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Abstract
Recursive McCormick relaxations are among the most popular convexification techniques for binary
polynomial optimization. It is well-understood that both the quality and the size of these relaxations
depend on the recursive sequence and finding an optimal sequence amounts to solving a difficult com-
binatorial optimization problem. We prove that any recursive McCormick relaxation is implied by the
extended flower relaxation, a linear programming relaxation, which for binary polynomial optimization
problems with fixed degree can be solved in strongly polynomial time.
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1 Binary polynomial optimization

We consider a binary polynomial optimization problem of the form:

max 3 &
Iez, i€l
s.t. ZchHxigbj, Vie{l,...,m} (BP)
Iez; i€l

x € {0,1}",

where for each j € {0,1,...,m}, we denote by Z; a family of nonempty subsets of {1,...,n}, and c}, IeT;
are nonzero real-valued coefficients. We refer to each product term [[,c; x; with |I| > 2 as a multilinear
term, and we refer to r = max{|I| : I € U2,Z;} as the degree of Problem (BF). Throughout this paper,
we assume that » > 3. Problem (BP) is M P-hard even when m = 0, and it has been the subject of
extensive research by the mixed-integer nonlinear optimization (MINLP) community over the past three
decades [5} 211 19, 13, 22, (15, 2,17, 9, 6, 8, [0, [T .

In this paper, we are interested in the quality of linear programming (LP) relaxations for Problem (BP]).
To convexify Problem (BP)), it is common practice to first linearize the objective function and all constraints
by introducing a new variable y; for every multilinear term [],.; #; and obtain an equivalent optimization

problem in a lifted space:
max Z c?x; + Z c?yf

IGi-o\I() IeTy
st Y. dar+ Y dur<b;, Yje{l,...m}
1eTng, = (EBP)
yI:H:Z:i, VI € UIj
i€l =0

xe{0,1}", Vie{l,...,n},
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where Z;, j € {0,1,...,m} consists of all elements in fj of cardinality at least two. Moreover, with a slight
abuse of notation we set xy;, := x; Subsequently, a convex relaxation of the feasible region of Problem (EBPI)
is constructed and the resulting problem is solved to obtain an upper bound on the optimal value of Prob-
lem (BP). The Reformulation Linearization technique (RLT) [20] and the sum-of-squares hierarchy [17] are
two general schemes for constructing LP and semi-definite programming (SDP) relaxations for polynomial
optimization problems, respectively. While these methods often lead to strong bounds, they are too expen-
sive to solve. In the following, we focus on a number of convexification techniques that generate cheap LP
relaxations for Problem (EBP]) by building polyhedral relaxations for the set

S:{(:zr, ): ylznxi, VIGj::UIj,xE{O,l}"}. (1)
§=0

iel

Throughout this paper, we refer to set S defined by () as the multilinear set and we refer to its convex
hull as the multilinear polytope. Without loss of generality, we assume that each z;, i € {1,...,n} appears
in at least one multilinear term. Moreover, we refer to r = max{|I| : I € Z} as the rank of the multilinear
set. Notice that the rank of a multilinear set equals to the degree of the corresponding binary polynomial
optimization problem.

1.1 Recursive McCormick relaxations

Motivated by factorable programming techniques [16], a polyhedral relaxation of the multilinear set defined
by () can be constructed by a recursive application of bilinear envelopes [I]. In the following we give a brief
overview of this method in its full generality:

e Initialization. Initialize the sets R; = {I} for all I € Z, and K = (). Mark each L € R; for all I € Z as
unchecked.

e Recursive Decomposition. For each I € T, and for each L € Ry such that L € {I} UK, consider the
following cases:

— If L is unchecked, then denote by P, = {J, K} a partition of L; that is, J, K are nonempty, JUK = L
and JNK = 0. If |J| > 1 (resp. |K| > 1),let R; = Ry U{J} (resp. Ry = R;U{K}). Moreover,
if |J] > 1and J ¢ ZTUK (resp. |K| > 1 and K ¢ ZUK), then introduce the new artificial variable
ys = [l;cs i, update K = K U{J}, and mark J as unchecked (resp. yx = [I;cx i, update
K = KU{K}, and mark K as unchecked). Finally, mark L as checked.

