1duosnue Joyiny 1duosnuep Joyiny 1duasnuen Joyiny

1duasnuen Joyiny

Author manuscript
Pattern Recognit. Author manuscript; available in PMC 2015 August 13.

-, HHS Public Access
«

Published in final edited form as:
Pattern Recognit. 2013 October 1; 46(10): 2783-2797. doi:10.1016/j.patcog.2013.02.017.

Classifier Design Given an Uncertainty Class of Feature
Distributions via Regularized Maximum Likelihood and the
Incorporation of Biological Pathway Knowledge in Steady-State
Phenotype Classification

Mohammad Shahrokh Esfahani?, Jason Knight?, Amin Zollanvari?, Byung-Jun Yoon?, and

Edward R. Dougherty?P

Mohammad Shahrokh Esfahani: m.shahrokh@tamu.edu; Jason Knight: jknight@tamu.edu; Amin Zollanvari:
amin_zoll@neo.tamu.edu; Byung-Jun Yoon: bjyoon@ece.tamu.edu; Edward R. Dougherty: edward@ece.tamu.edu

aDepartment of Electrical and Computer Engineering, Texas A&M University, College Station, TX
USA

bThe Computational Biology Division of the Translational Genomics Research Institute, Phoenix,
AZ USA

Abstract

Contemporary high-throughput technologies provide measurements of very large numbers of
variables but often with very small sample sizes. This paper proposes an optimization-based
paradigm for utilizing prior knowledge to design better performing classifiers when sample sizes
are limited. We derive approximate expressions for the first and second moments of the true error
rate of the proposed classifier under the assumption of two widely-used models for the uncertainty
classes; e-contamination and p-point classes. The applicability of the approximate expressions is
discussed by defining the problem of finding optimal regularization parameters through
minimizing the expected true error. Simulation results using the Zipf model show that the
proposed paradigm yields improved classifiers that outperform traditional classifiers that use only
training data. Our application of interest involves discrete gene regulatory networks possessing
labeled steady-state distributions. Given prior operational knowledge of the process, our goal is to
build a classifier that can accurately label future observations obtained in the steady state by
utilizing both the available prior knowledge and the training data. We examine the proposed
paradigm on networks containing NF-xB pathways, where it shows significant improvement in
classifier performance over the classical data-only approach to classifier design. Companion
website: http://gsp.tamu.edu/Publications/supplementary/shahrokh12a.
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1. Introduction

In recent years, phenotypic classification based on genomic data has confronted the pattern
recognition community with very small samples. There can be tens of thousands of potential
features (gene expressions) but the sample sizes tend to be small, typically under 100 and
often less than 50. This makes classification problematic. A promising approach to alleviate
the problem is the use of prior knowledge. For example, the usual procedure for classifier
design is to apply a classification rule to a set of features and sample data with the result
being a designed classifier that will be applied to the population (all future observations).
Prior knowledge can play a role in deciding upon the nature of the data and the original list
of features. Knowledge may also be used in choosing a classification rule based on the
nature of physical characteristics. The salient point from our perspective herein is that, once
the features, sampling procedure, and classification rule are decided upon, from that point on
the typical classification rule proceeds without operational knowledge concerning the
features. In particular, no assumptions are made regarding the feature-label distribution
(population) from which the sample data have been drawn. It is in this regard that the
classification procedure is said to be “model-free.” If knowledge concerning the feature-
label distribution is available, then it can be used in classifier design.

A good bit of attention has been paid to the difficulty of error estimation in such
circumstances. This has led to the incorporation of prior knowledge in error estimation, for
instance, sample-size requirements based on an uncertainty class of feature-label
distributions [1] and minimum-mean-square-error (MMSE) error estimation based on a prior
distribution over an uncertainty class of feature-label distributions [2, 3].

Here the issue is incorporation of prior knowledge into the design of the classifier itself, not
the estimation of its error. A number of recent studies have proposed various methods that
can enhance classifiers by incorporating prior knowledge. For example, to improve
classification performance, several studies have proposed to interpret the gene expression
data at the level of functional modules (i.e., pathways), instead of at the level of individual
genes, by utilizing available pathway knowledge [4, 5]. These pathway-based methods try to
infer the activity level of a given pathway by analyzing the expression of its member genes,
which is then used as a potential feature. These studies have shown that such “pathway
markers” are generally more reproducible compared to “gene markers” and that they lead to
better classification performance. Another example is the network-based classification
approach [6, 7], which has been gaining interest in recent years. These network-based
methods try to identify “subnetwork markers” by overlaying the gene expression data on a
large-scale PPI (protein-protein interaction) network, where each gene is mapped to the
corresponding protein, and searching for differentially expressed subnetwork regions. It has
been shown that these subnetwork markers often yield more accurate classification results
and have better reproducibility compared to both gene and pathway markers. Considering
that pathways are partial representations of the gene regulatory network and that the PPI
network provides a skeleton of the biological network underlying cells, the aforementioned
methods can be viewed as attempts to construct better classifiers by integrating partial
network knowledge with measurement data. A Bayesian approach to using prior knowledge
for classification has been taken by defining a prior distribution on an uncertainty class of
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feature-label distributions and deriving a classifier that is optimal with respect to the
posterior distribution resulting from utilizing sample data in conjunction with the prior
distribution [8, 9]. This approach has been applied to classify the mammalian cell cycle as
normal or mutated [10].

Although recent advances in pathway-based and network-based classification have
demonstrated the potential for utilizing prior knowledge to improve genomic classification,
currently available methods mostly rely on heuristics. In this paper, we propose a general
paradigm for classification that incorporates prior knowledge along with the data in the
context of an optimization procedure. We address optimal discrete classification where prior
knowledge is restricted to an uncertainty class of feature distributions absent a prior
distribution on the uncertainty class, a problem that arises directly for biological
classification using pathway information.

In our case, the application in mind is phenotype classification based on gene (or protein)
expression measurements in the steady-state of a biological network. This “biomarker
problem” is perhaps the most active area of research in genomics owing to the potential for
disease diagnosis and prognosis. Rather than depend only on expression data, one can use
classical genetic pathway information to provide prior knowledge and augment classifier
design. The example laid out in this paper involves the following chain: {pathways} —
{class of networks} — {class of steady-state distributions}. Prior knowledge in the form of
a set of pathways constrains the possible behaviors of the dynamical system to an
“uncertainty class” of networks consistent with the pathway information [11]. Each of these
possesses a steady-state distribution, thereby yielding an uncertainty class of steady-state
distributions. Figure 1 shows an illustrative view of this process chain. Detailed description
of this figure is given in Section 6. Hence, rather than assume nothing is known about the
feature-label distribution than what can be extracted from the data during classifier design,
we can impose the constraint that the feature distribution belongs to the uncertainty class of
steady-state distributions shown by a box in the middle of Figure 1. Put simply, a classifier
is designed based on the uncertainty class of steady-state distributions, denoted by 11° and
111 in Figure 1, and the steady-state data.

