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Abstract

A single tenant demands a particular amount of land from several
lessors. The way lessors rent their land can be seen as equivalent to a
bankruptey problem. We extend self-duality in bankruptey problems

to these land rental situations. We provide a complete characterization
of the family of rules that satisfy self-duality. Moreover, self-duality
ia enough to assure that the amount of land is proportionally shared

among the lessors. Adding other ressonable properties, we pick up a

single rula.
Keywords: Self-duality; land rental problems; bankruptoy problems;

proportional rule

1 Introduction

Dality is an important concept in mathematics which usually implies the
involution operation, ie. given x and its dual y, then the dual of ¥ is .
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Even though duality has different interpretations depending on the area, we
focus on the interpretation in bankruptey problems ((Neill, 1982), which is
consequently extended to a land rental problem context.

A land rental problem involves several lessors and a single tenant, who
needs to rent land, but less than all land that is owned by the lessors. The
main question 8 knowing how much land each lessor should rent and the
price per unit of land (Sarkar, 2017; Valencia-Toledo and Vidal-Puga, 2017).

Bankruptey problems are situations where a group of agents [N] have
some claims (¢ & H?] that sum up more than the particular amount of land
demanded by the tenant (£), ie. 3 ve = E. A bankruptey rule is a way
to share the total estate among the claimants. For each claimant, her share
can be seen either as an award of part of her claim or as a loss of the other
pact.

The seli-duality principle in bankruptey problems (Aumann and Maschler,
1985) states that the eriterion used to grant awards should coincide with the
one used to grant losses. Many mportant rules in the context of bankruptey
problems satisfy sell-duality, for example, the proportional rule {Young, 1988
Herrero and Villar, 2001, 2002; Herrero, 2003}, the Talmut rule (Chun, 1988)
the Contested Garment principle (Dagan, 1996), and the reverse Talmud rule

(van den Brink et al., 2013). For a survey, we refer to Thomson (2003, 20135);
Moulin [2002]).

We extend the idea of sell-duality to land rental problems. The lessors
can be seen as claimants in a bankruptey problem. Lessors’ claims are the
land they own, and the estate is the amount of land that the tenant needs.
Moreover, land renting problems have other elements to take into account, as
for example the fact that the tenant is also an agent’. There is a revenue, or
reservation price, that every lessor obtains by each unit of non-rented land,
which 18 denoted by r. As opposed, the revenue that the tenant can get by

each unit of rented land i denoted by . We always assume that there exists

150 Catka and Herings (2017) for another extension of bankrmptey problems in which
the estate holder s an explicit agent.



benefit of cooperation, e, /= .

We apply the concept of sell-duality to the land share. We can think in
terma of how to share the amount of land that is not rented instead of the
amount of rented land, since they are equivalent problems.

In order to study self-duality, we define the dual problem of a land rental
problem as follows. The agents and the amount of available land remain
unchanged. Meanwhile, the dual of the amount of land that the tenant
needs 18 given by s N} — E. The dual of the reservation price per unit
of land (denoted by r¥) satisfies v*E* = v E. This is done so that the revenue
for the lessors are equal in both the original problem and its dual problem.
Also, the dual of the revenue per unit of land for the tenant (denoted by H.‘J:I
satisfies 4 FY — FE. This means that the revenue for the tenant are equal
im both the original problem and its dual problem.

We provide the complete characterization of the family of rules that
satisly self-duality. Under these rules, the amount of land is shared by the
proportional rule. As opposed, in bankruptey problems, it is necessary at
least to consider some additional properties apart from sell-duality.

The remainder of this paper is organized as [ollows. In Section 2, we
present the model. In Section 3, we define self~duality and we provide a
complete characterization of the family of rules that satisfy it. Also, we
present charaterizations of a subfamily of rules, adding price independence
(The price does not depend on the distribution among the lessors of the
available land.), and a unique rule, adding a property that states how the
share should be done in the Z-person case”. In Section 4, we Elve some

concluding remarks.

