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Abstract

This paper analyzes the minimization of a-divergences in the context of
multi-class Gaussian process classification. For this task, several methods
are explored, including memory and computationally efficient variants of the
Power Expectation Propagation algorithm, which allow for efficient training
using stochastic gradients and mini-batches. When these methods are used for
training, very large datasets (several millions of instances) can be considered.
The proposed methods are also very general as they can interpolate between
other popular approaches for approximate inference based on Expectation
Propagation (EP) (v — 1) and Variational Bayes (VB) (a — 0) simply by
varying the a parameter. An exhaustive empirical evaluation analyzes the
generalization properties of each of the proposed methods for different values
of the o parameter. The results obtained show that one can do better than
EP and VB by considering intermediate values of a.
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1. Introduction

Gaussian Processes (GPs) are non-parametric models that can be used
to address machine learning problems, including multi-class classification
[1]. In these models, the expressiveness grows with the training set size
N. Furthermore, they are probabilistic models in which prior knowledge
can be easily specified, and they readily provide a predictive distribution
which accounts for prediction uncertainty. In spite of these advantages, using
Gaussian process in practice is difficult because often the likelihood is not
Gaussian. Therefore, exact inference in these models is usually intractable
and approximate methods need to be employed. A challenging example is
multi-class classification because in this case there is one latent function
(GP) per class, and the likelihood factors are more complicated than, for
example, in binary classification models. An extra difficulty is that standard
approaches for multi-class GP classification require, at least, the inversion
of one N x N matrix per class. This is an expensive operation that limits
the applicability of these models to large problems. Notwithstanding, there
are several methods that have been proposed for multi-class GP classification
12, 3, [, 5, 6]. Most of them, however, do not scale well with the size of the
training set.

The use of sparse approximations allows to scale-up GPs. These techniques
introduce M < N inducing points, whose location is learnt during the training
process. These points lead to an approximate prior with a low-rank covariance
structure [7], reducing the training cost to O(NM?). This improved cost has
been pushed forward by Hensman et al. [8, 9], which employs a variational

Bayes (VB) approximation combined with stochastic optimization techniques
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that allows to address datasets with millions of instances. Recent work in the
literature also combines stochastic optimization techniques with alternative
methods for approximate inference based on expectation propagation (EP)
[T0, 1T]. The results obtained indicate that EP and VB have similar training
costs, but EP may provide better predictive distributions in terms of the test
log-likelihood.

While VB minimizes the Kullback-Leibler (KL) divergence between the
approximate and the target distribution, EP minimizes (approximately) the
KL-divergence in the reversed way. Recently, Bui et al. [12] suggested a
framework for binary GP classification that, by means of the minimization
of a-divergences with Power Expectation Propagation (PEP) [13], unifies
previous approaches based on VB and EP. The a-divergence generalizes the
KL-divergence and different values of the o parameter interpolate (o« — 0
and a = 1) between the two versions of the KL-divergence described above
[14]. Importantly, Bui et al. [I2] show that, in the case of binary classification,
one can do better than VB and EP by considering an intermediate version of
the two KL-divergences.

Here, we extend the minimization of a-divergences for approximate in-
ference of Bui et al. [12] to address multi-class GP classification problems.
For this, we describe a multi-class extension of the PEP algorithm for binary
GP classification. This extension is not trivial due to the more complicated
likelihood factors that appear in the multi-class setting. Furthermore, instead
of considering a single latent function, in the multi-class case we have one
latent function per class. Besides this, we address here some of the drawbacks

of standard PEP, which include the difficulty of using standard optimization
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techniques and a high memory consumption. More precisely, standard PEP
combines gradient-based updates of the model hyper-parameters with closed-
form updates to refine the approximate likelihood factors. These approximate
factors have to be stored in memory, which is memory expensive. The variants
of PEP considered are based on using ideas from approximate EP [15] [16]
and from the approximate minimization of a-divergences in the context of
Bayesian neural networks [I7]. The results obtained in our experiments show
that the (approximate) minimization of an intermediate divergence between
the ones considered by VB and EP, i.e., setting a = 0.5, may work better in

terms of the prediction error and the test log-likelihood.

2. Multi-Class Gaussian Processes

Consider a dataset of N labelled examples in the form of a matrix X =
(x1,...,xy)T and a vector of labels y = (y1,...,yn)T, where y; € {1...C}
with C' > 2 the total number of classes. The goal is to predict the label of
an unseen instance x,. In multi-class Gaussian process classification it is
usual to use the softmax function. However, it is not the only alternative.
Here, we will follow [3] assume that the label y; of x; is generated by the rule
y; = argmaxy f*(x;), where each f%(-) is a latent function associated to a
class k € {1...C}. Based on this, the likelihood is a product of N factors

such as:

N

p(ylf) = [Tpwilf) =TT TT © (£ (x) = f*(x0)) (1)

i=1 i=1 kty;

where ©(-) is the Heaviside function and we have defined

" = (f*(x1), -, fF(xn)T € RY, £ = (fY(xi), -, f9(x:))T € R and

4
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f=(fl,... f9 € RV*Y The likelihood in (1)) can be made more robust
to possible labelling errors by adding a parameter ¢ which represents the
probability of choosing at random y; from the set of labels [18]. Then, each

factors is:

pluilf) = (1= o) TT © (7 (x) = * () + 5 2

k#yi

We assume a GP prior for each f%(-) [1]. Particularly, p(f*) ~ GP(0,c(-, ; €%))
where c(-, ;%) is a covariance function with hyper-parameters £¥. Moreover,
we assume these priors to be independent. That is, p(f) = [[_, p(f*), where
every p(f¥) is a multivariate Gaussian distribution. In this model, one can
easily include Gaussian additive noise around each latent function. In that
case, the labeling rule described is equivalent to the Gumbel-max trick (which
leads to a soft-max function), but adding independent Gaussian noise instead
of Gumbel noise [19]. The task of interest is to compute a posterior distribution
for f using Bayes rule: p(fly) = p(y|f)p(f)/p(y). We can then maximize
the marginal likelihood p(y) to find good values for the hyper-parameters
¢*. Nevertheless, as the likelihood factors in and are not Gaussian,
we will be unable to compute analytically p(f|y) and approximate inference
will be needed: the Laplace approximation [2], EP [3] or VB [20]. These
methods result in a cost of O(C'N?3), where N is the number of instances and
C' the number of classes, assuming independent GPs per each class (this is

the hypothesis made in the rest of paper).

2.1. Sparse Gaussian Processes

To speed up calculations, a typical approach is to use sparse approxima-

tions. These approximations rely on introducing a different set of points of
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size M < N called inducing points X* = (F,... %k )T for each class k, with
associated latent values f¥ = (f*(x¥),..., f*(x%,))T [21]. Now, by setting
a GP prior on the latent functions associated with the inducing points we
can obtain an approximate prior for f¥ as p(f%) = [ p(£*|f%)p(£¥|X*)df* ~
T, p(F* ()| B)]p(F¥ | XF)dE* = pripe(£|X*), where we have assumed that
p(f) = [1_, p(£*|X*) and that the conditional distribution p(f¥|f*) factorizes
like T, p(#*(x;)|f¥). In other words, marginalizing over the latent values
associated with the inducing points f* will effectively result in an approximate
covariance function for the prior on the latent values f* [22]. This approxima-
tion is known as the Fully Independent Training Conditional (FITC) [7] and

gives an approximate inference cost of O(NM?).