— If L is checked, then consider its partition P, = {J, K'}, constructed above. If [J| > 1 (resp. |K| > 1),
let Ry =Ry U{J} (resp. Ry =Ry U{K}).

It then follows that for each L € Ry with P, = {J, K}, we have y1, = yjyx, where we define Ygiy i= x; for
alli € {1,...,n}. Therefore, the multilinear set S can be written, in a lifted space of variables, as a collection
of bilinear equations of the form yjux, = yJ,yk,, t € {1,...,T}. Subsequently a polyhedral relaxation of
this set is obtained by replacing each bilinear equation by its convex hull over the unit hypercube:

Y1, UK, 2 07 YJ,UK, Z Y, + Y, — 17

vie{l,...,T}. (2)
YILUK, S Ydy  YLUK, < YKy

This simple relaxation technique is used extensively in the literature and is often referred to as the recursive
McCormick relaxation (RMC). In the remainder of this paper, given an RMC of the multilinear set S, we
refer to R as the recursive sequence of the multilinear term y; = Hiel x;, I € 7 and we refer to Rr, I € T
as the recursive sequence of S. Moreover, by the size of an RMC, we imply the number of its artificial
variables; i.e., |[K|. For notational simplicity, throughout the paper, for any subset of {1,--- n}, say for
example {1, 7, k}, we write y;;5 instead of Yyi,jky; similarly, we write R, instead of Ry; j x)-

For instance, the global solver BARON [I4] uses an RMC scheme in which for each yj,ux, = ¥J,Yk,, it
chooses Ji, K; such that |J;| = 1 (see [23] for further details). For example, consider the multilinear set
S = {(2,9) : y1234 = 11227374, € {0,1}*}; then the factorable decomposition module in BARON constructs



the following bilinear equations y1234 = T1Y234, Y234 = T2Y34, Y34 = T3T4; in this case, the recursive sequence
of Y1234 is given by Riass = {{1,2,3,4},{2,3,4},{3,4}} and artificial variables of this RMC are y234, Y34.

For a multilinear set, there exist many different recursive sequences, in general. It is well-understood
that the choice of the recursive sequence impacts both the size and the quality of the resulting RMC. In [1§],
the authors study the impact of the recursive sequence on the size of and the quality of the resulting RMC.
First, the authors show that even for multilinear sets of rank three, the problem of finding a minimum-size
RMC is N P-hard. Moreover, they propose a mixed-integer programming (MIP) formulation to solve this
problem. Subsequently, they propose a MIP formulation to identify RMCs of a given size with the best
possible upper bound. Their numerical experiments suggest that their proposed RMCs often outperform the
simpler RMCs implemented in global solvers. To better illustrate this point, we use the running example
of [I8] which we will later use to explain our results as well:

Example 1. Consider the problem of maximizing f(x) = —x1x223 + Tax3x4 + 12324 over x € {0, 1}4. It
can be checked that if we solve an RMC with the recursive sequence

73&23 = {{17 273}7 {172}}7 R%34 = {{27374}7 {273}}7 R}34 = {{17374}7 {173}}7

we obtain the upper bound U = %, while if we solve an RMC with the recursive sequence

R%23 = {{17 273}7 {173}}7 R§34 = {{27374}7 {374}}7 R%M = {{17374}7 {374}}7

we obtain the upper bound U = 1.0, which is sharp. The recursive sequence R? outperforms R since the
artificial variable ys4 introduced in R? appears in the recursive sequence of two multilinear terms yszs =
ToT3T4, Y134 = T12324, while all artificial variables of R' appear in the recursive sequence of one multilinear
term.

1.2 Multilinear polytopes and hypergraph acyclicity

In [7], we introduce a hypergraph representation of multilinear sets which in turn enables us to characterize
multilinear polytopes of hypergraphs with various degrees of acyclicity [12] in the space of original variables [8]
10]. As a result, we obtain strong polyhedral relaxations for general multilinear sets [I1]. In the following,
we briefly review two polyhedral relaxations of multilinear sets and introduce a new stronger polyhedral
relaxation; in the next section, we compare these relaxations with RMCs.