We emphasize that while the particular application motivating our interest involves the
generation of a steady-state uncertainty class from genetic pathway information, the
theoretical content of this paper lies solely within classification theory — classifier design
assuming an uncertainty class of feature distributions. In line with that focus, we provide
analytic characterization of the first and second moments of the true error for two well-
known uncertainty models, e-contamination and p-point uncertainty classes, under the
assumption of stratified sampling. Characterization of these moments is basic to
understanding the behavior of a classification rule and has a long history in pattern
recognition, most commonly with stratified sampling [1],[13]-[29]. Recently, the issue of
true-error moments has been addressed in the context of the joint distribution of the true and
estimated error moments, in this case the most important moment being the second-order
mixed moment between the true and estimated errors because this mixed moment is critical
to characterizing the accuracy of the error estimate [1, 13, 18, 30].
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The paper is organized in the following manner. In Section 2, we introduce our proposed
paradigm. True error statistics for the stratified sampling case are derived in Section 3.
Section 4 contains a brief discussion on the regularization parameter defined and used
throughout the paper. Simulation results are shown in Sections 5 and 6 where we show the
improvement of the designed classifier over the histogram rule in synthetic and biologically
inspired cases, respectively. Finally, Section 7 contains concluding remarks.

We use the following notation and abbreviations. Boldface lower case letters denote column
vectors. The cardinality of the set, IT is denoted by |IT|. (k) and 7" denote the k—th element
and the transpose of the vector 7, respectively . Pr(A) denotes the probability of event A. The
binomial distribution is shown by bin(n, p). bin(n, p) = x is used to denote the binomial
random variable having value x. The trinomial distribution is shown by trin(n, p1, p2). Thus,

Pr(trin(n , P2)=(Z1,22))= 12 ( 5 n—w1—Tg
( ( y D1 pz) ( 15 9)) ( 1o, 1 1 — pa )Pz Do ( —P1— PP)

To show the comparison between two vectors, we use 74 < 7 meaning that the vector m is
element-wise less than or equal to . The notation E4(g(x)) is used to denote taking
expectation of g(x) with respect to the subscript x. The indicator function for the event A is
shown by | .

2. Regularized maximum-likelihood

In this section, we propose an optimization paradigm for classifier design that utilizes both
an uncertainty class (from prior knowledge) and the available training data. Let

7. (k)=Pr(X=k|Y=y) be the true conditional distribution of the feature X =k € {1, ..., b}
given the class label y € {0, 1}, and let ¢, = Pr(Y =y) be the prior distribution otthe class
label. We can build a classifier by first finding label conditional probabilities 7/(k) that
estimate the true probabilities ¥ (k) and then defining

1, ifeyit(k) > cor®(k)

V(E)=L(e, 21 (1) > c0r0(0)) = { 0, otherwise @

This can be viewed as using the “plug-in rule” in the Bayes classifier
w(k):I{Cm%c(k)ztjoﬂgc(k)}. In the absence of prior knowledge, the label-conditional

distribution Pr(X=k|Y =y)=nY_ (k) is estimated solely based on the training data by solving
the following maximum log-likelihood problem:

b
min  — Zu%logwy(k), @)
k=1

wvT e=1,0<ny

where « is the number of sample points at state k with label y and e is the all-one column
vector. The solution to (2) is
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~Y “Z
Trdata(k):n_’ ®)
Y

where ny is the number of sample points with label y.

We now assume we have uncertainty classes, V={n{,73,... vﬂ-ﬁ‘[ﬂ}, y=0,1,e.g.,see
Figure 1, conveying the prior network knowledge of the label-y conditional distribution, 7% .
We adapt (2) to form the following weighted-sum optimization problem for the class labels
y =0, 1, which includes a term contributed by the uncertainty class:

b
omin = (1=X)Y uflogn? (k)+A,0(mY 1Y), ()

Ty e=1,0=Y k=1

The regularization parameter Ay € [0, 1] reflects the uncertainty of the labeled training data
compared to the total amount of uncertainty in our prior knowledge and

0.5 % yb\rm — [0, 00), Where Sy, is the standard unit (b — 1)-simplex and ,Vblny‘ is any
uncertainty class containing |IT¥| b—dimensional distributions, is a nonnegative function to
measure the dissimilarity between a given 7% and the uncertainty class.

If the objective function in (4) is a convex function, then the optimization problem can be
solved efficiently. Since the log-likelihood of the multinomial distribution is concave (i.e.,
the negative log-likelihood function for 7(k), k=1, ..., b, given the sample, is convex), it is
sufficient to use a convex function for Z(i.e., the regularizer term) in (4) to make it a convex
programming problem. We use

|T1v|
1
E(ﬂy,Hy)::—my‘ E D(x? || =¥), (5)
i—1

b Y
Yl an=S ¥ m; (k)
where P(Ti [ wt)=> (k)logwy(k) is the Kullback Leibler (information) distance (KL-

) k=1
distance).

Lemma 1 (RML Classifier). Suppose that the dissimilarity function Zis defined as (5). Then,
the solution to the regularized maximum-likelihood (RML) problem in (4) is obtained bin-
wise as

_ (- Ayl +A, 7Y (k)

y &
T (k) (1= Ay)ny+Ay

RML

e {0,1},Vk=1,...,b, (6)

where nyfk) is the probability of the k—th bin obtained from the average of x%,i=1,2, ..., |
IDY| in the corresponding uncertainty class IIY, y € {0, 1}. The corresponding RML classifier

0 ~1 ; ;
e @nd 7o in equation (1).

can be found by plugging &
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Proof. Please refer to Appendix A.

Consider the following two special cases:

1. Suppose the uncertainty in the information extracted from the training data is much
less than that in the prior network knowledge. In the limiting case, A, — 0 and

Yy
lim 7Y (k)=—E Vk=1,....b. (7

Ay—0 RML n,

This is consistent with our expectation: if there is infinite amount of training data
(hence no uncertainty therein), the classifier can be perfectly estimated from the
data.

2. Suppose we have very good prior network knowledge, so that the uncertainty in
this knowledge is much smaller compared to that extracted from the data. In the
limiting case, Ay — 1 and

lim #Y  (k)=7Y(k),Vk=1,...,b.

Ay—1 RML

®

If we have perfect knowledge of the steady-state distribution, then we do not need
training data.

In this paper we consider two models having finite uncertainty classes:

2.0.1. e-contamination uncertainty class

The e-contamination class has been used for modeling uncertainty in a wide range of
applications, including robust hypothesis testing [31], robust Wiener filtering (uncertainty
about the spectral density) [32, 33], Bayesian robust optimal linear filter design [34], robust
decision making problems [35], and minimax robust quickest change detection (with the
application in intrusion detection in computer networks and security systems) [36]. In [32]-
[34], the e-contamination class contains all the power spectral densities (PSD) in the vicinity
of the nominal PSD. In [31] and [36], the e-contamination contains all the probability
densities in the vicinity of the nominal one.

Here, we use e-contamination to model the uncertainty about the label-conditional
probabilities. We define the e-contamination class of multinomial distributions associated
with each label as the class containing the distributions in the form of

m/=(1 — g, )m¥ +e,my € {0,1} (9)

where g, € [0, 1) is the degree of contamination and 7 is one of a finite number of randomly
chosen densities from Sy, Increasing &, corresponds to increasing the variance of prior
knowledge about the true distribution. We assume a uniform distribution for the
contamination part whose domain is the relative interior of the volume under the (b — 1)-
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simplex. Since our application of interest is related to steady-state classifiers, we assume that
in the simplex the corners and axes have measure zero.

