ DT EDN e Vi Dy, (4.2b)
k=0
where
Eqy L™ +
L@Ng,r,s = e y)LQNG’r,S Vye(0,1),{r,s}cJ,:neZ;, 4.3)
and EQIYV s is the yth-order FG-based PS quadrature (FGPSQ) with index L as defined by [2, Formula (4.8)]. We
similarly refer to EZ);VV s by the yth-order FG-based PS differentiation (FGPSD) with index L. Egs. (4.1) and (4.1)

can be further expressed in matrix notation as

E na ~ Eqya .
LDle u(x, ) ~ LDNG Uo:Ny-1,j>

E E
LDfNZM(xz, H= LZ)fVG ULO:N,—15
where

T T
LDy, uCen) = [[D5, u(en,... ;DY uGd] L (D) u(en) = [(D; u(xn.....;Dp,  u(xo)

N0 NN -1 INy . Ny-1
and
E a Eqna . Eqya E
TN = D D] TN, = [ DR 0t D]
E qya E E gy E :
FD% = 1D i D] Y€ Iy z)fvﬂ e jo,...,Lz)fVG’j,er] Vje .

We refer to ED;VVG by the yth-order FG-based PS fractional differentiation matrix (FGPSFDM) with index L. Substi-
tuting Formulas (4.1) and (4.1) into Eqs. (4) and shuffling the terms that include the solution initial values onto the
right hand side of the equations yield the following approximate linear equations system:

a1 DN, otiN-1,j + iy fzﬂg,_,;euz,lwz—l = foi = aji DY, 1ohi = b L DR 08 YL ) ENy 1 p-1. (45)
To put the pointwise representation of the derived system of Egs. (4) in the following matrix form
AU=F, (4.6)

we define the index matrix
N=X+(N;-1DY+1, 4.7)

where X is the (N, — 1) X (N; — 1) matrix whose each row is a copy of the row array [0:N;-2], and Y is the matrix of
the same size with each column being a copy of the array [0:N>-2]. The elements of the global collocation matrix A



and the column vector F are therefore given by

AWNGDNGK) =a 7OV o kel Ny =1}y,
AWNG DN D) = bt Dy o kel Ny =1}y,
AWNGDNGD) =a FDY ,+ b ED

FNG.D) = fij = anf DY, ohi = bii 1 DN, o8

Y(l, j) € Ny,—1n,-1. Clearly, A is a square matrix of size (N; — 1)(N, — 1). It is interesting to note that A is a sparse
block matrix with the following special structure:

af
Al .rf,% .r[fﬁ 'I‘/f,4 .rf,Nz— 1
@,
Yg,l Az Ygg Y/;A o Yg,szl
a,
Yg,l Yg,z A3 'I‘fjA o .rg,Nz—l
A = N )
. : : N,—2,N,—1
@,
'rlli’z—l,l 'rlli’z—l,Z 'rlli’z—lﬁ 'rlli’z—l,Nz—Z ANz—l
where
@ EDY |+ b EDP a1 EDY, a1 EDY a; EDY
Kk L= Ng.1,1 Lk L=Ng k.k Lk L%Ng,1,2 Lk L+Ng,1,3 Lk L% Ng,1,N,-1
azk IL:D(];(/G,Z,I azk fD;f/G,z,z + bk ED‘;\/GJ(J( ark ED%U,M azk fD%G,z,NH
af _ E E : .
A= a3k 1 DY 50 a3k [ Dy 50
AN, -2,k fD;f/G,N.—le—l
E E E E E
aNl—lv/‘LDX/(;.M—I.l an -1,k LD;GA,NﬁLZ uNl—lvkLDX/mN.—I,M—Z aNl‘lvkLDg/(;,M—l,Nl—l +DN -1k NG kok
and
bl’k LZ)]B\Ig,k,S O 0
0 by EDP :
Y, = KL No ks Vik, s} € Ny,_1.
: " " 0
E
0 0 le_lvkLZ)[]ilg,k,s

We can solve the linear system (4) for the approximate solution values i;.y,-1,1:5,-1 by a direct solver through (a
variant of) Gauss elimination for sufficiently smooth variable coefficients, source functions, and initial value functions
owing to the exponential convergence of the FGPS approximations, as we shall demonstrate later in Section 7. We
can further estimate the approximate solution function Iy, ,ii(x, t) at any point (x, ) € R? using the following Fourier
interpolation formula in Lagrange form:

