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The individual alpha frequency (IAF) is one of the most common tools used to study the variability of EEG
rhythms among subjects. Several approaches have been proposed in the literature for IAF determination,
including the popular peak frequency (PF) method, the extended band (EB) method, and the transition
frequency (TF) method. However, literature techniques for IAF determination are over-reliant on the pres-
ence of peaks in the EEG spectrum and are based on qualitative criteria that require visual inspection of
every individual EEG spectrum, a task that can be time consuming and difficult to reproduce. In this paper
a novel channel reactivity based (CRB) method is proposed for IAF computation. The CRB method is based
on quantitative indexes and criteria and relies on task-specific alpha reactivity patterns rather than on the
presence of peaks in the EEG spectrum. Application of the technique to EEG signals recorded from 19 subjects
during a cognitive task demonstrates the effectiveness of the CRB method and its capability to overcome the
limits of PF, EB, and TF approaches.

© 2011 Elsevier Inc. All rights reserved.
1. Introduction

Since the first EEG recording (Berger, 1929), evidence that partic-
ular mental activities or states are reflected by EEG rhythmic patterns
at specific frequencies has led to the introduction of the conventional
and widely utilised frequency intervals (bands): delta (δ, 0.1−
3.5 Hz), theta (θ, 4–7.5 Hz), alpha (α, 8–13 Hz), beta (β, 14–30 Hz),
and gamma (γ, >30 Hz); see Niedermeyer (2005) and Sanei and
Chambers (2007) for reviews. Depending on the inter-individual dif-
ferences, EEG rhythms can differ in their frequencies from subject to
subject (Başar et al., 1997; Klimesch et al., 2000; Niedermeyer,
2005). Since the early attempts to capture these individual features
of EEG rhythms and correlate themwith individual behavioural states
and cognitive traits, the speed of alpha oscillations, the so-called
alpha frequency, has turned out to be a meaningful index of inter-
individual variability (Başar et al., 1997; Doppelmayr et al., 1998;
Hadley, 1941; Klimesch et al., 1993; Klimesch, 1999; Knott, 1938;
Niedermeyer, 2005; Osaka, 1984; Pfurtscheller and Lopes da Silva,
1999). In the following we will discuss the most well-known ap-
proaches to investigation of the alpha frequency at the individual
level and some open issues which motivate the development of a
new method.
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1.1. Literature methods for individual alpha frequency (IAF)
determination and margins for improvement

1.1.1. The peak frequency (PF) method
It is well-known that the alpha rhythm is clearly seen under con-

ditions of physical relaxation and relative mental inactivity (IFSECN,
1974). In fact, at resting conditions, the EEG spectrum usually
shows a visible peak in the alpha range. Historically, the first method
proposed to characterise the individual alpha frequency (IAF) is the
so-called peak frequency (PF) method, which consists of localising
the frequency fp at which this peak occurs. As an example, panel (a)
of Fig. 1 shows a representative EEG spectrum at rest, with fp repre-
sented as a vertical solid line and the alpha range highlighted by
two vertical dotted lines.

The PF method has been widely applied in several studies, for in-
stance to show that the mean alpha frequency is 10.2±0.9 Hz in an
adult (Petersén and Eeg-Olofsson, 1971), increases from childhood
to puberty (Epstein, 1980) and decreases for the rest of the lifespan
(Köpruner et al., 1984; Saletu and Grünberger, 1985), is related to
head size (Nunez et al., 1978), is lower in demented subjects com-
pared to age matched normal subjects (Coben et al., 1985), predicts
age-related decline in working memory (Clarka et al., 2004), is influ-
enced by genetic factors (Smit et al., 2006), and correlates with the
amplitude of visual evoked potential and haemodynamic response
(Koch et al., 2008). Besides being directly investigated, the frequency
fp has also been utilised as an anchor point to determine the frequen-
cy intervals corresponding to theta and alpha bands (Babiloni et al.,
2004, 2010; Capotosto et al., 2009; Doppelmayr et al., 2005;
Klimesch et al., 2004).

http://dx.doi.org/10.1016/j.neuroimage.2011.12.001
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Fig. 1. Representative cases of resting (red) and test (blue) EEG spectra. Panel (a) illustrates an example of peak frequency (PF) fp determination by the PF method. In the picture,
two vertical dotted black lines delimit the (8, 13) Hz alpha range and the vertical solid line is drawn in correspondence with fp. Panel (b) shows an example of gravity frequency fg
determined by the extended band (EB) method for a representative test spectrum that is quite flat in the alpha range. In the picture, a vertical solid line is drawn in correspondence
with fg and the interval on which it was computed (the extended alpha band) is delimited by two vertical dotted lines. Panels (c) and (d) show two examples of gravity frequencies
fg determined by the transition frequency (TF) method. The panels depict two representative cases of superimposed resting and test spectra with the relative TFs. For both images,
vertical dotted lines delimit the interval from TF toTF+5 Hz and the vertical solid line is drawn in correspondence with fg. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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1.1.2. The centre of gravity frequency concept
Drawbacks of the PF method comprise the fact that the definition

of fp does not cope with cases such as EEG spectra with multiple peaks
or EEG spectra that are quite flat in the alpha range. In these cases,
which are common when the EEG spectrum is not relative to the rest-
ing condition, a more appropriate approach is the one that employs
the centre of gravity frequency, that is, the weighted sum of spectral
estimates divided by the total alpha power (Klimesch, 1999). This
quantity reflects the central tendency of the alpha power and is there-
fore more representative of the average activity of the alpha popula-
tion. The determination of the gravity frequency requires the
definition of the interval on which the gravity centre will be comput-
ed. However, when the EEG spectrum shows multiple peaks or is
quite flat, the definition of such an interval is not trivial and deserves
further development.

1.1.3. The extended band (EB) method
A method that utilises the extended alpha band to compute the

gravity frequency, concisely denoted as the extended band (EB)
method, was introduced by Klimesch et al. (1990). The procedure
can be summarised as follows. First, by visually inspecting each indi-
vidual EEG recording, subjects without a clearly detectable alpha peak
in the resting spectrum are discarded. Then, for each of the remaining
subjects, an extended alpha band is determined as follows. First, leads
with an evident peak in the alpha interval of the EEG spectrum at rest
are selected on a qualitative basis by visual inspection. Then, for each
of these leads the frequency interval (f1, f2) is determined by localis-
ing, by visual inspection, the starting point of the ascending edge, f1,
and the ending point of the descending edge of the alpha peak, f2. Fi-
nally, the extended alpha band for the subject is obtained by averag-
ing the boundaries of these intervals. Klimesch et al. (1990) called the
IAF the frequency that is obtained by utilising the extended alpha
band to compute, for each selected lead, the gravity centre of the
EEG spectrum relative to the temporal interval under investigation.
Either the resting interval or an interval in which the subject is per-
forming the task (test interval) can be utilised. As an example, panel
(b) of Fig. 1 shows a representative EEG spectrum computed during
a test interval. In the graph, the IAF, denoted by fg and computed as
the gravity frequency over the extended alpha band delimited by
the two vertical dotted lines, is represented as a solid vertical line.
The computation of the average IAF over all of the selected leads
yields a single frequency for each subject.