Before proceeding further, we introduce our hypergraph terminology. Recall that a hypergraph G is a
pair (V, E) where V = V(G) is the set of nodes of G, and E = E(G) is a set of subsets of V' of cardinality
at least two, called the edges of G. With any hypergraph G, we associate a multilinear set S defined as

follows:
SG:{ZE{O,l}d:zeznzv,eeE}, (3)

vee

where d = |V| + |E|. We denote by MP¢ the convex hull of Sg. Note that variables z,, v € V in (@)
correspond to variables x;, i € {1,...,n} in () and variables z., e € E in (&) correspond to variables yr,
IeTin (@

The standard linearization. A simple polyhedral relaxation of Sg can be obtained by replacing each

multilinear term z. =[], v, by its convex hull over the unit hypercube:

MPéP :{z: zy <1, Vv eV,

Ze > 0, zeEsz—|e|+1,Ve€E, (4)

vee

Ze < 2y, VU € €, Ve € E}

The above relaxation has been used extensively in the literature and is often referred to as the standard
linearization of the multilinear set (see for example [I3,5]). In [§], we prove that MPE = MP if and only
if G is a Berge-acyclic hypergraph; i.e., the most restrictive type of hypergraph acyclicity [12]. For general



hypergraphs however, the standard linearization often provides a weak relaxation of multilinear sets. As we
show in the next section, the standard linearization corresponds to the projection of an RMC, if the common
product terms across various multilinear terms are not exploited. The following example demonstrates this
result:

Example 2. Consider the binary polynomial optimization problem considered in Example . It can be
checked that using the standard linearization of the corresponding multilinear set, we obtain an upper bound
U = %, which is equal to the bound obtained using the RMC with no artificial variable appearing in the
recursive sequence of more than one multilinear term.

The flower relaxation and the extended flower relaxation. In [§], we introduce the flower relaxation
of multilinear sets, a polyhedral relaxation that is often significantly stronger than the standard linearization.
To formally define this relaxation, we first need to introduce flower inequalities [§]. Let ey be an edge of G
and let e, k € K, be the set of all edges adjacent to eg with

leoNex| >2, VkeK. (5)
Let T be a nonempty subset of K such that
eoﬂeiﬂej:@, VZ}A']ET (6)

Then the flower inequality centered at ey with neighbors ey, k € T', is given by:

D> m+ Y Ze, — 2z < leo \ Uperer| + [T] - 1. (7)

vEeo\UreTek keT

We refer to inequalities of the form (), for all nonempty 7" C K satisfying conditions (&) and (@), as the
system of flower inequalities centered at eg. We define the flower relazation MPg as the polytope obtained
by adding the system of flower inequalities centered at each edge of G to MPIC“;P. In [8], we prove that
MPZ = MPg if and only if G is a y-acyclic hypergraph. We should remark that ~-acyclic hypergraphs
represent a significant generalization of Berge-acyclic hypergraphs [12]. As we detail in [11], while the
separation problem over the flower relaxation is N P-hard for general hypergraphs, it can be solved in
O(|E|?) time for hypergraphs with fixed rank.

Example 3. Consider the binary polynomial optimization problem considered in Example . It can be
checked that using the flower relaxation of the corresponding multilinear set, we obtain an upper bound

U = 1.0, which coincides with the best RMC bound.

While in Example [3] the flower relaxation is as good as the best RMC, this is not always the case. Next,
we introduce a stronger polyhedral relaxation of multilinear sets that dominates all RMC relaxations. To this
end, we first present a class of valid inequalities for multilinear sets that can be considered as a generalization
of flower inequalities. Let ey be an edge of G and as before, denote by ey, k € K, the set of all edges adjacent
to eg. Let T be a nonempty subset of K such that

Vi = (60 M ei) \ U (60 M 6]')

JjeT\{i}

>2, VieT. (8)

Then the extended flower inequality centered at ey with neighbors ey, k € T, is given by (@). Similarly,
we define the extended flower relaxation MPgF as the polytope obtained by adding the system of extended
flower inequalities centered at each edge of G to MPIéP. Notice that conditions (@) and (@) imply condi-
tion (B)); namely, flower inequalities are a special case of extended flower inequalities. Indeed, extended flower
inequalities are a generalization of flower inequalities as they subsume cases in which eg Ne; Ne; # 0 for
some i #jeT.