Ni—1N>-1

vt = " a7 ),

=0 j=0

where 7—7‘]’ (x, 1) = Z*(x)?—"; () is the tensor product trigonometric Lagrange interpolating polynomial such that

1 P el 1, x=2xyu 2k bd
Fr(x) = — P TR . N o owi=—=VkeR,, vi=—(x-x YieJy,
) 1|k|;/2 Nil sin(Nv)) cot(v)),  x # xn,.1 k7o M LT ( wil) M
=IV]
1 r 1 =t : 2k T
N i (t=tny ;) — > Na,j» . r_ 27R ’ L P ) .
Fi(t) = 2|k|§;/2e k { NLZ Sin(sz’j) Cot(v’j), # i wy T VkeSy,, Vv, T (t ZNZ,;) VjeJn,.



5. Computational Storage

In this section, we briefly discuss the computational storage necessary to set up the linear system (4). We determine
first the computational storage required by the yth-order FGPSFDM with index L, EZ);YVG, which follows from the
following corollary.

Corollary 5.1. The yth-order FGPSFDM f Z)X,G is a Toeplitz matrix.

Proof. Let £Q%, be the yth-order Fourier-Gegenbauer-based PS integration matrix with index L defined by
LN, g g
Ear _[Eqpr . EpY . Epy  _[Eny E Y
LQNG - [LQN(;,O’ e QN(;,N—]] . LQNG,I - [LQN(;,Z,O’ cees QN@,Z,N—]] VYile \DN'

The proof follows immediately by realizing that fQ;VvG is a Toeplitz matrix as proven by [2, Theorem 4.1], and

L'
E qyy
D}, =
LN T T2 -y)

1Qy, Yye(©.D,

by Eq. (4). O

Since f Z);YVG is a square matrix of size N, Corollary 5.1 manifests that f Z);YVG requires only 2N — 1 storage. There-
fore, one can solve Toeplitz systems of the form fl)%gx = b V, {x, b} c RV using only O(N?) flops and O(N) storage
with the aid of special fast algorithms such as the Levinson-Durbin algorithm [36]. The yth-order FGPSFDM with
index L, f Z)LG, is a constant matrix that can be constructed and stored offline for a certain range of its parameters and
invoked later when running the numerical program. If we now turn our attention to the global coefficient matrix A of
the linear system (4), we can clearly see from Section 4 that it is a block matrix with N> — 1 dense diagonal square ma-
trices and (N; —2)(N, — 1) diagonal matrices, each of size N| — 1. Hence, the matrix A requires (N, — 1)(2N12 —5N;+3)
storage. When we add this to the (N} — 1)(V, — 1) storage requirements of the column vector F, we find out that the
total storage requirements of the linear system (4) is 2 (N| — 1)2 (N, — 1). In the special case when N; = N, = N, the
computational storage requirement of the linear system simplifies into 2(N — 1)*. We shall discover in the next section
that the proposed method can often achieve superior accuracy when both Ny and N, are relatively very small, thus,
significantly reducing the computational storage requirement.

6. Error and Convergence Analysis

The following theorem underlines the truncation error bounds of the approximate linear system of equations (4).

Theorem 6.1. Let Ng € Z*,L € R*,y = min{a, B}, (x,1) € Or, 1,, and suppose that F* (x - Lyﬁ) and?‘j’t (t - Ly#)

are approximated by the SGG interpolants obtained through interpolation at the SGG points set @’11 No Y, j) € Iny v,y
cf [2, 24, 37]. If
L>1-vy,

then the truncation error of the approximate linear system of equations (4) at each collocation mesh grid is bounded

by
2uL'™Y

ir fd di
i<t (Nma lldlloo E + ES ), (6.1)
where jt = max {llallo, Iblleo} » Nnax = max (N1}, B = max {Ey®, JEWP | N € (N1, Na),v € {a, )

A,y RY
Yy = max 'E ; )|
N,Ng (5)C Iy N,Ng,k(gk’é)




I, Ng>0A1>0,
r(NT + 1)r(,1+ %)
VAT (% +2+1)
2r(”0*3)r(1+%)

1
5 NGGZ;/\—§<A<O,

Ay Lv,ks A=2Ng—1 NG nr_A-Ng—3
B ilioo)| < B 272No Mo NG No

2
VI VNG + D(Ng + 24+ DT (% 1 2)°
Bj{(Ng+1)™, Ng—ooA-1<2<0,

1
NGEZ&@/\—§</1<0,

Lvilis _ A g LVslis .
where BZ,N,NG =D AN’NG :