Since its first definition, the term “IAF” has been utilised to also de-
note this average and later any alpha frequency computed on an indi-
vidual basis. Several results have been published on the relationship
between IAF and memory performance. In particular, Klimesch et al.
(1990) found that good memory performers have an IAF about 1 Hz
higher than bad memory performers, and hypothesised that this re-
sult was an indicator of faster retrieval of information from memory
(Klimesch, 1997). IAF has also been utilised as an anchor point to de-
termine the alpha and theta bands as frequency intervals with a fixed
(Klimesch, 1997) or percentage (Doppelmayr et al., 1998) width.

The EB method for the IAF determination has some open issues.
For instance, when the computation of the IAF is relative to a test in-
terval, the gravity centre of the EEG spectrum is computed over a fre-
quency band that is obtained by exploiting the resting spectra
dynamics. This could prevent the capture of the alpha rhythms that
are in reality modulated by the mental process relative to the task.
Moreover, discarding data relative to subjects with spectra that do
not show a clear alpha peak could result in a loss of information
about broader aspects of the phenomenon under investigation. Final-
ly, the need for visual inspection of every individual EEG spectrum
and the lack of a proper formalisation to assess the presence of
peaks in the spectra can make the results difficult to reproduce.

1.1.4. The transition frequency (TF) method
Another method for IAF computation was reported by Klimesch

(1999). The approach is based on the crucial finding that in most
cases when the task demand increases theta synchronises whereas
alpha desynchronises (Capotosto et al., 2009; Doppelmayr et al.,
1998; Gevins et al., 1997; Grabner et al., 2007; Klimesch et al., 1997;
Klimesch, 1999; Lopes da Silva, 1992; Raghavachari et al., 2001;
Rugg and Dickens, 1982; Schacter, 1977). In other words, theta
power increases (synchronises) during a test interval with respect
to a resting interval, whereas the alpha power decreases (desynchro-
nises). As a consequence of this pattern, by superimposing the resting
and test spectra, it can be seen that there is a frequency at which the
two spectra intersect and the theta synchronisation gives way to
alpha desynchronisation. This frequency is defined as the transition
frequency (TF) (Klimesch et al., 1996; Klimesch, 1999) and is shown
in panel (c) of Fig. 1, where representative resting (red) and test
(blue) EEG spectra are reported. TF marks the transition between
the alpha and theta bands. Accordingly, the IAF is defined as the
peak or gravity frequency of the spectrum over the individual interval
(f1, f2) in which f1 corresponds to TF, and f2 is set on an empirical basis
(Klimesch, 1999). For instance, a reasonable value for f2 was sug-
gested to be TF+5 Hz. In Fig. 1(c) the interval (f1, f2), determined
as suggested above, is shown by two dotted vertical lines. In the
same picture, the IAF, determined as the gravity frequency of the in-
terval and denoted as fg, is represented as a solid vertical line. The
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fundamental novelty of the method using the TF concept, concisely
termed the TF method, is the fact that the individualisation of the
alpha frequencies is accomplished by exploiting the reactivity of
rhythms, rather than by simply utilising the EEG resting spectrum dy-
namics. In fact, the theta-synchronisation/alpha-desynchronisation
pattern is representative of how specific frequencies react to certain
stimuli or mental activity. The principle of looking at EEG rhythms' re-
sponsiveness is also considered to be fundamental in assessing the
normality of an adult EEG (Niedermeyer, 2005). However, a possible
drawback of the TF method is the lack of a clear criterion for setting
f2. In fact, if, for instance, the width of the interval from f1 to f2 is set
at 5 Hz, some of the frequencies with an alpha desynchronising be-
haviour could be excluded from the interval, as shown in panel (d)
of Fig. 1. As the picture shows, the interval from f1 to f2 Hz, delimited
by two vertical dotted lines, is too short with respect to the alpha
desynchronisation region. As a consequence, the corresponding grav-
ity frequency fg, drawn as a vertical solid line, is not representative of
the average alpha activity related to the specific mental process. From
the example, it is apparent that an individualisation of the width of
the interval from f1 to f2 is required.

1.1.5. Margins for improvement in IAF determination
The IAF is an intriguing concept in EEG investigation. Several

methods have been proposed for IAF determination, but, as discussed
above, none of them are without open issues. This explains why,
among all the methods cited, the most utilised is still the simple PF
method. In summary, the three major open issues are: (i) leads and
band limits that are needed for the IAF computation are selected
according to qualitative criteria that require visual inspection of
every individual EEG spectrum, a task that can be very time consum-
ing and difficult to reproduce from lab to lab; (ii) methods that rely
on the presence of peaks in the spectra, that is, PF and EB methods,
often force the user to discard data, which may represent an unac-
ceptable loss of information; (iii) the method based on the reactivity
principle, that is, the TF method, needs further refinements in the def-
inition and individualisation of bandwidths relative to alpha activity.
These three open issues call for the development of a new method
that overcomes these limitations.

1.2. Scope of the paper

In this article, a novel channel reactivity based (CRB) method is
proposed for the computation of IAF in order to cope with the open
issues discussed in the previous paragraph. The CRB method is
designed to capture the responsiveness of alpha rhythms, regardless
of the presence of peaks in the EEG spectra at rest, and to adapt the
frequency intervals to individual and task specific alpha activity.
This is accomplished by means of procedures based on a mathemati-
cal formalisation that allows reliance on quantitative criteria and cir-
cumvention of the need to visually inspect every individual EEG
spectrum. As will be shown in the next section, the CRB method re-
quires the setting of seven parameters, a task for which heuristic
guidelines will be provided along with nominal values. Once these
parameters have been set, considerable amounts of data can be quick-
ly processed without any further user intervention and results can be
precisely reproduced from lab to lab.

After a presentation of the method, the CRB method will be tested
on EEG signals recorded from 19 subjects during an alternative-
choice reaction time task based on a letter matching paradigm
(Bisiacchi et al., 2009). Results yielded by the CRB method will be
thoroughly compared with those obtained with the widely utilised
PF approach. Performance of EB and TF methods on the same data
will also be presented. The results will demonstrate the effectiveness
of the CRB method and its capability to overcome the limits of PF, EB
and TF methods. Besides, the role of the algorithm's parameters will
be discussed.
2. Material and methods

2.1. EEG acquisition protocol and pre-processing

The EEG data utilised in the present study were collected from 19
subjects performing a letter matching task. The mean age was38� 17
(mean±SD) years. None of the subjects had a history of neurological/
neuropsychiatric disorders or dementia; furthermore none of the
subjects were taking psychotropic mediations, and none had any im-
pairment of visual acuity or colour blindness. All of the participants
were seated in front of a colour monitor screen, with a fixed distance
of 80 cm between their eyes and the screen. Participants were asked
to evaluate five-letter strings (e.g. DFDFD) and to decide whether
the letters in the second and fourth positions (relevant positions)
were identical (matched condition) or not (unmatched condition).
Details of the task can be found in Section 2.2.1 of Bisiacchi et al.
(2009). The task consisted of eight blocks of 36 trials each (18
matched and 18 unmatched trials) and was conducted in a single ses-
sion of approximately 30 min. Each trial started with a presentation of
a fixation cross displayed for 800 ms. After display of a blank screen
for 100 ms, the five-letter string was displayed for 1600 ms or until
the participant responded, followed by a fixed blank screen for
1700 ms.