2.2. Scalable Gaussian Processes: EP

A method for approximate inference in multi-class GP classification is
Expectation Propagation (EP) [23]. In EP the latent variables, f, of the
process at the training points X are marginalized out. The task of inter-
est is to approximate the posterior of the process values at the inducing
points £ = (F1,... £5)T: p(fly) oc [T, ¢:(F)p(F), where ¢;(f) is a likelihood
factor defined as ¢;(F) = [ p(yi|f)p(£;|f)df; and p(f) = [, p(f*) is the
prior distribution over the inducing values. In this last expression p(f;|f)
is a conditional Gaussian distribution that factorizes across classes, i.e.,
p(£|f) = Hk0:1 p(f*(x;)|f¥). EP approximates each non-Gaussian factor of
the likelihood ¢; with a Gaussian factor ¢; [10]. More precisely, it refines
at each iteration a factor ¢; of the approximate posterior q(f) o Hfil gz;ip(f )
by computing the cavity distribution ¢\' o< q/ ®; and then minimizing locally
the Kullback-Leibler divergence between Z; '¢;¢\" and ¢ with respect to ¢,

6
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i.e, KL[Z '¢:q\" || q] where Z; is the normalization constant of ¢;q"". The
updated factor is simply @lew = Z;q""/ ¢\'. The KL-divergence minimization
is done using the derivatives of log Z; w.r.t. the parameters of ¢\ [24] and
Z; can be computed using a one-dimensional quadrature. Note that ¢ is
Gaussian because the prior and each ¢; are Gaussian. The approximation to
the marginal likelihood p(y), denoted Z,, is simply the normalization constant
of HZ]L ¢i(F)p(f). The gradient of log Z, w.r.t. a hyper-parameter &F of the
k-th covariance function can be easily obtained since the parameters of each
¢; can be considered fixed after running EP [24].

Recent work in the literature shows that it is possible to scale to large
datasets the previous EP approach [111, [I0]. One only has to jointly update
the approximate factors (/51 and the model hyper-parameters £€*. Furthermore,
because log Z, contains a sum across the data points, stochastic optimization
techniques can be used to update the model hyper-parameters. This allows
to scale to very large datasets with millions of instances.

A limitation of EP is that the parameters of each ¢; have to be stored
in memory. A further approximation to EP called Stochastic Expectation
Propagation (SEP) [15] assumes that all the approximate factors are tied and
only keeps in memory the product of all of them instead of their individual
parameters. This reduces the memory cost to O(CM?).

Interestingly, the previous derivation of the EP algorithm for approx-
imate inference in multi-class GPC is equivalent to the one that is ob-
tained when one approximates the posterior distribution of f and f, i.e.,
p(£,fly) o [T, p(yilf)p(£:|f)p(f), under the constraint that the approxi-
mate distribution is q(f, f) o< p(£|F) [],_, ip(f), where p(f|f) = ngl p(fk|?k).
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That is, each likelihood factor p(y;|f;) has been approximated by the corre-
sponding factor ®; which depends on f. Specifically, the conditional distribu-
tion p(f|f) in ¢ is fixed and we can only update the part of ¢ that depends
on the inducing values f. In this we case, there is no need to use the FITC
approximation. See [12] for further details and the specific equivalence in the

regression case.

2.3. Scalable Gaussian Processes: VB

Another approach for approximate inference is Variational Bayes (VB)
[25, 26, 27, 9]. In this section we will follow the derivation of the lower
bound in [9]. VB uses the same likelihood function as EP. The approximate
distribution ¢ is the same as the one considered at the end of the previous
section. Namely, q(f,f) = p(f|f)q(f), where ¢(f) is Gaussian and p(f|f) is
fixed. The distribution ¢ is found by minimizing the KL-divergence between ¢
and the exact posterior p(f, f|y). It is possible to show that this minimization
is equivalent to the maximization of a lower bound on the log-marginal
likelihood log p(y). This lower bound is obtained by first applying Jensen’s
inequality to obtain a lower bound to the log conditional log p(y|f):

log p(y[£) = log / P(yIE)p(EIE)E > e log p(y[£)] (3)

Then, a lower bound to the log-marginal likelihood is derived in the same

way:

log p(y) = log / Oy Fyp(E) /a(F)dE

> B, [log p(y|f)] — KL[g(f) || p(F)],
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where ¢(f) is approximate Gaussian distribution. By substituting in

we obtain the final lower bound:

log p(y) > Ey [log p(y|f)] — KL[g(f) || p(F)]
> B,y [Epepp log p(y ()] — KL[g(£) || p(£)]
> Byp)[log p(y|f)] — KL[g(F) || p(f)]
>3 By log p(uilf)] — KL[a(F) || p(F)]. (5)

where ¢(f) = [ p(f|f)q(f)df and each marginal over f; = (f(x;), ..., f¢(x;))T
is a product of C' Gaussian conditional distributions with mean m# and

variance 5, for k= 1,...,C. Namely, ¢(f;) = Hk (N (fF () |k, 85).

The lower bound contains a sum over the training examples, so stochas-
tic optimization techniques can be used for its optimization. As in EP,
one-dimensional quadratures must be used to approximate the required ex-
pectations in ([5). Last, this formulation minimizes the global KL-divergence
between the approximate distribution ¢ and the posterior, and can be shown

to be equivalent to minimizing KL[q || Z;$:q""] (the reversed divergence) in

EP [14, 28).

3. Alpha-Divergence Minimization

We introduce the a-divergence [29] [30], a divergence measure that general-
izes the KL divergence [14], as well as the different approaches proposed for its
minimization in the context of Gaussian processes for multi-class classification.

The a-divergence between two probability distributions p and ¢ of a random
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variable 0 is:

1— [p(6)*q(6)'~"d6
a(l—a) ’

Da[pllq] = (6)

where a € R\ {0, 1}.

The case a = 0.5 is called the Hellinger distance the only member of the
family of a-divergences that is symmetric in p and ¢ [31]. More precisely,
Dilp || 4] =2 f,(/p(8) — /a(8))d6. Furthermore, Dofp | 4] = lim Dyp |
q] = KL[q || p] is used in VB and Dip || ¢] = gg% D.[p || ¢ = KL[p || ¢ is
used in EP, so the a-divergence minimization can easily interpolate between

these two methods by changing the value of a.

3.1. Power Expectation Propagation (PEP)

Power Expectation Propagation (PEP) is an extension of EP that instead
of minimizing the KL-divergence at each step, minimizes an a-divergence [13].
Importantly, this a-divergence minimization is done by simply minimizing the
KL-divergence between some modified distribution and g. Specifically, when
computing the cavity distribution ¢\, the approximate factor ¢; to the power
of a is removed. That is, ¢\* ¢/ &f‘ Next, the KL divergence between
Z7192q\* and q, KL[Z; '¢%q\*" || ¢, is minimized with respect to q, where
Z; is the normalization constant of ¢%¢\*’. Note that the factor ¢; is raised to
the power of a. The updated factor is simply q@?ew = (Z;q™v/ q\o‘i)é, since the
exact factor ¢; had been raised to the power of a. Importantly, it is possible
to show that this minimization is equivalent to minimizing D4[Z;0:¢"||q] [14].

More precisely, let \; be the parameters of ¢g. For a distribution p and ¢ in

10
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the exponential family:

Vs Dalplldl = Z2(E,[s(0)]  B5ls(0))
x V), KLflq]. 1)

where p o< p®¢'~ and s(0) is the vector of sufficient statistics of ¢q. At the
minimum both gradients must be equal to zero and the moments of ¢ and
P must match. If we let p o< ¢;¢V, as in EP, the corresponding distribution
P o< ¢2q\*, as in PEP. Therefore, at convergence, when the approximate
factors do not change any more and is equal to zero for each approximate
factor, PEP minimizes the a-divergences between the tilted distributions
defined as ¢;¢\, Vi, and ¢. Importantly, this local divergence minimization
becomes a global divergence minimization (between the target posterior and
q) only when o« — 0 [I4]. In all the other cases the global a-divergence
minimization is approximate, but accurate as shown in [14].
The PEP algorithm consists in applying the following steps to every
approximate factor ¢; and repeat them until it has converged:
Remove an approximate factor to the power of « from the posterior ¢ to

compute the cavity distribution ¢\*.

\ai q
(¢i)*
Include the true factor ¢; to the power of o to compute the tilted distri-

q

bution p.
p= ((ﬁi)aq\m
Project onto the approximating family by matching moments.

¢"" = arg n;in KL[p || ¢"]

11
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Update the approximate factor.

(¢i)a = q\o"'

To apply PEP to the model described in this manuscript, we consider
the approximation described at the end of Section . Namely, ¢(f,f)
p(f£) [T, ¢ip(F), where ¢; are Gaussian factors depending only on f. The
marginal likelihood approximation of PEP, Z,, is the normalization constant

of the previous expression:
1L
10g Zq = g(epost) - g(eprior) + a z; 10g Zz ,

log Zi = log Eq(ﬂ)[(@/qgi)a] ) (8)

where each ¢; = p(y;|f;); g() is the log-normalizer of a distribution in the
exponential family of ¢; and ,,s and 6,0, are the natural parameters of
q(f) and the prior, respectively. When o = 1, is equivalent to the EP
approximation of the log-marginal likelihood. In the limit when o — 0, one
can show that tends to the lower bound optimized in VB. See [14] for
further details. The expectation in can be computed using one-dimensional
quadrature methods. In particular, it is simply related to the probability
that one Gaussian random variable is larger than several others (one per each
other class label) [18].

