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Abstract

We study a dynamic pricing problem for a company that sells a single product to a group
of customers over a finite time horizon. These customers are price sensitive and the price of
today influences the group of customers of tomorrow. The objective is to set the prices over
time so as to maximize revenue. We study two customer models: a multiplicative and an
additive model.

Our main contribution is considering the case when the demand is deterministic. We give
a polynomial time algorithm for the multiplicative model, and prove that the additive model
is (weakly) NP-hard and allows a fully polynomial approximation scheme. Further, when
the choice of prices is limited we prove that the optimal solution has a specific structure.
Complementing the results for the deterministic setting, we finally provide two algorithms
when the demand is stochastic.

1 Introduction

Dynamic pricing is an increasingly active field of research. An extensive overview of achievements
in the field can be found in [4, 6, 22]. We consider a dynamic pricing problem for a company that
sells a single product to a group of customers over a finite time horizon. These customers are price
sensitive and the price of today influences the group of customers of tomorrow. The objective is
to set the prices over time so as to maximize revenue. A deterministic, as well as a stochastic
demand setting will be studied. We develop algorithms that run in polynomial time for several
natural variants of the problem. Further, we show that one specific variant is NP-hard, present a
pseudo-polynomial time algorithm, and transform this into a fully polynomial time approximation
scheme.

Problem definition. We study the following dynamic pricing problem. For a finite time horizon
of T periods, a company needs to determine prices for a single product available in unlimited
supply. Periods are indexed consecutively from 0,...,7 — 1. At each time period t, there are C;
customers for the product and each of these customers buys a unit of the product only if the price,
denoted by 7, does not exceed the customer’s reservation price. It is assumed that reservation
prices are independent and identically distributed and that the probability distributions are given
as part of the input. Let Fi(.) denote the cumulative probability distribution of the reservation
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Figure 1: A deterministic and a randomized step function with two levels of change

price of a customer at time period ¢. The probability that a customer buys a unit of the product
at time period ¢ is then given by 1 — Fy(m).

The problem is to set the prices over the time horizon so as to maximize the total expected
revenue. Formally,

max {E[R(n)]} = max {Z mCr (1 — Ft(ﬂt))} ;

where R(m) : RT — Ry denotes the total revenue given price vector m = (mg, ..., T7_1).

We consider two customer models with elastic demand, in which the customers are price
sensitive and the price of today influences the group of customers of tomorrow. Let Cy be a given
initial number of customers. In the first model, referred to as additive model, we assume that the
number of customers at time ¢ changes by a price-dependent additive term

Cy = Cio1 + S—1(me—1).

Here Sy(m) : Ry — {Aq, ..., Ax} with A; € {—Cy, ..., Cp} is a non-increasing step-function defined
by Si(m:) = A; if mp € I 4, where

0, B1.¢] if =1,
Ly =19 (Be—14,00) if i=k,
(Bi—1t,Bit] otherwise,

with given values 0 = Sy < ... < B = 00. See Figure 1(a) for an illustration. By not allowing
for price levels which would bring the total number of customers below zero, we enforce C; > 0
for every t € {0,...,T}.

In the second model, referred to as multiplicative model, we assume that the number of cus-
tomers at time t changes by a multiplicative term

Cy =1+ Si—1(m-1))Cr—1,

where Sy (m;) is defined as above, but with A; > ... > A > —1. In what follows, we will refer to A;
as level of change i in the number of customers and to §; + as breakpoint i of step function Sy (m).
Observe that the levels of change are the same for all time periods, whereas the breakpoints may
change between time periods.

In addition to the deterministic demand setting, we also consider a stochastic demand setting
in which the two customer models depend on a randomized step function. For each i € {1,..., k},
let S(m;) denote a random variable with discrete probability distribution, expressing the level of
change if m; € I;; at time ¢t. The probability mass function of the distribution is given by

Pr [Sf(m) = Aﬂ = Dij

with 0 <p;; <1lforallie {1,...k}and j € {1,...,d;}, where §; indicates the number of sub-levels
for each level of change 7. Of course it must also hold that Zle pi; = 1 for all j. Further, A} > —1



in the multiplicative model and Ag € {—Cy,...,Cp} in the additive model. Figure 1(b) presents
an illustration. Again, we enforce Cy > 0 for every ¢t by not allowing for price levels which could
possibly lead to a negative customer level.