Ng + 1 Ng + 1 n
Lvg Not1 Vet (L \YeT! “ [( Ng/2 )(SVTOLNTGJ +( NG /2] )(1 6NTGVTGJ)]’ No ez
Vlks _ s+1 o—(Ng+ v NG /2 —
AN,NG =N gk,s ¢ (1 _ V) VNG (&%) (2(:/)[\/—(; , Ng EZZ,

(eNg)LV6 2] 7
3 ooz Ne €25,

( ) )(N(;karl)

T-v

Yi{ci3) € R*, {lov-1.03-1} C (0, 1), A-dependent constants {D*, B{} c R* : B} > Ly, = Zkedygo ,

and E]‘f,il v, 18 the maximum of the absolute derivatives of Fourier interpolation errors of u along the coordinate axes

of the xt-plane and based on the mesh grid sets S ;,‘] and S ;,22

Proof. First notice that L'~ /T2 — y) is monotonically decreasing on ); such that

L]—V
L NP
cf. [2, Theorem 5.3]. Let Iy, u(x,ty, ;) = (;lefl{x} ZB N be the N;/2-degree, T-periodic Fourier interpolant

that matches u(x, ty, ;) at the mesh points set S]C‘l ¥, j € Jn,. Let also inN“I‘j denote the associated interpolation error
such that ‘
u(x, th,j) = IN. u(x, th,j) + XE}\];:’]‘(X) VJ € JJNZ-

Taking the periodic FD operator f D¢ of both sides of the equation and following the work of Elgindy [2] to numeri-
cally compute the FD at each spatial mesh grid point yield

1-a

) L ) i L
ED;V]\,“(X’ th»j) = m (-[1) 7—-’Z)(:Nﬁl‘[xl\’] A Ly™}{ Uy, o:ny-151n,. + I? .xE]\I/?f_/{XNI N Ly™= ]’)
1-
= LS st (B + B (@) + T B iy — Ly, (62)
1—*(2 _ a,) 15 2,] Ng,l, N1,Ng.k > 1 1, 15

keJy,

¥ {¢o:n,-1.1) € (0, 1), where Eﬁ’]"NG . is the FGPSQ error as defined by [2, Theorem 1] Vk € Jy,. By rearranging the
terms in Eq. (6) we obtain

Ll—w i . 1
E _E Aa () print -+
LDzN,_,u(x’ th,j) - LZ);l\Ig,l U, ony-1itnyy T T2 - a) Z U(XN, s tNZ’j)ENl,Ng,k (gk,l) + -[1 xEj\ll?,j{xM 1~ Ly=4].
kedy,
Therefore,
Ll—w .
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where ||XE]’:,“‘|| = max ||.E3™ || . By similarity, we can readily show that
1 Heo j€dw, L/ | oo
L' i

‘fl)sz»/u(xN"l’ - ILED[‘i’G,j oy, sy oyt | S re-p [Nz lleleo El/i’f»NG + ”tEAl]let”DO] ’ (6.3b)

where ||,E]'\‘,';t|| = lmjax ,E]’\i,‘z“l , and ,E}:,“ , is the associated interpolation error of u(xy, s, ) based on the mesh points
o0 eJd, oo 2,

set S;: V1 € Jy,. Now, let E;'\‘}I’Nz = max{||xE]’\i,‘]“||m , H,E;\‘,':t”m} The proof is established by subtracting Eqs. (4) and
(4), imposing Inegs. (6.1) and (6.1), and applying [2, Theorem 5.2]. |

The first term in the sum of Ineq. (6.1) is due to the FGPS approximations to the FDs of u, hence can be considered
pure FD computational (FDC) error. The second term is due to the Fourier interpolations of u at the collocation mesh
grid and thus can be viewed as a pure Fourier-interpolation-induced (FII) error. It is interesting to note that increasing
the maximum degree of Fourier interpolants of u generally decreases the FII error, but increases the FDC error. This
observation agrees with the recent findings of [2] on FDC errors based on FGPS approximations. Fortunately, both
FDC and FII errors can be made very small for sufficiently smooth periodic solutions using relatively small mesh
grids, owing to the rapid convergence of FGPS approximations and Fourier interpolation.

Remark 6.1. The reader should realize that the FGPS approximations of the periodic FDs converge exponentially
fast for sufficiently smooth periodic functions, as Ng — oo, while holding all other parameters fixed; cf. [2, Theorem
5.2 and the paragraph that follows].

