Available online at www.sciencedirect.com

“e* ScienceDirect

NEUROCOMPUTING

s

ELSEVIER

Neurocomputing 69 (2006) 2097-2111
www.elsevier.com/locate/neucom

Dynamic pruning algorithm for multilayer perceptron based neural
control systems

Jie N1, Qing Song
School of Electrical and Electronic Engineering, Nanyang Technological University, Nanyang Avenue, Singapore 639798, Singapore

Received 13 February 2004; received in revised form 26 May 2005; accepted 19 September 2005
Available online 15 February 2006
Communicated by T. Heskes

Abstract

Generalization ability of neural networks is very important and a rule of thumb for good generalization in neural systems is that the
smallest system should be used to fit the training data. Unfortunately, it is normally difficult to determine the optimal size of networks,
particularly, in the sequential training applications such as online control. In this paper, an online training algorithm with a dynamic
pruning procedure is proposed for the online tuning and pruning the neural tracking control system. The conic sector theory is
introduced in the design of this robust neural control system, which aims at providing guaranteed boundedness for both the input—output
signals and the weights of the neural network. The proposed algorithm is applied to a multilayer perceptron with adjustable weights and
a complete convergence proof is provided. The neural control system guarantees the closed-loop stability of the estimation, and in turn, a
good tracking performance. The performance improvement of the proposed system over existing systems can be qualified in terms of

better generalization ability, preventing weight shifts, fast convergence and robustness against system disturbance.

© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Recently, extensive research and significant progress
have been made in the area of robust discrete time neural
controller designed for nonlinear system [25,14,5,30,7,
10,21,2,15,18,19,23,28.31]. However, when a neural system
is used to handle unlimited examples, including training
date and testing data, an important issue is how well it
generalizes to patterns of the testing data, which is known
as generalization ability [1,12]. For large discrete time
domain sequential signals such as online control applica-
tions, it is usually impossible to cover every sample data
even with proper training [9,11]. One would like the system
to generalize from training samples to the underlying
function and give reasonable answers to novel inputs with
the existing training data. A rule of thumb for obtaining
good generalization is to use the smallest system that fits
the data. When a network has too many free parameters
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(i.e. weights and/or units), it may end up by just
memorizing the training patterns. Both theoretical [1] and
practical results [6,12] show that networks with minimal
free parameters exhibit better generalization performance,
which can be illustrated by recalling the analogy between
neural network learning and curve fitting. Moreover,
knowledge embedded in smaller trained networks is
presumably easier to interpret and thus the extraction of
simple rules can hopefully be facilitated. Lastly, from
an implementation standpoint, small networks only re-
quire limited resources in any physical computational
environment.

In this paper, a dynamic training and pruning algorithm
for a generic neural control systems is proposed in which
the impact of pruning is taken as a dynamic term and a
general stability proof for the neural control system is
derived. The plant under consideration is a nonlinear
dynamic system and neural network is applied in the
system to estimate the nonlinear function in the closed-
loop. Conic sector theory [17,20] is introduced to design the
robust control system, which aims to provide guaranteed
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boundedness for both the input—output signals and the
weights of the neural network. The neural network is
trained by this algorithm in the close-loop to provide an
improved training and generalization performance over the
standard back-propagation algorithm, in terms of guaran-
teed stability of the weights, which in turn, yields good
tracking performance for the dynamical control system.
Since the stability is the primary concern of a closed-loop
system, instead of a direct convergence analysis in [29], we
take the traditional approach of adaptive control system to
provide a robust input—output (I/O) stability design and
analysis for the neural control system, which does not
require the weights to converge to the ideal values. And
different to [16], we treat the effect of pruning as a dynamic
term, which will be discussed in the robustness analysis
part. The conic sector theory is applied to isolate the
learning and pruning part from the rest of the closed-loop
system. A special normalized cost function is provided to
the algorithm to reject disturbance and solve the so-called
vanished cone problem. The improved performance of the
proposed algorithm can be described in terms of better
generalization ability, preventing weight shifting, fast
convergence and robustness against system disturbance.

2. NN tracking controller and the dynamic training and
pruning algorithm

2.1. Design of the controller

A dynamic control system can be presented at an
input—output form [25,24] as the following:

Vi =Ffio + e + e (1)

where f,_, € R" is a dynamic nonlinear function, ¢ € R"
denotes the system noise vector and u;_; € R" is the control
signal vector. The tracking error of the control system can
be defined as

Sk = yk — dk, (2)

where d; € R" is the command signal.
Define the control signal as

Uy = _fk—l +di + kuSii, 3)

where k, is the gain parameter of the fixed controller and
S, 1s the estimate of the nonlinear function f,_, by the
neural network. Then the error vector can be presented as

e =fior —fria + e @)

to train the neural network as shown in Fig. 1 where the
denotes the impact of the pruning over the whole system
which will be further investigated in Sections 3 and 4.

Note that the training error ¢, may not be directly
measurable, so we should use the tracking error to generate
it using the closed-loop relationship (1), (3) and (4)

e = (1 — Z_Ikl,)sk. (5)

o
+4 k
Robot System e Yk

Fig. 1. Structure of the control scheme.