For every i, let 7r;‘7t denote the price m; € I;; that maximizes m, (1 — Fy(m;)): the expected
revenue per customer at time t. We refer to this price as level price. For notational convenience,
we write 77, = 77, (1 — Ft(ﬂ';"t)). The maximum expected revenue per customer at time period ¢

*

over all levels of change is then denoted by 7}, ; = max {ﬁit, e ﬁ;_t}, and we define

Tomax,c, = max {75, |7 € {1,...,k} st.Cr + A; > 0}.

It is easy to see that an optimal solution to the dynamic pricing problem consists only of level prices.
Furthermore, we assume that, for each ¢ and ¢, the maximum expected revenue per customer and
the corresponding level price are returned by an oracle in constant time. For this reason, we omit
the corresponding factor from the running time analysis, and count it as an elementary operation.

Previous work. Until a few decades ago, dynamic pricing methods were mainly considered to
be a tool within the field of revenue management. The original literature of this field is build
upon the pioneering work of [2, 3, 15, 20, 21]. Over the last few decades, dynamic pricing has
received considerable attention from other research areas, like theoretical computer science, and its
applications spread out to many other industries, see [4, 22]. According to [6], this is explained by
swift developments in information technology, e-commerce, and Internet, which enabled companies
to collect extensive amounts of customer data, and to use this to quickly update their prices if
necessary, at almost no cost. Nowadays, dynamic pricing is an active field of research, [8, 14, 19].

The problem studied in this paper is linked to the dynamic pricing field as follows. First, we
focus on a discrete time model as in [5, 13], since companies in real life are unable to change
their prices at all points in time, and therefore the continuous time model is impractical. Second,
we study price-setting companies in line with [7] and [17], that is, companies that either have
monopolistic market power, or that operate in a market with imperfect competition. Third, we
consider a single perishable product with infinite capacity. The same product setting can be found
in [16]. Finally, demand is determined by multiplying the group of potential customers by the
probability that they purchase the product, similar to [5, 17, 24]. Customers are modeled as
an autoregressive process, which constitutes a new approach in pricing problems. Models with
autoregressive demand can also be found in related research fields, see e.g. [1, 11, 23], and [8]. The
latter paper specifically states that prices tend to have lagged consequences.

In this paper, we investigate computational issues of dynamic pricing problems. Computational
analysis is a well developed area in auction theory, for surveys see [12, 18]. In the auction literature
prices are usually determined by a bidding process. The focus of the present paper is, however,
on dynamic pricing with posted prices. Here, depending on the prices customers can either decide
to buy the product or abstain from buying. Pricing problems with posted prices are considered
in the literature on Stackelberg games, see e.g. [9, 10]. All later papers consider the posted prices
statically while this paper deals with pricing over time.

Our contribution. Our main contribution is the thorough exploration of the dynamic pric-
ing problem with a deterministic additive model. We give a pseudo-polynomial time algorithm,
and prove the complementary result that the problem is weakly NP-hard. Further, we present
an fully polynomial time approximation scheme, which is a non-trivial transformation of the
pseudo-polynomial time algorithm. Our non-algorithmic result is that the optimal solution has
an interesting and nice structure in the case of stationary reservation prices and breakpoints.
We complement the aforementioned results by a polynomial time algorithm when the number of
breakpoints is constant.

We also explore the deterministic multiplicative model, for which we give a polynomial time
algorithm. We conclude our paper by extending the polynomial time algorithm for the multiplica-
tive model to the stochastic setting and developing a new algorithm for the stochastic additive
model.



2 The deterministic additive model

In this section, we study the dynamic pricing problem with a deterministic additive customer
model.

2.1 A pseudo-polynomial time dynamic programming algorithm

Let R;(c;) denote the maximum expected revenue obtained up to time period ¢, given ¢; € C; cus-
tomers, where C; = {max {0, Cy — tApmax}, -, Co + tAmax } With Apax = max {|A;||i € {1,...,k}}
for every t. The recursive formula for the update of the values R;(c;) in the dynamic programming
algorithm reads

Ri(cy) = max {Ry_1(c: — Ay) + 705 (ce — Au) Ju € {1, ...k} sit.c, — Ay > 0} (1)
for time periods t € {1,...,T — 1} and Ry(co) = 0. Then, the maximum expected revenue equals

max {RT—I(CT—I) + ﬁ:nax,cT—lcT—l | cr_1 € CT—l} .
This results in the following theorem.

