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In network design problems, capacity constraints are modeled in three different ways depending on the
application: directed, bidirected and undirected. In the literature, polyhedral investigations for strength-
ening mixed-integer formulations are done separately for each model. In this note, we examine the
relationship between these models to provide a unifying approach and show that one can indeed translate
valid inequalities from one to the others.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

In network design problems, capacity constraints are modeled
in three different ways depending on the application and the
underlying technology for installing capacity: directed, bidirected,
and undirected. In directed models, the total flow on an arc is limited
by the capacity of the directed arc. In bidirected models, if a certain
capacity is installed on an arc, then the same capacity also needs
to be installed on the reverse arc. Whereas in undirected models,
the sum of the flow on an arc and its reverse arc is limited by the
capacity of the undirected edge associated with the two arcs.

In the literature, polyhedral investigations for strengthening
mixed-integer formulations are done separately for each model.
Undirected capacity models are considered in [2,10,11,13-16].
Bidirected capacity models are studied in [7,9]. Whereas directed
models are considered in [1,3-6,8,12]. Oriolo [16] gives a char-
acterization of domination between symmetric traffic matrices
for the undirected capacity model. In this paper, we examine
the relationship between these three separately-studied models
to provide a unifying approach and show how one can translate
valid inequalities from one to the others. In particular, we show
that the projections of the undirected and bidirected models onto
the capacity variables are the same. We demonstrate that valid
inequalities previously given for undirected and bidirected models
can be derived as a consequence of the relationship between these
models and the directed model.

Let G = (N, E) be an undirected graph with node set N and
edge set E. Let A be the arc set obtained from E by including the
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arcs in each direction for the edges in E. Let M denote the set of
facility types where a unit of facility m € M provides capacity c,.
Depending on the model, facilities are installed either on the edges
or on the arcs of the network and accordingly, we use ¢ € RE or
¢ e R” to denote the existing capacities on the edges or arcs of the
network. Without loss of generality, we assume that c,, € Z for all
me Mandc; < ¢; < --- < (. Let the demand data for the
problem be given by the square matrix T = {t;}, where t;; > 0 is
the amount of directed traffic that needs to be routed from node
ie Ntoj e N.LetK = {(ij) € N x N : i # j} and define the
IK| x [N| demand matrix D = {d¥}, where

tij ifu=j,
di=1-t; ifu=i
0 otherwise,

for (ij)= ke Kandu € N.
2. Undirected capacity model

In the undirected network design problem, the sum of the flow
on an arc and its reverse arc is limited by the capacity of the
undirected edge associated with the two arcs. This problem can be
formulated as follows:

min f(x,y)
s.t. ZXS—ZXJ", :df‘, forkeK,ieN, (1)
jen;t jeny
fo} + ij"l < Ce+ Z CmYme, fore={i,j} €E, (2)
kek keK meM
Xy >0, yez"™, (3)
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where x and y denote the flow and capacity variables, respectively,
and f denotes the cost function. In most applications, the function
f can be decomposed as f(x, y) = f1(x) + f%(y) and, furthermore,
it is typically linear.

Let U(T) denote the set of feasible solutions to inequalities (1)-
(3). A capacity vector y accommodates traffic T if there exists a
feasible flow vector x such that (x,y) € U(T). In other words, y
accommodates T if y € proj,(U(T)), where proj,(-) denotes the
orthogonal projection operator onto the space of the y variables.
We say that two traffic matrices T and T are pairwise similar if
tj + ti = tU + tJ, for all (ij) € K. We next show that proj,(U(T)) =
proj,(U ( )) provided that T and T are pairwise similar.

Lemma 1. Capacity vector y accommodates T if and only if it
accommodates all T pairwise similar to T.

Proof. Let T and T be pairwise similar. Consider a pair of nodes
u, v € N with nonzero traffic, i.e., 0 = ty, + tyy = fup + fyu > 0.

Assuming y accommodates T, let x be a flow vector such that
(x,y) € U(T). Construct X from x by letting all entries of X corre-
sponding to k € K \ {uv, vu} be same as that of x. Let @ = /0.
For the remaining entries of X associated with commodities uv and
vu, we set )?;” = a(x;" + x;') and 5(}]’“ = (1 — a)(x" + x;") for all
(leA

Notice that X" + X" + Xi* + X" = x* + x5 + 5" + 3’
for all {i,j} € E. Therefore, X satisfies the capacity constraints
(2). In addition, X also satisfies the flow balance constraints (1) as
d" = a(d® + d™)and d** = (1 — a)(d™ + d*)foralli € N.
Repeating the same argument for the remaining pairs of nodes
proves the claim. O

Lemma 1 can also be shown using the metric inequalities as
done in [16].