2.2. Basic form of adaptive simultaneous perturbation
algorithm

The adaptive simultaneous perturbation (ASP) approach
[27] 1s composed of two parallel recursions: one for the
weights W and one for the Hessian of the loss function,
L(W). The two core recursions are, respectively:

Wk = Wk—l - ak(ﬁ)ZIGk(qu)a (6)

H, = M(H), (7)

;AL + g (8)
k — k I 1 k—1 k + l ko

where q; is a non-negative scalar gain coefficient, Gk(Wk,l)
is the input information related to the gradient or the
gradient approximation. M is a mapping designed to cope
with possible non-positive definiteness of H, and H,is a
per-iteration estimation of the Hessian discussed below.
The parallel recursions can be implemented once H is
specified and the formula for estimating the Hessian at
each iteration can be presented as

. 1[sG" 5GI \'
_ 196G, a7 9
k=5 2, Vk+<2ck T , ©)
where
0G, = Gg)(Wk + i) — GZI)(WIC — ¢ dy), (10)

GO(W, £ ¢ dy)
LWt adi + &4) — LW, £ adi — &) ;
N 28 g

(11)

with 4, = (441, 441, - . ., A,q,)T is generated via Monte Carlo
according to conditions specified in [26,29] and r, = (4;],
Ay AN Ay = (A4, Agay - . ., Ay,)" is generated in the
same statistical manner as 4, but independently of 4,, and
Fo= (4 4o 4;))". ¢ is a positive scalar satisfying
certain regularity conditions [26,29] and with ¢, satisfying
conditions similar to ¢.
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The output of a three-layer neural network can be
presented as

Sior = HOVi1, X 1)1, (12)
where the input vector x;_; € R" of the neural network is

Xkt = Vh o Vhgs e sy oty -1 (13)

Dy € R is the weight vector of the output layer, and
Wi_; € R’ is the weight vector of the hidden layer of
the neural network with p,=m xn, and p, =m, x m,
where n; and n;, are the number of the neurons in the input
and hidden layers of the network, respectively.
H(Wi_1, Xe_1) € R™ is the nonlinear activation function
matrix:

H(Wy_y, x¢-1)
By 1, Pz, - -
= 0...

~ahk—l,nh 0... ...0
hi—is iz, - - 9hk—l,nh ...0

with /;_,, is the nonlinear activation function

1

T ~
hk—l,i = h(xkqwk—l,i) =T T e
1 +e k-1 k—1,i

(14)

with Wy, € RY, Wi = [ﬁ/;l peees szlnl ]T and 4.>0,
> ’'h
which is the gain parameter of the threshold function.

2.3. Hessian based pruning

The basic idea of this approach is to use the information
on the second-order derivatives of the error surface in
order to make a trade-off between network complexity and
training error minimization. A similar idea was originated
from optimal brain damage (OBD) procedure [13] or
optimal brain surgeon (OBS) procedure [8]. The starting
point in the construction of such a model is the
approximation of the cost function &,, using a Taylor
series about the operating point, described as follows:

Ea(Wi + AW,) = E(W ) + GLW AW,
+ AW H(W)AW,
+ O(IAW 1), (15)

where AW, is a perturbation applied to the operating point
W,, with the G,C(Wk) is the gradient vector and H k(Wk) is
the per-iteration estimated Hessian matrix. The require-
ment is to identify a set of parameters whose deletion from
multilayer perceptron that cause the minimal increase in
the value of the cost function ¢&,,. However, for our
dynamic pruning algorithm, the criteria for pruning should
be based on a consecutive L-step information (the
estimation error of all these L steps are smaller than the
criteria, so we regard it reaches a local minimum), where L

is a finite positive integer. So
éav( I/i/k + AW/C)
= L) + G, (WA,
+IAWH(WOAW  + O(IAW ),

k

k—1+L

k
H(W) =Y (H(W))/L. (16)
k—1+L
To solve this problem in practical terms, the following
approximations are made:

(1) Quadratic approximation: The error surface around a
local minimum or global minimum is nearly “quad-
ratic”’. Then the higher-order terms in Eq. (16) may be
neglected.

(2) Extremal approximation: The parameters have a set of
values corresponding to a local minimum or global
minimum of the error surface. In such a case, the
gradient vector G,C(Wk) may be set equal to zero and
the term G, (W,)AW, on the right-hand of Eq. (16)
may therefore be ignored.

Under these two assumptions, Eq. (16) can be presented
approximately as

Al = E(Wi 4+ AW) — E (W)
~ LAWLH (WOAW . (17)

The goal of OBS is to set one of the synaptic weights to
zero to minimize the incremental increase in &,, given in
Eq. (17). Let W, denote this particular synaptic weight.
The elimination of this weight is equivalent to the
condition

I[IAW, + Wi =0, (18)

where I, is the unit vector whose elements are all zero,
except for the ith element, which is equal to unity. And the
goal is to minimize the quadratic term %AWzFI J(WO)AW,
with respect to the perturbation AWy, subject to the

constraint that I,.TA W, + W, is zero, and then minimize
the result with respect to the index i.

To solve this constraint optimization problem, the
following penalty function is used:
S =AW H (WOAW, — iITAW ;. + W), (19)
where A is the Lagrange multiplier. Apply the derivative of
the risk function S with respect to AW, use the constraint
of Eq. (18), and maﬂtrix inversion, the optimum solution of
the weight vector W is
AWk = — ,kl -

[H,]

i

I, (20)
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and the corresponding optimum value of the risk function
S for element W, is

W)

= W) @)
2[H;]

where H™' is the inverse of the Hessian matrix H;, and

[H '1is the iith element of the inverse matrix. The value S,
optlmlzed with respect to AWk, subject to the constraint
that the ith synaptic weights W be eliminated, is called the
saliency of W,

In this method, the weight corresponding to the smallest
saliency is the one selected for deletion. Moreover, the
corresponding optimal changes in the remainder of the
weights are given in Eq. (20).