Theorem 1. An optimal solution to the dynamic pricing problem can be found in
O(KT?Apax) time.

Proof. We need to compute at most 2T'A ., values at time period ¢. Further, each of these values
takes O(k) time to obtain by expression (1). Hence, the total computation time is O(KT2Amax)-
O

2.2 NP-hardness

In this subsection, we reduce the knapsack problem to the dynamic pricing problem with an
additive model. Note that the knapsack problem has a polynomial time algorithm when all integers
are bounded by a polynomial in the input length, as has our problem under consideration. Let
an instance of knapsack be given by items 0, ..., n — 1 with weights wy, ..., w,_1, values vy, ..., V1
and capacity W. The objective is to find a subset of the items with the highest sum of values
such that the sum of weights does not exceed the capacity. For notational ease, define vyax =
max {v; |7 € {0,...,n — 1}} and wpax = max {w; | € {0,...,n — 1}}.

We construct an instance of the dynamic pricing problem from an instance of knapsack as
follows. The number of time periods is set to T = n. Moreover, let N > 6n + [log Vmaz| +
[l0g Winax| be a large number, and define Cy = L(n — 1) + W, where L(i) = 37_ 27+*N+". For
every time period t € {0, ...,T — 1}, we create for every item i € {0,...,n — 1} two levels of change

APIR — _9i42N+n gy and Adiscard — _9it2N+n with corresponding level prices and breakpoints
1 i > P 2N 1 1 y o .

gPick = gPick — odi+N 4 % and gliscard — gdiscard — 94i+N Tn addition, we create for every

time period a zero price 7° = 0 with A? = 8% = 0, and a level of change A® = —o0 corresponding

to prices larger than ngfli Lastly, we assume that customers buy a unit of the product at every
price, i.e., (1 — F(WP‘Ck)) = (1 — F(rdiseard)) = 1, for every i. It is easy to see that this instance

K3
can be constructed in polynomial time.
Intuitively, level prices 71'2P10k and 754 correspond to either picking item 7 in the knapsack
or discarding the item. We will show below that the way we set our levels of change and level
prices forces an optimal solution to ask precisely one of the prices, 77 or wdiscard for every item

i
i. First, we present two auxiliary results.

Lemma 1. Let (7§,...,mh_1) be an optimal solution to the dynamic pricing problem instance.
Then, ny > 78 >0 forallt <s<T —1withnw) =0 forallve{t+1,..,s—1}.



Proof. In case a zero price is present in a solution to the dynamic pricing problem, it is clear that
the total revenue is independent of the time at which the zero price is chosen. Therefore, zero
prices can be moved to the end of the time horizon, thereby always satisfying the lemma. From
this it follows that we can consider an s such that s = ¢+ 1.

Next, suppose for a contradiction that wf < 7, for some ¢, where neither 7} nor 7y, is equal
to the zero price. Let A} and Af,; be the levels of change corresponding to the prices 7} and
;1. Then, the total revenue obtained at times ¢ and ¢ + 1 is

Cinf + (Cy + Af)miy = Cymf + Cymyypy + Afmy .
By exchanging prices 7f and 7}, ;, we instead obtain a total revenue of
Cimiy + (Co+ A y)my = Comgyy + Comy + A7y

Note that the number of customers at time ¢t + 2 is not affected by the exchange.
By construction, we know that for some integers 0 < 7 < 7

AN e o o tN | Vmax 22V
2N <mp <2y SIS (2)
—QTHINER > A > _gnARNER (3)
and
Arg+N « dro+N | Umax 22V
2 <mpyy <2 + W, (4)
_gm2t2N4n 5 Aty > —9m2 2N+ _ o max (5)

Combining (3) and (4) gives an upper bound for Ay7y,
Arﬂ-;,k-i-l S _2T1+2N+n . 247’2—0—N — _27'1+47'2+3N+n. (6)

Further, a lower bound for Ay, 7} is obtained by combining (2) and (5)

+2N+ 41 +N v i 22N
max
Afgmy > (=2 2N ) (2 AN )

L(72)
v . 22N
> 7272+2N+n+1 2471+N + max
L(Tg)
> 72T2+2N+n+1 (247‘1+N + 1)
_ _247'1+7'2+3N+n+1 _ 27-2+2N+n+1
4 3N 2
> -9 T1+712+3N+n+ , (7)

where the third inequality follows from the definition of L(7).
Finally, combining (6) and (7) brings us to