2.0.2. p-point uncertainty class

The p-point uncertainty class has been used to model uncertainty in rate distortion problems,
detection problems, robust Wiener filter design, and robust non-stationary signal estimation
[33],[37]-[42]. In our application of interest, we often only know that the cell, in its steady
state, spends a specific portion of time in a subset of states but know nothing about the
details of these states individually. Hence, to model this prior knowledge, we can see the
problem as a partitioning scenario: if we partition the state space, then the amount of time
that the cell spends in each subset in the partition is known. Therefore, we can say that the
label-conditional distributions belong to an uncertainty class of distributions satisfying the
following constraints:

b b
> (W) ey =D Tae (W) ge gy p=1 o my, (10)
k=1 k=1

where 7¥ is the actual steady-state distribution , s, sy, form a partition of the state
space denoted by PY, and 7 € Sy, is any density function.

We will use the following notation throughout the paper for the probability mass cumulated
in each partition:

b
Zﬂgc(k>1{kesg}:wg;p:17 .. amy' (11)
k=1
Moreover, we define the following mapping from state space to the partition:

PY{1,...,b} —»{1,...,my};y=0,1. (12)

In the extreme case, my = 1 means that we only know that the label-conditional probabilities
for the bins sum up to 1, which corresponds to a minimal amount of prior knowledge. On the
other hand, my = b, i.e.|sy|=1, forany p € {1, ..., my}, y € {0, 1}, means that we are certain
about the label-conditional distributions, because we are given all bin probabilities — hence
minimal variance in the uncertainty class (for more details refer to Section 1 of the
supplementary materials on the companion website).

3. Moments for the true error

For a classifier yy, trained on the sample data S, the probability of error is defined as £gatq =
Pr(un(X) # Y |S,). The overall performance of the classification rule can be evaluated by the
expected classification error, E(&gata) = Es,, [Pr(yn(X) # Y [Sp)], over all samples of size n.
When prior knowledge (denoted by “uc” for uncertainty class) is incorporated into classifier
design, we rewrite the probability of error as
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Edata,uc:Pr(wn,HO,Hl (X) * Y|Sna HO> Hl)-

In this section we provide analytic representation of the first and second moments for the
error in the e-contamination and p-point uncertainty models under stratified sampling, in
which sampling is performed from classes 0 and 1 in accordance with their prior
probabilities. Since we incorporate prior knowledge, the moments are computed relative to
all samples of size n and the uncertainty-class space. They take the form

E(e s ) =F(data ue) =Bro.m [Bs, [Pr(tnmm(X) # Y[S)] 0% 1], g

2
E(giML):E(Egata,ut:):EHO,H] |:Esn [Pr(¢n,n(),nl (X) # Y‘Sn)} |H0,H1] - (19

We derive tight approximations for these moments for Ay € (0, 1). The cases Ay € {0, 1} can
be handled with a slight modification to the proof.

Theorem 1 (First-Order Moment of the True Error: e-~Contamination Class). Suppose that
the uncertainty classes, I1% and I11, come from - and &, — contamination classes,
respectively. Then, the first-order moment of the true-error of the RML classifier defined in
Lemma 1 is given by

b ng ny n

waae) =0 X7 (R) | 555 55 Pr(bin(ng, mf, () =h)Pr(C],, =) Pr(bin(ns w ())=m)
=1 OZOj: m:] ’

(15)

ni no no

+C1i7ric(k) > 3 32 Pr(bin(ng, 7, (k))=1)Pr(¢; , =5)Pr(bin(ng, 7. (k))=m)
k=1 11=0j=0m=j ’

where the random variables Q%yly, k=1,...,b,Vly=0,.,nyy€ {0, 1}, approximately have
the following probability mass function (pmf):

By
Y ) — s
Pr(¢Y, =0)=0(—=)
m—p

o m-1-p
Pr(CY, =m)=0(—5 ") = (5 )m=1,..,n, > 19)

Y = =y >
Pr(guy m)=0;m > n,+1
®(.) being the standard normal distribution. In equation (16) we have

syay —egoT

y gyly—‘,-(l—ay)(xngc(k)—(l—sg)(xwgc(k)—l— %
kly ™

97
2:2(p—1) | aZe2(b-1) (17

2 (5 D 2.\
Uk,y_(b2|Hy\(b+1) b2|JH%\(b+1) )/g!—],Vk—l, N

where y denotes 1 -y and
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gy::(l - ’\y)ny [nﬂ(l - )\y)+/\§]
o 9y (18)

S e

Proof. Please refer to Appendix B.

Theorem 2 (First-Order Moment of the True Error: p—Point Class). Let the uncertainty

classes, I1° and II%, be modeled by the p—point model with partition probabilities w) and w,
with p =1, ..., my for labels 0 and 1, respectively. Then, the first-order moment of the true-
error of the RML classifier defined in Lemma 1 can be written as in equation (15) in which

the random variables Qz,ly, k=1,..,b,foranyly =0, .., ny, approximately have the pmf as
defined in equation (16), whereas assuming the definitions in equation (18), we have

“’%y k wz@ k
gylyJFay‘Sy B o -

I
Hy _ PY (k) I Pg(k)‘
k\ly Iy _ (19)
Y 71) — (lsy,— ‘_1)
2 _ | 200y 2 (Ispy i | 2/,7 2 PY (k) 2
o; = |a‘(w “+a=(w?_ — — — =
oy o) Spu (i 5y gy +DITLY] Vi) \Simmf(lia(m|+1)|H’J\ /93

where the mapping PY(.) is defined in equation (12).
Proof. Please refer to Appendix B.

Theorem 3 (Second-Order Moment of the True Error). The second-order moment of the
true-error of the RML classifier defined in Lemma 1 can be decomposed as

Plehan.) =Fom {caé(wzc<k>>2A1+c%k§<w;c<k>>2A°]

b b
o [ 3> 70, (k)0 (k) Bl Y- w;cwl)w;c(kz)BO] -
k1#ko k1#k2
b b
+Emo m [0061 > w0 (k)mh (ko) Cleoer 3 Wic(kl)ﬁgd"a)co] ~
k1#ko k1#ko

where A0 := Espll{y(x=k)=03] and Al:= Esp[ly(x=k)=13] can be found similarly as in
Theorem 1. BY, B, C9, and C! are computed as follows:
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B%= X > Pr(up =t9, uf, =t9)Pr(u; =t}, u;, =t})

11 A 4
ty,t _(t?ytg)z(gkl’t}7sk27%) |

Bh:= Y > Pr(u}q:t%, u}m =t3)Pr(u}

0,0 _,0
0 40 0 0 tlyqu_tZ)
t7,t5 _(t%vté)z(ﬁkl,zgékz,tg)

=

@
= 3 > Pr(u, =t up, =t9)Pr(uj, =}, up, =tg)

14l O~ ~1 o =1
1t tlzskl‘t}’tQS’ng*t%

clt= % > Pr(u,l€1 :t%,u}{zzzf%)Pr(ugl:t(l),u%2 =t1)

9.9 [ s 0 1o 79
1t2 tlzskl,t?hg’gkzig

Proof. Please refer to Appendix C.

.. N . 0 0 .. 1 1 L.
The joint distribution of S, 10 and S, « (similarly for S, 41 and Sk, 1) and the joint

.. . 0 =0 .. 1 =1 .
distribution of le,tg and G, 9 (similarly for Qkht} and Cr,,+1), which depend on the
uncertainty classes, are given in Appendix D for e~contamination and p—point classes.

4. The regularization parameter

The regularization parameter Ay in (4) should be adjusted based on the relative uncertainty
between the training data and the prior knowledge. We propose three approaches for tuning
the regularization parameter.