And till now, the idea of this novel dynamic training
and pruning (DTP) algorithm is going to be established.
The perturbation is applied to update the weights of
both layers by using ASP algorithm and some useful
information is extracted in this process to do the
pruning when some criteria are satisfied. The detailed
steps for implementing this novel algorithm are illustrated
next.

Remark 1. To simplify the notation, we could define the
overall estimate parameter vector W, = [6] W] € R” with
p =p,+p, in the DTP algorithm. However, for a multi-
layered neural network, it may not be possible to update
all the estimated parameters with a single gradient
approximation function to meet the stability requirement.
Therefore, it is better that the estimated parameter
vectors 0, and W, are updated separately in the DTP
algorithm using different gradient approximation functions
as in the standard BP training algorithm. This point will
be explored further in the robustness analysis in the
next section.

2.4. The DTP algorithm

Summary of the DTP algorithm for neural controller

Step 1.
Initializing: Form the new input vector x;_, of the neural
network defined in Eq. (13).

Step 2.

Calculating the output f,_, of the neural network: Use the
input state x,_, and the existing or initial weights of the
network in the first iteration.

Step 3.
Calculating the control input u,_; by using

Up_1 = _fk—l + di + koS

Step 4.
Evaluating the estimation error ¢, by feeding the tracking
error signal s, into a fixed filter.

Summary of the DTP algorithm for neural controller

Step 5.

Evaluate the squared error of L consecutive training
samples: If all of them are less than the criteria for pruning
& (where we assume it reaches a local minimum), goto step
6; else, goto step 7.

Step 6.
Do the pruning by choosing the weight corresponding to
the minimum saliency, then goto step 7.

Step 7.
Updating the weights for the output layer

vovoy—1 0T g oaw
"k(Mk) e H(Hk—

0, =0;_, - . %2 e (see Eq. (35) in
Section 3)

and hidden layer

0 = 0y — w0t le:.Tgk' Ty ry (see Eq. (68) in
Section 4), ot

respectively, and the role of p; and p} is also illustrated
later.

Steps8.
Go back to step 2 to continue the iteration.

After summarizing the DTP algorithm, it is necessary to
investigate the robustness for this algorithm.

3. Conic sector condition for the robustness analysis of the
learning law in the output layer

The general idea is that we do not deal with the
convergence property of the parameter estimate of the
dynamic training and pruning algorithm directly, which is
well established under certain conditions. Rather we shall
prove the tracking error and the parameter estimation
error of the output layer of the neural network, which are
derived after pruning, are bounded using the conic sector
theory under some mild assumptions. Furthermore, the
boundedness condition for the parameter estimation error
of the hidden layer is also derived in the next section. The
purpose of the training algorithm is to make the estimate
parameter vector W, approximate the optimal one, and in
turn, to produce an optimal tracking error for the control
system. To do this, one important condition is that the
time-vary equation should be bounded as required for
adaptive control systems. To guarantee the boundedness
condition, the robust neural controller uses a normalized
DTP algorithm. In this paper, the robustness of the system
is analyzed using the conic sector theory. A two-stage
normalized training strategy is proposed for the DTP
algorithm with guaranteed I/O stability using conic sector
condition, which also provides guidelines for the selection
of the DTP learning parameters and normalization to
obtain an improved performance.
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As for this training and pruning algorithm, it is more
convenient to analyze the conic conditions for the training
and pruning processes separately.

3.1. Conic sector condition for the training process in the
output layer

We use ||.|| to denote the Frobenius norm of a matrix
and Euclidean norm of a vector in this paper [4]. The
stability of the input—output neural control system can be
analyzed by the conic sector theory. The main concern is
with the discrete time tracking error signal s, which is an
infinite sequence of real vectors. Consider, the extended
space L,,, in which the variable truncations lie in L, with

, 1/2
sl = {Z szsk} <00 (22)
k=1

Vt € Z, (the set of positive integer). The following theory is
a necessary extension to the conic sector stability of
Safanov [20] for discrete time control systems.

Theorem 1. Consider the following error feedback system:

s = e, — Py,
b, = H,sy,
P, = H,P,

with operators H,\,H, : L,, — L,, and discrete time signal
Sk,P/\», (pk S LZe and 62 (S LQ. U

(a) H, : s, — D satisfies

N
D s b+ osise /2> =7,

k=1

(b) H, : &), — Py satisfies
N
> [oP{Pi/2 — Pid]< — ll(Pi, Do),
k=1

for some a,n,7>0, then the above feedback system is stable
with Sk» @k € Lz.

Proof. See Corollary 2.1 [3]. O

~p v

T\ )

Fig. 2. The equivalent error feedback systems using the conic sector
conditions for the estimate error ¢] and the output &, = —H(W_y, x4_1)¥,
where H, = 1.

Note that operator H; represents the training algorithm
here, the input error signal is the tracking error s; defined
in Eq. (2) and the output is @;, which will be defined later
and is related to the weight error vectors, and in turn, the
estimation parameter error vector ¢, and tracking error s;
through Eq. (5). H, usually represents the mismatched
linear model uncertainty in a typical adaptive linear control
system and will be defined later in this section.

The first step to use the conic sector stability Theorem 1
is to restructure the control system into an equivalent error
feedback system as shown in Fig. 2. Then the parameter
estimation error vector should be derived and referred to
the output signal @,. For this purpose, define the desired
output of the neural network as the plant nonlinear
function in Eq. (1)

S =HWw_, xpe-)v", (23)

where v* € R is the ideal weight vector in the output layer
of the neural network, w* € R’ is the desired weight vector
of the hidden layer. Therefore, the parameter estimate
error vectors can be defined as ¥, = v* — 0, € R and w, =
w* — 1, € R’ for the output and hidden layers, respec-
tively.