A:W:+1 S _2T1+4T2+3N+7l < _24T1+T2+3N+7l+2 S A:Jrlﬂ-:
such that
Cymf + Cymfy + Afmy < Cymiyy + Comy + Af Ty
This contradicts the fact that (7f, ..., 7% _;) is optimal, and proves the lemma. O

Lemma 2. Let (7§,...,m5_1) be an optimal solution to the dynamic pricing problem instance.
Then, for allt € {0,...,T — 2} there does not exist an integer 7 € {0,...,T — 2} such that

U .
24T+N < ¥ < nr < 247‘+N + max
= "t41 =t = L(T)



2N
Proof. Suppose for a contradiction that 24THN < T < < 4T+N % for some T €

{0,...,T — 2}. By construction, we know that for s € {¢,t + 1}

4 N 4 N Umax * 22N
24N <k < 2THN 4
L(r)
and
2N 2N
—THENAN S A > TN gy

Then, the total revenue obtained at times ¢ and ¢ 4+ 1 is at most

2N
¢, - gir+N Vmax - 277

L(7)

. 22N
C A* 24T+N Umax
+ ( t + t) L(T)
discard

However, the total revenue obtained by replacing the price at time ¢ by 77P{*"“ and asking a zero
price at time ¢t + 1 is at least

< 20, - 247N,

Ct . 24(T+1)+N _ QCt . 24T+N+3’

which is strictly larger than 2C, - 247tV the total revenue obtained before the replacement. In
addition, the change in the number of customers is

Azk + A:-i-l S _27'+2N+n .9
before the replacement, and —272N+7+1 afterwards. That is, by replacing the prices we always

end up with at least as many customers as before. This all contradicts the fact that (7§, ..., 75_;)
is optimal, and proves the lemma. O

Lemma 3. Let (n§,...,mn_,) be an optimal solution to the dynamic pricing instance. Then, 7}

is equal to either T%5%d or ng_c]:_l for allt € {0,....,.T —1}.

Proof. 1t follows from Lemma 1 that prices in the optimal solution are monotone decreasing,
therefore if ﬂfwk and 7', with ¢, € {pick,discard}, or two times 785 are asked, they are
subsequent. However, Lemma 2 states that Wfl and wf2 with ¢1,¢5 € {pick, discard} are never
asked subsequently, for all i € {0, ...,n — 2}. Further, we cannot ask price ngfclmd or ﬁgi_di twice,
nor any combination of the two, because 2 - 2"~ 1+2N+n ~ (O, This proves the lemma in case
there are no zero prices in the optimal solution. If zero prices are indeed asked, there exists an
index 4 such that neither 7' nor 7di5ard js chosen. We will show below that this results in a
contradiction. _

Let us adjust the optimal solution by replacing any 7r§’ICk by ﬂ?iswrd for all possible j. Thereby,
we will lose at most

nCo max{(wlpmk — qiliseard) |1 < p} = n(L(n — 1) + W)%

<n(L(n—1)+W) (8)

of the total revenue. Clearly, by construction there exists a feasible solution consisting of picking
all discard prices.

Next, we ask price 7dis¢a'd instead of a zero price, and adjust the order of the prices asked in
the optimal solution accordingly (Lemma 1). Then, the number of customers drops by |A?iscard|
for the remaining time steps, which results in a total loss of revenue of at most

1—1 i—1
’A?iscard’ . 2 ,/T;:liscard _ 2i+2N+n . E 24j+N < 2i+2N+n . 24i+N73 — 25i+3N+n73. (9)
Jj=0 Jj=0



By the adjustments to the optimal solution proposed above, we further gain at least

n—1 el
Co + Z Adiscard | pdiscard > 7 1) Z 9i+2N+n | qdiscard
j=i+1 S
— L(Z) . ,n_;iiscard _ L(Z) . Q4i+N > 95i+3N+n (10)

revenue.
Combining (8) and (9) and comparing to (10), we finally find that the gain of the adjustments
is larger than the loss

This is a contradiction to the fact that (xf,...,m5_;) is optimal. Hence, no zero prices are
asked in an optimal solution, and at each moment of time ¢ we pick at most one price from

{pic_ ) misgard . 0
This brings us to the following theorem.
Theorem 2. The dynamic pricing problem with an additive model is NP-hard.