As in EP, the gradient of log Z, w.r.t. the model hyper-parameters
(inducing points locations and parameters of the covariance functions) involves
a sum across the data instances. Therefore, mini-batches and stochastic
optimization methods can also be used here to maximize log Z,. This allows

to scale-up to very large datasets. Usually, one has to wait until PEP has

12
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converged to compute the gradient and update the model hyper-parameters.
Nevertheless, it is possible to follow the same approach as in [I0] and jointly

optimize the approximate factors and the model hyper-parameters.

3.2. Approzimate Power EP (APEP)

A limitation of the PEP algorithm described in Section [3.1]is that it needs
to keep in memory the parameters of all the approximate factors, which are
optimized through PEP updates by moment matching. To overcome this,
a first approximation to the PEP method considers stochastic expectation
propagation [I5], which ties all the approximate factors and only keeps in
memory their product, i.e, ¢ = Hi\; ®;. Note that this only affects the
way of computing the cavity distribution ¢\*. Under this approximation
¢\ is computed in an approximate way. Namely, ¢\ o ¢/ é%, where N is
the number of factors (and also data points). Besides this, we optimize the
global factor ¢ by maximizing log Zg, the approximation to the log-marginal
likelihood, w.r.t. the parameters of ¢, instead of using the PEP updates. This
is supported by the fact that these updates also find a stationary point of this
energy function [I4]. This allows the use of standard optimization techniques

to find the posterior approximation ¢, which is defined as ¢ &p(f).

3.3. Approzimate Reparameterized PEP (ARPEP)

As another way to approximately optimize the PEP evidence or energy
function, we consider the approach described by Li and Gal [I7] for Bayesian
neural networks. In that work it is described a reparameterization of the
PEP energy function that is compatible with an approximate distribution ¢

that need not belong to the exponential family, although we will also assume

13
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a Gaussian form here. In the large data limit, i.e., when a/N — 0, the

reparameterized objective is simply approximated by:

1
log Zy = o 2511 log E‘](fi)[p(yi|fi)a]

— KL[q(f) | p(£)]- (9)

This objective is a combination of the terms appearing in the PEP estimate
of the log-marginal likelihood and the lower bound of VB . The KL-
divergence term in @D can be understood as a regularization term enforcing q
to look similar to the prior. Because this objective also involves a sum across
the data points, it can be efficiently optimized both w.r.t. the parameters of

q and the model hyper-parameters using stochastic optimization techniques.

3.4. Refined Prior Approzimate PEP (RPAPEP)

Some of the solutions obtained by VB can not be retrieved by the methods
from Sections [3.2] and due to the parameterization resulting in a non
positive definite covariance matrix. A last method accounts for this. It is
the same method as the one described in Section [3.2] but where we let ¢
be an arbitrary Gaussian distribution and eliminate the assumption that ¢
is proportional to a Gaussian times the prior. Namely, ¢ qu(f). This is
precisely the same hypothesis made by VB or the method described in Section
3.3l For this, we simply let the prior be another extra factor to be refined
by PEP. Thus, instead of considering /N factors, one per each point, we will
have N + 1 factors, the extra factor corresponding to the prior. Under this

setting, the PEP approximate log-marginal likelihood is:
1 ~
log Zq = g(epost) + a sz\i—il_l 1Og Zi . (10)

14
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In this method we also retrieve the approximate EP energy objective when
a = 1 and VB’s lower bound as a — 0. Stochastic optimization is also

possible.

3.5. Summary of Approximate Inference Methods

In the previous sections we have described four methods that deal with
the minimization of a-divergences in Gaussian process models for multi-class
classification. In this section we will summarize the characteristics of each of
the methods with the aim of giving a better understanding of them. Table (3.5
shows, for each method, a summary of what we think are the most relevant
features: the ability to use standard optimization techniques, the use of
stochastic EP to make the method memory efficient and whether ¢ has a free
Gaussian form.

The first method, PEP, was first introduced in [I3] as a generalization of
the EP algorithm. In [12] they successfully apply the algorithm to minimize
a-divergences with sparse GPs and perform extensive experiments in the
regression and binary classification cases. This method is precisely the one in
[12], but applied to multi-class classification problems. It follows the general
PEP scheme where one has to alternate between updating the approximate
factors by moment matching and gradient based optimization of the model
hyper-parameters. However, in the original PEP formulation [I3], one has
to wait until convergence before updating the hyper-parameters and here,
we follow [10] and jointly optimize the approximate factors and the hyper-
parameters. This method is not memory efficient due to the need of keeping

in memory all the approximate factors.

The second method, APEP, was described in [31] as a black-box method

15
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that can be applied to general probabilistic models. They propose a simplified
objective by tying the approximate factors following [15], and directly optimize
the posterior approximation ¢ using the gradients of the simplified objective.
This makes the method memory efficient and allows for standard optimization
techniques instead of having to rely on the PEP update step to optimize the
approximate factors. In this work, we use the APEP method in the specific
case of GP models applied to multi-class classification problems.

The third method, ARPEP, was proposed in [I7] for the specific case of
Bayesian neural networks as an approximate way to minimize a-divergences.
We have apply the same idea to the case of multi-class GP classification. This
method is also memory efficient, can be used with standard optimization
techniques. Also, in this case the posterior approximation ¢ takes the form
of a free Gaussian, meaning that it is no longer proportional to a Gaussian
times the prior.

The last method, RPAPEP, has been considered because the parameter-
ization used in both PEP and APEP prevents them to reach some of the
solutions that can be obtained by VB. To account for this, this method is
based on APEP but where we let ¢ be a free Gaussian, instead of a Gaussian
times the prior. This method is memory efficient as well and can be used

with standard optimization techniques.

4. Related work

Other works in the literature have addressed the approximate minimization
of a-divergences. In particular, [31] also approximate the Power EP objective

with a simplified energy function by tying the approximate factors. More

16
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PEP APEP ARPEP RPAPEP

Standard optimization v v v
Memory efficient v v v
Free Gaussian v v

Table 1: Summary of the proposed methods

precisely, the objective considered by these authors is:
E [Opriora 0] =g (eprior) - g (epost)

- o o, [(22)7] i
where @i and 6,05 are the natural parameters of the prior and the approx-
imate posterior g respectively; g(@pior) and g(6post) are their log-normalizers;
0 = (6,05t — Oprior) /N are the parameters of the global approximate factor
¢; and p(y;|f;) is the true likelihood factor. This method’s objective will be
equivalent to the one obtained by the approximation in Section but criti-
cally, the expectations in , which may involve multiple random variables
and may lack an analytic expression, are approximated via Monte Carlo. The
result is black-box algorithm that can be used for approximate inference in
arbitrary complicated models. In principle this method could also be used for
approximate inference in the context of multi-class Gaussian process classifica-
tion. Notwithstanding, in this particular case, the required expectations can
be evaluated using one-dimensional quadrature methods, which is believed to
be significantly more efficient than using a Monte Carlo estimate of the same
quantity. Therefore, the approaches considered in the the present work are

expected to be more efficient for approximately optimizing the PEP objective.

Moreover, a Monte Carlo estimate of will lead to a biased objective due
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327

to the non-linearity of the logarithm function.

The minimization of a-divergences for binary Gaussian process classifica-
tion has also been explored by Bui et al. [12]. These authors also use power EP
as a unifying framework to work with GPs and a-divergences. Moreover, Bui
[32] also compares in the binary classification case PEP with APEP, finding
that they give similar results. However, despite the extensive experimental
results in [12], B2], the multi-class classification case was not specifically con-
sidered nor analyzed. Importantly, the extension from binary to multi-class
problems is more challenging. Instead of having one single latent function, in
the multi-class case there is one latent function per each class in the problem.
Furthermore, the likelihood factors are also more complicated, and even lack
an analytical expression. Our work complements that of Bui et al. [12] by
providing a careful and exhaustive analysis of the multi-class case, which has
been systematically overlooked by the literature on Gaussian processes. Be-
sides this, we also consider alternative methods for approximately optimizing
the PEP objective. These methods are memory efficient (the memory cost
is independent of N) and can make use of standard optimization techniques
(i.e., they do not use PEP updates of the approximate factors).