The EEG was continuously recorded from 29 Ag/AgCl electrodes
mounted according to the international 10/20 system. The montage
included the following scalp positions: Fp1, Fp2, F7, F3, Fz, F4, F8,
FC5, FC1, FC2, FC6, T3, C3, Cz, C4, T4, CP5, CP1, CP2, CP6, T5, P3, Pz,
P4, T6, PO3, PO4, O1, and O2. Fpz was used as a ground, and the refer-
ence was provided by the right and left mastoid electrodes linked to-
gether. Two electrodes were placed on the outer cantus and under the
left eye to record eye movements (horizontal and vertical EOG). Each
channel had its own analog-to-digital converter. The EEG and EOG
signals were digitalised online with a frequency rate of 512 Hz and
a conversion resolution of 0.19 mV/digit.

Offline, the signals were digitally filtered between 0.4 and 100 Hz
utilising a cascade of high-pass and low-pass linear phase FIR filters.
The signals were resampled at 256 Hz and were epoched into trials
that spanned from −2 to 2 s with respect to the stimulus onset.
Epochs corresponding to an incorrect answer were excluded. In
order to remove artefacts, data were first visually inspected to dis-
card badly distorted epochs; then, using the infomax-based indepen-
dent component analysis algorithm implemented in EEGLAB
(Delorme and Makeig, 2004), artefactual components were isolated
and removed from the signal (Delorme et al., 2007). The intervals
from −2 to −1 s and from 0 to 1 s with respect to the string onset
were taken as resting and test intervals, respectively. For each sub-
ject and lead, the mean resting and test spectra, denoted as ℛ(f)
and T (f) respectively, were obtained by averaging over the pruned
epochs' single trial spectra computed during resting and test inter-
vals, respectively. Each single trial spectrum was obtained by first
multiplying the signal by a Hanning window and then applying a
Fast Fourier Transform (FFT) algorithm (Stoica and Randolph,,
1997).
2.2. The new channel reactivity based (CRB) method for IAF
determination

The CRB method determines, for each subject, the IAF through the
following three steps: i) definition of a reactivity index ρ and localisa-
tion of the alpha responsiveness region for each lead; ii) selection of
the leads with the highest values of reactivity index; iii) determina-
tion of the IAF. These three steps are explained in the following. The
reader may refer to the block diagram in Fig. 2 for a synthetic graph-
ical illustration of the method and to Appendix A for a list of all acro-
nyms and symbols introduced throughout the manuscript.



Fig. 2. Block diagram illustrating the three steps of the CRB method.Ri fð Þ and T i fð Þ are the resting and test spectrum, respectively, for the i-th lead; fi=(f1, f2), where f1 and f2 are
the boundaries of the responsiveness interval for the i-th lead; ρi is the reactivity index relative to fi;ℒ is the set of leads selected by the CRB method and f̂ α is the individual alpha
frequency (IAF, determined as the median of the CAFs relative to the leads in ℒ).
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2.2.1. Step 1: definition of the reactivity index and localisation of the
alpha responsiveness region

In order to quantify the responsiveness of rhythms in the alpha
range, a reactivity index ρ is first introduced. Its utility is better under-
stood by referring to the graphs in Fig. 3. Panels (a), (b), (c), and (d)
show four examples of EEG spectra at rest. In case (a) a clear peak in
Fig. 3. Panels (a)–(d): four representative cases of resting EEG spectra (red). Panels (e)–(h
regions shaded in grey. The ρ values were computed using the area of the shaded region [
interpretation of the references to colour in this figure legend, the reader is referred to the
the alpha range is present, in case (b) more than one peak is detect-
able, and in cases (c) and (d) no clear peak can be seen. In the litera-
ture, the most common way to treat the latter three cases is by
visually determining an interval to compute a gravity frequency
[case (b)] or by discarding the subject's data [cases (c) and (d)]. How-
ever, if the resting spectra are superimposed on the relative test
): the same as (a)–(d) with superimposed test EEG spectra (blue) and responsiveness
numerator of Eq. (1)] and the frequency interval (f1, f2) [denominator of Eq. (1)]. (For
web version of this article.)



778 A. Goljahani et al. / NeuroImage 60 (2012) 774–786
spectra, new insights into the rhythms' behaviour are obtained. In
fact, as graphs (e), (f), (g), and (h) of Fig. 3 illustrate, a desynchroni-
sation region, shaded in grey, now becomes evident and also occurs
for the cases that would usually have been discarded. As reported
by Klimesch (1999), this kind of alpha reactivity is typical of most
cognitive tasks. The scope here is to mathematically formalise this be-
haviour, regardless of the presence of peaks in the resting spectrum.
To this aim, we quantify the rhythms' responsiveness in the frequen-
cy interval (fa, fb) through the reactivity index ρ, defined as

ρ ¼ A= f b−f að Þ; ð1Þ

where fa and fb are two frequency boundaries andA is the area of the
region delimited by the superimposed resting and test spectra in the
interval fa to fb, computed as∫f b

f a
R fð Þ−T fð Þð Þdf . The reactivity index is

measured in μV2/Hz and represents the mean responsiveness power
per unit of frequency in the interval fa to fb. As an example, ρ values
were computed for spectra in panels (e), (f), (g), and (h) of Fig. 3, uti-
lising the frequencies f1 and f2 and the area of the shaded regions in
Eq. (1). The values are reported in the figure.

The aim of the first step of the CRBmethod is to individuate, for each
lead, the frequency interval (f1, f2) that delimits thewhole alpha respon-
siveness region and to compute the relative ρ index. The frequencies f1
and f2, for simplicity of notation, are thought to be the components of a
two-dimensional vector f. Accordingly, in the block diagram of Fig. 2,
the frequency interval and the relative ρ value determined in Step 1
for lead i are indicated as fi and ρi, respectively.

In order to formalise the procedure for the determination of f1 and
f2, and to avoid qualitative choices for every subject, we developed a
procedure that is capable of localising the responsiveness region
through a preliminary scanning and a second expansion phase. The
aim of the scanning phase is to individuate an initial interval inside
the responsiveness region by scanning the frequency axis. In the sec-
ond phase, this frequency interval is expanded in order to encompass
the whole responsiveness region. For the sake of paper readability,
the details are reported in Appendix B.

2.2.2. Step 2: leads selection
Reactivity indexes and alpha responsiveness intervals as deter-

mined for all leads in Step 1 are involved in the selection of leads
that will participate in the computation of the subject's IAF, as illus-
trated by Step 2 in Fig. 2. In particular, the CRB method procedure
for leads selection implements the following two principles: (i)
under a minimum ρ value a lead is considered not to present any de-
tectable alpha activity; (ii) the selection of a lead is also determined
by the subject's overall alpha reactivity. The second principle is
aimed at taking into account the inter-individual variability of the
alpha activity that determines very different ρ values from subject
to subject. Based on these two principles, the following thresholding
procedure was defined. By denoting, for each subject, the whole set
of ρ values as {ρi}i=1:N, where i is the lead index and N the total
number of leads, the set of selected leads, denoted asL, is determined
as

L ¼ i : ρi > max ρ
min
;ρsub

� �n o
; ð2Þ

where max(⋅,⋅) denotes the function that selects the maximum be-
tween its arguments, and ρmin and ρsub are two thresholds defined
as follows. Threshold ρmin is the minimum ρ value under which no ac-
tivity is considered to be present and it is equal for all subjects.
Threshold ρsub varies from subject to subject and depends on his or
her individual overall reactivity. The parameter ρsub allows the dis-
carding of leads that show a reactivity that is too low with respect
to the subject's overall responsiveness and is defined as follows.
Leads that exhibit some activity for the subject are those obtained
after the thresholding of his or her ρ values by ρmin. The set P ¼
ρif gi:ρi>ρmin

contains ρ values of these leads and allows the quantifica-
tion of the subject's responsiveness. In order to discard leads that
show a relatively weak responsiveness, we define the fraction r of
the maximum reactivity that renders a lead out of range for the sub-
ject. Accordingly, the threshold ρsub is defined as

ρsub ¼ r ⋅percentile P; pð Þ; ð3Þ

where percentile P; pð Þ denotes a function that computes the p-th per-
centile of the set P.