Proof. We construct a dynamic pricing instance from the knapsack instance as described in the
beginning of the section. It is obvious by construction that every valid knapsack solution has a
corresponding valid solution to the dynamic pricing problem. Furthermore, we show below that
an optimal dynamic pricing solution has a corresponding optimal knapsack solution.

It follows from Lemma 3 that at time period ¢ we ask price 7721_61;_1 or rdiscard " Tet x; denote
a binary variable indicating if price ﬂ'fiCk or wdiscard g chosen for all i € {0,...,n — 1}. That is,
pick
3

x; = 1 if we choose 77", and z; = 0 otherwise. Note that (z,—_1,...,20) is also a solution to the

knapsack problem. Further, let p,_s—1 = W — Z?;i7t71 zjw;. Then, the number of customers

at time period t is

n—1 n—1
Ot == C() — Z 22N+j+n — Z ZCJ'IUJ‘
j=n—t—1 j=n—t—1
n—1
=Ln—-t—1)+W— Z zjwj =Ln—1t—1)4 pp_t—1,
j=n—t—1

and the total revenue is given by

-1
E[R(mo,....7r-1)] = > _ 7r—t-1Cr 11
=0

92N

= g (mi (2‘”” + UiL(QZ,) ) + (1 — ;) (241+N)) (L(i) + pi)

n—1 n—1 n—1 n—1
. ) s - 92N
_ 2241+NL . 2241+N ’ 2: ;22N 2: Z_Pz Vi )
i=0 ot i=0 o i=0 o ! i=0 ‘ L(i)

Intuitively, we are interested in Z?Zl 2;v;22N | which is the total value of the knapsack instance,
shifted 2V bits to the left. Note that Y ., 24*NL(7) is independent of the prices chosen such
that we can subtract this from E[R(mo,...,mr—1)] to obtain E[R’(m,...,mp—1)]. Furthermore,

Z?;Ol 241+ N 5 and Z?;ol xz% are dominated by Z?;OI 2;0;22N . This follows from the fact

that the latter number is at least 22V and the first two numbers are at most n2**t" and n,
respectively, with N > 6n+ [log vmaz | + [108 Winas |- By removing the first 2N bits from the right
of E[R/(mo,...,mr—1) ], we obtain the total value of the knapsack instance. O




2.3 A fully polynomial time approximation scheme

In this subsection, we transform the pseudo-polynomial time dynamic programming algorithm of
Section 2.1 into a fully polynomial time approximation scheme (FPTAS), that is, for any € > 0,
we have an algorithm that computes a solution with total expected revenue at least (1 — €) times
the optimal total expected revenue, in time polynomial in the input and 1/e. First, we introduce
some useful notation.

For a given solution 7 = (g, ..., mr—_1), let n; ;() indicate the number of times level of change
A, is obtained up to time period ¢t. Then, in the additive model the customer level at time period

t is given by
t—1 k
=Co+ Y Su(m) =Co+ > mis(m)A
s=0 i=1

In case 7 is clear from the context, we write n;; and Cy.
Theorem 3. The dynamic pricing problem with an additive model admits an FPTAS.

Proof. Given € > 0, we apply the dynamic programming algorithm of Section 2.1 to a rounded
instance in which the initial customer level and each level of change i is scaled by A > 0 as follows:
Co = || and A; = |A:i]. A will be defined later. Then, Cy = |2 | + 32 ni, [2] is a
customer level on the rounded ingtance.

Let m = s7f ,...,7F _ be an optimal solution to the original instance I and «’ an
10,00 0 Mip_1,T—1

optimal solution to the rounded instance I. We show that
E[R'(x')] 2 AE[R' (n')] > AE[R!(r)] = (1 - E[R' ()],

where E[R’(-)] and E[R!(-)] denote the total expected revenue on the original instance I and the
rounded instance I, respectively.
For the first inequality, we find

T-1

- T-1
AR S
> Az_:ﬁé (HOJ +§;m,t(ﬂ’) {

t=0

Co + Zle it (") A
A

A I/ s
AD — ABIRT(x),

where 7, = m; (1 — F/(m;)). Further, the second inequality follows trivially from the optimality of
solution 7’ on the rounded instance I.
To prove the third inequality, we have

T—1 k
> > T Co—A+Z7h‘,t(7T)(Azt A))
t=0 i=1
T—1
=E[R(m)] = > 7} A(t+1)
t=0
T—1
>E[R ()] = ) Thaxc, AE+1)
t=0
> E[R'(m)] ~ AT mox {Thaec, (4 1)} (11)

Next, we distinguish between two cases in order to bound the number of customer levels at
each time period t. Let Af = max{A;|i € {l,...k}} and A, = —min{A;|i € {1,....k}}.