*Propertles that provide conditions en how the share should be in the 2-person case
have played an important mole o the axiomatization of many solutions in different. contexts,
e in cooperative games [Hart and Mas-Colell, 1088 van den Brink and Funakl, 2009;
Huettner, 3015 van den Brink ef al, 2016), bankruptey problems { Thomson, 2008), and
land rental problems (Valencia-Toledo and Vidal-Puga, 2017).



2 Notation and model

We denote the set of nonnegative real numbers as B . We denote the set of
positive real numbers as B . Let M, = {1.2.. ..} be the set of potential
lessors and let A be the set of non-empty fnite subsets of M. Let N
{1.2...., i} & A be a generic set of lessors, and let 5 be a generie subset
of N, Let B be the | S]-dimensional Euclidean space, whose coordinates are
indexed by the elements of 5. Given y € BE®, we write g 5) E":_,.’. i Given
.y e BY we write © < y when o, < g, for all i € 5. Given z € EY and
S5 N, we denote the restriction of 2 on S as rg Le. 15 = (2,)05. Moreover,
the vectors (0.....0) € B® and (1.....1) € E* are denoted by (¢ and 1s,
respectively.

A land rental problem is a tuple L = (N, e.v, K, E) where Ny = [0} U N
is the set of agents with ) the unique tenant and N the set of lessors, ¢ € R'}"ll
ig the vector whose coordinates represent the amount of available land for
each lessor, v © B4 is the reservation price per unit of land for the lessors,
F C:ﬂ. wli:"-’][ ig the amount of land that the tenant needs to rent, and K ©
E ., is the revenue that the tenant can obtain from that amount of rented
land. In order to assure that there exists benefit of cooperation, we assume
K = rE. We define i .{_: a8 the revenue per unit of land that the tenant
gets with her activity. For convenience, we denote (N, o v, i, £} instead of
(Mg.o.r, K, E). Let £ be the set of all land rental problems.

An efficient, feasible agreement is a pair (p.x) € B « BY where p denotes
the price per unit of land, x < ¢ and 2(N) = £, s0 that =, denotes the land
rented by lessor i € N. We denote A" as the set of feasible agreements on a
land rental problem L. Let = UJ..:.: A" be the set of all potential feasible
agrecments.

Given (p.x) & A", the utility for tenant and each lessor i & N are
.::,:rl'lf(u. x) (A — plE and .::;r'I:,'..I. x (g = r)x,, respectively. Notice that
with a slight notation abuse and for simplicity, we write .::;r'I:;..I. x) instead of
e ((p,x)) for all i € Ny

A rule as a function ¢ : £ — = that assigns to each problem L
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(N.er A E) € Lapair (p¥ (L), 2" (L)) =« L) & A" satisfying the following

conditions:

(1) Senle invarience says that the fnal price and the amount of rented

land are independent of changes of scale i.e. pt (N, fe.$r. 5 1. 3E )
2p* (N.c,r, R, E) and 2* (N, Be. 3r. 2R, §E) = g2* (N, ., R, E} for

] ar
all e, & =1
(ii) Strict individuol rafionality says that the price is greater than r and less

than R, ie v < p* (N, o.r, B E} < R, in order to assure the benefit of

the lessors and the tenant respectively.
(iii) Confinuily says that p* and =¥ are continuous functions.

Let W be the set of all rules o

3  Duality

Given a land rental problem L = (N, e.r. i, E), we define its dual as L4
(V. evd, RLEY) & L where £ = ¢(N) = E and ! and f? are such that

' EY = v E and F*EY = RE, respectively. Hence, r¢ = — &5 and ¥

RE
e N =l

Definition 1. A rule o satisfies self-duality if for all L © £, o 1 (L) 2% (L))
ot (# [L‘J} Lt [L‘JH and x2¥(L) = ¢ — a* [L’J}-

Let & = {(e.t}) € ]0.%] »]0,1[}, which is illustrated in Figure 1, and
AM = fae BY N € NLE(N) = 1}. Let F be the set of continuous functions
f:8 =AY o Bwith fle.t.d) €]t 1] for all {e.t) £ B and & € AV,

on
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Figure 1: Dual area (8).