4.1. Minimizing the expected true error

The optimal value of the regularization parameter, based on expected true error, can be
found by solving the following optimization problem:

A% =arg OLn/\iElE(eRML)7 22)

where A =g, M1, 1=[1, 1], 0=[0, 0] and E(srm ) is given in equation (15). In (15), the

only parameters affected by A are Pr (Q%’ly =J), y € {0, 1}, approximated in Theorems 1 and
2. (22) is a constrained non-linear programming problem whose global minimum is not
guaranteed to be found by classic gradient-based methods.

4.2. SURE-tuning of regularization parameter

One way to evaluate the performance of the estimator in Lemma 1 is to use the mean-
squared error (MSE) of the estimator. In the problem of multinomial distribution estimation,
the MSE can be expanded as follows
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b

MSEY=E [Z[ﬁiy(k) - ch(k‘)} 1 y=0,1, 3
k=1

where we drop the subscript RML and instead use the regularization parameter Ay to show
that the estimate depends on ). One strategy to find the regularization parameter is to
minimize MSEY in (23) [43, 44]; however, MSEY depends on the parameter for estimating
7¥ . We use an approach called SURE (Stein's Unbiased Risk Estimator) [45], proposed for
the i.i.d. Gaussian model. Here, an unbiased estimate of the MSE of the designed estimator
is found and then one can do optimization to find the required parameters of the estimator.
For the sake of simplicity, in the following lemma we omit the superscript y.

Lemma 2. Let the uncertainty class, II, be given and fixed. Denoting the RML estimator of
Tac In Lemma 1 using A as the regularization parameter by 7, an unbiased estimate of the
MSE of the estimate in Lemma 1 is given by

oA

n—1

b
MSE= 72 (k)72 (k) — 2 2 _
S [ B0 2020 —

1= (k)
where 2= (7 xy,5x and R = 50

Proof. Please refer to Appendix E.

Minimizing the SURE-estimate of the MSE with respect to the regularization parameter A
yields the following result for case of n = 2.

Corollary 1 (SURE-Optimal Regularization Parameter). The SURE-optimal regularization
parameter of the estimator defined in Lemma 1 is given by

A 0<A<1
o=, ~ b otherwise (25
SURE kz_:l [f(k)272”kz(k)} <L,lez_:lui (25)

i n [1— Y% (u/n)’]

in which we have g (n—1) [14—22:1?(1@) [T(k) — 2uk/n]].

Proof. The corollary results from equating the derivative of (24) (with respect to \) to zero,
while considering the boundary of the feasible region of the A (the SURE estimate in
equation (24) is continuous in [0, 1]).

Fixing the uncertainty class, as n — oo, we obtain
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. 1- Hﬂ'acug

im =
oo SURE ] — ”"racng"'nﬂ'ac - 7T||§7

(26)

in which ||x||> denotes the ¢,—norm of vector x.

To illustrate the effects of different sample sizes and different amounts of uncertainty on
A%, np WE have run a simulation assuming an e-contamination uncertainty class and that the
actual distribution follows a Zipf model with parameter a = 1 (a detailed description of the

Zipf model will be provided in Section 5). We observe the behavior of

Asuns=En [Esn [)\;URE|HH} using Monte-Carlo expectation over 4000 training data sets (for
each fixed sample size) and 500 uncertainty classes. We consider different values for ¢ € [0,
1) and sample size n. Figure 2 shows the 3-D figure with n as the x-axis and ¢ as the y-axis.
As £ — 1 (uncertainty is increased), for a fixed sample size, 7»5_URE decreases as in equation
(26).

4.3. A heuristic approach

Although one can use a stochastic algorithm to solve (22) (which is not necessarily
guaranteed to achieve the global minimum), or use the result in Corollary 1, we can take a
heuristic approach for specifying Ay. Suppose [T19] and [TT%| are the sizes of the uncertainty
classes for labels 0 and 1, respectively. Proceeing heuristically and denoting the ith
distribution with label y as «¥, we form a network-based estimate, #% =¥, by averaging the

n?,i=1, ..., [IPY|. A data-based estimate, %%, is obtained from (3). Under this setting, we
can estimate the relative uncertainty by

o Var(7¥,;.)
Y Var (ﬁlglata)—’_var (ﬁ-gc)

@7

where

b
Var(ﬁ-gata) = Z Var(ﬁ-gata(k))
k=1
b (28)
Var(il,) =3 Var(#le(k)).
k=1

In (28), the variance of the training data is independent of the uncertainty class model and
can therefore be analytically computed by

b 7y (k) (1 — 7Y (k
Var(,ﬁ_(yiata)zzﬂ-ac( )(n 7"-ac( )) (29)
k=1 Y

The variance of the uncertainty class depends on the underlying model of the uncertainty
class. We obtain
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Var(7, Gl 30
ar (’R-UC) (b+1)b2 ( )
for a e-contamination class and
wylsy|(|sp| — )
Var (7, Z “p (31)
(Isp|+1)|sp|”

for a p—point uncertainty class (please refer to Section 1 of the supplementary materials on
the companion website).

5. Numerical experiments

In this section, we evaluate the performance of the classifiers designed using the proposed
optimization paradigm. Let gy denote the error of the RML classifier designed via (4)
using the estimated probabilities given in Lemma 1. Let &,i4 denote the error of the
traditional histogram rule obtained by designing the classifier as in (1) using the data-based

estimate 44, given in (3). The exact expression for E(shig) is given in [18].

We use both the approximation in (15) as well as Monte Carlo simulations for assessing
E(&mi)- In the Monte-Carlo estimation, based on the given assumption for the structure of

the uncertainty classes, we generate T pairs of uncertainty classes denoted by (119, 11} ), 1 = 1
., T. Then for each pair, based on the given model for the true distributions 7% ,y =0, 1,
we generate M sample sets with size n denoted by s%™, m =1, ..., M. For each sample 5™,

we estimate the conditional probabilities using Lemma 1. The estimates 72 (k) are then
used to construct the classifier, as defined in (1). The error of the classifier designed using

stm(i.e., mth sample set generated for the Ith pair) is then computed analytically using the

actual distribution 7%  which was used to generate the sample. We denote this error by b
The first- and the second order moments of the true error are approximated by

RML'

T M

E(e RML ~ ZZERML’ (32
l 1m=1
T M 9

B ) ZZ( ) (33)
l 1m=1

via Monte Carlo simulation. We estimate the variances, Var(#%,,,) and Var(#¥%.) in (27) as

b “k( ui)
Var (f gaga) = Zu
k=1 Y

(34)
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b 1Y)

SoD(w (k) = #he(R) @)

k=17=1

1

Var(ﬁ'ﬁc):m”—_l

5.1. Performance assessment using a Zipf model

We first assume that the true label-conditional distributions (i.e., 7¥ , y = 0, 1) follow a Zipf
model,