First, assume that At > A or Cyp < TAL, < TA,,. and let A = %. From (11), we
then have

AR[R! (7)] > E[R! ()] — AT  ax {Wmax o, t+1)}

=E[R!(n)] — etgljgx {7}

max Cj } Am'lx

> E[R' ()] — €E[R! ()] = (1 — )E[R! (m)],
where the last inequality follows from the lower bound

1 > >
]E[R (ﬂ_)] tI<I1,ZE}X {’/Tmax t(co + tAmax } tr<n7ax {Trmax t t + 1 } A

max’

which holds since [A;[ < Cp for all 4, and from the fact that 7, -, < 77 for all ¢.

In this first case, the number of customer levels is at most 2TAmaX Scaling each customer
level by A results in at most 2TA+ < 2T{ customer levels. Hence, the computation time of the
dynamic program on the rounded instance is polynomial in the input size and l, as required.

Second, assume that A, < Ap and Cp > TAf, .. Let A = <52, Then,

max b

max,t

AE[R! ()] > E[R!(x)] — AT max {Tha e, (4 1))

> E[R! ()] — AT2 tr<n7gxl {Wmax,Ct}

I *
= E[R'(7)] — eCy trgnqgmicl {Wmax,ct}
> E[R'(m)] — €E[R'(7)] = (1 — )E[R'(m)],
where the last inequality follows from the trivial lower bound

E[R!(7)] > max {71'

A Co + tAmax } = trgnjgi(l {Coﬁ’;;ax’t} ’

max, t(
and again from the fact that 77, - <75, for all £.

In this second case, the number of customer levels is at most 2C,. Scaling each customer level
by A results in at most 2Cy < 2= customer levels. Hence, also for this case the computation time
of the dynamic program on the rounded instance is polynomial in the input size and 1 O

Note that despite its apparent simplicity, we need to distinguish between several different cases
for the correctness of this FPTAS, resulting in two different lower bounds on the optimal expected
total revenue on the original instance. Reason for this is the fact that the number of customer
levels can differ between these cases and that each customer level has to be rounded to obtain a
computation time that is polynomial in the input size and %

2.4 Structure of an optimal solution

In this subsection, we investigate the structure of an optimal solution, assuming that the reserva-
tion price distributions and breakpoints stay constant over time, i.e., Fy(.) = F(.) and §;; = 5;
for all 7 and ¢. In what follows, the time indices of the prices can thus be dropped. We start by
observing that the prices of an optimal solution can be arranged in a specific order.

Lemma 4. Let 7} be a level price. If there exists another level price, say 7, with m; < m; and

7?;-‘ < 7F, then 71';-‘ will never be chosen.

Proof. At every time period ¢, the expected revenue is given by m; (1 — F/(m;)) Cy. Since 77 < 7/,

choosing 7 = 7} instead of m; = 77 does not decrease the expected revenue at time period ¢. In

addition, we have A; > A; and thus 7, = 7] also results in the same or a higher customer level
at time period ¢ + 1. Hence, 77 will never be chosen at time period ¢. O



We call the level prices that are never chosen recessive prices. Let II* C {x7,..., 7} denote
the set all non-recessive prices. This brings us to an ordering > of the level prices in II* based on
the following definition.

Definition 1. Let w}, 7} € II*. Then, the order - is defined as follows: =} = 77 if and only if
’ﬁ';AZ > ’ﬁ';Aj.

Lemma 5. The relation - is transitve: let ), 77,7 € II*. If nf = 77 and 7} > 7}, then
T = T

Proof. Let w} = w7 and 7} = m. Further, assume that 7 > 77, that is, 77 Ay > 7 A;. Then,
A > T Ai/7;. Next, we have that T;A; > 77 Ay, so Ay < 7;A;/77. Combining, we obtain
A /7 < mpA;/7, which results in 77A; < @A;. This contradicts the assumption that
m; = m;, thereby proving the lemma. O

In the theorem below, we show that an optimal pricing follows the above defined ordering.

Theorem 4. The level prices of an optimal solution to the dynamic pricing problem follow the
ordering > defined on IT*.