Other methods for approximate inference in GPs with arbitrary likelihoods
can also target the VB objective in Section [33, 34, B5]. Instead of
quadratures, they rely on a Monte Carlo approximation, which is expected to
lead to higher variance in the gradients estimation and to affect negatively

the optimization process.
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5. Experiments

In this section, we intend to compare the performance of the different
values of a when using a-divergences in the multi-class setting. As we can
retrieve VI solution by making o — 0 and the EP solution with o = 1 we
are comparing the proposed methods to the state-of-the-art methods for
scalable approximate inference with Gaussian processes. We compare the
methods described in Section to Section (PEP, APEP, ARPEP and
RPAPEP) in several experiments. The R code of each method is found
in the supplementary material. All methods start with the same hyper-
parameters (including the location of the inducing points), which are opti-
mized by maximizing the estimate of the log-marginal likelihood. We use
an ARD Gaussian kernel for each latent function [1], and optimize the am-
plitude and additive noise parameter. An implementation in R of all the
compared methods is available at http://arantxa.ii.uam.es/%7edhernan/
alpha-mgpc/R-code_alpha_MGPC.zip. In the there is a com-
parison between the PEP method and some baseline methods, including label
regression, Laplace approximation and MCMC based method, showing that
the predictive distribution of PEP is good.

5.1. Performance on UCI Datasets

We compare the four methods, for different values of «, over 8 UCI-

repository [36] multi-class problems. These problems are fairly small (see

for the datasets’ details), but will show how each method

performs on standard problems. Later on, we will consider larger datasets.

Because the datasets are small we use here batch optimization. We use 90% of
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373
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375

the data for training and 10% for testing, except for Satellite which is bigger
(we choose 20% for training and 80% for test). In Vowel we consider only
the points belonging to the 6 first classes. Finally, in Waveform (synthetic)
we generate 1000 instances and split them in 30% for training and 70% for
testing. All methods are trained for 500 iterations using I-BFGS, except for

PEP, which uses gradient ascent with an adaptive learning rate (described in

IAppendix A.7)). We consider three values for the number of inducing points

M. Namely, 5%, 10% and 20% of the number of training data N. The values

of o considered range from o — 0 to a = 1 with steps of size 0.1. We report
averages over 20 repetitions.

Figure |1 shows, for each method, the average rank for each value of «,
in terms of the test log-likelihood. Average ranks are computed, for a fixed
method, for each value of «, across dataset and splits and values of the number
of inducing points M. Besides this, we analyze which method is better, given
a particular value of a.. For that, we compute the average rank of each method
across datasets, splits and values of M, this time fixing a and varying the
method instead of the other way around. This rank is shown using a color
pattern with red meaning a higher average rank and blue a lower average
rank. We observe that for PEP, the Hellinger value o = 0.5, seems to give
better performance in terms of the negative test log-likelihood. For APEP
and ARPEP, a value of o between 0.6 and 0.8 gives better results. Finally,
RPAPEP gives in general worst results than the other methods for almost all

values of a.. Results for ranks computed in terms of the test error are shown

in [Appendix D] They do not differ significantly from ones shown here.
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Figure 1: Avg. test neg. log-likelihood rank for each method and each value of a. The
color of the points indicates the average rank a method compared with the others. Best

seen in color.

5.2. Analysis of Inducing Points Location

We also analyze, for each method, the location of the inducing points for
different values of a. We use a synthetic two-dimensional problem with three
classes reproduced from [10]. We consider 1,000 training points and a fixed
number of inducing points M = 128. The initial location of the inducing
points is chosen at random and it is the same for all the methods. In these

experiments we we keep fixed the other hyper-parameters to their true value
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[10]. PEP and APEP are trained using batch methods and ARPEP and
RPAPEP are trained using stochastic methods to avoid sub-optimal solutions.
In batch training we consider 2,000 iterations and when using mini-batches
we consider 2,000 epochs. Additionally, we use ADAM for training (default
settings) and 100 as the mini-batch size [37].
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Figure 2: Decision boundaries and inducing points location for different values of «

(M = 128).

Figure [2| shows the final location of the inducing points. Blue, red and
green points are training data, black lines are the decision boundaries and
black border points are the inducing points. We expect that for values of «
near zero, the inducing points would tend to place near the decision boundaries,
since this is the behavior observed in [§, 10, 12]. Indeed, this is the case
of ARPEP and RPAPEP, probably because they are the two formulations
in which ¢ has a free Gaussian form. By contrast, in PEP and APEP this
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behavior is not observed. As we increase «, in PEP the inducing points
overlap, which can be seen as an inducing point pruning technique, previously
reported in [38, [10]. This behavior is not observed for the other methods,
probably as a consequence of using either a different parameterization for ¢,
or due to the approximation employed in APEP. Interestingly, for RPAPEP
the inducing points tend to be even closer to the decision boundary as we
approach a = 1. Finally, in APEP and ARPEP « does not have a strong

influence in the location of the inducing points.

5.3. Performance in Terms of Training Time

We compare the performance of each method as a function of the training
time on the Satellite dataset. Training is done as in Section [5.1] We consider
M =4, 20 and 100. We also set « — 0 and a = 0.3,0.5,0.8,1. We report
averages over 100 repetitions of the experiments. Figure [3| shows the average
test negative log-likelihood for each method and each value of a. Similar
plots for the test error are included in [Appendix D] In general, when o — 0,
and in the case of the method VB, we obtain the worst results. For PEP the
best performance is obtained for @« = 0.3 and o = 0.5. For the rest of the
methods it seems that values between o = 0.8 and o = 1 tend to give good
over-all results. RPAPEP seems to slightly over-fit the training data, which
may explain the worse results of this method in the UCI datasets. ARPEP,
RPAPEP give almost the same results as VB for « — 0, which is the expected
behavior. In PEP and APEP this is not the case, probably because of the
different parameterization of ¢, which is proportional to a Gaussian times the
prior. Finally, PEP gives better results earlier, probably as a consequence of

using PEP-updates to refine ¢, instead of gradient-based updates.
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Figure 3: Neg. test log-likelihood on the Satellite dataset for different values of o and M.

Best seen in color.

5.4. Performance on MNIST

When addressing very large datasets one can no longer rely on batch
training, and mini-batches and stochastic gradients are required. A large
problem is MNIST [39], with 60,000 instances for training and 10,000 for
testing. We train the proposed methods on this dataset setting M = 200
and using a mini-batch size of 200. We consider several values for a from
a — 0 to a = 1 with a step-size of 0.1. Each method is trained using ADAM
(except PEP which uses EP-updates to refine ¢) with the default parameters
[37]. We include the results for Variational Bayes (VB) for reference. Figure

2o [ shows the test negative log-likelihood for each method and each value of a.

430

431

The same plots but for the test error are included in [Appendix D] All the

methods seem to give similar results, but APEP reaches the optimal solution
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first. Importantly, in each method the lower the value of o the faster the

convergence.
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Figure 4: Negative test log-likelihood for each method on the MNIST dataset for each «.

Best seen in color.

5.5. Performance on Airline Delays

We consider a dataset with information about the flights within the USA
between 01/2008 and 04/2008 [[] . It has three classes: Flight on time, with
more than 5 minutes of delay, or arrived 5 minutes before scheduled time. We
consider 8 attributes: age of the aircraft, distance covered, airtime, departure

time, arrival time, day of the week, day of the month and month. After

http://stat-computing.org/dataexpo/2009

25


http://stat-computing.org/dataexpo/2009

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

removing the data with missing values, 2,127,068 instances remain, from
which 10,000 are used for testing and the rest for training. We evaluate each
method using the same setting as on the MNIST dataset. We also include
the results obtained by VB for reference.

Figure [5|shows the negative test log-likelihood of each method as a function
of time. The results are similar in terms of the test error (see [Appendix D).
Regarding the negative test log-likelihood, as o approaches 0, worse results
are obtained. This had previously been observed in [I0], and is believed
to be a consequence of the particular objective that is optimized by VB.
As « increases, the approximation to the log-marginal likelihood of PEP
resembles more the EP objective, which is closer to the test-log likelihood
log Eqe,)[p(ys|f;)]. This explains the better results of @ = 1. Here, a = 0.5

also provides good results.

