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Abstract

Solymosi and Raghavan (2001), see [1], characterize the stability of the core of
the assignment game by means of a property of the valuation matrix. They show
that the core of an assignment game is a von Neumann-Morgenstern stable set
if and only if its valuation matrix has a dominant diagonal. While their proof
makes use of graph-theoretical tools, the alternative proof presented here relies
on the notion of the buyer-seller exact representative, as introduced by Ninez
and Rafels in [2].
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1. Introduction and preliminaries

An assignment market (M, M'; A) consists of two different sectors: let us say
a finite set of buyers M and a finite set of sellers M’ (M and M’ disjoint) and a
non-negative valuation matrix A = (a;;) iem that represents the potential joint

GM/
profit obtained by each mixed-pair (4, j) Je M x M’'. As in [1] and [2], we assume
that the assignment market is square, that is [M| = |M’|.

A matching i between M and M’ is a subset of the Cartesian product, M X
M'’, such that each agent belongs, at most, to one pair. The set of all possible
matchings is denoted by M(M,M’). A matching p € M(M,M’) is optimal
for the market (M,M’',A) if > a;; > Y a4 for all 4/ € M(M,M").

(i.3)€n (4,5 €n
We denote by M4 (M, M’) the set of all optimal matchings for the market
(M,M’, A). The corresponding assignment game (M U M’ w,) has a player

set M UM’ and a characteristic function wa(SUT) = max > ay; for
HEM(ST) (i e

al SC M and T C M'.
In this paper, we assume without loss of generality that u = {(i,4) | i € M},
the matching refers to the main diagonal, is optimal. We use “j” to denote both
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the j* buyer and the j* seller, since the distinction is always clear from the
context.

Once a matching between buyers and sellers that maximizes the total profit
in the market has been chosen, we need to determine how this profit can be
allocated among the agents. Given an assignment game (M U M’ w,), an
allocation is a payoff vector (u;v) € RIMI x R'M/|, where wu; denotes the payoff
to buyer | € M and v; denotes the payoff to seller I € M'. An imputation is a
payoff vector that is efficient, Y u; + >, v; = wa(M U M’) and individually

ieM jeM’
rational, u; > wa({i}) =0 for all i € M and v; > wa({j}) =0 for all j € M".
We denote the set of imputations of an assignment game (MUM’,w4) by I(w4).

In an assignment game, the principal section consists of imputations that
satisfy u; + v; = ay; for all i € M. We denote it by B(wa). In the principal
section, side-payments only take place between matched agents. There are two
special and useful allocations (named the sector-optimal allocations): (a;0) €
RIMI % R'M/|, defined by ar = ag, for k € M and a;, = 0 for k € M’, and
(0;a) € RIMI x RIM'I defined by ag = 0 for k € M and ay, = agy, for k € M'.

A binary relation, known as domination, is defined on the set of imputations.
Given two imputations (u;v) and (u';v"), we say that (u;v) dominates (u';v")
if and only if there exists (i,j) € M x M’ such that u; > uj, v; > v} and
u; +vj < a;j. We then write (u;v) dom ‘{41-_0-} (w';v'), and (u;v) dom™ (w/;0) to
denote that (u;v) dominates (u’;v") by means of some pair (i,7) € M x M.
Such definition only makes use of mixed-pair allocations, and for assignment
games it is equivalent to the usual dominance relation in [3].

The first solution concept for coalitional games that appears in the literature
is the notion of stable set. A subset V of the set of imputations I(w,) is a von
Neumann-Morgenstern stable set (a stable set) if it satisfies internal stability,
that is, for any (u; v), (u';0') € V, (u;v) dom™ (u/;v") does not hold; and external
stability, that is, for any (u’;v') € I(wa) \ 'V, there exists (u;v) € V such that
(u;v) dom™ (w/;0").

The core C'(w4) is another solution concept that can also be defined, see [4],
by means of the dominance relation: it is the set of undominated imputations.