The following corollary is a direct result of [25, Corollary 5.1], which states that the error of the FGPS method is
dominated by the FDC error when the solution of the FPDE is “$-analytic” owing to the collapse of the FII error; cf.
[24].

Corollary 6.1. Let the assumptions of Theorem 6.1 hold. If u is -analytic with respect to both arguments, then Eﬁl’ N
collapses, and Ineq. (6.1) reduces to
20N L7 s

r2-7) '

Remark 6.2. We draw the reader’s attention to the fact that B in the expression “B-analytic” has nothing to do with
the order of the FD, E Df , often used in the presentation of the paper, but rather pertained to a type of analyticity of
functions; the reader may consult [24] for more details.

|EF| <

7. Numerical Simulations

This section demonstrates the accuracy and performance of the proposed FGPS method on four novel test prob-
lems. All numerical experiments were carried out using MATLAB R2023a software installed on a personal laptop
equipped with a 2.9 GHz AMD Ryzen 7 4800H CPU and 16 GB memory running on a 64-bit Windows 11 operating
system. The linear system of equations (4) was solved using MATLAB mldivide solver. The FGPS was performed in
all cases using the parameter values N; = N, = 4, L = 30, Ng = 1000, and A = 0, except when otherwise explicitly
stated.

Problem 1. Consider the following time-dependent one-dimensional FPDE with variable coefficients and periodic
solutions:
1 . . . .
xt EDYV2u(x, n)+(x+0) D Pu(x, 1) = 5«7 —1[e7 (t + x)sin (x) (erf (c) " — erfi(c)) - ite™ ™ xcos (1) (erf (c) ™ + erfi (o)),
subject to the initial conditions
u(x,0) = sin(x), u(0,1)=0,

Y(x,1) € Nopon, Where ¢ = V15 (1 +i). The exact solution of the problem is u(x, ) = sinxcost. Figure 1 shows the
plots of the exact and approximate solution obtained by the FGPS method. The figure also shows the corresponding
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absolute error surface, which indicates that the solution is resolved to about machine precision. x(A) and the elapsed
time for running the FGPS method were about 12.615 and 0.064 s, respectively, rounded to three decimal digits.
Figure 2 demonstrates that one can still retain highly accurate approximations using relatively much smaller values of
Ng. In addition, Figure 3 supports our theoretical error and convergence analysis study discussed in Section 6, where
we observe a decline in the approximations precision when increasing the degrees of Fourier interpolants of u by 16
orders due to the rise of the FDC error.

,471(567 t)

I,

Figure 1: The plots of the exact (left), approximate solution obtained by the FGPS method (middle), and the corresponding absolute errors (right)
for Problem 1. The plots were generated using 100 equally-spaced nodes in the x- and #-directions from O to 27.
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1474’(1(1‘, t)
|u(z,t) — Liqu(z, t)|

Figure 2: The plots of the exact (left), approximate solution obtained by the FGPS method (middle), and the corresponding absolute errors (right)
for Problem 1 using the parameter value Ng = 40. The plots were generated using 100 equally-spaced nodes in the x- and #-directions from 0 to
2n.

Ly gou(z,t)

Figure 3: The plots of the exact (left), approximate solution obtained by the FGPS method (middle), and the corresponding absolute errors (right)
for Problem 1 using the parameter values N1 = N, = 20. The plots were generated using 100 equally-spaced nodes in the x- and #-directions from
0 to 27.

Problem 2. Consider the following time-dependent one-dimensional FPDE with variable coefficients and periodic

11



solutions:

V—1e™" cos (x + t2)

(1 1 1 1
_1)\2/3 2it = - o - - .
2r(§ (e (F(3) r(3,301)) r(3)+r(3, 301)}
V3e 135D sin(xt)

) [( V3 + i) e (r(%) - r(% 90i)) +(V3- l)l"(%) - 2(—1)5/6r(§, —901')] :

sin(x#) f D) u(x, 1) + cos (x + ) [ D7 u(x, 1) =

~—

subject to the initial conditions

u(x,0) =cos(Bx+1), u(0,7)=cosl —sint,

V(x,1) € (ar/32-. The exact solution of the problem is u(x, ) = cos(3x + 1) — sinz. The numerical results are shown

in Figure 4. k(A) and the elapsed time for running the FGPS method were about 36.108 and 0.093 s, respectively,
rounded to three decimal digits.