We should remark that in the special case where the neighbours ey, k € T satisfy the so-called running
intersection property, it can be checked that running intersection inequalities [10] imply extended flower
inequalities. However, in general, extended flower inequalities are not implied by running intersection in-
equalities. The following example illustrates these facts:



Example 4. Consider the hypergraph G = (V,E) with V. = {v1,...,v9} and E = {eg,e1,ea,e3}, where
eo=V,e1={v1,...,04}, ea ={vy,...,07}, and e3 = {v1,v7,v8,v9}. Then all flower inequalities of S¢ are
given by:

Z Z’U+Zei _Zeo S 57
vEeg\e; Vi € {1, 2, 3}, (9)

Zeo — Ze; S 05
and the remaining running intersection inequalities of Sg are given by

—Zene, + D Zot e+, — 2 <2, Vi#je{l,2,3}. (10)

vEeg\(e;Ue; )

Moreover, in addition to inequalities (@), we have the following extended flower inequalities:

> zetze g~z <3, Vi#je{l,2,3} (11)
v€Eeo\(e;Ue;)
Zey + Zey F Zes — Zey < 2. (12)

First notice that using inequalities z, < 1 for all v € V', which are present in the standard linearization of
S, we deduce that extended flower inequalities (II) are implied by the running intersection inequalities (0.
However, the extended flower inequality [I2)) is not implied by any other inequalities. To see this consider
the point z,, p € V U E defined as:

Zo=1, YveV:={v,vq,0vr}

3 _
gv:»?e:z, Yo e V\V, Ve e {e1,ea,e3} (13)

Clearly, Z violates the extended flower inequality ([I2)), since 3(%) £ 2. Howewver, it can be checked that Z
satisfies all inequalities present in the standard linearization of Sa, as well as flower inequalities (@), and
running intersection inequalities ([I0). This is due to the fact that while the set {e;,e;}, has the running
intersection property for alli # j € {1,2,3}, the set {e1,e2,e3} do not have the running intersection property
and hence no running intersection inequality can be generated for the latter. See [10] for details regarding
running intersection inequalities.

Remark 1. It is important to note that assumption ([8) is without loss of generality. To see this, consider
an edge eq and a subset of adjacent edges ey, k € T some of which do not satisfy assumption (8). The
following cases arise:

o v, =0 for some i € T. In this case, the extended flower inequality is implied by two inequalities: (i)
ze; <1, and (i) the extended flower inequality centered at eg with neighbours ey, k € T'\ {i}.

o v, =1 for some i € T. In this case, the extended flower inequality is implied by two inequalities: (i)
Ze; < 25, where {0} = egNe;, and (ii) the extended flower inequality centered at eq with neighbours ey,

keT\ {i}.

Hence we conclude that to construct the extended flower relaxation, it suffices to consider meighbours ey,
k € T satisfying assumption ().

We conclude this section by commenting on the complexity of optimizing over the extended flower re-
laxation. Clearly, optimization over the standard linearization can be done in polynomial time. Hence it
suffices to consider extended flower inequalities. In [IT], the authors prove that the separation problem over
flower inequalities is N P-hard. However, they show that for hypergraphs of fixed degree, the separation
problem can be solved in strongly polynomial time.



Separating over extended flower inequalities. In the following, we present a separation algorithm
over extended flower inequalities that runs in strongly polynomial-time for hypergraphs G = (V, E) of fixed
degree r; i.e., in a number of iterations bounded by a polynomial in |V| and |E|. By equivalence of separation
and optimization, this in turn implies that optimizing over the extended flower relaxation can be done in
polynomial time. The fixed degree assumption is reasonable as for binary polynomial optimization problems,
|V| and |E| represent the number of variables and multilinear terms, respectively, while r is the degree of
the polynomial. Indeed, for all problems appearing in applications, while we have hundreds or thousands of
variables, the degree of the polynomial is a small number; namely, » < 10. In [I0], we present an efficient
separation algorithm for running-intersection inequalities. While the extended flower inequalities do not
imply and are not implied by running-intersection inequalities, they can be separated using similar ideas.
Hence, in the following, we provide a sketch of our separation algorithm and refer the reader to [10] for
further details.

Let us start by formally defining the separation problem: Given a hypergraph G = (V, E), and a vector
z € [0,1]V+E decide whether z satisfies all extended flower inequalities or not, and in the latter case, find
an extended flower inequality that is violated by Z.