Definition 1. An objective function f is called arc-symmetric if
f(x,y) = f(&, y) whenever

vu vu uv uv __ gjou svu suv suv
XX X X =Xy X X X

foruv, vu € K and {i, j} € E.

Lemma 2. Let T and T be pairwise similar and f be arc-symmetric.
If (x,y) € U(T), then there exists (X, y) € U(T)such that f(x,y) =

f&y)

Proof. As in the proof of Lemma 1, it is possible to construct a flow
vector X such that (X, y) € U( ). Furthermore, as x,‘j’“ + xﬁ“ + xﬁ” +
x};" = ;” + xﬁ-“ + xi“j” + xj“,.“ for all (ij) € A and the function is
arc-symmetric, the result follows. O

Given a traffic matrix T, we define its symmetric counterpart to
be T* = (T + T7)/2. In other words, £}, = t* = (ty, + tyu)/2- Also
note that T and T* are pairwise similar. We have so far established
that optimizing an arc-symmetric cost function f over U(T) is
equivalent to optimizing it over U(T*).

Lemma 3. Let f be an arc-symmetric function and T* be a symmetric
matrix. If (x,y) € U(T*), then there exists (X,y) € U(T*) such that
x?” = x " for all (ij) € Aand (uv) € K. Furthermore, f(x, y) = f(X, y).
Proof. Let X be such that x;" = x;" for all (ij) € A and (uv) € K.
As T* is symmetric, (x,y) € U(T*). Furthermore, by convexity,
defining % = (x+X)/2 we have (%, y) € U(T*).Inaddition, %" = X;"
for all (ij) € A and (uv) € K. Finally, as f is arc-symmetric and
x"“ + x”” + x“” + x]“” = x”” + x"“ + x““ + xﬁ", for all (ij) € A and
( v) € K the clalm holds. O

Let U=(T) denote the set of feasible solutions (x, y) to con-
straints (1)-(3) together with the following equations
X;

w=xt forall(if) € A, (w) € K. (4)

Lemma 3 in conjunction with Lemma 2 establishes that when f
is an arc-symmetric function, optimizing f over U(T) is same as
optimizing it over U=(T*).

Proposition 1. Let f be an arc-symmetric function, T be a traffic
matrix and let T* be its symmetric counterpart. Then

fxy) = fx,y) = min_ f(x,y).

min min
(x.y)eU(T) (x,y)eu(T*) (x.y)eU=(T*)

Furthermore, given an optimal solution to any one of the problems,
optimal solutions to the other two can be constructed easily.

Furthermore, notice that if (4) holds, then

ng + Zx Zmax{ZxU,Z } (5)

keK keK keK keK

for all (ij) € A. We next relate these observations on undirected
capacity models to network design problems with bidirected ca-
pacity constraints.

3. Bidirected capacity model

In the bidirected network design problem, the total flow on an
arc and total flow on its reverse arc are each limited by the capacity
of the undirected edge associated with these arcs. This problem can
be formulated as follows:

min f(x,y)
s.t. ZXU—Z =df, forkek, ieN, (6)
jeN+ JeN,
max[qu, Z } <G+ ) CYme fore={i.j} €E, (7)
keK keK meM
X,y >0, yezM*E, (8)

Let B(T) be the set of feasible solutions (x, y) to inequalities (7)-(8).
We next show that if T is symmetric and (x, y) € B(T), then there
exists a flow vector X such that (k,y) € B(T) and X satisfies (4).
Furthermore if f is an arc-symmetric cost function, then f(x, y) =

f&y)

Lemma4. Let f be an arc-symmetric function and T* be a symmetric
matrix. If (x,y) € B(T*), then there exists (X,y) € B(T*) such that
x”” = x Y for all (ij) € Aand (uv) € K. Furthermore, f(x,y) = f(&, y).