Assumptions. (a) The sum of the system disturbance g, is
L2 norm bounded.

(b) The ideal weight vector v* and w* are L2 norm
bounded.

Now we are ready to establish the relationship between
the tracking error signal s, and the parameter estimate
vectors of the neural network, which is referred to the
operator H; in Theorem 1 (i.e. the DTP algorithm).
According to Eq. (4) the error signals can be extended as

e =/fi _fk—l + &
= Hy(f}_, _fk—l + &)
= Hy,(H(W", x3_1)v" — H(OWie_1, Xp—1)Or—1 + &)
= Hy(HW", x4_1)0" — H(Wy_1, X1 JU"
+ HOWpp, X V" — H(Wio1, Xi )01 + &)
= Hy(H(0W—1, X))ot + HOV, X )0" + &)
= HH(Wy_y, Xp—1 )01 + &,

= — H,®, +&, (24)
where the operator H, = | and

D, = —HWi1, Xi—) Vi1, (25)
e, = Hy(H(Wiy, X5 )0" + &), (26)
H(Wy 1, x)0" = (HW*, X4_1) — HOW_y, X))V, (27)
it = HO, x)(Be + ), (28)
fi) = HOven xic) (B — cedy) (29)

with 4] and r} € R, which can be viewed as the first p,
components of 4, and r, defined before.



2102 J. Ni, Q. Song | Neurocomputing 69 (2006) 20972111

Remark 2. There is an important implication in Eq. (44).
The tracking error signal s; is directly linked to the output
signal @7, and in turn, the parameter estimation error vector
;. of the output layer of the network, which implies that the
training procedure of the output layer of the neural network
should be treated separately from the hidden layer of the
network to obtain a bounded disturbance term &, as defined
in Eq. (26), ie. & €L, as required by Theorem 1.
Therefore, using Eq. (44), we are able to form an equivalent
error feedback system Fig. 2 as the one in Theorem 1. Note
that H, usually represents the mismatched linear model
uncertainty in a typical adaptive linear control system.
Since the neural network has powerful approximation
ability to match the nonlinear function without the need to
worry about the linear model mismatch.

We define the operator H|, which represents the training
process of the output layer, and the loss function as

LBt W) = If e = Full? (30)

and with definitions in equation, we have a gradient
approximation using the simultaneous perturbation vector
47 € R to stimulate the weights of the output layer:

g(ﬁkfla V’l\}}\»,l, Ali)

~ DAV A ~ O OAV A )
L + AL W) = L0y — AL W) + &

2¢ "
o+ 2 Fu— 2 »
_ (frs _f;ﬁ] —(fi _f;c—l) + &, e
2¢) K
. + . Po— Ny P Aot )
_ oo =Ly o —fi)E o — i) + & o
2¢ k
Aot
ek(fk =S o
cp e
= eZH(ﬁ)k,l,xk,l)ZA;rz. (31)

Since in t}}e basic form of ASP, H, is actually the sample
mean of H, during the period, which is

_ 1 & a
H=—S H 2
T (32

and according to the definition of H © We can get

vT vT T
Hkv —— 5Gk o4 5Gk 7
2| 2¢p K 2¢0 Tk
0G,_,
I R e Ay) = L0V, By + gy — E4) + & ®
= 2 i
L(WA 1 Oy — fA] + € k) — L(m 1 Oy — 4] — E;ZIZ,) + & w
28, k
= g1, Dy + A7) — g0y, Doy — L4

= e(Ber + GAVH (i1, e 1)24F,
— e(Byey — CADYH Wy, Xy 2407

= (o =/ + a)HW s X247

—(foe =1, + e HOb, x1)2A0F
= (i, =[S D HO X )20,
= 4H(‘2}k—lyxk—l)HT(ﬁ’k—laXk—l)CZA;; (33)

with Ay, A%, 1%, 7 € R, which can be viewed as the first p,
components of Ay, Ay, ry, Fr, respectively.
And then we can get the H,

— 1

y k A 1 k 2 Y
= Z k+1 ,; (2H (i, X ) H' (e, x0).-

(34)

After we define the M}, which is after the mapping of H|
and consider the pruning, we have a normalized learning
law for the weight of the output layer:
M) e H(Wyy, x,0)24;
B = by — (1]‘( ) € (W/ 1> Xk 1) r]b(, (35)
P

where p is the bounded normalization factor, which is
traditionally used in adaptive control system to bound the
signals in learning algorithm [3], is defined as

Py = up;_y +max{[(M})" H(Ove_y, xe-), p} (36)

with p>0,u € (0, 1).

Then the stability analysis of the robust neural controller
can be justified by the conic sector condition, which
requires the feedback system in Fig. 2 to meet certain
dissipative condition as in Theorem 1 and can be justified
as in the following theorem.

Theorem 2. The operator H\: e, — @), which represents the
training process of the output layer (see Fig. 2), satisfies the
condition (a) and (b) of Theorem 1, i.e. e, @] € L,.