In Proposition 1, we state the characterization result.
Proposition 1. A rule o salisfies sell-duality iff there exists [ © F such
that for ell L = (N e.v. B E} € £, the price is given by
lr- 1" (4 I
RS (555 ) if (N} =
E T [ - i &
R (1= iy oy ) - FelV) <28,

oL

and the amount of land is given by 2V L) ¢.|'_r~f.';.'f'-

FProof. {=) Let « be a rule that satisfies self-duality. Let L = (N, e.r. B E} &
£. Preliminarily, we prove that the dual price satisfies
E

1 L.-J':
P AN - E

o (L. (1)

By self-duality, the tenant's utility is (R — p"(L)) £ = (& - p* (L)) L
This is equivalent to write {1 — p* (L)) £ [:n'f—h.fs ' I:Ld]) (el N} = E},
from which we deduce that {1} holds.
Now, we prove that there exists a function [ € F such that the price is
given by p*( L} = Rf {m . _If;‘.:,) ife( N} > 2E and p*(L) = Rf [:I . F. ‘_If;‘.:.)
if (N} < 2E. By scale invariance,

Fi . E
YN er RLOEY = Rt 1. . 9
prN, e b= ( Ny R ..r-(,'f_*.) 2

We define f(e.t.8) = p¥(N. &t 1.¢) for all (e.t.8) € B =« AN, By strict
individual rationality, ¢ < fle £, 2) < 1. Since p¥ is a continuous function, f

is continuous. Hence, [ & 5.



On the one hand, when o(N} = 2E,

(2 r E oo
Bt (L) = B ( L w}) ks ( AN) R ew})
On the other hand, when (V) < 2F,

0 @ =E s
- wl‘- P (‘"‘r*“* c(ﬁ;.}E— E c(HR}E— gl - E)
S (e )
- (1 gy )

Finally, we prove that the amount of land is given by 2¥(L) = J5-e. By
seli-duality, for all i € N, (p*(L) = r)al (L) = (p* (£4) = v*) 2] (£L4). By
(1) and the last part of self-duality (x¥{L) = ¢ —x*(LY)), it is equivalent to
write

(-0 at) = (B - E ) (a-atm) . @

Since p*(L) = r, [3) is simplified to (e(N)— E)z' (L) = E (ﬂ. - :J;:""IIL}),
from where we deduce «' (L) = £ for all i € N,

- B
(<) Let « be a rule given by p¥(L) = Rf (Em z, ﬁ) if e N) > 2E
and ;.r"'"I:L} H,;r( = ;F,.-) if (N} < 2, for some f € F, and

(L) = Ere

Since the land is shared proportionally, ie. x*
to check 2% (L) = o= x¥( L4,

We now check that w” (0( L)) = «** (¢:(L4)). By efficiency it is enough
to prove - (L)) = o {¢(L4) for all i € N. We have three cases.

First, c(¥} = 2E. For every i € N, o ({L)) = (p"(L}) = r)al(L
Since o N} = 2F, [or every ¢ € N, we have

() = |ns (7 e(i-'}) -t

[}

o, it is straijghtforward




Furthermore, for every i € N, we have o (0(L4)) = (' (L4} — v4) 2] (L),
Since e[ N) = 2F or e[ N) =2E = 0, 2B¢ = 2(e(N})= E} = e(N)+e(N)-2E =
c(N), Le. ol N) < 2E9, so that

uf* (L) = (pH(LY) = o) 2l L4)
- H:d,.r (1- Fo do 1) - v [a -2t
- :{*.r: ozt (ﬁ " ﬁ) B e['::E-E] [‘2' B ﬁ?]

o N =

= xR (afoy o ) 1] 5
= [ (e[*.r: "R ;»[r':n) - ] ﬁ'i
= [Rf (g i) = ] 210 =k (wE)).
Second, <() < 2E. For every i € N, uf (6(L)) = (L) — r)}(L)
Since o N} < 2F, [or every ¢ € N, we have

oy = s (1- 5. 5 s ) -] )