5.6. Active Learning: Waveform

As a way of measuring the quality of the predictive distribution we have
conducted a last experiment on the waveform dataset. We consider an active
learning approach where we will iteratively add a new data point to the
training set. For that, we will need an initial training set, a test set to
evaluate the performance and a validation set from which to select the new
data points. To choose which point to select next from the validation set,
we will use the predictive distribution of the proposed methods, by selecting
the point in which the entropy is highest and hence adopting an explorative
approach. We compare this selection mechanism versus selecting the next
point at random from the validation set. We start with 100 points for training,

500 for test and 400 for validation, and we will add 100 new points to the
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Figure 5: Neg. test log-likelihoods on the Airline Delays dataset for each a. Best seen in

color.

training set. All methods are trained using I-BFGS the first time for 250
iterations and then re-trained each time we add a new point for 25 more
iterations, reusing the solution obtained so far. For the PEP algorithm, when
adding a new point to the training set one must also add a new approximate
factor. This made the retraining process start in a bad solution leading to
bad results. In order to overcome this problem, we have combined both the
PEP updates of the approximate factors and I-BFGS, by alternating between
updating the approximate factors and optimizing the model hyper-parameters
with I-BFGS. In this case, as we are updating the factors several times at
each I-BFGS iteration in an internal loop the training process is more costly,

therefore we have reduced the initial training from 250 to 50 iterations and the
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Figure 6: Test error on the Waveform dataset as a function of the number of added points
to the training set, selected using an active learning approach (top) and selected at random

(botton). Best seen in color.

retraining from 25 to 5 iterations. We report averages over 100 repetitions.

Figure [0 shows, for each value of «a, the classification error in the test set
as a function of the number of new added points. In the top row, each new
point has been added by means of the active learning approach, selecting the
point in which the entropy is highest. In the bottom row, each new point
has been selected at random. We observe that the error is lower for values
close to a = 1, both for the active learning approach and random selection.
Also, the test error is always lower for the active learning approach than for
random selection for all the methods, showing the utility of the predictive
distribution for this type of problems.

In Figure[7] it is shown, for each value of «, the reduction in the test error
w.r.t. the initial error. For PEP, the reduction in the error is higher when we

choose higher values of «, but for the other methods values of a — 0 give
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Figure 7: Test error reduction on the Waveform dataset as a function of the number of
added points to the training set, selected using an active learning approach. Best seen in

color.

better test error reduction. This is because the initial test error as a — 0 is
worse for all the methods but, at the end of the training process, all the values
of o give similar values for the test error, although slightly better for values
near o = 1. In the case of PEP, the difference in the test error between lower
and higher values of « is bigger at the end, resulting in a better reduction for

higher values of a.

6. Conclusions

The optimization of a-divergences allows to interpolate between approxi-

mate inference methods that are closer to VB when o — 0 or EP as o« — 1.
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Previous work in the literature had already considered the optimization of
these divergences for approximate inference [12], 3], I7]. In this work, we
have analyzed its specific minimization in the case of multi-class classification
using GPs. We have compared four approximate methods for this: PEP,
APEP, ARPEP and RPAPEP. These approximations are memory efficient
(except PEP) and can be combined with batch training methods, as well as
with stochastic training methods. When using mini-batches and stochastic
techniques, the training cost is O(C'M?). We have done several experiments
comparing the proposed approximations for different values of «.

While none of the proposed methods seems to be superior to the others
(except RPAPEP, which performs slightly worse), there are some points that
one should keep in mind when using them in practice. First of all, PEP is not
memory efficient as it needs to keep in memory all the approximate factors.
This clearly a drawback with respect to the other methods, especially when
working with big datasets. Also, these factors are optimized through PEP
updates, which makes the implementation slightly more complicated, as we
cannot rely on standard optimization techniques like in the other methods.
APEP and ARPEP give very similar results and can be used indistinctly. A
difference between those two methods is that the ARPEP objective is more
similar to the one optimized in VB, including the fact that the posterior
q takes the form of a free Gaussian, which is why it exhibits some of the
properties previously reported for VB (e.g., the inducing points tend to place
near the decision boundaries).

The results obtained show that intermediate values of a, e.g., o = 0.5,

can provide in general better results than standard approximate inference
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methods based on VB or EP in some of the problems investigated. This
agrees with previous results for the case of regression or binary classification

problems, as indicated in [12].

Acknowledgements

We acknowledge the use of the facilities of Centro de Computacion
Cientifica (CCC) at Universidad Auténoma de Madrid and support from
the Spanish Ministerio de Economia, Industria y Competitividad, grants

TIN2016-76406-P and TEC2016-81900-REDT.

Appendix A. Details for implementing PEP

Appendixz A.1. Introduction

In this document we detail all the steps needed to implement the PEP
algorithm described in the main manuscript. In particular, we describe how
to reconstruct the posterior approximation from the approximate factors
and how to refine these factors. We also detail the computation of the PEP
approximation to the marginal likelihood and its gradients, as well as those
of the proposed approximations in the main manuscript. Finally, we include

some additional experimental results.

Appendixz A.2. Reconstruction of the posterior approzimation

In this section we show how to obtain the posterior distribution by multi-
plying the approximate factors ¢; (f) and the prior p(f). Each factor ¢; will

be replaced by PEP for an approximate Gaussian factor él of the form:
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k=1

where V;, k and m, ;, have the following especial form (see |Appendix A.4| for

the detailed derivation):

Vz',k = Oz‘l,kUﬂUf)Ta (A.2)
ﬁli’k = Cikvk (A3)

7

where we have defined v = (k* _)T(K*, )t and Kk, ,isa M x M
x; X XX XX

matrix with the cross covariances between f* and C}, and C7;, are parameters

found by PEP. We also know from the main manuscript that the prior has

the following form:

C

C
p(®) = [[pE X" = [TV E 0. KE )., (A4)

k=1 k=1

So the posterior approximation will have the following form

H&i] [In(EX5). (A5)

Given that all the factors are Gaussian, a distribution that is closed under

q(f) = Ziq

product and division, ¢(f) is also Gaussian. In particular, the posterior
approximation is defined as ¢(f) = [[S_, N(f], my, V). The parameters of
this distribution can be obtained by using the formulas given in the Appendix
of [40] for the product of two Gaussians, leading to

-1
V. = (K%kik)_l + TkAkTg ,

my = V. Yn, (A.6)
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s where X = (vF,...,v%) is a M x N matrix, Ay is a diagonal N x N matrix

sss with diagonal entries equal to Ci p and fiy, is a vector where each component

s 18 equal to C%,.

7 Appendixz A.3. Computation of the cavity distribution

5

S

Here we will obtain the expressions for the parameters of the cavity
distribution ¢\*. This distribution is computed by dividing the posterior

approximation by the corresponding approximate factor to the power of a:

e\ \at q<?)
i(£)”

Given that all factors are Gaussian, the resulting distribution will also be

Gaussian. The parameters can be obtained by using again the formulas in

the Appendix of [40]. However, because él only depends on fk, only these

\avi

components of ¢(f) will change. The corresponding parameters of ¢(f)\*" are:
V¥ = (Vil—aV, )
= (Vi —aCjvi (v)") ™! (A8)

= Vi + Viof[(aCH) ™ = of Vi (o) T (0f) TV
m)* = V,*(V; my, — am?))
=V, (Vi 'my, — CFFob)
- V;aivlzlmk — aCﬁ’kkaV,\cai
= ViV 'my + VioF[(aCl) 7 = of Vi (o) T 7 (0f) TV V Ty (A.9)
— aCi}foV;m
=my, + Vof [(aC ) ™! = 0F Vi (o) (0f) Tmy — Viw TGl

~ Vol [(aCHH) ™ — v Vi (o) T (o) TV ke Ol

s where we have used the Woodbury matrix identity and v}, C}, and C?, are

sa0  the parameters specified in [Appendix A.2|
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sso  Appendiz A.J. Update of the approximate factors

In this section we show how to find the approximate factors ¢; once the
cavity distribution ¢\* has already been computed. We can compute the
moments of ¢;¢\** by getting the derivatives of log Z; with respect to the
parameters of ¢\*, as indicated in the Appendix of [40]. For that, note that:

m;, = vFm\* (A.10)
Vi = i — (087K, ) o+ (o) TVIRE (A

The derivatives are:

8logZi _ 0log Z; 8mk‘ _ 610gzivf, (A12)
8mkaZ 8mk amzaz amk

log Z; log Z; OV log Z;
0 B = OlogZ; 9 &= OL08 Z: k(b (A.13)
A 0V}, A oV,

where vF is the parameter specified in [Appendix A.2l By following the

Appendix of [40] we can obtain the moments of ¢;¢\* (mean mm, and covariance

Vc) from the derivatives of log Z; with respect to the parameters of ¢\*’.