Proof. Let m, 77 € II* be two level prices for which m = ;. Further, let 7 = (mo, ..., m7—1) and
7' = (7, ..., Tp_;) denote two solutions with 7 = 7}, | = 77, 1 = 7, = 7} for a certain time
period ¢/, and 7y = 7, for all s # t/,t' + 1. Note that Cs = C", for all s #¢',t' + 1. Then,

E[R(r)] ~E[R(r)] = Y 7,C; — > @C

— 771-2/5/0// + ﬁ£/+1011+1 — ﬁ't/Ct/ — ﬁ-t'-‘rlct’-i—l
- 771'* (Cé/ - Ot/_l,_l) + ﬂ'j (C;/_’_l - Ct/)

7

= 77 (= 4y) + 75 (A)

?

= 7_T;AZ — ﬁ:Aj > 0,
where the inequality follows from Definition 1. Hence, E[R(n")] — E[R(w)] > 0. O

We remark that an optimal solution to the dynamic pricing problem can be found in O(kT*)
time, by considering all different orderings. Further, an obvious consequence of Lemma 4 is that
for every 7, w7 € II* with ¢ < j and at least one of both corresponding levels of change positive,
we have that

ﬁ;A, > ﬁ:AJ‘.

Intuitively, Theorem 4 thus shows that over time we first choose prices such that the corresponding
level of change is positive, i.e., we increase the number of customers. After this, we choose prices
with smaller or even negative levels of change to increase the revenue.

2.5 Low number of breakpoints

In contrast to the previous section, let us assume that the reservation price distributions and
breakpoints vary over time. For a given solution m, let Hy(m) = (n1,4(7),...,nk,(w)) denote a
k-tuple of n; +(m)’s. Note that Zle ni¢(m) =t. We write H; in case 7 follows from the context.
Further, we call a tuple Hyy1 = (91,441, -, Mk,t+1) Teachable from tuple Hy = (1,4, ..., Mit) if Hypa
differs from H; in exactly one element by one.

To obtain an optimal solution for the dynamic pricing problem, we model it as a longest path
problem in a directed acyclic graph Dy (V, A), hereafter referred to by Dy. The node set V' is as
follows. For each non-negative customer level Cy defined by a tuple H; at time period t, we have a
node vy, g,. In addition, we have a sink node vy ¢ and we define node vy g, to be the source node.
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The arc set A consists of arcs (v¢, i, , Ve+1,H, - ), where Hy 1 is reachable from Hy, and additional
arcs connecting nodes vr_1 g,_, to the sink node. Each arc (v g,,vi11,1,,,) has length

l(vt’Ht ) Ut+1’Ht+1) = 771-:;,t01‘/(1—1t)>

where u denotes the index of the element in which H; and Hy;; differ, and each of the arcs
(vr—1,H7_,, V1) has length 0.

It is easy to see that any solution with level prices to the dynamic pricing problem corresponds
to a path in the graph Dy with the same length and vice versa. We therefore complete this
subsection by estimating the running time of the longest path computation in Dj.

Theorem 5. An optimal solution to the dynamic pricing problem can be found in O(KT*) time.

Proof. The number of distinct non-negative customer levels at time period ¢ is equal to (k+§_1) €
O(t*~1). By construction, we therefore have |V| € O(T*) and |A| € O(kT*). Next, the customer
levels can be calculated in O(k) time and the arc lengths in constant time. Hence, the directed
acyclic graph Dy, is created in O(kT*) time. Further, it is well known that the longest path
problem in Dy, can be solved in O(|A|) € O(kT*) time. This brings us to a total time complexity
of O(kT*). O

3 The deterministic multiplicative model

In this section, we study the dynamic pricing problem with a deterministic multiplicative model.
In order to solve the problem to optimality, we propose a dynamic programming algorithm based
on the maximum expected revenue obtained between time periods ¢t and T per customer present
at time ¢. Let RY denote this value, i.e.,

T-1
1-F
th = max { Zszt CS?TSCS 3(7s)) } .
Q t

To calculate the values of R{, note that for each customer at time ¢, there will be (1 + A;)
customers at time ¢ 4+ 1 when price 7, is chosen. Therefore, we have the following recursive
formula

RS = max {7, + 0+ AR Ju e {1, . k}}

for time periodst =T-1,...,1,0, and Rg = 0. Hence, the maximum expected revenue equals the
maximum expected revenue per customer at time 0 multiplied by the initial number of customers,
that is, ROC x Cp.