Consider an edge eg € F, and denote by E., the subset of E containing, for every f C eg with |f| > 2,
among all the edges e € F'\ {eg} with eg Ne = f, only one that maximizes Z.. It then follows that in order
to solve the separation problem over all extended flower inequalities in G centered at eg, it suffices to do
the separation over the (much smaller) set of extended flower inequalities centered eg, with neighbors e,
contained in E,,. In the following, we assume that a rank-r hypergraph G = (V, E) is represented by an
incidence-list in which every edge stores the vertices it contains. We assume the vertex list for each edge is
sorted, otherwise, such a representation can be constructed in O(r|E|) operations using some integer sorting
algorithm. We are now ready to present our separation algorithm:

Proposition 1. Consider a rank-r hypergraph G = (V, E) and a vector z € [0,1]V ¥, Then the separation
problem over all extended flower inequalities can be solved in O(|E|(r2"|E| + r227°/2)) operations.

Proof. Let ey € E; we present the separation algorithm over all extended flower inequalities centered at
eo. By applying the algorithm |FE| times, we can solve the separation problem over all extended flower
inequalities in G.

Observe that by assumption (), the number of neighbours ¢ in an extended flower inequality does
not exceed 3. First we construct the set F,, defined above. For a rank-r hypergraph G, the number of
elements in Ee, is at most 2" —r — 1. It can be checked that the set E., can be constructed in O(r2"|E|)
operations. It then follows that the total number of possible sets of neighbors of cardinality at most 3 is
given by N = E:fl (T—Z.T_l) < (2" —r)"/2. For each possible set of ¢ neighbors, we can check the validity of
condition (&) in O(¢r) operations. Finally, for each valid set of ¢ neighbors, we generate the corresponding
unique extended flower inequality in O(t+ ) operations. Therefore, the total running time of the separation
algorithm is given by O(|E|(r2"|E| + r227°/2)). O

Hence by Proposition[I] for a fixed-rank hypergraph G = (V, E), the separation problem over all extended
flower inequalities can be solved in O(|E|?) operations. As we show in the next section, the extended flower
relaxation implies all RMCs of a multilinear set. This is an important result as it indicates instead of solving
a MIP to identify an optimal RMC and subsequently solving an LP in a lifted space (due to the addition
of artificial variables), one can solve the extended flower relaxation efficiently and obtain no worse (in fact,
often better) bounds.

2 A theoretical comparison of relaxations

In this section, we present a theoretical comparison of RMCs, the standard linearization, and the extended
flower relaxation of multilinear sets. Let G = (V,E) be a hypergraph, and consider an RMC for the
multilinear set Sg. We denote by E the set containing the index set of all artificial variables corresponding
to the RMC. That is, z., e € E denote all artificial variables of this RMC. From the definition of RMCs it
follows that ENE = (), and |e| > 2 for all e € E. With any RMC of S, we then associate a hypergraph
G = (V,EUE), and we refer to E as the set of artificial edges. We denote by MPPC{;MC the projection of the
RMC onto the original space, i.e., the space of variables z,, p € V U E.



2.1 Recursive McCormick relaxations versus the standard linearization

Given an RMC of a multilinear set Sg, in the following, we characterize the conditions under which optimizing
over this RMC is equivalent to optimizing over the standard linearization MPICJ;P defined by ). We say
that an RMC for Sg with the recursive sequence R, e € E is non-overlapping, if Re N Rer = () for all
e # ¢ € E. For example, the RMC of Example [[] with the recursive sequence R! is non-overlapping since
Rigs MRz = Rips NRI, = Rz NRE;, = 0, whereas, the recursive sequence R? is not non-overlapping,
since R334, N R%s, = {{3,4}}. The following proposition states the relationship between RMCs and the
standard linearization of multilinear sets.

Proposition 2. Let G = (V, E) be a hypergraph and consider an RMC for the multilinear set Sg. Then
MP%MC = MPIC“;P, if and only if the RMC' is non-overlapping.

Proof. First suppose that the RMC is non-overlapping with the recursive sequence R., e € E. Consider an
edge € € E. By the non-overlapping assumption, we have the following two properties:

e There exists no e € Rz such that e # é and e € F, as otherwise we have Rz N R. = {e}, which
contradicts the non-overlapping assumption.

e For any ¢’ € Re, we have ¢/ ¢ R, for all e € E \ {€é}.