Namely:
1 Z ;0log Z;
r; ;. = m)* + V\ma og —m* + V;m@ o8 v (A.14)
8mk
. i i 310 Z; Blo Z; 0log Z; ad
Vi,k = VI}; - Vlé: gaz gaz ) -2 g\ai V’i
N Gmk ov,

8m
alogz alogz k(T 8logZz k(o BT ) v\
: E ()} AV
6mk 3H1k ) i (o) oV, v, Vi) b

_ V’\fai . V’\ﬁaz

Jom

_ V]\qai . V]\caz (
810gZ 610gZ dlog Z; ko k\Tr\ovi

-2 “(of) VT

( ) (2! ) et ) ok (oh)TV)

(A.15)

Now we can find the parameters of the approximate factor ¢;, which is
obtained as ¢; = Z;q"™ /q\*, where ¢ is a Gaussian distribution with the
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parameters of ¢;¢\* just computed. By following the equations given in the
Appendix of [40] we obtain the precision matrices of the approximate factor:

Vik=(Vip) " — (Vkai)_l
T
7 \avi \ai k& o] log Zi ) (8 log Zi ) 0 log Zi
= [V vk | (222 -2
< k k i I:( 8mk Bmk ka

8logZ alogZi>T_2810gZi a
OV,

-1

(vbTV;“) — (v

8mk dmk

:(Vzai)71+ V\az) 1V\o¢1 k<|:

( )TV\DM, V\DM, \om, k> (Uf)TV;ai(Vzai)71 _ (V;ai)71

-1 -1
Olog Z; dlog Z; dlog Z; \ai
=k ! -2 — (WH)TV ) ¥k kT A.16
vz<|:< 8 & )( 8 & ) 8Vk (U’L) k vz (vz) ’ ( )

where we have used the Woodbury matrix identity to compute (\Aflk)_l Let

us define C’ilk as:

ol 1 Olog Z; Olog Z; T_QﬁlogZi -
kT omy, omy, oV,

ss1 where we divide by a because we retrieve a times the approximate factor

~1
. <vf>Tv;%f) @

ss2 from PEP. The precision matrix of the approximate factors will be then:

7
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555
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557

558

For the first natural parameter we proceed in a similar way

mY k _ (VZh ) 1.~ yz (V\ozz) m\ozz

Yi
= (V) Vil — (V) " mye

Yi Yi

= (V;?Z) fm) +Vykmzk (V?\J?i) ',

Yi
, dlog Z;
— V\az — \M V\m ik
( Yi ) amk U’L
o ai ai Olog Z; ai\— ai
+ V7 lmk —l—V; om, vk _(V'é\/i ) lm;i
A.19)
; dlog Z; (
— V\az \az V\az 1v\az LY
(Vi) i 4 (Vo) v
< i Olog Z; . 1 ,
V2 e vy S D vy e
—_ 810gZ yz 4 Vyz \ozz Vyz V\(xzalogz Yi
amk ik 6‘mk Vi
_ dlog Z; y1 1,y y1 yi\T .\« dlog Z; Lyi o Yi (¥ )Ty \ai g, ¥i
= omy +C (V") m," + omy Czk z(z)vy v;
610gZZ Ly /. yi\T ai aIOgZ, Lyi/, yi\T ai, Yi i
where we have used that (VI*¥)™' =V ! + \nyz If we define C7), as:
1 [dlog Z; ;  Olog Z;
2 _ 1 L oL (R T\ 82 (1 (kYT \igh Ao
ct= % | 2B oty + SRtV (a0)
we obtain the following expressions for the first natural parameter:
- 2 .k

Once we have these parameters we can compute the value of the normal-
ization constant Z;, which guarantees that the approximate factor integrates
the same as the exact factor with respect to ¢\*. The log of this constant is:

di\* p(yilfi) \* o
log Z; = log By, [<¢ = log Ey(¢,) (<5|) +g(0\*) — g(0). (A.22)
As we are using the robust likelihood p(y;|f;) = (1—€) [[,,. © (fr(x) — f¥(x))

+ & we will need to use one-dimensional quadrature techniques to compute
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the expectation Eg,) [(p(y,|fz)/ <51> } . This expectation is simply related to
the probability that a Gaussian random variable is larger than several others

(one per each other class label) [1§].

Appendixz A.5. Parallel EP updates and damping

We update all approximate factors in parallel. This means that we compute
all the quantities required for updating each of the approximate factors at
once (in particular the quantities derived for the cavity distribution ¢\*?).
Parallel updates are faster than sequential EP updates because there is no
need to introduce a loop over the data. All computations can be carried out
in terms of matrix vector multiplications that are often more efficient. A
disadvantage of parallel updates is, however, that they may lead to unstable
PEP updates. To prevent unstable PEP updates we used damped PEP
updates. These simply replace the PEP updates of each approximate factor
with a linear combination of old and new parameters. For example, we set
é’}}k = (C’i{k)newp + (CN’}’k)Old(l — p) in the case of the C;; parameter of the
approximate factor (we do this with all the parameters). In the previous
expression p € [0, 1] a value that specifies the amount of damping. If p =0
no update happens. If p = 1 we obtain the original EP update. Importantly,
damping does not change the EP convergence points so it does not affect to

the quality of the solution.
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Appendiz A.6. Estimate of the marginal likelihood

As we have seen in the main manuscript, the estimate of the log marginal

likelihood 1is:

N
1 ~
log Z, = 9(0) — g(Oprior) + - Z log Z; (A.23)
=1
7 ilfi) )" i
0g 2= tog By | (“22) | 4 g0 —gt0) (a2

where 0, 0\ and 0, are the natural parameters of ¢, ¢\ and p(f) re-
spectively and ¢(0’) is the log-normalizer of a multivariate Gaussian with
natural parameters €'. If u and X are the mean and covariance matrix of

that Gaussian distribution over D dimensions, then

D 1 1
9(6') = 7 log 2m + S log B[ + Sp' 27 g, (A.25)
which leads to
‘1 1 1 1Y
_ Ty7r—1 k d
log Z, = ; 5 108 [Vi + omy Virtmy — o [Keo] + — ;log Z;i, (A.26)

with

- ilf)\"] 1 i
log Z; = log E (s, [(p(gg )) } + ilog ‘Vz\/ }

]' [e%3 T [e%3 -1 (6%} A 27
D fm)e) " (Vi) ) (A.20
1 at 1 ai) T aiy 1 ai
This expression can be evaluated very efficiently using the Woodbury
matrix identity; the matrix determinant lemma; that (V,*)~! = Vi1 =V,

that m;m = V;ai(V,;lmk — m,;,); and the special form of the parameters of

the approximate factors Vlk and m; j.
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soo  Appendiz A.7. Gradient of log Zq after convergence and learning rate

501 We derive the expression for the gradient of log Z, after PEP has converged.
s2 Let f]k be one hyper-parameter of the model (i.e., a parameter of one of the
s03 covariance functions or a component of the inducing points) and 6 and 6,0, to
s the natural parameters of ¢ and p(f) respectively. When PEP has converged,
ss the approximate factors can be considered to be fixed (it does not change
s with the model hyper-parameters) [24]. In this case, it is only necessary to
sov consider the direct dependency of log Z; on 5;? [24]. But in our case, we update
s the hyper-parameters at each PEP iteration, so we will need to consider the

so0 indirect dependency too. The gradient is given by:

8log Zq _ (89(0))T 00 (ag(eprior))T 80pri0r + i Z alOgEtI(fi) {(%@)a}
«

¢k 00 ) 0k \ 90psior ok

. (ag(e\w‘))T 06\ (ag(e) >T 86

o0\ ) ogf  \ 96 ) og
i8)
T 00 T 00prior 1 N dlog By, {(71)(%! )) }
=n E (nprior) 9 % + — 9 s
8§j é-J (67 P 5]
7 00\ 90
+ ()T =0T
R oek
S8\
— TagpinY (77 )T aOprior + 1 al alOgEq(fi) {(p(%zl )) }
- - prior -
0% o Tk 3¢k
00, 00,
\ai\T prior T prior
+n 7
W e T g
yilf) \
_( T T )39prior 1 N Olog Bq,) [(p(i ) }
=n nprlor af‘;ﬁ a g 8§]k
, 90.. .
+ (n\F — )T Ror
ot

(A.28)

s0 where we have used the chain rule of matrix derivatives [41], the especial form
so1 of the derivatives when using inducing points [42] and that 6 = 0prior—|—zi]\i1 0,

ez with 6; the natural parameters of the approximate factor ¢;. Furthermore, 7
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and Mprier are expected sufficient statistics under the posterior approximation
q and the prior, respectively. This gradient coincides with the one in the main
manuscript.