The selection procedure is represented by the leads selection block
in Fig. 2, whose output is the set L of leads selected as in Eq. (2).

2.2.3. Step 3: IAF determination
The final step consists in computing the IAF for each subject. In

Fig. 2, the block corresponding to Step 3 is denoted as IAF determina-
tion and the individual frequency is output as f̂ α . First, a frequency
representative of its alpha activity is determined for each of the se-
lected leads in the set L. This frequency is called the channel alpha
frequency (CAF) and is computed, for each lead i in L, as the gravity
centre of the resting spectrumRi fð Þ over the frequency interval fi de-
termined in Step 1. Formally, this corresponds to

f α;i ¼
∫
f i
Ri fð Þfdf

∫
f i
Ri fð Þdf

; i∈L: ð4Þ

Once the CAFs for the leads in L have been estimated, the IAF is
determined as their median.

3. Results and discussion

This section is devoted to the presentation of results obtained
from the 19 subjects who participated in the letter matching experi-
ment. Even if the aim is to provide IAF estimates (the outcome of
Step 3 in Fig. 2), it is also worthwhile to analyse and discuss what is
obtained in the intermediate steps of the procedure. Therefore, we
will first present the outcomes relative to the reactivity indexes and
leads selection (Steps 1 and 2 with reference to Fig. 2). This will
help in convincing the reader of the reliability of the selection proce-
dure. Then, the results from IAF estimates (Step 3) will be thoroughly
discussed and compared to those provided by the popular PF method
as well as to those provided by EB and TF methods (Section 3.2). Fi-
nally, the role of user-defined CRB parameters will be discussed
(Section 3.3).

3.1. Step 1 and Step 2 results (reactivity indexes and leads selection)

For each subject, reactivity indexes for all leads were computed as
in Eq. (1), where f1 and f2 are the boundaries of the alpha responsive-
ness interval determined in Step 1 of CRB by applying the procedure
described in Appendix B with wsize=2 Hz, wshift=0.2 Hz, λ=0.5
and ε=0.5. In order to illustrate the effectiveness of the reactivity
index in quantifying the level of alpha responsiveness, panels (e),
(f), (g) and (h) of Fig. 3 show four representative graphs with super-
imposed resting (red) and test (blue) EEG spectra, along with f1, f2
and ρ values. By inspecting the figure, it can be seen that ρ is higher
for more accentuated alpha responses (e.g. ρ=2.59 μV2/Hz in case
(e)), whereas it is lower for the less accentuated ones (e.g.
ρ=0.13 μV2/Hz in case (h)).

Reactivity indexes obtained in Step 1 feed the lead selection block,
the aim of which is to select the leads with the highest ρ values. The
selection was carried out by applying Eq. (2), where ρmin and ρsub
were set as follows. The threshold ρmin was set to 0.15μV2/Hz. Ac-
cordingly, the case of panel (h), that corresponds to a ρ value of
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0.13 μV2/Hz, is an example of a lead not showing significant alpha re-
sponsiveness. The threshold ρsub, that was introduced to discard the
leads with an alpha activity too lowwith respect to the subject's over-
all activity, was determined as in Eq. (3) with r and p set to 0.2 and 80,
respectively. In order to show the inter-individual variability of ρ
values, four representative subjects were selected and the set of ρ
values computed for all their leads were represented in a histogram
for each of them. The distributions of ρ values relative to the four sub-
jects selected are reported in panels (a), (b), (c) and (d) of Fig. 4. As
evident from the figure, different ρ ranges are covered by each sub-
ject, spanning from the (0.1, 0.3) μV2/Hz interval of case (a) to the
(1.2, 36.6) μV2/Hz interval of case (d). Distributions like the one in
graph (d), which show some isolated values (e.g. 34.8 μV2/Hz), con-
firm the need of the percentile operator in Eq. (3) in order to make
the definition of ρsub robust to the presence of outliers. Two vertical
lines, that represent ρmin (solid red) and ρsub (dotted red), are super-
imposed on each of the four ρ distributions in order to show some ex-
amples of how the two thresholds determine the selection of leads. In
some cases ρmin is more strict than ρsub (panels (a) and (b)), whereas
in other cases it is the contrary (panels (c) and (d)).

The number of leads L that were selected for each subject is reported
in brackets in the row of Table 1 relative to CRB. As shown in the table, L
spans from 6 to 29. It is interesting to note that only four subjects out of
nineteen have less than 17 selected leads. We determined that the locali-
sation of the selected leads for these four subjects is mainly parieto-
occipital. More commonly, the selected leads are distributed as shown
in the topographic plot of Fig. 5, where, for each lead, the resting (red)
and test (blue) spectra are superimposed on the same graph. Leads that
were selected by CRB are highlighted by a grey background and the re-
sponsiveness regions that were localised at Step 1 are shaded in grey. As
the figure shows, the alpha responsiveness region spans from the occipi-
tal to the frontal leads. This result is coherentwith the hypothesis of an at-
tentional fronto-parietal network involving alpha rhythms (Palva and
Palva, 2007). Note that the CRB correctly selected T4 as not being an active
lead, the spectra of which do not exhibit an evident alpha desynchronisa-
tion behaviour.
Table 1
IAF estimates (in Hz) by the CRB and PF methods and their absolute differences (one for each of
Shaded cells correspond to subjects with IAF estimates that differ by more than 0.5 Hz.

#1 #2 #3 #4 #5 #6 #7 #8 #9

CRB

(L)

14.1

(20)

10.1

(13)

10.6

(25)

10.6

(28)

9.8

(28)

8.9

(27)

10.3

(22)

11

(29)

9.8

(22)

PF

diff.

10.6 12 9.7 10.4 9.6 8.8 11.1 10.8 10.7

3.5 1.9 0.9 0.2 0.2 0.1 0.8 0.2 0.9
3.2. Step 3 results (individual alpha frequencies) and comparison with
other literature methods

Individual alpha frequencies were computed for all subjects by ap-
plying both the CRB method described in Section 2.2 and the litera-
ture methods PF, EB, and TF reviewed in Section 1.

The PF method was implemented as follows. For each subject, the
leads that participated in IAF computation were those selected in Step
2 of the CRB method. The method first determines the CAF as the fre-
quency that corresponds to the highest peak of the resting spectrum
in a fixed alpha frequency interval for each of these leads. Then, for
each subject, the IAF is computed as the average of his or her CAFs.
The alpha interval was set to (8, 13) Hz (IFSECN, 1974).