Equivalently, an imputation (u;v) € I(wa) belongs to the core of the assign-
ment game C'(wy) if for all (¢, ) € M x M’ it holds u; +v; > a;;. It is shown in
[5] that an assignment game (M UM’ w,4) always has a non-empty core. Notice
that the core always satisfies internal stability but may fail to satisfy external
stability. This raises the question as to which valuation matrices correspond to
assignment games with an externally stable (and hence stable) core.

Solymosi and Raghavan introduce in [1] the dominant diagonal property for
valuation matrices. A square valuation matrix A has a dominant diagonal if
all diagonal elements are row and column maxima: a;; > max{a;;,a;; } for all
(1,7) € M x M’. Hence, an optimal matching is placed on the main diagonal. Tt
is straightforward to see that a valuation matrix A has a dominant diagonal if
and only if the sector-optimal allocations (a;0) and (0; a) belong to the core. It
is then proved in [1] that “the core of a square assignment game (M UM’ wa)
is a von Neumann-Morgenstern stable set if and only if the valuation matriz
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A has a dominant diagonal”. The authors’ proof is based on graph-theoretical
arguments while here we base ours on the properties of the buyer-seller exact
representative of an assignment game proposed in [2].

Given any assignment game (M U M’ w,), there exists a unique valuation
matrix A" such that C(wa) = C(war) and A" is the maximum with this prop-
erty. That is, if any entry in A" is raised, the resulting game has a different core.
As a consequence, if the matrix A" is the buyer-seller exact representative of A,
then for all (i, j) € M x M’ there exists (u,v) € C(war) such that u; +v; = af;.
Notice that for each (i, j) € M x M, aj; is the lower bound for the joint payoff
of agents i € M and j € M’ in the core.

Based on [2], we are now able to offer a proof of the characterization of
core stability for assignment games alternative to that provided in [1]. The
advantage of this new approach is that it relies solely on the structure of the
assignment game, that is, on the known bounds for the payoff to each mixed-
pair in the core. For this reason, it might be possible to apply these ideas to
the characterization of core stability for markets with more than two sectors,
which, to the best of our knowledge, remains an open question.

2. Core stability

In this section, we provide the main result of this paper, an alternative proof
of the characterization of core stability for the two-sided assignment game.

To do so, we first show that when the valuation matrix has a dominant
diagonal, each core allocation can be connected to the two sector-optimal allo-
cations, (a;0) and (0;a), by a continuous monotonic curve with parameter .
Shapley claims this lemma but does not offer the proof.

Lemma 1. Let (M UM’ ,wy4) be a square two-sided assignment game such that
its valuation matriz A has a dominant diagonal. Given any vector belonging to
the core of the game, (u;v) € C(wa), and any T € R, the vector (u(T);v(r))
defined by

ui (1) = med {0,u; — T, a:} for alli € M, (1)
vi(T) = med {0,v; + T, a;} for alli e M’,

belongs to C(wa).

Proor. Note first that for 7 = max a;i, (u(m1);v(m1)) = (0;a) and for 7o =
1€

—711, (u(m2); v(72)) = (a;0). Notice that since (u;v) € C(w,), we have u; +v; =

aq; for all © € M and hence, for all 7 € R and all i € M

’Ui-i-T:aii—ui-i-T:aii—(ui—T). (2)

It is then straightforward to show that u;(7) + v;(7) = a;; for all i € M.
Take now ¢ # j and consider three different cases to check that (u(7);v(7))
satisfies the core constraints:
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1. 7 < —min{v;,v;}, that is either u;(7) = a; or v;(7) = 0. In the first
case, u;(T) = ay;, we have u; (1) +v; (1) > w;(7) = ay > a;; where the last
inequality follows from the dominant diagonal assumption. Otherwise, if
u;(T) < a;; and vj(7) = 0, then since v;(7) = med{0,v; + 7, a;;}, v; + 7 <
0. This implies 7 < 0 and also u;(7) + vj(7) = u; — T > u; +v; > a,j,
where the last inequality follows from (u, v) being in the core.