14,411(27, t)

05

Figure 4: The plots of the exact (left), approximate solution obtained by the FGPS method (middle), and the corresponding absolute errors (right)
for Problem 2. The plots were generated using 100 equally-spaced nodes in the x- and #-directions from (0, 0) to (27/3, 27).

Problem 3. Consider the following time-dependent one-dimensional FPDE with variable coefficients and periodic
solutions:

3/20 ,~((1+20)x) G
—xt E y7/10 _ Epy4/5 _ D7 e Sin(0) | y7/10 4ix [ 3 3 60i
e ' IDY P u(x, t) + In(x — ¢t + 3m) /D u(x, 1) 23/101"(%) =D""e r ot r 10’ 60i

3\ (3 N, V-lesin@oIn(—t+x+3m) [ s o 1 [ NI
+F(10) F(IO’ 601)}+ 21"(%) [( )" e (r(5)+r(5,3oz))+r(5) 1“(5, 301),

subject to the initial conditions
u(x,0) = u(0,1) =0,
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Y(x,1) € Ny2r. The exact solution of the problem is u(x, f) = sin(2x) sin(¢). The numerical results are shown in Figure
5. k(A) and the elapsed time for running the FGPS method were about 3.253 and 0.093 s, respectively, rounded to
three decimal digits.

x10°718

(z,1)]

14'&(1, t)
471

1y
u(z,t) — L

Figure 5: The plots of the exact (left), approximate solution obtained by the FGPS method (middle), and the corresponding absolute errors (right)
for Problem 3. The plots were generated using 100 equally-spaced nodes in the x- and ¢-directions from (0, 0) to (, 27).

Problem 4. Consider the following time-dependent one-dimensional FPDE with variable coefficients and periodic
solutions:

(x+5) [ D%u(x, 1) = x* [ DJux, 1) = [( = 1) x = 5] sin(x + 1) + sinh(0.3) [ (x + 5) cos(x) sin(r) = x £ sin(x) cos(7)
subject to the initial conditions
u(x,0) =cosx, u(0,r)=cost,

Y(x,1) € Moz2r. The exact solution of the problem for @ = § = 1 is ubl(x, 1) = cos(x + ) + sinh(0.3) sin(x) sin(7),
where u®# denotes here the solution associated with the fractional orders « and . Figure 6 shows the evolution of
the solution when @ = 5= 0.8,0.9,0.99, and 1. Observe how the surface profile of the approximate solution, denoted
here by Ig;éNzﬁ(x, 1), converges to u"!(x, 1) as (a,8) — (1,1).

13



()

[ La(CR)

_ en)

Figure 6: The evolution of the approximate solution for some increasing fractional orders. The plots were generated using 100 equally-spaced
nodes in the x- and #-directions from 0 to 27.

8. Conclusion

We proposed a new class of IVPs of time-dependent one-dimensional FPDEs with variable coefficients and peri-
odic solutions. This class of problems can be solved numerically very accurately and efficiently using the proposed
FGPS method. In particular, the FGPS method converts the IVP into a well conditioned linear system of equations
using a PS method based on Fourier collocations and Gegenbauer quadratures. The reduced linear system has a sparse
block global coefficient matrix that can be generated efficiently using the smart index matrix mapping N given by Eq.
(4), which allows most parts of the global matrix generation process to be optimized and arranged to work on chunks
of vectors; thus, the efficiency increases by allowing vectorized operations. This strategy enables us to solve the
reduced linear system of equations very rapidly to nearly within the machine precision using standard linear system
solvers. The method converges exponentially for sufficiently smooth periodic solutions using very small collocation
mesh grids as proven by Theorem 6.1 and verified through extensive numerical simulations. The rigorous analysis
of the error conveyed that the truncation errors are due to two sources of errors, namely, the FDC and FII errors.
The former is due to the FGPS approximations to the FDs of the FPDE and the latter is induced by the Fourier in-
terpolations of the solution at the collocation mesh grid. We discovered that reducing the FII error by increasing the
collocation mesh size generally amplifies the FDC error, so it is recommended to apply the FGPS method using a
low size of collocation mesh grid for sufficiently smooth periodic solutions. Corollary 6.1 shows that the errors are
dominated only by the FDC errors when the periodic solution is S-analytic. We highly anticipate that the idea and
results presented in this paper will become fruitful in the future to deal with more general problems involving FPDEs
with periodic solutions.
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