Furthermaore, for every i € N, we have o™ (L)) = (p" (L) = +*) 2l (L)
Since of V) < 2E or o{ N} =2E < 0, 2B9 = 2{o{N )= E) = o(N)+e(N)=2E <
(N}, e o(N) = 29 so that

uf (L)) = (U (L) = o) 2l (L)
= |7 (55 a%) - emt] [o- @]
= [ s (1 - o oo iy) — s [ - 3]
= s (RS (1 - - o) -] L
= |#f l—m,i,aﬁi) —
= [Rf (V- o 5o o) — ] 2V (0) = o (L)
Third, o[ N} = 2F, for every i € N, we have




wf (e L) = (p*(L) = v} al (L)
[ E Ee,
= B (1 AN R w; ]nm
[ E o
=_Hf( ~IE r)‘ ]_r
( F-F:i)_ [, _Ea
_zr oF "R'2E)] 2E-E| | 2E
[ o e
= Rfl1 - — — | o, —2¥(L 4
| f( {__[NJ.EJ.i__[NJ} ][f (L)) (4)

Since ¢fN) = 2E, 2B = 2(e(N) = E}) = 2(2E = E) = 2E = ¢(N), i
(N} = 2E% Then, (4) equals (1" (L) = r ]| F{LY). Hence, wh (w(L})
.:n:;r"r (2 AY) . |

::|I-:

The rule associated to [ F is denoted as .

The next property states that the price does no depend on the distribution
of the land.

Definition 2. A rule o salisfies price independence if for all L © £ and
¢ E E"‘Il such that ¢ (N} = [N}, we have pv (L'} = p¥ (L} where L'
(N & v, R.E).

Let & be the set of continuous functions ¢ : & — B with gle, t) €], 1] for
all (e, 1) € B

Proposition 2. A rule o salisfies sell-duality and price independence iff
there exisls g © G such thal for all L= (N e, v, R E) € L, the price s given

by

Ry (5.4). if (N} = 2E

P
Ry (l — j';,) . ife(N) < 2E,
. . N E_
and the amount of land is given by 2 L) ‘I—.:-e'

Proof. {=) Let ¢ be a rule that satisfies sell-duality and price independence.
Let L (N.er,ROE) € L. Under self-duality, by Proposition 1 there
exists f € F such that p*(L) = Rf [:M . H;] if 6N} > 2E amd

)



(L) = Bf (1= 55 5. 55 ) i eN) < 26, and 2¥(L) = Eze. Under
price independence, for every & & H'}"'l with ¢/ (N} = o[ N}, we have p* (L)

p L), We prove the existence of ¢ € & so that pv( L) R (‘T{'&"_ -j;f‘) if
elN) = 2F and p* (L) = Ry [:I —E_ '—) if o W) < 2F. First, assume that

el )T
o(N) = 2E. Since o{N) = [ N),

E v & v
(LYY= R N I .
P *r(r'(h’} i c-'(h']) *'r( ™ R “;w)

Then, f [:‘IL:' . ‘1‘;‘.}‘) f (:IL':- . 1;:] Consequently, [ does not depend

01 5, and henee g [(jr..‘;.— #:J f [(ﬁ—'r..;.— T ‘—‘..;.—) is well-defined. By continuity

of [, we can define gie, f[: 1‘.,‘ ) for all (e 1) € 8. Second, assume
i B N &

now that o[V} < 2F. By definition, r,r( :I"- ) f [:I d_:- Z :1_"-)

(=) Let ¢ be a rule given b;,-: for all L € £, p*(L) n._r;(_”... ;) if
elN} = 2F and p¥( L} = Ry (I I"- ) el N} < 2F for some g € O, and
¥ L) jr:;.—f Let f & F defined as fle.f.6) = gle.t) for all (e 1) €6 and

i e AN, By Proposition 1, ¢ satisfies seli-duality. Let L' € £ be given as in

the definition of price independence. We prove pt( L") = p*(L). First, assume
that, a(N) > 2E. Since ¢(N) = c(N), we deduce p*(L') = Ry (5. 3)
iy {‘I'r:‘ .If.';] Pl L), Second, assume that (N} < 2E. Since &[N}

e(N), we deduce p*(1') = Ry (1 - 755 3 ) = e (1- 55 5) =010,

O

The rule corresponding to g & § is denoted (with a slight abuse of
notation) as o,

Let £ © £ be the set of all rental problems with a unique lessor. A
rule is standard for two if the tenant and the unigue lessor share equally the

benefit of cooperation.