2. 7 > min{u;,u;}, that is either v;(7) = aj; or w;i(r) = 0. If vj(r) =
a;; then u;(1) + vj(r) > aj; > a;; because of the dominant diagonal
assumption. If v;(7) < a;; but u;(r) = 0, since w;(7) = med{0, u; — 7, a;},
we have u;—7 < 0. Then, 7 > 0 and hence w;(7)+v; (1) = v;(1) = v;+7 >
v; + u; > ai;, where the last inequality follows from (u,v) being in the
core.

3. —min{v;,v;} <7 < min{u;, u;}. This implies u;(7) = u; — 7 and v; (1) =
v; + 7 and hence, again from (u,v) being in the core, u;(7) 4+ v;(1) =
u; + U5 = ;. O

Next, to show that the core of a square two-sided assignment game is a
von Neumann-Morgenstern stable set if and only if its valuation matrix has a
dominant diagonal, we need to prove the following lemma that states a property
of the principal section.

Lemma 2. Let (M UM’ wa) be a square two-sided assignment game with an
optimal matching on the main diagonal. Given (z;y) € B(wa) \ C(wa), there
exists a pair (i,7) € M x M’ and a core allocation (u;v) € C(wa) such that
T +y; < ag; = u; +vj.

PROOF. From [2], for any assignment game (M U M’ , w4) there exists another
assignment game (M U M’ wr) with the same core, C'(w4) = C(war), and A"
maximum with this property. Hence, if (2;y) ¢ C(wa), then (x;y) ¢ C(war).
This means x; +y; < af; for some (i,j) € M x M’ and there exists a core

allocation (u;v) such that
Tty < ag; = u; + ;. (3)

If ai; = aij, the lemma is proved. Otherwise, by the definition of A", see page

433 in [2], af; = @ik, + Qkyky + Qhyks + oo+ Gk — Qhyky — - — Qg k, fOr some

ki,...k, € M\ {i,j} and all of them different.
Since (u;v) is a core allocation and the main diagonal is an optimal matching,

Ui +Vj = Qijgy + Ay ky + oo + Qppj — iy — oo — Gk K, (4)
= Qik, + Ok ky + - T Qk,j — (ukl + Ukl) — .= (’U,kT + Ukr)-

By rearranging (4), we obtain

Ui + Vpgy + Uy + Uy + oo + Uk, + U = Gigy + oo + Qg - (5)
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From (u;v) € C(wa), and (5), we obtain
Uy + Vi, = Ay,

for all (ll, lg) (S {(’L, kl), (kl, kg), ey (krfl, kr), (kr,j)}
Since (x;y) € B(wa), we know x4y, = ay = ugtv for allt € {ky, ka,... k. }.
Now,

ks
Ti+ Yk + Ty + Yky o T Tl T Y :Ii+yj+2% + Yk,
=1

kA
< uj +v; +Zukl + v,
=1
= Uj + Uy + Uk, + Vgy + oo + Uk, + V5

= Qik, + .- + Ak, j,

where the inequality follows from (3) and the last equality follows from (5).
Then, x; + Yr, + Tp, + Yo + .. + T, + Y5 < Qiky + Qyky + ... + a,j. This

means that z; + Yk, < Qi = Ui + Vg, OF Tk, +Y; < ag,; = Uk, + Vj, OT

Thy + Ykypr < Okyhyy, = Uk, + Uk, for some l € {1,...,r—1}. O

We can now state and prove the main result.

Theorem 3. Let (M UM’ wya) be a square assignment game with an optimal
matching on the main diagonal. Then the following statements are equivalent:

(i) A has a dominant diagonal,

(i) C(wa) is a von Neumann-Morgenstern stable set.