70, ()= 2, h (K) =m0, (b — k1), @6)
where £is a normalizing constant. The Zipf distribution, originally introduced by G.K. Zipf
to model the frequency of words in common text [46], is a well-known power-law discrete
distribution, encountered in many applications. In particular, it has been used as a model to
study the moments of error estimators for discrete classifiers [18]. As a — 0, both
conditional distributions (y € {0, 1}) tend to become uniform. Hence the classification
problem becomes more difficult, resulting in a larger Bayes error. We assume ¢, = 0.5,y €
{0, 1} are known. We consider b = 8 (which corresponds to the number of states in a three-
gene Boolean network when modeling genomic regulatory networks [47]). We evaluate the
proposed framework under two different scenarios. First, we examine the accuracy of our
approximate expressions by comparing them with the Monte-Carlo simulation while one has
access to the exact regularization parameters defined by applying (29)-(31). The motivation
is to test the accuracy of our approximation when the regularization parameters are found
off-line, independent of the given sample data. In the second scenario, we assume one has to
estimate the regularization parameters based on the given data and uncertainty classes using
equations (34)-(35). Depending on the underlying assumption for the uncertainty classes, for
each size n and each set of model parameters (e.g., &, &1, or partitions in the p—point class),

we generate T = 1000 different pairs of uncertainty classes, (117,11} ), I = 1, ..., 1000, for
which we generate M = 2,000 samples, s’ 1=1, ..., 1000;m =1, ..., 2000, for estimating
the first- and the second-order moments of the true error, E(sg m) and E(siLM). For the
approximate second-order moments, where there are double-integrals, we use the adaptive
Simpson algorithm for approximating the integral values. Some results for the various
experiments are shown in Figure 3 for, e-contamination, b = 8, and uncertainty class size |
I1Y] = 250 for y = 0, 1 (more results, including those for p-point uncertainty, are shown in
Section 2 of the supplementary materials on the companion website). In the figure, the
Bayes error corresponding to the optimal classifier is denoted as egayes-

We use the algorithm proposed in [48] for generating the contaminating distribution
generated uniformly under a unit-simplex. Figure 3(a) shows the results for the first
scenario. Three cases are considered for the pair: (&, &): (0.3, 0.9), (0.4, 0.6), and (0.1,
0.95). The expected true error of the proposed scheme is smaller than that of the histogram
rule in all cases. Moreover, the results from the Monte-Carlo simulations are very close to
those obtained from our approximations in (15), shown by “Approx” in the legends of plots.
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The expected true error for the case (0.4, 0.6) is significantly smaller than the others for
small sample sizes. This is due to the reliable prior knowledge compared to other cases, for
small samples. However, when the sample size increases, (0.1, 0.95) outperforms (0.4, 0.6).
Owing to a small contamination degree & in (0.1, 0.95), the proposed RML framework

provides a good estimate of 7V for any sample size. Furthermore, by increasing the sample
size, we achieve a better estimate of 71 , making the designed classifier perform close to the

ac’

optimal classifier. Therefore, it outperforms (0.4, 0.6), which has less accurate estimates of
the two conditional distributions for these sample sizes.

Figure 3(b) shows the results for the data-dependent regularization parameter, where one can
see that our approximation and the Monte-Carlo simulations are slightly different. This
happens only for small sample sizes, owing to having a poor estimate of Ay; y = 0, 1, defined
in (29)-(30). Figures 3(c) and 3(d) correspond to Figures 3(a) and 3(b) for the second-order
moment.

6. Performance assessment using networks containing NF-xB pathways

While the theoretical development of the paper pertains to uncertainty classes of
distributions for classification, as stated at the outset, our original motivation for the theory
comes from our desire to apply prior pathway knowledge in biological network steady-state
classification.

In this section, we use prior pathway knowledge and an associated cellular context in order
to improve the performance of a classifier which discriminates between biologically relevant
states of a biological system. More specifically, a biological system can be modeled by a
discrete, dynamical system that is subject to external stimuli and behaves according to
interactions amongst its constitutive components. These interactions between components
are often referred to as pathways and are time invariant in most biological processes. It is
instead the varying cellular context that activates or deactivates pathways in order for a cell
to respond to the demands of life. For many classification problems of interest and this
example here, these pathways will be identical in each class and it is the cellular context of
available nutrients, signaling proteins, or other agents that are of interest. However, the
general method can be used with differing pathways if the goal is to discriminate against
such things as the presence of mutations, separate organisms, or cancer. In all of these
examples, we would expect the two classes to have different pathways through differing
genetics.

To set up the classification example, we use a single set of pathways describing our
biological system of interest, and choose two different cellular contexts which describe the
biological phenomena we are interested in classifying. Then for each (context, pathways)
tuple we generate an intermediate class of dynamical systems that have behavior described
by the the biological pathways under this context. These classes represent all possible
dynamical systems that can behave according to the constraints of the pathways and cellular
context. Each dynamical system in these two classes possesses a unique steady-state
distribution, and we can therefore obtain two classes of steady state distributions from our
two tuples of (context, pathways).
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6.1. The NF-xB system

Nuclear factor-xB (NF-xB) is a family of transcription factors that control the expression of
over 100 genes. Its primary role is in the immune system as a central regulator of
inflammation. This makes it important in cancer research as inflammation contributes to the
reduction of apoptosis and increased angiogenesis in the tumor microenvironment [49].

Biologically the NF-B transcription factor can be activated through several parallel
signaling pathways. In this paper we use a model containing three stimulating external
inputs which are shaded in Figure 4. When a bacterial infection occurs, the
lipopolysaccharide (LPS) molecule present in the cell wall of the bacteria binds to TLR4
receptors in immune cell membranes and initiates a strong NF-xB response [50]. Tumor
necrosis factor a (TNFa) is a cytokine produced primarily by macrophages to induce an
endogenous inflammatory response by binding to the TNFR receptor. And finally, NF-xB
responses can be initiated through the “alternative pathway’ with the lymphotoxin S receptor
(LTAR). Once activated, each of these inputs initiates a downstream signaling cascade
activating the NF-xB system. As there is no feedback from the system back onto these three
external signaling molecules, their state is constant once chosen and helps determine the
behavior of the other nine genes.

6.2. NF-xB classification

In a biological system, we are often unable to directly measure or quantify the cellular
context which controls the behavior of some cells of interest. We consider such a scenario as
a classification problem. Given two possible cellular contexts and some data samples of the
9 proteins whose behaviors are constrained by the context, determine which context the
samples were taken from. In Figure 5 we graphically depict the two contexts (or classes) in
three such classification problems (or configurations). The presence of an input indicates
activation, absence indicates inactivation, and a shaded input indicates the input may either
be active or inactive.

Qualitatively the three configurations in Figure 5 can be described in the following manner:
configuration 1 considers an endogenous macrophage induced inflammatory insult in class 0
versus inflammation as a result of bacteria and the response of immune cells in class 1 [50].
Configuration 2 considers an inflammatory insult resulting from bacteria and immune cells
in class 0 versus an endogenous inflammatory insult arising from many types of immune
cells signaling in class 1. Configuration 3 compares inflammation resulting from a bacterial
infection (either in the early stage with no immune cells present or late stage after immune
cells have arrived) in class 0 versus an inflammatory injury with immune cells present
(possibly resulting from a bacterial infection in class 1).

In these three configurations we measure the ability for the classifier to distinguish the
underlying context for an inflammatory response. The classification problem is of
significant medical and translational science import.
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6.3. Modeling the NF-xB system

6.4. Results

Previously, we have used pathways collected from the literature to develop and validate a
discrete-time, finite-state Markov chain model of the NF-xB system [12]. This method was
then generalized in [51] to generate a parameterized class of Markov chains from the
pathway knowledge instead of a single Markov chain.

The pathways which define the NF-xB model (which can be seen in [52]) constrain the
possible behaviors and interactions of the nine genes. As these pathways are incomplete and
sometimes conflicting, the evolution of the Markov chain in some states is often uncertain.
We model these uncertainties as independent Bernoulli random variables in the state
transition graph with unknown parameters. We then consider the collection of these
parameters in the vector = {8, &, ..., 6.}, where & € [0, 1], in order to parameterize the
uncertainty class of system behavior.