Definition 3. A rule ¢ satisfies standard for two if for all L € £2, o} (¢{ L)
.::;r' (el L)) uhere N = [i).
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Theorem 1. A rule o salisfies sell-dualily, price independence and stordard
. . Hio v . £
for two iff for all L e £, p* (L) = “ and 2V (L) ‘1—:‘1’

]

Proof. {=) Let < be a rule that satisfies seli-duality, price independence and
standard for two. Let L (N.er, K. E}) € L. By Proposition 2, there

exists ¢ € G such that p*(L) = Ry {‘_If:;.:,. ;‘,;] if o{ N} > 2E and p*( L)

iy {I d'r—ﬁ‘ ﬁ‘) if o V) < 2F, and 2V (L) :IL':-{ We need to prove that

Ry (e %) = B2 e(N) > 28 and Ry (1- 55,7 ) = % ife(N) < 2E,

or equivalently (e, 1) ]—‘_,l—l if i = ¢ and g(1—e,1) ]—Jl,_—l if i < ¢ for all

(e.t) € 8. Let e = = € |0, 3] and t = £ € [ 1]. By standard for two, for

2
every i € N, wf (¢(L')) =« (¢:{L'}). Assume first 3 = «. By efficiency, we

have (R — Rgle t)) £ = (Rgle.t) = v} £, Then, we deduce that g (e, 1)
14 1
R 2

(Ryg(1 =e.t) =) E. Then, we deduce that g(1 — e t) = 2

(=] Let ¢ be a rule given by p*i L] -’_"il_' and x¥( L} ”Lf.f It is

straightforward to check that o = % for g(e.t) = 25 for all (et} € B,

Assume now 5 = e By efficiency, we have (R - Rg(l - e t)) £

By Proposition 2, < satisfies seli-duality and price independence. Now, we
prove that ¢ satisfies standard for two. 1t is encugh to prove that, when V

{1}, w; (e LY) " (e L)) We have iy (e L)) (£ '%'—'}I B 'r"_,—'f:
Analogously, wf (v L)) ['i'— r) £ =42 F, O

T

We denote by ¢ the unique rule which is characterized in Theorem 1.

The properties are independent. Whether we remove one the properties,
we obtain more rules. The rule given by p* (L) %Il‘f for o €0, 1] and
¥ L) ‘I'r—:'e' satisfies sell-duality and price independence, but fails standard
for two. The rule given by p* (L) = + 4 i—'ll..;l- Ay o and ¥ L) jrf;.-{
satisties self-duality and standard for two, but fails price independence. The
rule given by p' (L) -L"H amd ) (L) minfe A} for every i £ N,
where A solves E”___-..- L!]i.ll{-e"|. J'.] E satishies standard for two and price

independence, but fails seli-duality.
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4 Concluding remarks

We study the duality in land rental problems. We present the sell-duality
based on the idea of sell-duality in bankruptey problems. In bankruptey
problems, for every agent, the final outcome coincides with the amount
obtained from the share of the estate. But, in land rental problems, we
have considered that for every agent, the utility (outcome) depends on the
share of the rented land {estate) and the price by each unit of land.

The proportional land share is obtained by only seli-duality in land rental
problems. As opposed, for example, in bankruptey problems, it is necessary
at least to consider some other properties. Purthermore, we have characterized
the family of rules that satisly sell-duality. A rule in this family is denoted
as v+, We have characterized the subfamily of rules that satisfies self-duality
and price independence. A rule in this subfamily is denoted as «# . Finally,
we have characterized the unigue rule that satisfies self-duality, price independence
and standard for two, which is denoted as o, We also provided the discussion
about independence of properties.

Table 1 shows a summary of these results.

Property g i gy

Sell-duality YES YES YES
Price independence - YES YES
Standard for two - - YES

Table 1: Properties of rules in land rental problems.
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