Proof. The proof is essentially identical to that of Lemma 3. First
we construct x € U(T*) by letting fc;‘j” = xj'j.” for all (ij) € A
and (uv) € K. Then we define X = (x + X)/2 and observe that
(%,y) € U(T*) and that it satisfies the properties in the claim. O

Therefore, if T* is a symmetric traffic matrix, then

f( y) = min_ f(x,y), (9)

(x, y)eB(T* (x.y)eB=(T*)

where B=(T*) is the set of feasible solution (x, y) to constraints (6)-
(8) together with Eq. (4). We next show that optimizing an arc-
symmetric cost function over U(T) is equivalent to optimizing a
slightly different function over B(2T*).

Proposition 2. Let f be an arc-symmetric function, T be a traffic
matrix and let T* be its symmetric counterpart. Then

fx,y) = g(x,y),

min min
(x.y)eU(T) (x,y)€B(2T*)
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where g(x,y) = f(%x, y). Furthermore, optimal solutions to each
problem can be easily mapped into the other.

Proof. By Proposition 1, we have minypeuryf(x,y) =
ming yyeu=r+)f (X, ¥) and a common optimal solution to both
problems can easily be constructed from an optimal solution to
the first one. In addition, by Lemma 4, mingy yeprf(x,y) =
min y)ep=(r+)f (X, ¥) and a common optimal solution to both prob-
lems can easily be constructed from an optimal solution to the first
one. Therefore, it suffices to show the result for U=(T*)and B=(2T*)
instead of U(T*) and B(2T*).

Consider a point p = (x,y) € U=(T*). As x satisfies Eq. (4)
and therefore (5), we have p’ = (2x,y) € B=(2T*). As g(x,y) =
f( %x, y), we also have g(p’) = f(p). Conversely, and given a solution
q = (X,y') € B=(2T*) we construct ¢ = (%x/,y/) € U=(T*) with
2(q) = f(q'). Combining these observations, we conclude that

min T)f(x,y) = min_ g(x,y)

(x.y)eU=( (x.y)eB=(2T*)
and the proof is compete. O

As an application of Proposition 2, consider a valid inequality
ax+cy >b

for U(T) where vectors a and c are of appropriate size. If ax + cy is
arc-symmetric, that is, if

a;' = ai' = ai’ = @i’ for all (ij) € Aand (uv) € K, (10)
then

min ax+cy = min ]ax—i-c =b>b»
(xy)eU(T) VT hesar 2 y=o=

and therefore
1
iax +cy>b

is valid for B(2T*). Conversely, if ax + cy > b is valid for B(2T*),
then 2ax—+cy > bisvalid for U(T). Therefore, valid inequalities that
are defined by coefficients satisfying (10) can easily be translated
between U(T) and B(2T*).

In particular, consider an inequality cy > b that depends on the
capacity variables only. Clearly cy is arc-symmetric and if cy > b
is a valid inequality for U(T), then it is valid for B(2T*) as well.
Similarly, if cy > b is valid for B(2T*), then it is also valid for
U(T). Combining this with Proposition 1 and Eq. (9), we make the
following observation.

Corollary 1. Projections of the sets U(T), U(T*), U=(T*), B(2T*), and
B=(2T*) onto the space of capacity variables are equal.

Therefore, for the undirected case it suffices to study symmetric
traffic matrices to characterize all valid inequalities that involve
capacity variables only. The same, however, is not the case for the
bidirected case.

Remark 1. The observation above suggests that the polyhedral
structure of the bidirected network design problem is more com-
plicated than that of the undirected one. To demonstrate this,
consider an instance of the bidirected network design problem that
has a single facility type with ¢;, = 1. Let G = (N, E) be the
complete (undirected) graph on three nodes and assume that there
is no existing capacity. It is known that [ 7] the projection of feasible
solutions onto the space of capacity variables is

proj,(B(T)) = {y eR® : y(i)>T(i)VieN,

D vz maxww—‘ , H'ﬂ}} :

ecE

where fori € N we let j and k denote the remaining two nodes in
N\{i} and define y(i) = y(ij;+Y(ik. T(i) = [max{ty + tic, ti + tii} |,
and ©® = maxj e itij + ti + ti} where IT contains all triplets
obtained by permuting the nodes in N = {1, 2, 3}.

Now consider T*, the symmetric counterpart of T, and notice
that for alli € N, we have tijf +ith = tjf + t; and therefore T*(i) =
[t + tac|. In addition, for all (i, j, k) € [T we have © = t +t;, + 15,
and [(T*(1)+T*(2)+T%(3))/21 = [©] as

’7 [t + 5] 4+ [t + 65 ] + [t + 655 —‘

2

>

[zq‘z +2t5 + 2%“
— |

Consequently, we have the simpler projection

proj,(B(T™)) = {y R’ : y(i) = T* D) VieN,

2]

eckE

= proj,(U(T/2))

for the undirected model.