Proof. As an easy starting point, we establish the conic
sector condition between the estimate error ¢, and the
output @, first and then extend to the tracking error s
later. Using the learning law, we have
1Bell® = N3 11
—2{a (M)” e/cH(WA 15 Xk )ALT) D 1}(/)/6)
+ (@ (M)~ lezH(Wk 15 X1 )ALy, (PA) )
= 2{ak(M) }| —ezH(WA 1> Xk 1) Dk |
lek 1(Uk lvk 1) Al ITUk 1|(p1\)
+ (@ (M) ef HObir, xi) A (0) ™) (37)

Consider the property of the gradient of the square error
signal around attractor basin [25]

a(ekek)
a(kal)
and the trace property

T Dk = —e, HOV_1, ;1) = €, @, =0 (38)

1B @ B ) AT B

= |t1'{l)k 1(Uk lﬁk 1) Avr/L(Tﬁk l}ls

(B O (BB )~ g = [ 4T HAgp, (39)
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Eq. (48) can be rewritten as

15l1® — 11 12 <2a(M2) ' pler @) (pl) ™
+ @ (ML) el H(ey, xe )AL (00) ™))%

Summing the above equation upon to N steps, we are able
to establish the conic condition with a constant ¢’ for the
estimate error ¢; as the input in Theorem 1 and the output
@, similar to Ref. [22]:

N v M 5
v o pk
L D) k 40
,;{ +ekek2} (0){26&1%} (40
by selecting a suitable normalized factor p; to obtain the
constant number " such that

ay(M;)™!

1>6" > =— AP 1Py~ (41)

Note that the conic sector condition guarantees that the
estimate error ¢, and the output @, = —H(W;_y, x;_)¥; are
bounded according to Theorem 1, and in turn, the
parameter estimate error .

The specified normalized factor p] plays two important
roles. Firstly, it guarantees ¢°<1 to avoid the so-called
vanished cone problem [3]; secondly, it guarantees the
sector conditions of Theorem 1 to be simultaneously
satisfied by both the original feedback system and the
normalized equivalent feedback system. Therefore, both
conditions (a) and (b) of Theorem 1 for ¢, are fulfilled.

According to Theorem 1, @] = —H (W1, Xk_1)Tk—1 € Lo
leads to the bounded parameter estimation error ;_, for
the training process of the output layer. [

3.2. Conic sector condition for the pruning process in the
output layer

However, from the criterion of pruning, we know that
there is pruning once per step at most. So here a new term
e} is defined to denote the estimation error instead.

& =Hof o —f2 + e,

where fAif] is the network output with pruning. And from
the definition of this perturbation based pruning, it is
obvious that

P =fea(be + Avgy), (42)

where the Av,_; is the added perturbation for pruning.
According to the pruning criteria and Eq. (20), we know

Uk—1,i U

Avk—l = ——=3 ],1 Lk,llk_l’i’

with 7 denoting the specific weight to be pruned, 7, ; is a
unit vector whose elements are all zero, except for the ith
element, which is equal to unity. H, «_; 1s the per-iteration
estimation Hessian matrix for the output layer. From the

mean value theory, we have

J}k,l(ﬁkfl + Avyy) _fﬂk—l(ﬁkfl) = Av_, ']:;(_W (43)

where fA';H’v is the first derivative of the network output
with respect to the weights of the output layer. It is easy to
see that |/} <1

From above analysis, ¢} can be rewritten as

= Hy(f,_, —f’;lfl + &)
=H,(f,, —(fi_ + Avk_J‘;(—l,l,‘) + &)
= — Hy(®) — Ao f ) + 8. (44)

From the basic concept of pruning, we know that some
weight is deleted during the pruning. For example, let
#f_, € R" denote the weight vector after pruning of 9,
and we assume that the nth weight ¢, is pruned, so
we have

Ui_] = Avk_y + Dy

Av_y = Ui,l — Uk

= [51671,13' "30] -
—[0,...

[ﬁkfl,ls cees ﬁk*l,n]
s —Dr1,] (45)

which shows that the Av,_, is related to the current weight
value, so from Theorem 2, ||Av,_,|| is a bounded term.

For the convenience of the analysis later, we can rewrite
the ¢} as a term so that it can describe the estimation error
with pruning

& = —H.P +2,
where
O =P — 1y, (46)

where 1] = Av;_ ]fk 1o and [tpll <7y, with 77 is a positive
constant.

And similarly, we have the learning law for the output
layer after pruning:

v oN—1 pT N v
Bp = Dy — a, (M) ei H(ka—lsxk—l)zAk . 47)
Pk

After reconstruct a new feedback system by using the new
input €' and output term @7 = @' — ', we can justify the
conic sector condition for the learning law with pruning for
the output layer as in Fig. 3

1561 = N1 lI?

= —2a (M) 1epTH(Wk 15 Xp— 1)4‘pr U 1}(Pk)
+ (ay (M) epTH(Wk 15 Xp— 1)ALV;CT(P/<) )

= 2Ha (M) }| —epTH(Wk 15 Xk 1) 01|
X|Uk 1 (B 1Uk ) ALVZTﬁk 1|(Pk)
+ (a (M) epTH(Wk 15 Xk 1) A1 (Pk) )

= 2{a;(M}) Y&} (P + 7))
X By (BB ) ™ Ay e (7)™
+ (@ (M)~ e HOoy, xie ) A () ™)’ (48)
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~V

Fig. 3. The equivalent error feedback systems using the conic sector
conditions for the estimate error eZT and the output @ = —H(W_,,
Xk—1)P — T}, where H, = 1.