Results regarding the IAF estimates are reported in Table 1 for
both methods. Each column in the table is relative to one subject.
IAF estimates (in Hz) for the CRB method and the PF method, and
their absolute difference are reported in the first, second, and third
rows, respectively. As shown in the table, these differences span
from a minimum of 0 Hz (e.g. #10 and #19) to a maximum of
3.5 Hz (#1). For some subjects the estimates produced by the two ap-
proaches are quite similar (e.g. 0.1 Hz and 0.2 Hz for #6 and #8, re-
spectively), whereas for others they differ substantially (e.g. 3.1 Hz
and 3.3 Hz for #12 and #16, respectively). In order to better quantify
this evidence, subjects were divided into two groups according to the
absolute value of the difference between the IAFs yielded by the two
approaches: a difference lower or higher than 0.5 Hz determined the
assignment of the subject to group 1 or 2, respectively. According to
this criterion, almost half of the subjects (9 out of 19) were assigned
to group 2; grey cells in Table 1 correspond to these subjects. In order
to understand how these differences were generated, all spectra re-
lated to leads that participated in the IAFs computation were visually
inspected and the correctness of the CAFs localisation was assessed.
The findings are illustrated in Fig. 6. The figure contains four panels:
panel (a) is representative of cases in which the two methods yielded
similar results, and panels (b), (c), and (d) show spectra configura-
tions for which the CRB method and the PF method yielded different
the 19 subjects). The number of leads L selected by the CRB method is reported in brackets.

#10 #11 #12 #13 #14 #15 #16 #17 #18 #19

9.9

(27)

10.6

(18)

14.9

(6)

9.5

(27)

13.1

(8)

10.1

(27)

7.5

(14)

9.8

(26)

11.6

(28)

10.1

(28)

9.9 11.3 11.8 9.9 12.5 10.1 10.8 9.8 12 10.1

0 0.7 3.1 0.4 0.6 0 3.3 0 0.4 0



Fig. 5. Topographic plot of superimposed resting (red) and test (blue) EEG spectra from one representative subject. For each lead, the responsiveness regions localised by the CRB
method are shaded in grey and labels of selected leads are highlighted with a grey background. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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results. Each graph in the figure depicts superimposed resting (red)
and test (blue) EEG spectra from one representative lead. CAFs deter-
mined by the CRB method and the PF method are denoted as fα and fp,
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with the PF approach are delimited by two vertical dotted lines. Scales
were set in order to enhance visibility. Panel (a) corresponds to one
representative subject from group 1 and is relative to the lead Pz. As
visible in the picture, CAFs computed with the two methods coincide
and are equal to 10.4 Hz. This is determined by the fact that the rest-
ing spectrum has a clear peak in the fixed alpha range and is quite
symmetric around it. Moreover, the responsiveness region corre-
sponds to a frequency interval that is symmetric with respect to the
PF. Hence, the computation of the gravity centre yields a CAF that is
equal to the PF. All of the 10 subjects from group 1 had spectra config-
urations with similar characteristics. Pictures in panels (b), (c), and
(d) correspond to each of three representative subjects from group
2 and are relative to the leads PO3, CP5, and Pz, respectively. In case
(b), although the resting spectrum does not have an evident peak in
the conventional alpha range, the PF method determines a CAF esti-
mate (10.3 Hz) that corresponds to the frequency at which the rest-
ing spectrum has the highest value in the fixed alpha interval. In
contrast to case (a) the responsiveness region, shaded in grey, is not
symmetrical with respect to the CAF estimated by the PF method
and is located at higher frequencies with respect to the fixed (8, 13)
Hz interval. As the graph shows, the CAF estimated by the PF method
does not seem to be representative of the channel responsiveness re-
gion. Instead, thanks to the correct localisation of the responsiveness
region by the CRB method, the CAF yielded by the gravity centre op-
erator (11.7 Hz) seems to be more representative of this specific
alpha activity. Graph (c) is representative of cases in which the rest-
ing spectrum has more than one peak. In the case illustrated by the
graph, the PF method detects the peak that is in the (8, 13) Hz inter-
val, providing a CAF equal to 12.2 Hz. As the graph shows, the respon-
siveness region, shaded in grey, encompasses a second peak that is
outside of the conventional alpha range, which is delimited by the
dotted vertical lines. The CRB method correctly detects the respon-
siveness region and produces a CAF equal to 10.6 Hz, which is a
value that takes into account the information contributed by both
peaks. Panel (d) is representative of the two cases, corresponding to
subjects 1 and 12, in which IAF estimates yielded by the CRB method
are more than 1 Hz outside the conventional alpha range and desyn-
chronization patterns are shifted in the beta range. In particular, in
the case illustrated by this panel, the CAF yielded by PF method col-
lapses onto the first extreme of the alpha range since R(f) has no
peaks in the (8, 13) Hz interval and takes its maximum value at
8 Hz. Instead, the responsiveness region localised by the CRB method
extends into the conventional β range and the relative CAF is repre-
sentative of the desynchronisation activity that takes place in this re-
gion. All of the nine subjects from group 2 had spectra configurations
similar to those reported in panels (b), (c), and (d).

Remark. Although in cases like that of panel (d) in Fig. 6 consider-
ing the activity individuated by the CRB method as alpha modulation
may be questionable, some clues support the alpha nature of these
dynamics. First, since β activity is mainly frontocentral, whereas α is
mainly posterior (Chang et al., 2010), it would be unusual to record
at Pz only a beta desynchronisation without any detectable alpha
desynchronisation. Moreover, as reported in the literature (Chang et
al., 2010; Niedermeyer, 2005; Sanei and Chambers, 2007), it is not un-
common to see a shift of the alpha activity to higher frequencies, with
peaks that can be seen in the beta range up to 20 Hz. In fact, in certain
individuals an unusually fast posterior rhythm exceeds the upper
limit of the alpha rhythm. Since such a rhythm shows a good blocking
response to eye opening and enhancement with eye closure, it may
be considered a fast equivalent of the alpha rhythm (Chang et al.,
2010). Our results for subjects 1 and 12 may extend these findings
in the sense that we found that there are fast rhythms that also be-
have equivalently to alpha rhythms during the accomplishment of a
specific task.

The case studies illustrated above demonstrate that the EEG
rhythmic activity varies significantly from subject to subject and
that responsiveness regions can also be identified when there are
no peaks in the resting spectra. Our results show that many of these
cases benefit from the new CRB approach, which is capable of adapt-
ing to the specific alpha activity characteristics of the subject. In fact,
as illustrated above, in almost half of the total recordings (group 2)
this flexibility was needed to localise the right CAF representative of
the responsiveness regions generated by the subject's specific EEG
rhythmic activity.

In order to provide the reader with an exhaustive picture of the
performance of the CRB method versus literature approaches, we
also implemented EB and TF methods.