It is important to note that one has to use the chain rule of matrix deriva-
tives when trying to use the previous expression to compute the gradient. In
particular, natural parameters and expected sufficient statistics are expressed
in the form of matrices. Thus, one has to use in practice the chain rule of

matrix derivatives, as indicated in [4I]. For example:

7 0Oprior 1 T 8Kkikik
(1 — Tprior) Dk = —Etrace M, 8—5’“ , (A.29)
J J

where
M, = (Kkiki")_l - (Kkiki")_l Vi (Kkikik)_l - (Kkiki’“>_l mjmy (Kkikik)_l » (A30)

where V; and m; are the covariance matrix and mean vector of the k-
th component of ¢. Furthermore, several standard properties of the trace
can be employed to simplify the computations. In particular, the trace is
invariant to cyclic rotations. Namely, trace(ABCD) = trace(DABC). The
derivatives with respect to each log By, [(p(yz|fz) / gzNSl> a} can be computed
using quadrature techniques.

In our experiments we use an adaptive learning rate for the batch PEP
methods. This learning rate is different for each hyper-parameter. The
rule that we use is to increase the learning rate by 2% if the sign of the
estimate of the gradient for that hyper-parameter does not change between
two consecutive iterations. If a change is observed, we multiply the learning
rate by 1/2. When applying stochastic optimization methods, we use the
ADAM method with the default settings to estimate the learning rate [37].
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Appendiz A.8. Predictive distribution

Once the training has completed, we can use the posterior approximation to
make predictions for new instances. For that, we first compute an approximate
posterior evaluated at the location of the new instance x*, denoted by f* =

(fHee), o )T

c

p(E*ly) = / (£ D)p(Fly)df = / p(* [E)g(B)dE ~ [ N (FH () mi o), (A31)
k=1
where:
mp, = (ki* ’Yk)T(K%kik)ilmk (A.32)

k k T k -1,k k T k — k —11.k
vl: = ﬂx*,x* - (kx*,ik) (Kikfk) 1kx*,ik + (kx*,ik) (Kikik) 1Vk(Kikik) lkx*’ik . (A33)

This approximate posterior can be used to obtain an approximate predictive

distribution for the class label y*:

Py I, y) = / Py, £)p(E*y) dE*
C
=/p(y*!Xif*)HN(fk(x*)ym;, H)df*

k#y*

HN (f*(x*)|m, vg)dE*

(A.34)
-/ [(1—@ [Tew o) - e+
k#y*
[T V() VAN (f7 (x4 3., V)
k#y*
/[H kgq)(f NG m>+5

N () mye, vg )df* (x7)
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where ®(+) is the cumulative distribution function of a Gaussian distribu-
tion. This is an integral in one dimension and can easily be approximated by

quadrature techniques.

Appendix B. Details of the UCI Datasets

Table [B.2] shows the characteristics of the datasets considered from the
UCI repository in the main document. This table shows, for each problem,

the number of samples, the number of attributes and the number of class

labels.

Table B.2: Characteristics of the datasets from the UCI Repository.

Dataset #Instances FAttributes FClasses
Glass 214 9 6
New-thyroid 215 ) 3
Satellite 6435 36 6
Svmguide2 391 20 3
Vehicle 846 18 4
Vowel 540 10 6
Waveform 1000 21 3
Wine 178 13 3

Appendix C. Comparison to Baseline Methods

In this section we compare the PEP algorithm (¢« — 0, @ = 0.5 and
«a = 1) with three baseline methods: label regression, Laplace approximation

and a MCMC method that uses Gibbs sampling. We have performed these
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experiments on the 8 UCI repository datasets that are summarized in Table
B.2

Label regression implementation uses the inducing point approximation
and EP algorithm. Note that in the regression case, EP results in exact
inference, as the likelihood factors are Gaussian [1]. The approximate factors
are updated via regular EP updates, and the model hyper-parameters are

optimized by gradient ascent with an adaptive learning rate (described in

IAppendix A.7)). We consider three values for the number of inducing points

M. Namely, 5%, 10% and 20% of the number of training data N. We report

averages over 100 repetitions.

In the case of Laplace and MCMC, we first obtain the model hyper-
parameters using EP (PEP with a = 1) and then we train the methods
to optimize the approximation. This is done because learning the hyper-
parameters with these two methods is not scalable.

For Laplace, the gradients of the approximation to the marginal likelihood
w.r.t. to the hyper-parameters cannot be computed efficiently using sparse ap-
proximations, since they have an explicit dependence on the hyper-parameters
and an indirect dependence through the mode [43]. This is precisely why
there are no works in the literature that use Laplace approximation with
sparse GPs. The Laplace approximation uses the softmax likelihood function.

The MCMC method that we have considered used Gibbs sampling. Gibbs
sampling generates samples from the joint target distribution by replacing
the value of one of the variables by a value drawn from the distribution of
that variable conditioned on the values of the remaining variables [43]. This

method is asymptotically unbiased.
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In Table it is shown the test error and in Table [C.4] we report the
test log-likelihood. By looking at the results, we observe that performance of
PEP is similar to the one of MCMC, so the predictive distribution of PEP is
fairly good.

In conclusion, PEP gives good predictive distributions with the chosen
likelihood function, and better than using the softmax. The softmax likelihood
can be more robust than considering Gaussian noise like this work, but it
makes inference more complicated, and the lack of robustness can be partially
compensated by using the robust-max likelihood, where we introduce some
noise in the labels by considering possible labelling errors with probability e,

even if € is small.

Appendix D. Additional Experimental Results

In this section we add some extra experimental results that did not fit in
the main manuscript. In Figure we show the mean test error rank for
each of the proposed methods and several values of a. We report averages
over 8 datasets from the UCI repository and 20 splits. Results for PEP and
APEP are similar to the ones in the main manuscript in terms of the negative
test log likelihood. However, ARPEP seems to give better results in terms of