Consider the trace property
~T ~ ~T =1 qv 0T~
101 B B_y)— Ay D

~ ~ ~ —1 ~
= tr{Te (BB ) A B,

ltr{E B B D) ATy = {45 Agp, . (49)
Eq. (48) can be rewritten as
807 — 15117
= 2a,(M}) "' p (e DY) " + 2a (M) p.e Th(ps) !
+ (@ (ML) el H(ey, xe ) AT (p0) ™)1

And from 1a° + 2b*>>2ab, we have
I3 = 15 I
<2a,(M}) ' p (e 7Y (p}) ™!
+a (M) p Gl 1P + 205 1))
+ (M)~ " H (i, xie) A (o) OIP
<2a,(M}) ' p (e DY (p}) ™!
+a (M) p, Gl 17 4 2012, 1)) ™
+ I(ay (M)~ e H iy, xi-) A (p) ™I (50)

Summing the above equation upon to N steps, we are able
to establish the conic condition with a constant ¢° for the
estimate error ¢} as the input in Fig. 3 and the output @}:

N

‘ - v Mu pv ‘
T@Lp T G_ > _ ~ \2 k Mk v 2
;{EZ k + ellz e{ 2 (UO) ZClka + N“Tmax”
(51)

by selecting a suitable normalized factor p} to obtain the
constant number " such that

-0 1 aZ(Mi)_l U121l 1127 AU\—]
1>¢"> Z+T 14171 (o) (52)
Note that the conic sector condition guarantees that the
estimate error ¢, and the output " = —H(W_y, X5_1)T —

n;t, are bounded according to Theorem 1.

The specified normalized factor p] plays two important
roles. Firstly, it guarantees ¢"<1 to avoid the so-called
vanished cone problem [3]; secondly, it guarantees the

sector conditions of Theorem 1 to be simultanecously

satisfied by both the original feedback system and the

normalized equivalent feedback system. Therefore, both

conditions (a) and (b) of Theorem 1 for ¢ are fulfilled.
This completes the proof. [

4. Conic sector condition for the robustness analysis of the
learning law in the hidden layer

As justified in Remark 1, the hidden layer parameter of
the network should be estimated separately. Therefore, a
conic sector condition will be established for the hidden
layer training in this section.

4.1. Conic sector condition for the training process in the
hidden layer

Similar to the error equation Eq. (24), one can rewrite it
as

ex = Ho(f _J;k—l + &)

= Hy(HW", X, )U" — HOWi_y, Xp—)0i—y + &)

= Hy(HW", x;_)v" — HW", X)) Dy + HOV, X2 1)y

— H(Wy—y, X))y + &)

= H,(HOWi 1, X )01 + HOWW, X )B + &)

= Hz[I:I(Wk—lg X)) 01 + HW, X))t + &)

= —H, D] + ¢ (53)
with & = Hy(H(W*, Xj-)Bt + &) and &) = —Q_ Wy,
where  H(W_,) = H(w*, x41) — HWi_1, X5-1), D1 = UF—

Dp—t145 Wem1; = WF — Wy, and €, € R™ is the following
matrix:

- oA . oA . T s
M1 X011 Ok=1,0,1)5 =+ + 5 im0 X1 V=115 =+ > By my X1, U= 1L
Qk—I:

. T N oA . T s
Hgey 1 X1 Uk=10m, 15 -+ 10Xk Ok=10m 1)+ + By X1 gy, Uk=1,0m,m,)

€ R™" with _y; € R™, D4y = [D}_, ..., ﬁZﬁl,m]T where ny,
is the number of neurons in the hidden layer of the
network.

Note the above equation is derived from the mean value
theorem and the activation function is a non-decreasing
function, so there exist unique positive numbers fi,_,

hk—l,i(W?, Xie—1) — Mo, (Wi 4, Xiem1)
= :ak—l,foq(Wj — Wi—14)s (54)

where Wy_;;, wf € R" are the estimation and ideal weight
vectors linked to the ith hidden layer neuron, respectively.
The maximum value of the derivative /,_, , is A, therefore

Az, =0 (I1<i<my,). (55)
After we define
A;:jl = H(OWiy + /4], Xk1) 01, (56)

Ap—

k=1 — H("’{/k—l - CZ!AZaxk—l)ﬁk—l- (57)
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The gradient approximation of the hidden layer can be
written as

Q(ﬁkq,wkil,l‘}:,l)

LD, Wi + e A) = LBy, Wiy — A + &

W

2¢y k
= (f f“Jr (f]"*l _f‘;(‘:l)z + S;\F 7
ZCW k
:(fk—] M St f}fil)(/;:fl f“+l)+bk o
2y Tk
[2(fA 1 _fk |)+(fk 1 _f”Jr)""(/k 1 _fA 1)] 0271 _fw )+£”“ P
26y k
er fw— Pt ,
=l 2la) (58)
Cr
elc A“Qc_ !
= (59)
r

where Q,_, is defined similarly to Q. . And similarly, after
define

“++ = HOV s + f A} + &l X)) (60)

Ft = HOy + ¢ A — &l X )iy, (61)
f}::r = HOV i — ¢f A} + &l X )i, (62)

i = H(Wk 1 CZA}: - Ekz‘ksxkfl)ﬁk—l (63)
we can get

G(l)(ﬁ’k + cedy)
L(Wk + i + EA) — LGV + i — & k)
28
L(w‘”r + & k) — LWt — ckAk) .
28,
= g(v;"), (64)

where W;" =W + ¢;4;. Then we can obtain 6G"(k) as
follows:

8G" (k) = gOv™) — gOov). (65)
So we can get
3G (k) = el (wy 4 L ANQ; | — el (wy — L AN,

= (fir — H ot 6k)Qk L= (e _J;;::l + Sk)é/:—w

where Q| and Q| are also similar to ,_,

And we can take it as a new nonlinear function like
ROW) = (f,_; —fi1 + &)1, so we can take the equation
above as R(OW + c;4)) — ROW, — c4}). Using the mean
value theorem again, we can get

ROWiy + c4)) — ROy — ¢ 4)) = 2c“A”QA | (66)

with Q,_, defined similarly to Q.
Thus the per-iteration estimation of Hessian is calculated
as

TIrw 1 g ~
H; = 1 ; (€20). (67)

Let M} denote ﬁ; which is after the mapping of H), so we
can rewrite the learning algorithm after considering
pruning for hidden layer as

Mn 1 T/pw— Pt
P0Gt i )

W AW
Cik P

Theorem 3. The operator H' : e, — ®;, which represents
the training algorithm of the hidden layer, and H, satisfy the
condition (a) and (b) of Theorem 1.