The EB approach was implemented following the steps reported in
Section 1. Accordingly, IAF estimates were determined only for sub-
jects who had some leads with a resting spectrum showing a clear
unique peak in the alpha range. Following this criterion, 8 out of 19
subjects were discarded and, for the others, only leads with a clear
peak were selected. For 10 out of these 11 cases, the EB approach
yielded IAF estimates similar to the CRB method, with absolute differ-
ences smaller than 0.5 Hz. In one case, the EB and CRB estimates were
equal to 9.7 Hz and 10.6 Hz, respectively, with an absolute difference
of 0.9 Hz. By resorting to the visual inspection of the subject's spectra,
it was assessed that this difference was generated by the contribution
given to the IAF estimate by CAFs relative to leads that were discarded
by the EB method but not by the CRB method. An example of spectra
relative to such leads is given in Fig. 7, where resting (red) and test
(blue) spectra relative to FC5 are reported along with the IAF yielded
by the EB method, denoted by f̂ EB and represented as a thin vertical
line, and the CAF yielded by the CRB method, denoted by fα and repre-
sented as a thick vertical line. In the same figure, the alpha respon-
siveness region localised by the CRB method is shaded in grey. As
the figure shows, the CRB method correctly localises the α respon-
siveness region and the value of fα (10.6 Hz) is roughly 1 Hz higher
than f̂ EB. It can be concluded that, when a clear unique peak is present
in the alpha range of R fð Þ, the CRB and the EB methods yield similar
IAF estimates, unless leads selected only by the CRB method provide
CAF values that cause the estimates to diverge. However, the number
of discarded subjects may be significant (in our case larger than 40%).

For the TF method, the IAF was estimated by averaging the CAFs
relative to the same leads selected by the CRB method, computed as
the gravity centres of the resting spectra over the intervals from TF
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to TF+5 Hz. The results show that, for 11 out of 19 subjects, the ab-
solute difference between the two IAF estimates relative to the CRB
method and the TF method are higher than 0.5 Hz, with values that
exceed 1 Hz for seven of them. It was assessed by visual inspection
that these high differences were due to the presence of alpha respon-
siveness regions with variable widths, for which the fixed 5 Hz band-
width was not suitable. The example in Fig. 8 illustrates one such case.
The figure plots resting (red) and test (blue) spectra relative to PO3
from one representative subject, along with CAFs determined by the
CRB method and the TF method, denoted as fα and fTF and represented
as thick and thin vertical solid lines, respectively. In the same figure,
the responsiveness region for CAF computation with the CRB is shad-
ed grey, and the frequency interval from TF to TF+5 Hz is delimited
by two vertical dotted lines. As the figure shows, the CRB method cor-
rectly localises the responsiveness interval and fα is well representa-
tive of the frequencies involved in the α activity. Instead, the
interval from TF to TF+5 Hz is too short to encompass the whole re-
sponsiveness region and the peak of R fð Þ extends beyond the upper
limit of this interval. This is the reason why fTF is 1.7 Hz below fα.
For this and the other 10 cases, the fixed 5 Hz bandwidth was not
suitable. It can be concluded that, even when R fð Þ shows a marked
peak, a fixed alpha bandwidth may provide wrong CAFs estimates
for a consistent number of subjects.

3.3. Role of CRB parameters

The CRBmethod requires the setting of seven user-defined param-
eters, namely, wsize, wshift, λ, ε, ρmin, r, and p, of which the first four
participate in Step 1, as explained in Appendix B, and the last three
in Step 2, as explained in Section 2.2. In the present work they were
set to 2 Hz, 0.2 Hz, 0.5, 0.5, 0.15 μV2/Hz, 0.2, and 80, respectively.
The choice of these nominal values was driven by the role that each
parameter plays in the algorithm, which is briefly summarised in
the list in Appendix A for all of them. In this section, these roles will
be recalled and discussed in order to provide the user with some gen-
eral heuristics for setting parameter values properly. In order to in-
vestigate how variations around the parameter values chosen in this
manuscript would affect the performance of the CRB method, a sensi-
tivity analysis was carried out. For the sake of paper readability, the
results are discussed in Appendix C.
The parameter wsize is involved in the determination of the initial
frequency interval (fa, fb), which is subsequently expanded to contain
the whole lead's alpha responsiveness region (see also Appendix B).
Hence, wsize should be smaller than any responsiveness region
width generated by the data. The conventional alpha bandwidth is
5 Hz, but our data show that the width of the alpha responsiveness
region may sometimes be smaller. By setting wsize equal to a small
value, for example 2 or 3 Hz, these cases are taken care of and for larg-
er responsiveness intervals the following expansion phase ensures
that the initial interval is expanded to the whole region. As far aswshift

is concerned (see also Appendix B), the smaller its value, the more
finely the frequency axis is swept. Practically, as long as wshift is
small enough, the potential slight approximation of fa and fb deter-
mined by its value does not affect the outcome of the subsequent ex-
pansion phase. Results for the sensitivity to this parameter, discussed
in Appendix C, show that in our case wshift could be increased up to
0.5 Hz without significantly affecting IAF estimates. The last parame-
ter involved in the scanning phase is λ. As explained in Appendix B,
decreasing the value of λ below 1 reduces the influence of a second
desynchronization in the β range on the position of the initial interval
(fa, fb). At the same time, too small a value of λmay prevent the scan-
ning phase from correctly identifying the complete desynchronisa-
tion interval. Once wsize, wshift and λ have been set, there are no
theoretical constraints on the extent of the frequency interval to be
swept. We set it to the interval (0, 40) Hz just to limit the computa-
tional burden. The fourth parameter involved in Step 1 is ε. Its role
is to ensure that any local minimum of the spectrum that does not
correspond to a sufficiently small difference between R fð Þ and T fð Þ
will not be mistaken for a closure point (see also Appendix B). To
achieve this, ε must be smaller than 1 and the smaller its value, the
more the initial interval is expanded untilR fð Þ andT fð Þ are sufficient-
ly similar. However, too small a value for ε could determine the exclu-
sion of points at which EEG spectra are close, for example f2 in Fig. B.3
(see Appendix B), from being selected as extremes of the expanded
interval. As far as parameters involved in Step 2 are concerned, we re-
call that the threshold ρmin is the minimum ρ value under which no
activity is considered to be present. The smaller its value, the more
leads showing scarce responsiveness will participate in the computa-
tions. Panel (h) of Fig. 3 shows an example of a lead discarded by the
ρmin set in this paper. The last two parameters, r and p, participate in
the determination of the threshold for the discarding of leads show-
ing too low a responsiveness with respect to the subject's overall ac-
tivity [see Eq. (3)]. In particular, the p-th percentile operator, with p
lower than 100, allows the computation of a value representative of
the highest subject's reactivities that is not increased by outliers;
and r, which takes values between 0 and 1, determines how close
the reactivity of a lead must be to this representative value in order
to be selected in Step 2. The higher r is, the more IAF is representative
of highly responsive leads. The user may resort to the values of ρ com-
puted by the CRB method for all leads in Step 1 to support or validate
the choice of these parameters.