In the NF-xB model, there are only three uncertainties that arise from the pathways. These
determine the parameterization of the uncertainty class via the vector 6 € [0, 1]3. Choosing &
gives a single well-defined Markov chain from the uncertainty class. For a small example
see the companion website (Section 3 of the supplementary materials) and for more details
we refer to [12] and [51]. For the true network, we choose a network from [12]. It is at the
center of the parameter space, G, = (0.5, 0.5, 0.5). From the standpoint of classification this
network is unknown; it is chosen here to generate samples. A priori we only know that the
true network exists inside our uncertainty class.

To utilize this modeling technique with the proposed RML framework we define two
uncertainty classes of models for each configuration by fixing the inputs according to Figure
5. Since the RML framework requires finite uncertainty classes, we discretize the
continuous [0, 1] space as explained in the companion website. Then, adding a perturbation
probability p = 1073 in our simulations to each network, we obtain a class of ergodic
irreducible Markov chains and, accordingly, a class of steady-state distributions [47]. The
perturbation probability for the true model is set to p = 1072, We generate data from the true
network in each class. These two data sets along with the two uncertainty classes allow us to
compare the RML classification framework with the classical histogram rule. Figure 6
shows the results for the histogram-rule and proposed method for different configurations. In
configuration 3, the error of the classifier briefly increases as a function of the sample size at
the beginning. The regularization parameter is set according to Corollary 1, denoted by
Asure- Both the histogram and RML classifiers converge to the Bayes errors as n — oco. In
all cases, the RML approach outperforms the histogram-rule, illustrating the benefit of prior
knowledge, if available.

6.4.1. Comparison to MAP—Designing the RML classifier begins with the assumption
of having finite uncertainty classes of feature distributions, in the absence of a prior
distribution governing these classes, i.e., no prioritization of any uncertainty class member
in favor of the others. Nonetheless, one would still solve the maximum a posteriori (MAP)
to find the most likely multinomial distribution existing in the uncertainty class and build the
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“plug-in rule” classifier according to equation (1). Hence, using the log-likelihood function
in equation (2), we define the MAP distribution as

b
&y ‘=arg maxzuzlogﬂy (k) (37)

MAP’
wYelly k=1

Thereafter, we define the MAP classifier by plugging the estimates #¥, ,  in equation (1). In
Figure 7, we compare performance of the RML given in Lemma 1 with that of MAP given
in equation (37) by plotting the difference between the corresponding expected true errors,
i.e., Es, [amap — &rmL] as a function of sample size for the three configurations considered
in Figure 6. Figure 7 illustrates that for configurations 1 and 2 the RML classifier performs
always better than the MAP. For category 3, the MAP classifier performs better than the
RML in some range, but then, the RML classifier outperforms the MAP after increasing the

sample size.

7. Conclusion

We have proposed a novel classifier design paradigm that allows us to design enhanced
classifiers by incorporating available prior knowledge of the process generating the
observation data. As shown in our simulations, such knowledge can significantly improve
the performance of the designed classifier, especially, when the sample size is small. Having
laid the theoretical groundwork for enhancing steady-state classifier design via the use of
prior process knowledge, our plan is to apply the methodology to developing better
biomedical classifiers in the presence of partial knowledge of the underlying genetic
regulatory network. More generally, given the ubiquity of large feature sets and relatively
small sample sizes now common in many disciplines, including medicine, material science,
environmental science, and transportation, there will no doubt be an increasing number of
methods proposed for using prior knowledge in classifier design. We believe it is important
to provide analytic performance characterization of the classifiers on standard models, as we
have done in this paper, so that their behavior can be understood.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.

Acknowledgments

This work was partially supported by the NIH grant R25 CA090301 (Nutrition, Biostatistics, and Bioinformatics)
from the National Cancer Institute.

Appendix A. Proof of Lemma 1
Plugging (5) in (4), we obtain
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v =argmin—(1 — \,) Zu%logﬂ'y( )+ |Hy| Z 277 (k)log E ;
[T1¥]

=argmin — {(1 — /\y)kZi: ulogm¥ (k)+A, Z logm¥ (k) {W Z s (k:)}] (A1)

=argmin — [kil[ (1- /\y)uZ—l—)\yﬁ/(lﬁ)]logwy(k)}

The solution to this problem can be obtained using a Lagrangian multiplier similar to (2),
which leads to the label conditional probabilities in (6).

Appendix B. Proof of Theorems 1 and 2

In this appendix, we prove Theorems 1 and 2 for y = 0. The case y = 1 can be handled
similarly. Let the inner expectation in (13), Es,, [Pr(un 110,;11(X) # Y [Sp)], be denoted by
EXP;. Then

EXP, =E, [%Pr(X:k:,Y:O)I{d) P (X =k Y=, Hl:o}}

110111 =1
_ 0 ~ (]. Xl)u +R17‘r1(k) ~ (]. Ao)u +)\07r0(k) (B
_co% [ﬂ' (k)Pr(é; = Alk)m—i—Al > & = )\O’V)n0+/\0 )] )

(1=X0)ul+ X070 (k) _ o (1—A1)ul+A 7 (k)
+Clzk: [ (k)PI'( €0 10)\0137101,\0 c (1i)\1k)n1i/\1 ):| ’

in which we apply éy ,y 0,1,y =0, 1. We denote the average distribution by 7ry, y =0,

1 which can be computed by 7,=(1 — &, )n¥ +e,m, where mis the average of contaminating
distributions. Now, fory =0, 1, define

gyi=(1— /\y)ny(nl,y(i — Aiy)+HAiy)
Q= 1g:>\1y (8.2)

py(k):=ayTy (k).

Equation (B.1) can be written as

b
EXP, p2 [Pr(X kY =0)coPr(g 1uk—|—p1(k)>gouk—|—p0(k’))}
+PF(X kY =1)erPr(goup+po(k)>grug+p1(k))]

b
EXPr =2 (k)eo [ oot E o (Mae(k))™ (1 = ma (k)™

+ ko1 (k)er [ neolXhig, (mac()™ (L= mac (k)™ (

were
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§2710=n1aX{0, {goloﬁ-Po;’f)—Pl(k)J +1},

. . B.5
Qllc,h:max{o’ Lmhﬂné’g)*?o(k)J +1}. ®5)

In (B.4), we have two random variables Q[,;lo and Q,IW depending on the uncertainty classes
119 and T1, respectively. We present the distributions of these random variables for the
uncertainty class models described in Section 2 in the following subsections:

Appendix B.0.2. e~contamination class

We first show that the contaminating part (k) in (9) has a Beta distribution B(1, b - 1),
where b is the number of states. Suppose that the contaminating distributions come from a
uniform distribution on a (b — 1)- simplex. Thus, as Ax — 0,

(17x)b72
NG
1
B-1)!