Proof. Consider that the DTP is an approximation
algorithm, and using the property of local minimum
points of the gradient —(6/6(11/,(_1‘,-)T)e;ekﬁ/k_l,,-zo.
We have

0 "h 0
0 — P — Ty,
B e Z{a(wkl,f Gt }

E {hk l,ekvk lzxk 1Wk 11}

’
k—

"h
{ :uk llekvk lxk 111}k 11}
-y

/1 Z{MI\ l,ekvk lxk 1Wk 11}
min

i=1

A
_ T W
= e, D,

/lmin

b‘

M

where O_1; € R", ooy = [0}_ ..., 0 lnh]T and Wy, =
Wi_;, — Wi € R are weight vector components of the
hidden and output layers linked to the ith hidden layer
neuron, A=/ _, . is the maximum value of the derivative
h;(—l,i of the activation function in Eq. (14), and A, #0 is
the minimum non-zero value of the parameter fi,_, ; defined
in Q.

Using the similar way to the proof of Theorem 2,
we have

0ell* = 19 11?
w— P4
1€ (f _ AT ~
{2a2(M )RS ) w}
, e (](n— fn+l)
e
prcr

ny

TA T -~
= E {—tiri€p Uk Wi}
i1

o 2a(MY)!
x (W, (W wp_ ) AT, y) 41((}0”,")
k
B (fn— W
a/»(Mw) pu oY = (”)
k
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Znh M
—1,i / TA T -~
= h/ (_hkfuek U/c—lxk,lwk—l,i)

i=1 k—1,i
o 2a(M)!
x(wk N/ 1Wk D A” T k_l)%
k
, - (f\tf f\tJr
;) ! SRR !
A / Ta T -~
S o {l = My e D1 X Wi}
min
o 2a(M)
X[ (W W) Ay )
k
fw— Pt
- —fi
+ |lay (M) 7(;(
PrCk
I\ p, & . N
<2al1 (M\‘) < ) ‘:‘ Z {_:uk—l,iezkalxzf]Wk*l,i}
min pk i=1
W— Pt
 azcoryy ST e
k Ck
NPy 1o
<24 (M) (A ) L
min pk

2

w— P "(M” B
+ ||ek|| ”f +1” ” ” ( W AW
PrC

kCr
; 2
= 2a}€"(M}:)71 < - ) p—:t ezd)}:

min k

W 2

w a“ MC 1
+ el 1A 1 1 1P 1 1P (%) .
k

Summing the above equation upon to N steps, we are able
to establish the conic condition with a constant " for the
estimate error ¢, as the input in Theorem 1 and the output
@, similar to last part:

N

. 61»’ i M\t n
O E

k=1

by selecting a suitable normalized factor p} to obtain the
constant number ¢" such that

w 2
1>&,f)a,cllé‘ A ”Qk i ( mm) ' .
pwp};Mk /1

4.2. Conic section condition for the pruning process in the
hidden layer

Similar to the analysis of the output layer, we can rewrite
the estimation error after pruning as

e, = —Hy (P} + Aw,._ Lfk ) T (70)
with AWk 1= _((WA lz)/ Z L(lel)] )[Z; 1k L(Q’”)]

I, _,; where I is defined 51m11ar to the one in last section
and Q,_, is the per-iteration estimation of the Hessian
matrix of the hidden layer, details of which is discussed
next.

Note f’ i1, is the first derivative of the network output
with respect to the weight value of the hidden layer and we
have proven that the weight of the output layer is a
bounded term, so |[f;c71,w|| <A - Umax, Where |0 ]| < vmax. And
taken the similar analysis of the pruning for output layer,
we know that Aw,_, is also a bounded term since it is
related to the current weight value of the hidden layer.
Thus we can rewrite the ¢, like

epk = — Hz(dy AWA ]J(k 1 n) te N“
= — Hy)(®) — 1))+ &
= — H 43 (71)

where 1} = Aw,_, - f,_,,, and ||t} <t

max”*

So we have the learning law after pruning as

Mu lepT Fw— P+
1/’l\’yk = ﬁjk*l - ak( ) o p f k' (72’)
k k

After reconstructing a new feedback system by using the
input €], and output @{”, we can justify the conic sector
condition as follows:

<~ 2 ~ 2
ell” = [IWr |l

Fw— Fw+
_ w wy— k k—1 wyT ~
—19 2a; Mk) —p”c” () Wi

k%k

' epT Pw— fn+

ak (M” )_ pu o
k k

nh

T A T -~
= E {_:uk—l‘iepk k1 X Wio1}
=

2a,(M})!

w
k

<OV (B owp_ )~ AL y)

rw— n+
(Mn)fl k k—1

k—1 wy\T
w oW (rk
k%k

+

_Z{ukl,

i=1 kll

X T A T =~
k 1,€p Uklxklwkl,i)}

et 2a (M)
L O L) Ay 2T pw")
k

Pw— P+

k—1 (V}:)T

Pk a

Mu )*

/ T ~ T ~
fo1.0Ch Dk—1 X Wi—1]}

p
<l —h
7 {l

min

w uT ~ —l)

2ap (M)
(wk - ka D A,er it T

w
Pr

Pw— fn +

Pk cx

+ M”)‘ )’