4. Conclusions

The IAF has been one of the most investigated means of character-
ising inter-individual variability of EEG rhythmic activity. Several
methods have been proposed for IAF determination, but three main
critical points of the literature methods indicate that there is still
room for improvement: (i) involvement of visual inspection for the
determination of each IAF and lack of quantitative criteria; (ii) re-
quirement of peaks in the alpha range of resting spectra; (iii) lack of
a fully developed procedure capable of localising rhythms actually
modulated by the mental process elicited by the task. The CRB ap-
proach proposed in the present article deals with all these issues. In
fact, the introduction of the reactivity index ρ and the development
of the formal procedures described in Appendix B allow the detection



Acronym Description

CRB Channel reactivity based
CAF Channel alpha frequency
EB Extended bandwidth
IAF Individual alpha frequency
PF Peak frequency
TF Transition frequency

Symbol Description

D fð Þ Difference between R fð Þ and T fð Þ (Appendix B)
ε Fraction for the thresholding of D fð Þ local minima (Appendix B)
f1, f2 Boundaries of the expanded frequency interval (Appendix B)
fa, fb Boundaries of the initial frequency interval (Appendix B)
fα CAF yielded by the CRB method [Eq.(4)]
f̂ α IAF yielded by the CRB method (Step 3, Section 2.2)
f̂ EB IAF yielded by the EB method (Section 3.2)
fg Centre of gravity frequency (Section 1)
fp CAF yielded by the PF method (Section 3.2)
fTF CAF yielded by the TF method (Section 3.2)
ℒ Set of leads selected by the CRB method [Eq. (2)]
λ Parameter for multiplicative weights computation [Eq. (B.1)]
p Percentile value for the computation of ρsub [Eq. (3)]
r Fraction for the computation of ρsub [Eq. (3)]
ρ Reactivity index [Eq. (1)]
ρmin, ρsub Thresholds for selecting leads in the CRB method (Step 2, Section 2.2)
P Set of leads with ρ values greater than ρmin (Section 2.2)
R fð Þ Resting spectrum (Section 2.1)
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of task specific responsiveness regions by means of quantitative cri-
teria, regardless of the presence of peaks in the EEG spectrum at
rest. Once parameters have been set, leads are selected and CAFs
and IAF are estimated without the need for visual inspection of
every individual spectrum. Moreover, results can be shared in a re-
producible way, and hundreds, or even thousands, of recordings
from the same or similar experiments can be quickly processed with-
out any further user intervention. A major strength of the CRB meth-
od is that it is able to deal with all the possible EEG spectra
configurations, as shown in Fig. 6, and this avoids the discarding of
data as occurs with the PF and EB methods when a clear peak in the
alpha range is not present.

In particular, results obtained from 19 subjects on data related to a
letter matching experiment showed that subjects have different
levels of EEG rhythmic activity with different characteristics and to-
pographic distributions. The CRB leads selection procedure was able
to localise the leads that had the most accentuated alpha response
for each subject. As far as IAF determination is concerned, while the
performance of the PF, EB, and TF methods were found to be strongly
dependent on EEG spectra shapes, the CRB method was seen to be
much more robust. This finding suggests that the CRB method can
be a good candidate for IAF determination in cases of degraded
alpha response, due to recording issues or the subject's specific
brain activity, age, or cerebral pathology.

It is worth noting that the CRB method, besides being a means of
investigating inter-individual variability, naturally becomes an in-
strument for the study of intra-individual variability by focusing on
CAFs instead of IAF. CAFs can be computed for all the leads with a pos-
itive reactivity index and averaged among regions of interest or uti-
lised to compute coherence and phase locking between
corresponding channels.

In order to facilitate investigations by the CRB methods, Matlab
routines are at the present time in preparation as an EEGLAB
(Delorme and Makeig, 2004) plugin.

To conclude, it is worth mentioning the possibility of using the
CRB method on source activities obtained by independent component
analysis (ICA) of recorded EEGs. In fact, ICA is widely used to linearly
decompose mixed signals at scalp leads into maximally independent
sources, the so-called independent components (ICs). This may
allow identification of spatially distributed sources exhibiting differ-
ent alpha rhythms, which, when summed at the scalp, produce
multi-modal or other arbitrarily shaped spectra in the alpha range
(Makeig and Onton, 2011). By applying the CRB method to ICs instead
of actually recorded EEGs, the alpha rhythms of these cortical sources
may be analysed individually. Reactivity indexes and frequencies
analogous to CAFs may be determined for each of them and utilised
to carry out several types of analysis on single sources or clusters of
ICs, for example, detecting cortical sources with highly dynamic
alpha activity or investigating how ICs contribute to the shaping of
the spectra of the EEGs recorded from the scalp.
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Appendix A. List of acronyms and symbols
T fð Þ Test spectrum (Section 2.1)
wshift, wsize Shift and size of the scanning window (Appendix B)
Appendix B. Localisation of the alpha responsiveness region

The aim of this appendix is to provide some detail on the proce-
dure implemented for the localisation of the frequencies f1 and f2
that delimit the whole alpha responsiveness region for each lead. As
anticipated in the explanation of Step 1 (Section 2.2), the procedure
consists of a preliminary scanning and a second expansion phase.

The aim of the first phase is to individuate, for each lead of the
subject, an initial frequency interval (fa, fb) inside the responsiveness
region. The procedure to achieve this is graphically explained in
Fig. B.1, where representative EEG resting (red) and test (blue)
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spectra are superimposed. As illustrated in the figure, the frequency
axis is swept by using a window with a fixed width (wsize) that
is shifted by small steps (wshift), and ρ values are computed for each
frequency interval individuated by the sliding window.

In order to handle cases in which a weak alpha desynchronisation
is followed by a more pronounced beta modulation, as in Fig. B.1, a
regularisation factor λ is utilised. By means of λ, ρ values of windows
with an upper limit greater than 13 Hz are reduced according to their
distance from the conventional alpha range (8, 13) Hz. Formally, this
is obtained by multiplying, for each window i, the relative ρ value by
the weight

wi ¼
1; for dib ¼ 0
λdi ; for di > 0

;

�
ðB:1Þ

where di is the difference in Hz between the upper limit of the win-
dow and 13 Hz. The role of λ in determiningwi is graphically illustrat-
ed by Fig. B.2. As the figure shows, λ controls the rate of the
exponential decay of wi for positive distances.

By utilising the weights computed as in Eq. (B.1), reduced values,
denoted by ρw, can be computed for all windows as

ρw
i ¼ wi⋅ρi i ¼ 1;…;Nw; ðB:2Þ

where Nw is the total number of windows. The smaller λ is, the more
pronounced the β modulation must be to yield ρw values bigger than
those relative to the windows inside the alpha responsiveness region.

The initial interval (fa, fb) is determined as the one that corre-
sponds to the windowwith the maximum ρw value (ρmax

w ). The exam-
ple reported in Fig. B.1 shows a case in which, by means of a
regularisation factor smaller than 1, the initial interval (fa, fb),
highlighted by the thick black rectangle, is correctly localised inside
the alpha responsiveness region. In the same example, by setting λ
equal to 1, which is equivalent to not having any regularisation mech-
anism, the outcome of the scanning phase would have been the inter-
val highlighted by the red rectangle, which corresponds to the
maximum ρ value (ρmax).

The aim of the second phase is to expand the initial frequency in-
terval (fa, fb) to encompass the whole responsiveness region. In order
to support the explanation, Fig. B.3 depicts an enlargement of the por-
tion of the graph in Fig. B.1 that contains the responsiveness region. In
the figure, the initial interval is marked in dark grey and its bound-
aries are denoted as fa and fb, whereas the expanded interval, corre-
sponding to the whole responsiveness region, is marked in light
grey and its boundaries are denoted as f1 and f2. As the figure
shows, f1 and f2 correspond to the closure points of a region shaped
like an “eye”. In general, closure points may be frequencies at which
resting and test spectra intersect, like f1 in Fig. B.3, or frequencies at
which the difference between the spectra takes small values before
starting to increase again, like f2.