(B.
6)

Vol( 5’;:;

—A
Vol(Sy_1)

Prz—Az/2<n(k)<z+Az/2)=Ax =Az(b—1)(1 — r)b72

where Vol(.) denotes volume under the specified argument and S, and ybl_*; are the unit
(b = 1)-simplex and (b — 2)-simplex with corners on 1 — x, respectively. (B.6) can be
written as a density function according to

Fry(@)=(b-1)(1 —2)"*,2€(0,1) ®

1
which is a Beta distribution with parameters 1 and b—1 whose mean and variance are 7 and

b—1
b2(b 1) respectively Using the Edgeworth expansion to approximate the cumulative

density function of 7(k), [53], we obtain

Pr(7(k)<z)=2(z) +R\H0| (B.8)

_ 1
= / _ = b
where \ /b;zb +11 and we have

w HO
Rygopi= lim 2=e=1700)

>0. .
o exp(co]) * T B9

In (B.9), according to the Edgeworth expansion, we have

r(I°)=0(I°2 7). (@10)
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Considering (B.9) and (B.10), one can conclude that Rjryo; — 0 for large enough uncertainty
classes. Therefore, for large uncertainty classes, we will approximately have
7(k) — 1 1
W()ib ~ N(0, —)
b—1

2orD 1|, Hence, considering the last line of equation (B.2), we get the

following result:

po(k) ~ N(ao [(1 = 0)m5.(k)+5] , afed i)

b
A (1) (B.11)
pi(k) ~ N(ag [(1— El)ﬂéc(k)‘k‘b]‘} 7‘3‘%5%1)2(1,3.1;|H1| :

Thus, since pg(k) and p1(k) are independent random variables, we get

golo+po(k) — p1(k) N
g1

N(:u‘g,lo’ G%)’

where p%lo, o2 are defined in (17). It is now straightforward to find the distribution of gﬁ.,lo

(and similarly Q,lcvll) using equation (B.5).

Appendix B.0.3. p—point class

. . R 0 1
From the mapping defined in 12, we know that state k belongs to % .o ,, and ¢, ,., under
labels zero and one, respectively. Considering class I1°, similar to (B.6), one can show that

0 _
(z)= P0<k>| 1- z )‘S(;’U(k)|72xe(0 WO
Pr(i)\F)=""9 0 ; ' oo): (B12)
PO(k) PO(k)

. . . . 0 . ~ 0
which is equivalent to the random variable ., ¥ with Y ~ Beta (1, |5 ., ,, | = 1). Therefore,
similar to (B.11), we obtain

N w9 0y2_ (s91-1)
po (k) N(aolsﬂaao(‘dl) |S(1)|2(|S<1)\+1)|H0|)

i wh a2 (st
Prk)~N (o i @ @) )

golo+po(k) — p1(k) 0 2
from which we obtain o ~N (B o> Uo), whereas
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0 1
golo+a0hogk_>‘,a1%
0 _ _PO(k) Pl(k) B.
/l’ok,l()_ g1 L (
-1 -1
B P O Y S Lo MO0 S LR 1L M 0 S
0(1 0 0 0 1 1 1 1 :
PO(k) Ispo(k)l(lspo(k)lﬂ)lﬂ\ PL(k) Ispl(k)l(lspl(k)lﬂ)lﬂl

Now, one can find the distribution of QZJO according to (B.5). The distribution of Qi,zl can be
found similarly. Afterwards, we obtain equation (15).

Appendix C. Proof of Theorem 3

The second-order moment of the true error of the RML classifier can be written as

B2, )=Fromt [ B, [Pr(dmom (X) # VISP,
For simplicity, we drop the subscript of ¢ 110 111, noting that the classifier depends Sp, and
119, 111, The proof has two parts shown in two appendices. First, we take the expectation
with respect to the training data, Sy,. Later, we will see that the dependency of the second-
order moment on the uncertainty classes manifests itself in the indices of the double-
summations (found from combinatorial parts). In the next section, then we find the
distribution of those indices, knowing that the randomness comes from the uncertainty
classes. Let us start the proof by expanding equation (C.1):

2

2
E(EiML) =Emom "C%zk:(ﬂgc(k)) Esn[I{w(xzmzu]"_C%zk:(ﬂzlzc(k)) Esn[l{u;(x:k):o}
— —

Al A0
2 0 0
+00k1§€2”ac(k1)”ac(k2)Esn [Lpemin =1 Lisxmrg=n]
Bl
2 1 1
+Clk]§€2ﬂ-ac(k1 )Tra,(: (k2)ES" [I{w()(:kl):o} I{w(X:k2):O}} (C
Bo 2)
0 1
+Coclklz¢:k27rac (kl)ﬂac(kQ)Esn [I{w(X:kl)zl} I{w(X:kQ):o} ]
c1

+6061k§e:k W;C(kl)ﬂ'gc(k'Q)ESn[I{U(X_kl)_o)I{U(X_kz)_l)]“ .
1#k2

Co

In (C.2), parts Ag and A1 can be found similarly as in Appendix 1. In the following,
whenever we sum over ¢/ ¢4, y € {0, 1} we implicitly consider ¢¥, ¢4 > 0 and t{+t§ < n,,.
Furthermore, for any pair of (¢Y, ) > 0 with ¢{+t5 < n,, we have

Pr(u, =ty, uy, =t3)=Pr(trin(ny, 7}.(k1), 7. (k2))=(t], t5)).

ac
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Hence, for the B, we may write

B! :Esn [I{¢(X:k1):1}I{q,(x:kz):”}:Pr(w(xzkl):]-» P(X=ks)=1)

=Pr(g1u;, +p1(k1) > goud+po (i), gluk2+p1(kz) > gouk2+po(k2))

= OZOPr(gwk +p1(k1) = goti+po(k1), grup, +p1(k2) > got+po(ke)) x Pr(u) =t{,up,
1049
—tOXQOPr(ukl > ( to,ukz > gk tO)Pr(uglzt?,ugzztS)
_s S Pl =t ul,=rhPr(ud, =1 ), =1

0 +0 1 41 0 -0
t17t2 (tl’t2)>(£k1,t?75k2,t3)
Similarly, we can get
0 IV 0 0,0 0 1 1,1 1-‘
B :Z | Z Pr(uy, =t7, uyp, =t5)Pr(uy, =ty, up,=t3) | . (C.4)
i | 982 4 g ) ]

Next, we can obtain C!

cl —E, [I{w(X:”:]}wazj):o}]:Pr(w(szl)zl, V(X =ky)=0)
=Pr(gruy, +p1 (k1) > goup, +po(k1), g1ug, +p1(kz)<gou22+po(j))

=t3)

=3 Pr(giuy, +P1(k1) > gotY+po(k1), 91Uk2+]?1(k2)<90t2+p0(/€2)) x Pr(up =t9,u) =t3)

t[) t(]
- OE:OPI‘(Ck tO S ukpullcg < Ckz tO)Pr(uk —tlvqu—tO)
19,19
= OZO > Pr(u}cl:t uk _tQ)Pr(uk _tl,ukz_t%)-‘
15ty {t1>gk to,t <<h2 9 J
Similarly, we obtain
0_ [ _40 0 _,0 1 _,1 1_1}
C —Z Z Pr (ukl t3 ukz—tQ)Pr(ukl—tl,qu—to) . (C6)
t1,th {tgzgﬁ ’i%,tggzi%% J
In (C.5)-(C.6), we have
=0 . ! E k
Gty = min[ LGP — 1,y

Chts Imin{[glhﬂlq—ﬁ)m(k)] no).

In order to take the last expectation in (C.2) with respect to the uncertainty classes, we need

. .. .. ; 0 0 .. 1 1 L.
to find the joint distribution of Sx, 0 and Sy, 49 (similarly for Sk, 1 and Sk,.1), and the joint
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.. . 0 =0 . 1 =1 . .
distribution between le,tg and Cr, 9 (similarly for Qkht% and Cr,,+1). These distributions are
found in Appendix D.