) wy— A ’ w 2 n ~
<2a)(M}) 1(/1 ) ) %Z{_qu,ief”kﬂxz—lkal,i}
min k1
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fw— flt+
pw Cu ( k

k%k

2\’ ,
<2a' (M) ( )%e‘f@;

Amm k

V(M Z)’

2

v P ay(My)”!
+ eIy = Fi Py <— L )
pic

k%k
Y : p
- 2a;\1’](M;f‘:)71 <A L ) : eZT I:

min k

2

w a“ Mw B
+ e PIA PN 11 Qe 12 <k>
Pk

AN P, .
ﬂﬁmw()ﬁﬁwwm

min k
w Mw N
k ( k ) )

+ el 1Ay 11 1P 12 11 (
P

<2 M(MH) ( j’ ) pll eZ (pi\t'

min pk

) wy— ) w
+ ay (M) (A) o ( eI + 21l ||)
min k

w wy—
20 AW 2| 1121 2 ak(Mk)
el 1A 112 <

Pk
A\ P
< 2 w (Mu) < ) _;: ezT ¢Z‘¢'

min k

2 wy— )“ zpw w
min k

W 2

w aL(M B
+ el 1A 1 1 1P 1 P <%) :

k
Summing the above equation upon to N steps, we are
able to establish the conic condition with a constant " for
the estimate error ¢; as the input in Theorem 1 and the
output @, similar to the output layer:

N
Z{ep(b’”’ +— eﬂez}

k=1
l]]l“ M” w
[(w) ( ) PE L N mn] 73)
y) 2a}p,,

by selecting a suitable normalized factor p} to obtain the
constant number ¢" such that

a |l AP P12 )1 ( )
pnpk]‘4H /1

Although the conic conditions for the learning and pruning
of both layers are obtained between the estimation error ¢}
and the output, the result can be easily extended to the
tracking error s; as following steps. Taking the output layer
as an example,

1 > & >

-b- |

Theorem 4. If the discrete time signal e, and s, in the Fig. 1
satisfy

(a) ex € L,
(b) ex = (1 —k,z)si

with ||k,|| <1 then the above feedback system is stable with
Sk € Lz.

Proof. See Corollary 1 [25]. O
5. Simulation results

Consider a discrete-time single-link manipulator [25]

yk+2)=2(1-T)y(k+ 1)+ Q2T — Dyk)
+ 1077 sin y(k) + u(k) + d(k), (74)

where y is the tracking position signal, u is the control
signal 7 =0.002s is the sampling time, and d is the
disturbance generated from a normally distributed random
number with the bound ||d(k)|| <d,, = 0.2.

And it can be converted to the form as follows:

xi(k + 1) = xy(k),

Xo(k + 1) = f(x(k)) + u(k) + d(k),

where x(k) = [x,(k), x,(k)]"

f(x(k)) = QT — D)x,(k) + (2 — 2T)x,(k) + 107" sin x, (k)
(75)

and x,(k) represents the actual trajectory. The tracking
error is defined as

r(k) = e (k) = x,(k) — x24(k), (76)

where x,, is the desired trajectory signal.
The control signal is defined as

u(k) = x24(k) — f(k) + kos(k), (77)

where f (k) is the output of a three-layered NN, with three
input neurons, 100 hidden layer neurons initially and one
output neuron, to estimate f(x(k)).

First, the feed-forward neural network with 100 hidden
neurons is initially used. By the definition of the perturba-
tion, 4; is generated as a vector with 100 components
satisfying some regularity conditions (e.g., 4; being a
vector of independent Bernoulli +1 random variables
satisfies these conditions). Once the perturbation is
decided, the gradient approximation of the output layer
can be obtained by Eq. (31), and in turn, the Hessian
matrix for the output layer using Eq. (34). Similarly, Eqgs.
(59) and (67) can be applied to update the parameters in the
hidden layer through Eqgs. (35) and (68).

Fig. 4 shows the output of the plant using the standard
ASP algorithm without pruning using the command signal
X»q = sin(n/5)kT and Fig. 5 shows the result by using DTP
algorithm, in which the overfitting has been removed.

And the similar results can be obtained when the
command signal is switched to square signal. Fig. 6 shows
the system output by using the standard ASP algorithm
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Fig. 4. Output y, and reference signal using the standard ASP based neural controller with 100 neurons.
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Fig. 5. Output y, and reference signal using the DTP based neural controller.
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Fig. 6. Output y, and reference signal using the standard ASP based neural controller with 100 neurons.
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Fig. 7. Output y, and reference signal using the DTP based neural controller.
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Fig. 8. Output y, and reference signal using the standard BP based neural controller.
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Fig. 9. Output y, and reference signal using the DTP based neural controller.
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Fig. 10. Estimated parameter 1y of the
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hidden layer using the DTP based algorithm.
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Fig. 11. Estimated parameter 1, of the hidden layer using the standard BP based algorithm.

without pruning, in which the overfitting may not be
avoided. And Fig. 7 shows the result by DTP algorithm,
where the overfitting has been removed.

When the criterion for pruning is not satisfied, which
means pruning is not necessary, the system with DTP
algorithm still performs better than the standard BP
algorithm. Fig. 9 shows the system output with DTP based
controller and Fig. 8 shows the result with standard BP
algorithm by using the same number neurons in the hidden
layer. And it can be explained by the reason of weight
drifting, which can be illustrated in Figs. 11 and 10.

6. Conclusion

The DTP based pruning method for neural controller
has been developed to obtain the guaranteed stability with
improved generalization ability. A complete stability
analysis is performed for this closed-loop control system.

Simulation results show that the proposed neural controller
performs better than a neural controller based on the
standard back-propagation algorithm or standard ASP
algorithm without pruning in case of overfitting.
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