Theorem 6. An optimal solution to the dynamic pricing problem can be found in O(kT) time.

Proof. From the above considerations, we know that the dynamic programming algorithm com-

putes an optimal solution. For the running time, notice that for each time period ¢t =T7-1,...,1,0
we need to compute a maximum of k values. Each of these values takes constant time to obtain,
and hence the total computation time is O(kT). O

4 The stochastic customer models

In this section, we adjust the constructed dynamic programming algorithms to solve the problem
with a stochastic demand setting. Let 77177t(7r) indicate the number of times each sub-level A7,

j €{1,...,8;}, is realized up to time period ¢t. Notice that for each ¢ and ¢ 22;1 nf’t = 1;,+, and let
Hi () = (n}(n), ...,77?}’; (7)) denote the tuple containing these values for each i and ¢. Abusing
notation, define Hy(w) = (Hy (7), ..., Hg (7)) with Zle ijl nf#(w) = t. In case 7 is known

from the context, we will write 7+, nfft, H;:, and H;. We call tuple Hy1 reachable from tuple
H, if H;,, differs in exactly one element from H;.

11



4.1 Additive model

In the additive model, we say that C; is a reachable customer level at time period ¢ if there exists
a tuple H; such that

k&
Co(Hy) =Co+ > il Al
i=1 j=1
To each of reachable customer level at time period ¢, we assign in the stochastic setting a probability
pt(Hy), defined by
k i

Mit! .
pe(Hy) =[] &Zij,Hpijf ’

i=1 Hj:l Mt j=1

which follows from the fact that given n;; with ngyt realizations of level Af, the same customer

J
level with probability H‘;;l p** can be obtained in 1_15”7"7' possible ways.

For the case with a low and fixed k and dy,ay, We dJe\;elBtp an algorithm that finds the optimal
solution in polynomial time. Let R(H;) denote the maximum total expected revenue up to time
period ¢, given tuple H;. Further, let C, ; u, denote the set of reachable customer levels C;(H;)
and let Pp, denote the set of corresponding probabilities. Then, the maximum expected revenue
equals maxy, {R(Hr)}, where the values R(H;) for time periods t € {1,...,T — 1} are computed
by

R(H;) = max{R(H;—1) +E[Gu(Hi—1)] |u € {1,...,k} sit.nu. > 1} (12)

and R(Hy) = 0. Here, E[G,(H:—1)] denotes the expected gain obtained from choosing a price at
time ¢t — 1 in between breakpoints 8,_1,t—1 and By,—1, i.e.,

E[Gu(Hy1)] = . T
je{l ..... |Ct—1,1€1Ht71‘}

with ¢; € Cy—1 1,1,_, and p; € Py,_,. Note that u is the index of the element in which H; and
H,;_; differ.

Theorem 7. An optimal solution to the dynamic pricing problem in a stochastic setting can be
found in O(T?Omaxk=1DE352 Y time.

max

Proof. The number of distinct reachable customer levels at time period ¢ is at most (5“““‘k+t71

in both customer models. We therefore compute expression (12) over at most O(T?==xF~1) tuples
at time period ¢. The computation time of (12) is estimated by k times the time to sum over at
most O(T?»=<F=1) multiplications of prices, customer levels and corresponding probabilities. By
the fact that the computation times of a customer level and of a probability are both O(kdpax),
each multiplication can be done in O(k?62,,.) time. Combining all the above, we arrive at a total

max

computation time of O(T?Omaxk=1E352 . O

4.2 Multiplicative model

The stochastic dynamic pricing problem with a multiplicative model can be solved to optimality
by adjusting the dynamic programming algorithm of Section 3. For every time period ¢, let RS
again denote the maximum expected revenue from ¢ to T', divided by the number of customers.
The recursive formula for the update of the values RY is then given by

6u
RY =max s, + (> (1+A))py | R lue {1, k}
j=1

for time periods t € {0,...,7 — 1} and R% = 0. Hence, the maximum expected revenue equals
RS - Cp, and the following theorem is obtained.

12



Theorem 8. An optimal solution to the dynamic pricing problem in a stochastic setting can be
found in O(kTdmax) time, where dpmax = max; {0;}.

Proof. We need to compute at most k values at time period ¢. Further, each of these values takes
at most dmax times constant time to obtain. Hence, the total computation time is O(kT0max). O
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