By above observations, for each é € E, all variables zz, € € R: \ {€} are artificial variables and these
variables do not appear in any other R, with e # é. Hence, for each e € FE, our task is to consider
inequalities containing only variables z., e € R, and to project out all zz with € C e from these inequalities.
Since the standard linearization is obtained by replacing each ze = [[, ¢, 2v, 2o € {0,1}, e € E, by its convex
hull, we deduce that MPY € MPEMC. Hence it suffices to show that MPEMY € MPE’. Consider a point
Zp, p € VUE in MPgMC. Recall that z., e € E denotes the artificial variables of the RMC. By definition
of MPgMC there exists Z., e € E such that Zp,p e VUEU E satisfies the RMC. First, from all inequalities
of the form 2z, ,up, < 2p1s Zpiups < 2p, in this RMC, we deduce that Z, < 2, for all v € e and for all e € E.
Second, from all inequalities of the form zp,up, > 2p, + 2p, — 1 and zp,up, < 2p,, We deduce that z, <1
for all v € V. Finally, from all inequalities of the form zp,,up, > 2p, + 2p, — 1 in this RMC we deduce that
Ze > ) yce 2o — le| + 1 for all e € E. Notice that the RMC includes inequalities z. > 0 for all e € E. We
conclude that z,, p € V U E is present in MPIéP. Therefore, MPgMc - MPIép, implying if the RMC is
non-overlapping, we have MP%MC = MPIép.

Next, suppose that the RMC is not non-overlapping; i.e., Rer N Rer = {€} for some ¢, e” € E and some
e € FUE. Two cases arise:

(i) If € € E, then without loss of generality, let ¢ = €”. It then follows that the RMC implies the inequality
Zer < zer, while this inequality is not implied by the standard linearization. To see this, consider the
point 2, = Z. = 1 forallv € V, e € B\ {€”}, and Ze» = 0. It can be checked that Z € MPg", while
Zet > Zen.

(i) If & € E, then the RMC implies the following inequalities z.s < zz and zer > 2z + ZUEG,,\é zp — €\ €].
Projecting out zz from these two inequalities, we conclude that the inequality

Dzt —ze <\l (14)

vee’\é

is implied by MPEMC. We argue that inequality (I4]) is not implied by MPIéP. To see this, consider
the point Z defined as: Z, =1 for allv € €”\ ¢, Z, =  forallv € (¢/\ €”)U§, Z, = 0 for the remaining
nodes in G, Zo = %, Zew =0, 2, =1foralle Ce’\é zZ =0foralle ¢ ¢ Ue” and z. = % for all
remaining edges in G. This point does not satisfy inequality ([I4), as |¢”\ €|+ 3 —0 £ |¢”\ &|. However,
it can be checked that # belongs to MP&”, provided that ¢ Ne”| > 2, which always holds since é C ¢
and |é] > 2.

By (i) and (ii) above, it follows that if MP%MC = MPIéP, then the RMC is non-overlapping, and this
completes the proof. O



Roughly speaking, Proposition 2 indicates that the standard linearization is equivalent to the weakest
type of RMCs; i.e., RMCs not exploiting common product terms in various multilinear terms. Namely,
when such common expressions exist, one can always construct RMCs that are stronger than the standard
linearization (see Examples [ and [2)).

2.2 Recursive McCormick relaxation versus the extended flower relaxation

We now present the main result of this paper. Namely, the extended flower relaxation implies all RMCs of a
multilinear set. In fact, as we show via an example, the extended flower relaxation often provides a stronger
relaxation than the best RMC. For notational simplicity, in the following, for any node v € V, instead of
Z{y}, We Write zy.

Proposition 3. Let G = (V, E) be a hypergraph, and consider the multilinear set S¢;. Then MP]&:;F - MP?;MC
for all RMC's of Sg.