the test error with o« = 0.8 or = 0.9.
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Label PEP PEP PEP
Problem MCMC Laplace
Regression (e —0) (o =0.5) (a=1)
glass 0.32 +£0.01| 0.26 +0.01| 0.44 + 0.01 | 0.36 +£0.01| 0.33 +£0.01| 0.36 + 0.01
new-thyroid [0.05+ 0 | 0.05 + 0 | 0.15 £ 0.01 | 0.03 £+ O 004 £ 0 0.12 + 0.01
satellite 011+ 0 (012 + 0 [026 £+ O 011 £ 0 | 0.11 £ O 011 £ 0
svmguide2 |0.18 £0.01| 0.18 £0.01| 0.21 + 0.01 | 0.19 +£0.01| 0.17 £0.01| 0.24 + 0.01
vehicle 019+ 0 | 022 £0.01{0.25 + O 0.18 +£0.01] 0.18 + O 019 + 0
Zfivowel 0.08+ 0 |[0.15 +£0.01{0.29 + 0.01 | 0.06 + 0 | 0.05 + O 0.09 + 0.01
%waveform 0.16+ 0 | 016 + 0 | 026 £ O 018 £ 0 0.16 + 0 022 + 0
wine 003+ 0 004 +£ 0 [0.03 £ O 003 £ 0 | 003 £ O 0.05 + 0.01
Avg. Time|5.02 +£0.18|62.64 + 3.77 [131.61+ 9.78 (1684.83+56.14{1625.81+£59.681495.37+ 71.49
glass 0.32+0.01| 0.25 £0.01| 0.43 + 0.01 | 0.36 +£0.01| 0.31 +£0.01| 0.33 + 0.01
new-thyroid (0.04+ 0 | 0.04 + 0 | 0.12 £ 0.01 | 0.03 + O 0.03 £+ 0 0.08 + 0.01
satellite 0.11+ 0 (012 + 0 |024 £ O 011 + 0 0.11 + 0 011 + 0
svmguide2 |0.18 £0.01|0.18 +0.01| 0.22 + 0.01 | 0.2 +£0.01| 0.18 £0.01| 0.19 £ 0.01
ﬁvehicle 019+ 0 | 022 £0.01{023 £ O 0.17 + 0 017 £ 0 018 £+ 0
Slvowel 005+ 0 [0.19 £0.01]0.21 + 0.01 | 0.04 £ 0 | 0.03 £ O 0.05 £+ 0
%W&veform 0.16+ 0 | 0.16 £ 0 [0.26 + O 018 + 0 017 + 0 019 + 0
wine 0.02+ 0 [ 003 + 0 |003 + O 0.03 £+ 0 0.02 + 0 0.03 + 0
Avg. Time|9.87 +0.36 202.17+14.77|153.83+ 9.79 [1865.4 + 68.1 [1814.39+£78.13(1724.34+ 82.62
glass 0.32 +£0.01| 0.24 +0.01| 0.39 + 0.01 | 0.36 +£0.01| 0.31 +£0.01| 0.32 + 0.01
new-thyroid [0.04+ 0 | 004 + 0 | 0.1 £+ 0.01 | 0.04 +£0.01| 0.03 + O 0.06 + 0.01
satellite 0.11+ 0 [0.12 + 0 |023 £+ O 0.11 £+ 0 0.11 + 0 011 + 0
svmguide2 [0.18 +£0.01| 0.18 +£0.01| 0.23 + 0.01 | 0.19 +0.01| 0.18 +0.01| 0.18 + 0.01
L\Ovehicle 017+ 0 | 022+ 0 [022 + O 0.17 £0.01] 0.16 + O 017 =+ 0
S|vowel 003+ 0 [0.23 £0.01{0.11 £+ O 003 £ 0 | 002 £ O 003 £ 0
gwaveform 016+ 0 (016 £+ 0 [026 + O 018 £ 0 017 £ 0 | 0.16 £+ O
wine 003+ 0 [003 +£ 0 [004 £ O 002 £ 0 | 002 £ O 002 £ 0
Avg. Time[22.89+ 0.71766.85+58.39[224.414+ 11.01 [2169.13+£93.34(2138.39+£82.942073.18+£108.69

Table C.3: Average test error for each method and average training time in seconds.
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Label PEP PEP PEP
Problem MCMC Laplace
Regression (a—0) (e =0.5) (a=1)
glass 0.8 £0.02| 0.8 +£0.01| 1.1 + 0.03 | 2.05 +£0.07| 0.81 +£0.02| 0.9 <+ 0.02
new-thyroid |0.12 £ 0.01| 0.26 +0.01| 0.38 + 0.02 | 0.11 +0.01| 0.09 +0.01| 0.35 + 0.01
satellite 0.3+ 0 05 +£0.01/074 £ O 051 £ O 031 £ O 03 + 0
svmguide2 [0.53+0.02| 0.54 +0.01| 0.7 + 0.02 09 +£0.06| 0.57 +£0.02| 0.65 + 0.02
vehicle 0.37 £0.01| 0.6 £0.01| 0.58 &+ 0.01 | 0.57 +0.04| 0.36 +0.01| 0.37 + 0.01
§Vowel 0.27 £0.01| 0.62 £0.01| 0.7 £ 0.01 | 0.38 +0.02| 0.17 £0.01| 0.29 + 0.01
éwaveform 037+ 0 | 039 £ 0 [059 £+ O 0.67 +£0.01| 04 + O 0.69 + 0.01
wine 0.08+0.01| 0.14 +£0.01| 0.09 + O 0.1 +0.01| 0.08 +£0.01| 0.49 + 0.01
Avg. Time|5.02 +£0.19|62.64 + 3.87 [131.61+ 10.43 (1684.83+£49.43(1625.81+£58.99(1495.37+ 67.77
glass 0.79 £0.02| 0.78 £0.01| 1.05 + 0.03 | 1.97 +£0.07| 0.8 £0.02| 0.8 + 0.02
new-thyroid [0.09 +£ 0.01| 0.15 + 0 | 0.33 + 0.02 0.1 +£0.01| 0.08 +£0.01| 0.31 + 0.01
satellite 03+ 0 |03 +£ 0 [071 £ O 05 + 0 032 +£ O 029 + O
svmguide2 [0.54 £0.02| 0.52 +0.01| 0.73 £ 0.03 | 0.88 +£0.05| 0.6 =£0.03| 0.56 + 0.02
L\Ovehicle 0.36+ 0 | 0.59 £0.01| 0.55 + 0.01 | 0.54 +£0.02| 0.36 +0.01| 0.36 + 0.01
S lvowel 021+ O 0.8 +£0.02| 055 + 0.01 | 0.26 +£0.02| 0.14 + O 0.22 + 0.01
gwaveform 037+ 0 (038 £ 0 | 059 £+ O 069 +£0.01| 043 £ O 0.62 + 0.01
wine 0.07 £0.01| 0.13 £0.01| 0.1 4 0.01 | 0.08 4 0.01| 0.07 £0.01| 0.39 + 0.01
Avg. Time|9.87 + 0.36202.174+12.79|153.83+ 11.07 | 1865.4 +73.57(1814.39+70.72(1724.34+ 89.06
glass 0.78 £0.02| 0.77 £0.01] 1 4+ 0.02 | 1.94 +0.07| 0.8 +£0.02| 0.79 + 0.02
new-thyroid |0.09+0.01| 0.15 +£0.01| 0.28 + 0.03 | 0.16 +0.04| 0.1 +0.01| 0.27 + 0.01
satellite 029+ 0 04 +£0.01/069 £ O 048 + 0 032 £ 0 0.29 + O
svmguide2 |0.55 +0.02| 0.53 +£0.01| 0.77 + 0.03 | 0.78 +0.04| 0.59 +0.03| 0.55 + 0.02
gvehicle 0.35+0.01] 0.6 +£0.01|0.53 + 0.01 | 0.53 +£0.02| 0.36 +0.01| 0.35 + 0.01
K|vowel 02+ 0 |1.09 £0.02|0.37 £ 0.01 | 0.16 +£0.02| 0.13 + O 019 + O
gwaveform 038+ 0 |0.38+ 0 |0.61 £ O 0.7 +£0.01| 046 +0.01| 0.53 + 0.01
wine 0.07+0.01f 0.18 £0.01| 0.1 + 0.01 | 0.08 +£0.01| 0.07 +£0.01| 0.32 £ 0.01
Avg. Time22.89+ 0.86|766.85+ 49.9 [224.41+ 12.44 [2169.13+82.922138.39+90.182073.18+106.53

Table C.4: Average negative test log likelihood for each method and average training time

in seconds.
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Figure D.8: Mean test error rank for different methods and different values of . The
color of the points indicates the average rank of the method compared with the others.

Best seen in color.

The next result is from the Satellite dataset of the UCI repository. We
show the performance as a function of the time in terms of the test error. It
gives similar results as for the negative test log likelihood (shown in the main

manuscript).
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Figure D.9: Mean test error rank for different methods and different values of «. Best

seen in color.

In Figure we show the results for the MNIST dataset in terms of
the test error. Here we see that for the test error, values near o — 0 do not
converge first, but instead intermediate values such as a = 0.5 tend to arrive

faster to the good solution.
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Figure D.10: Mean test error rank for different methods and different values of « for

MNIST dataset. Best seen in color.
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Regarding the Airline Delays dataset, we observe similar results when

talking of the test error as in MNIST. The results are shown in Figure
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Figure D.11: Mean test error rank for different methods and different values of « for

Airline Delays dataset. Best seen in color.
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