4. Directed capacity model

In the directed network design problem, the capacities are
added on the arcs so that the total flow on an arc is limited by the
capacity of the arc. The problem is modeled as follows:

min f(x,y)
s.t. ZXS—ZXJ", =d:-‘, forkeK,ieN, (11)
jeNi+ JeN;”
DX <G+ Y cnymi, for (i) €A, (12)
keK meM
X,y >0, yezM4 (13)

Let D(T) denote the set of feasible solutions (x, y) to inequalities
(11)-(13). Let y! be the vector of capacity variables on arcs (ij) with
i < jand y? be the vector of capacity variables on arcs (ij) with
i > j. Similarly define existing capacity vectors ¢', ¢2. Observe
for a graph that has a reverse arc (ji) for each arc (ij) that adding
constraints y! = y? to D(T) gives an equivalent formulation to
B(T) provided that ¢; = ¢; = c, for all (ij) and e = {i,j}. Let
D=(T)=D(T)N {y € ZV*A : y! = y?}.

Lemma 5. Suppose ¢! = ¢? = c. The point (x, y) is feasible for B(T)
ifand only if (x,y!, y?) withy! = y? = y is feasible for D=(T).

Proof. If (x, y) is feasible for B(T), then letting y' = y?> = y gives a
point (x, y', y?) in D(T) satisfying y' = y?. Conversely, if (x, y!, y?)
is feasible for D=(T), then (x, y!) is feasible for B(T) as

K I ¢ 1
max{Zx,-}, ij§} = Cij) + Vi O
keK keK

Consequently, every valid inequality for D(T) yields a valid
inequality for B(T) as shown in the next proposition.

Proposition 3. If nx + Bly! + B2y? > m, is valid for D(T), then
nx + (B + B2y > m, is valid for B(T).
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Proof. Let (x,y) be a feasible point in B(T). For y! = y? =y, we
have

ax+ (B + B2y = nx+ Bly + 2y = nx+ By + By = 7,
Thus inequality holds. O

Remark 2. Now we will show that some of the valid inequalities
derived for B(T) in the literature can be obtained directly from valid
inequalities for D(T) via Proposition 3.

Consider a nonempty two-partition (U, V) of the vertices of the
network. Let b* denote the net demand of commodity k in V from
U. Let A™ be the set of arcs directed from U to V, A~ be the set of
arcs directed from V to U. Suppose A = At UA™.For Q C K let
Xq(S) = Y 1oX¥(S)and by = Y, o b*. Without loss of generality,
assume by > 0.

ForQ € Kands € Mletr;q = bé - Lbé/csj ¢ and 159 =
[by /cs1, where b, = bg — ¢(S*) + ¢(S™). Then multi-commodity
multi-facility cut-set inequality [3]

D o nlym(ST) + X0 (AT\ST) + D oo (Cmlym(ST)

meM — (14)
— x(87) = 1590505
where
To(c) = {C — k(e —r50)  ifkes < ¢ <kes+ 150,
) (k+ 1)rsq ifkes + 10 < ¢ < (k+1)cs,
and

c—krso

¢S_,Q(C) = {k(Cs — rs,Q)

and k € Z, is valid for D(T). Above ¢: Q and @, g are subadditive MIR
functions written in closed form. Let E* be the undirected edges
corresponding to ST and E~ be the undirected edges corresponding
to S™. Then, Proposition 3 implies the bidirected valid inequality

D o (cmm(ET) + X(AT\ ST) + D ¢4 (cm)ym(ET)
meM meM (15)
- XQ(Si) > T5,07s,0

for B(T), which is given by Raack et al. [17].
For the single facility case with ¢, = 1, the directed inequality
(14) reduces to

ifkc; <c < (k+ 1)cs — 159,
ifkc, — 159 < € < ks,

rey(S*) +x(AT\ST) + (1 —rQy(S7) = xq(S7) = reme.  (16)

where ryg = b;l - Lbéj and nq = (bél. Proposition 3 implies the
corresponding bidirected valid inequality

rQY(E") +x(AT\ST) + (1 —rQ)W(E7) —x(S7) = rne,  (17)
for B(T).
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