Proof. Consider an RMC of S¢; we assume that this RMC does not satisfy the non-overlapping property as
otherwise the result follows from Proposition 2l For each é € E and each artificial edge € € Rs N E, define

Pee:={ec E\{é}: e€R.}. (15)

For each e € E, denote by T, a partition of e such that each p € T, satisfies p € eUR, and for p € T,NE, we
have P, # 0. Denote by we , be an element of P, . Recall that by definition of partition we have pNp’ = ()
for all p,p’ € Te and Uper,p = e. We refer to any such partition Te of e as a flower partition of e. Let T, be
a subset of T, consisting of all artificial edges. Denote by 7. the set consisting of all flower partitions of e.
To complete the proof it suffices to prove the following claim:

Claim 1. The polytope MP?;MC is defined by the following inequalities:

2o <1, YweV, 2z >0, VeeF (16)
ze < zp, VYp€eU(R.NE), VeckE (17)

S+ Y tw, —2 <ITe| =1, Vwep € Pey, VT. € Te, Ve € E. (18)
peTe\Te ;DETe

Notice that all above inequalities are implied by MPEF. That is, inequalities (I6]) are present in the
standard linearization; inequalities (I7)) are flower inequalities centered at p, if p € F, and are present in the
standard linearization, if p € e. Inequalities (I8]) are extended flower inequalities (or are implied by extended
flower inequalities, see Remark [I]) centered at e, if there exists some p € T, with |p| > 2, and are present in
the standard linearization otherwise, as in the latter case they simplify to > . 2, — 2. < e| — 1.

To prove Claim [Tl we need to introduce some notation. Consider an artificial edge € € E and consider
any e € F such that e € R.. We define the level of the artificial variable zz as

te :=|{’ €ER.NE:eDe}.

Note that from the definition of t. it follows that 1 < t, < r — 2 for all e € E, where as before r denotes the
rank of Sg. Moreover, we define the level of an RMC' as

t := maxte,
eckl

and we define ¢t := 0, if the RMC contains no artificial variables.

Proof of Claim 1. We prove by induction on level ¢ of the RMC:
The base case. Consider an RMC of level zero; that is, the RMC does not contain any artificial variables.
Then all inequalities defining the RMC are of the following forms:
ZpUq 2 07
Zpug — 2p < 0,
Zpug — 24 <0,

2p + 2g — Zpug < 1,



where p,qg € VUE and pUgq € E. All above inequalities are present in System (I6)-({IX]). The first inequality
is of the form (IG), the second and third inequalities are of the form (IT7) and, the fourth inequality is of the
form ([I8) with T, =0 and |T,| =2 for all e € F.

The inductive step. Now consider an RMC of level k for the multilinear set S, G = (V, E) with artificial
variables z., e € E. Let z., e € E denote all level-1 artificial variables in this RMC. If E = 0, then the
proof follows from the base case. Henceforth, suppose that £ # @. It can be checked that this RMC is
equivalent to an RMC of level k£ — 1 for the multilinear set Sg/, G' = (V, E'), where £/ = E'U E and with
art1ﬁc1a1 variables z., e € E'\ E. Denote by T! a flower partition of e € F'U E in this RMC and denote by
T! = T!N(E\ E). Therefore, by the 1nduct1on hypothesis, the polytope MP&MC is defined by the following
inequalities:

2y <1, YoeV
ze 2> 0, Veec EUFE

2< 2z, Yp€eU(R.N(EUE)),Vec EUE (19)
S+ D zw, —z2 ST =1, Ywe,€Pl,, T.€T/, Vec EUE,
pGTe’\Té pef’e’

where as before 7. denotes the set of all flower partitions of e, and P, , = {e/ € B U E\{e}:peRul
It can be checked that any inequality in System (I9]) not containing any artificial variable z., e € E is also
present in System_ (I6)-(R). Hence to construct MPRMC7 it suffices to project out the remaining artificial
variables z., e € E from System ([@@)). Notice that all artificial edges e € E are level-1 _edges; i.e., for each
e € E, we have e = p. U g, for some pe,qe. € VUE. As a result, there exists no e # ¢/ € E such that e € R,
ie., T’ NE =0 for all T/ € 7/ and for all e € E. Now consider the RMC of Sgr defined above and for
each e € E, consider a flower partition T, of e for which there exists some é € E satisfying é € T!. Define
T, = =T/N E. Tt can be checked that T! coincides with a flower partition T, of e in the RMC for Sg with
the only difference that the subset of T, containing edges of the artificial variables are T, = T U T,. Tt then
follows that any artificial variable zz, é € E only appears in the following inequalities of System (@:

ZéZO ( )
Ze < Zpgy Ze < Zgg (21)
Zps +2q. —26 <1 (22)
2e<zs, Ve€E:E€R. (23)

(24)

Z zp + Z zp + Z Zw,, —%e <|Te| =1, Vwep € Pep, VTe:éGTe, Vee FE:¢éc R,
peT. pET\Te pETA\T.

where P, , is defined by (IH). Next, using Fourier-Motzkin elimination, we project out ze, € € E from
System (20)-(24]). To this end, it suffices to consider the following cases:

Inequalities (20)-(23): first consider inequalities (20) and (2II); projecting out zsz we obtain z,, > 0 and
2g; > 0, both of which are implied by inequalities (I6]) and (I7). Next, consider inequalities ([2I) and (22));
projecting out zz we obtain z,, < 1 and z,, < 1; again these inequalities are implied by inequalities (LG
and (I7). Finally, we consider inequalities ([2I]) and (23)). Projecting out zz we obtain

Ze X Zpsy Ze L 2q5, VeE€ E: e€Re.

Recall that € = pz U ¢z for some ps,q: € V U E. Since € € R, from the definition of R, it follows that, if
|pe| > 1 (vesp. |gz| > 1), then ps; € R, (resp. gz € Re). Hence, the above inequalities are present among
inequalities (7).

Inequalities 22)-24): We now project out zg, &€ € T, from inequalities (24). First note that if we use
inequality (20) to project some zz from (24]), we obtain a redundant inequality, since the left-hand side of
the resulting inequality cannot exceed the right-hand side. Next, consider inequalities (23) for some & € T.;
If |{e€ E: &€ R} =1, then projecting zz from (23) and 24)) gives the redundant inequality:

Z zp + Z zp + Z Zw,, < |Te| — 1.

peT\{e} peT\Te peT\Te



Hence, we use inequalities (23) to project out an artificial variable zz only if [{e € E: € € R.}| > 2.

Now let 7, = Tel U Tf, for any (possibly empty) Tel and Tf Let € = ps U ge for any € € Tel, where
D&, gz € VUE. We now project out artificial variables zz, € € T. from inequalities 24)), using inequalities [22])
for all € € T}, and using inequalities (23) for all € € T2, to obtain:

Z (Zpé +Z(15) + Z zf, + Z Zp + Z Rwe,p — Re < |T€| + |Tel| -1, (25)

eeT} eeT? pETAT. peT\T.

for all T, such that T, # () and for all e € E such that R, N E # (), where we define f; an edge in E different
from e such that € € Ry,. Now consider the flower partition T, of e and define a new flower partition T, of
e, where each & € T! is replaced by pe, ge. Since by definition & = pg U ge, it follows that |T7| = |T.| + |T1].
Hence, any inequality of the form (28] is present among inequalities (I8]), or by Remark[is implied by these
inequalities and this completes the proof. o

We conclude this paper by showing via a simple example that the extended flower relaxation (even the
flower relaxation) often provides a stronger relaxation than any RMC.

Example 5. Consider the hypergraph G = (V,E) with V = {v1,...,vs} and E = {ep, e1, €2, e3,€4}, where
€o = {vla o 7’04}7 €1 = {vla V2, 1}5}, €2 = {’027’037’06}) €3 = {1}3, 1}4,’07}, and €4 = {1}1, Vg, US}' Then the ﬂOU}ET
relaxation of Sg contains the following six flower inequalities centered at eq:

S ozt oz —z, <2, i€{l,....4} (26)
vEeg\e;
Ze, +2e; — 200 <1, (4,4) € {(1,3),(2,4)}. (27)

Now consider an RMC of Sg. Then the above inequalities are implied by this RMC, only if Re, 2
{{v1,v2}, {va,v3}, {vs,va}, {v1,v4}}. However this is not possible as the set of all possible recursive sequences
of ze, are given by

(1) {{v1,v2,v3,va},{vi,vj, v}, {vi,v;}} foralli# j #k € {1,...,4}, which implies only one of the flower
inequalities of (20)), centered at eg, and

(11) {{v1,v2,v3,va}, {vs,v;},{vk,vi}} for all i # j #k #1 € {1,...,4}, which implies two flower inequali-
ties of 26) and one flower inequality of 21).
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