PROOF. We first consider (i) = (ii). The core of an assignment game is always
internally stable, thus we only need to settle the external stability. When an
allocation (x;y) belongs to I(wa)\ B(wa), Shapley shows in his personal notes
that it is dominated by some core allocations. Here, we reproduce the proof
for completeness. Assume (z;y) € I(wa) \ B(wa). Since (z;y) € I(wa) and

w={(k,k)|k € M} is an optimal matching, > xp +yr = > agr. Moreover,
keM keM
since (x;y) ¢ B(wa), there is some ¢ € M such that z; + y; # a;. We can

assume x; + y; < ay since if xy + yy > apyp for some i7 € M, because of

S xptyr = Y. agk, thereisi € M\{i'} with z;+y; < a;. Thus, z; < a;—y;,
kEM keM
which implies that there exists 0 < z; < A < a4; — y; < a4 By Lemma 1, there

exists (u;v) € C(wa) with w; = A. Then, u; > 2; and u; < a;; —y; which implies
yi < aj;—u; = v;. Moreover, x; +y; < a;; = u;+v;. Hence, (u;v) domﬁ-)i} (z;y).

Assume now that (z;y) € B(wa)\ C(wa). We know by Lemma 2 that there
exists a pair (¢,7) € M x M’ and (u;v) € C(wa) such that z;+y; < ai; = u;+v;.
Now, assume without loss of generality u; > x;. If also v; > y;, we obtain
(u;v) domg; ;3 (3 y).



O©CO~NOOOTA~AWNPE

Otherwise, assume v; < y;. Since both (z;y) and (u;v) belong to B(wa),
x; +y; = u; +v; = aj;. Then, u; > x;. Notice that u; > 2, +y; —v; =
z; + (u; +v; —xj) —v; = x; + u; — ;. Hence,

U; — U + x4 < Ty (6)

We want to show that a core allocation exists that dominates (x;y) via coalition
{i,j}. To this end, we consider some cases:

1. z; > 0. Consider two cases:

(a) 0 < x; < ay. Consider the continuous monotonic curve defined as in
(1) through (u;v), and take the point corresponding to 7¢ = u;—x; —¢
where 0 < ¢ < ay; — x;. We prove that for some 0 < ¢ < a;; — x,
(u(r¢);v(r¢)) dominates (z;y) via {4,j}. Notice that, for all 0 < ¢ <
aii—xi, ui(t%) = med{0, u; —u;+x;+¢, a;; } = xv;+e > x;. Now, since
uj(7°) = med{0, uj—u;+x;+¢,a;j; } and by (6) u;—u;+z; < z; < ajj,
there exists 0 < €1 < aj; — «; small enough such that u;(7°") # aj;.
Then, we examine two cases:

iow;(7%') = uj — u; + x; + e1. Notice that u;(751) > x;, uj(7%) <
xj or equivalently v;(7°') > y; which together with w;(7%") +
v; (T51) = u; + vj = a;j proves (u(7%);v(T%Y)) dom?iyj}(:v;y).

ii. uj(7**) = 0 < z;. Then, v;(7°') = aj; > y;. Moreover,
v; (') = aj; implies v;(7%') < w; + 75, Since u; (7)) =
x; +¢e = u; — 7, we have u;(7°1) + v (7°') < w; +v; = aiy.
Together with v;(7°') > y; and u;(7°') > z; this implies that
(u(751);v(r%1)) domiy jy (23 ).

(b) x; = a;;. Since, by assumption, u; > x;, we obtain a; = x; < u;
which contradicts (u;v) € C'(wa).

2. z; =0. Since (z;y) € B(wa), y; = a;;. We obtain from z; +y; < a;; that
aj; < ai;j, which contradicts the dominant diagonal assumption regarding
the valuation matrix.

This shows that any (z;y) € B(wa) \ C(wy) is dominated by a core allocation
via coalition {i, 7}, which concludes the proof of (i) = (7).

Next, we prove (it) = (i). Suppose A does not have a dominant diagonal,
then the sector-optimal allocation (a;0) does not belong to the core. On the
premise that C(wa) is a von Neumann-Morngenstern stable set, there exists
(u;v) € C(wa) such that (u;v) domgj}(a;()) for some (i,7) € M x M'. So
that, u; > a4, a contradiction of (u;v) € C(wa). O
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