Closure points f1 and f2 are determined as follows. The difference
spectrum D fð Þ ¼ R fð Þ−T fð Þ, for example the solid black line in Fig.
B.3, is computed first. The lower limit of our expanded interval, f1, is
then determined as the highest frequency less than fa for which
D fð Þ is equal to zero. The upper limit, f2, is determined as the lowest
frequency greater than fb for which D fð Þ exhibits a local minimum
that is “sufficiently close” to zero. The threshold for “sufficiently
close” is a pre-determined fraction ε of the maximum value of D fð Þ
over the interval (fa, fb). Local minima can be identified in the typical
manner by selecting zero-crossings of the first derivative of D fð Þ for
which the second derivative is positive. The example in Fig. B.3 dem-
onstrates a case in which the initial interval (8.2, 11.2) Hz, shaded in
dark grey, is expanded to the interval (7.5, 13) Hz, shaded in light
grey.

Appendix C. A sensitivity analysis

In order to investigate how the seven user-defined parameters af-
fect CRB outcomes, a sensitivity study has been performed. Given the
conceptual purpose of the study, the seven parameters were allowed
to take values in a finite discrete set. In particular, IAF estimates were
obtained for each combination of the following values:
wsize∈(1:0.5:5) Hz, wshift∈(0.1:0.1:0.5) Hz, λ∈(0.3:0.1:1),
ε∈(0.1:0.05:0.5), ρmin∈(0.03:0.02:0.19) μV2/Hz, p∈(70:10:100),
r∈(0.1:0.1:0.5), where the notation (x1 :Δ :x2) stands for the set of
values between x1 and x2 obtained by successively incrementing
each value by Δ. In order to facilitate the analysis, the results will be
presented by changing one parameter at a time. In particular, for
each of the seven parameters, we determined the interval for which
the resulting IAF estimates were less than 0.5 Hz apart from those al-
ready obtained with the nominal parameters recalled in Section 3.3.
Results for all of the 19 subjects are reported in Table C.1. The first
four rows of the table are relative to the parameters involved in
Step 1. Results in the first and second rows validate the comments
about the settings of wsize and wshift given in Section 3.3. In fact, the
first row shows that for 6 out of 19 subjects (i.e. #1, 4, 5, 9, 12, and
16) by enhancing wsize beyond 3 or 3.5 Hz, changes in IAF estimates
exceed 0.5 Hz; the second row shows that, for all subjects, IAF



Table C.1
Sensitivity study. For each parameter and subject, the interval for which IAF estimates are within 0.5 Hz of those in Table 1 is reported.

#1 #2 #3 #4 #5 #6 #7 #8 #9 #10 #11 #12 #13 #14 #15 #16 #17 #18 #19

wsize 1, 3 1, 5 1, 5 1, 3.5 1, 3.5 1, 5 1, 5 1, 5 1, 3.5 1, 5 1, 5 1, 3 1, 5 1, 5 1, 5 1, 3 1, 5 1, 5 1, 5
wshift .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5
λ .3, .7 .3, .8 .3, .8 .3, 1 .3, 1 .3, 1 .3, 1 .3, 1 .3, .7 .3, 1 .3, 1 .3, .8 .3, 1 .3, 1 .3, 1 .3, 1 .3, 1 .3, 1 .3, 1
ε .4, .5 .1, .5 .3, .5 .1, .5 .1, .5 .1, .5 .3, .5 .1, .5 .4, .5 .1, .5 .1, .5 .35, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5
ρmin .09,

.15
.03,
.19

.03,

.19
.03,
.19

.03,

.19
.03,
.19

.03,

.15
.03,
.19

.03,

.19
.03,
.19

.03,

.19
.11,
.17

.03,

.19
.03,
.17

.03,

.19
.03,
.19

.03,

.19
.03,
.19

.03,

.19
p 70,

100
70,
100

70,
100

70,
100

70,
100

70,
100

70,
100

70,
100

70,
100

70,
100

70, 80 70,
100

70, 90 70, 90 70,
100

70,
100

70, 90 70,
100

70,
100

r .1, .3 .1, .5 .2, .5 .1, .5 .1, .5 .1, .4 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .1, .5 .2, .4 .1, .5 .1, .5 .1, .5
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estimates are not significantly affected by variations of wshift between
0.1 and 0.5 Hz. Results in the third row are relative to λ and show that
for five subjects (i.e. #1, 2, 3, 9, and 12) a value smaller than 1 is
needed to keep the changes in IAF estimates below 0.5 Hz. These sub-
jects have a β desynchronisation that is more pronounced that the
one located in the alpha range, for example as in Fig. B.1, and the
maximum λ that allows management of these five cases is 0.7. Higher
values are not capable of sufficiently reducing ρ values in the β range
for all five subjects. For the other 14 subjects, the synchronisation in
the α range is more pronounced than the one in the β range and
the value of λ does not affect the estimates. Results in the fourth
row are relative to ε and show that for 14 subjects (i.e. all but #1, 3,
7, 9 and 12), by decreasing ε to the smallest value utilised in the sim-
ulations, that is, 0.1, IAF estimates are not significantly affected. This
means that at the closure points of α eyes (see Appendix B for the def-
inition of an α closure point), resting and test spectra are very close or
intersect. For the other five subjects (i.e. #1, 3, 7, 9, and 12) there are
minimum values of ε, for example 0.3 for #3, under which IAF esti-
mates significantly change. This means that there are closure points
at which the distance between resting and test spectra exceeds the
“closeness” threshold determined by such small ε values. The last
three rows of the table are relative to the parameters involved in
Step 2. The results in the fifth row of the table show that IAF estimates
of 15 out of 19 subjects (i.e. all but #1, 7, 12, and 14) are not signifi-
cantly affected by variations in ρmin in the range utilised for the sim-
ulations. For these subjects, one of the following conditions is
satisfied: i) variations in ρmin are not perceived by the algorithm
since ρsub is greater than 0.19 and determines the selection of leads
as in Eq. (2); ii) ρmin is greater than ρsub, but all ρ values are greater
than 0.19; iii) the variation of ρmin determines a small change in the
number of selected leads that slightly affects the estimate of IAF. Re-
sults relative to the other four subjects (i.e. #1, 7, 12, and 14) show
that ρmin values between 0.11 and 0.15 are needed to keep changes
in IAF estimates within 0.5 Hz for all of them. The sixth row of the
table is relative to the parameter p and shows that four subjects (i.e.
#11, 13, 14, and 17) require p values smaller than 100 to yield IAF es-
timates close to those reported in Table 1. In these cases the sets of ρ
values include outliers that significantly affect the value of ρsub [see
Eq. (3)]. For three of these subjects (i.e. #13, 14, and 17) values
from 70 to 90 yield similar IAF estimates, whereas for subject 11 the
80th percentile should not be exceeded. The last row of the table is
relative to r. Results show that for 15 subjects (i.e. all but #1, 3, 6
and 16) the variation of r between values from 0.1 to 0.5 does not
cause significant changes in IAF estimates. This happens when the
variance of the set of CAFs is such that ρsub values relative to these r
[see Eq. (3)] do not significantly affect the number of leads discarded.
Results from the other four subjects (i.e. #1, 3, 6, and 16) show that r
values between 0.2 and 0.3 yield IAF estimates similar to those in
Table 1 in all cases.

From the discussion above, it can be concluded that once wsize and
wshift have been set to small values the fine tuning of each of the other
five parameters affects only a minor number of subjects, that is five
for λ and ε and four for ρmin, p, and r. In these cases, there is often
room for slight variations that do not significantly affect the IAF
estimates.
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