Appendix D. Joint distributions

-0
To find the joint distribution of (le,tg“ ngytg), we need to approximate the joint distribution
of (po(K1), po(k2)) defined in equation (B.2). We do this by a (zero-order) Edgeworth
expansion. Thus, similar to the single variate case in (B.11), for the multivariate case we

0 0
have (Po(k1), po(k2))~A (i, 1y D ., » Whereas we find the parameters for different
uncertainty classes in the following subsections.

Appendix D.1. e—contamination class

From the definition of the joint probability distribution, for x4, X, > 0, x; + X» < 1, we have

A Az
Pr(|m(k1)—z1 |[< L |7 (ka) —22| < =52)

Pr(n(ki)=z1,7(k2)=22) =_ = lim
(r(k)=2r, w(ke)=2) =, lim Aw Az
Awy AzgVol(s, 31 772) (D.1)
_1' Vol(sp_1)
=I0MAz; 50Az2,—0 Az Axo

=(b—1)(b—2)(1 — 1 —z9)" "

Since we are going to use the zero-order Edgeworth expansion, we only need to find the
mean vector and the covariance matrix of these random variables. The variances are already
found in the previous section of the Appendix. Therefore, we only find the covariance
between these variables. Specifically,

Cov[m(k), m(k2)] =E[m(k1)7(ky)] — E[7(k1)] E[7(k2)]
=[ofo rza(b — 1)(b— 2)(1 — 21 — 22)" Pdwadzr — 5 (D2)
=Ry

where in (D.2) we used integration by parts. Hence, considering our definitions in (B.2) for
po(ky1) and po(ky), we obtain the following for the normal distribution statistics:

0 _ | o5+~ eo)ma(ky))
o [ao<%+(1—so>wzc<kz)> 09

2,2__ b1 2.2 1
ZO _ | X0C0mG)mo ROCIE =Y
k1,ko —apE) B2 (bt 1)|1I°] QApEp b2(b+1)[TIO]

} . (D4)

Similarly, we can write for the joint distribution of (py(kq), p1(k2)).
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Appendix D.2. p—point class

Since we have partitions in this model, we need to know whether two states belong to the
same partition or not. First, suppose that PO(k;) # PO(ky). Then,

Pr(m(k1)=x1, m(ko)=x9)=Pr(n(k1)=x1)Pr(m(k2)=x2), (D5)
from which we get

0
[ o) 0

0 _ |SP0(kl)|
#kl,kz_ [ w? o ‘ » (D.6)
P

O (k)

2( 0 )2 lS(ii’O(kz)li1 0
anlw
0\™ po (g 0 2(]s0 +1)|110
ZO _ (k1) Ispo(kﬁl (Ispo(kl)l IO - B (D.
k1,k2 2 S50 - 7
2(,.,0 PO(ky) )
0 0@ 0) TP T
2 TPO(ky)! VT PO(ky)
Now, suppose PP (k) = PO (kp) = My k,. Then
0 2
—(@Wmy )
_ Mk kg
COV[TF(]Cl),ﬂ'(k‘g)]— 0 270 ‘ 1), (D.8)
Smk1k2| (|Smklk2 +
and we have
Wl ag
k]kz
0 _ |59”k1k2|
Py ko™= \‘ w? o J » (D.9)
kykg
-
o -1
[ w2 2 500, | 202 1 |
anlw — QW P
ZO 0@, [0k, 1y |2 (1590, g, HDITO) 0@mii,) EN = .
= 0
k1 k2 2(,,0 2 1 2¢,.0 2 Sy |71 10)
—Qan W, - anlw,
\‘ 0( 7”k1k2) |59”k1k2|z(|89"klkg|+1)|nol 0( mklb) ‘59’%11«2|2(|89”k1k2|+1)‘nol

In the following, Pr(po(k1) = a, po(k2) = f) and Pr(p1(ky) = a, p1(ko) = B) will be denoted by
F,?th(a, B)and Fklw(a, B), respectively. Now, we start by computing the pmf of

(C,Sl,tg, (;8271&3). After quite some computation we obtain
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0o _ 0 . \_
Pr(gkl,tff_ml’ng,tg_m@)_

Pr(giht}

1
:ml, gkg,t;:mz):

Furthermore, we have

=0 0
Pr(Cry =1, Gy, 0=1m2)=

Int”(—o0, 90%91(”1 - 1)

Page 26
IntO(ag L,@g U,HSQ L,Gg U) my,mg # 0
Int®(—oo, —got? 62 L,Goz U) m1=0,m9 # 0
IntO(HO L’ag v 90t8)3m2:0’ m1 #0 (1)
Int ( gotla — OO, _QOtg);m1:m2:0
Intl( ky L70,3 U’aiz Lae );ml,mZ #0
Int* (=00, gltl’ek L’elsl U) m=0,mg # 0 (D.12)
Intl(gkl L’ k v % gth) mo=0,m1 #0 '
Int' ( 91t17 — 00, _glt%)§m1:m2:0-

nt°@ 0" 6 .0

kq,L’ kU’kQL’ ko, U
Int®(6° — 00, —got9);ma=0,m1 # nq

);my # ny,mg # 0

kq,L’ k U’
gos, 00);my=ny,ma # 0

Int®(g1 (n1 — 1) — got{, 00 —got9);m1=n1,ma=0
—1 7l
Int (0 1,L7 AlU’ k2i’ kQU)’mI#:nl’mQ;tO
-1 o —
Pr(ckl,t}:mhg}w t1:m2): L Int (le L k U’ gls)lﬂmQ 07 my #Fn
? Int’(—o0 91751790(”0 - 1) — gity, 00);my=ny,my # 0

Int! (g0 (no -1)

1 . 1\ _
— g1ly,00; — 00, —gltz):ml—no, mao=0

In equations (D.11)-(D.14) we use the following definitions (the notation f. is used to denote

T 55
Int®(bk, bb1ipke ph2) = [P
Int®(bk1, bE1pkz ph2) = [P

Table D.1 shows the parameters used in equations (D.11)- (D.14).

13)

14)

a—i—blzl pO(kl) a—i—bkl 1
< < 4 F; a, B)dad
prof ) =\ potko) | S\ el Jamle)dads
a+blz1 pl(kl) a+bk2

< < 4 a, B)dad
Btz ) =\ pulka) | =\ B0 Il 1z (0 B)dads

15)

921,L=91(m1 — 1) — got}

o _ 0
0., v =911 — goti

0, ,=g1(mz—1) =gt | 6 ,=gimaz — got3

0i1,L=go(m1 - 1) — g1ty

9,11,(]:90(7711 - 1) — g1ty

0! ,=go(ma—1) — gty | 0} ,=goms — g1t}

0
0,, =911 — goti

-0
0, =9 (mi+1) — got}

oy =91(m2 — 1) = got}

0 2
0., =91m2 = goty
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—1 —1 —1
0, L =90m1 — git] 0, »=90(m1+1) — git] 0,, ,=90(m2—1) — g1ty

0., =90mz = gits

Appendix E. Proof of Lemma 2

Although we took a standard approach to find the unbiased estimator of the MSE, in this
part, for simplicity, we only show that E(MSE) = MSE (it is sufficient for the proof), where
MSE can be expanded as follows

b

b
MSE=E(}_[#x(k) = mac(k)]*)=D_E[#3 (k)42 (k) — 27 (k) Tac (k)]
k=1 k=1

The first and the second terms in the right summation do not need any manipulation.
Therefore, in the remainder of the proof, we focus on the last term in the right summation.
Using the definitions of &, and &, (k), and the fact that E(uy) = nmyc(k), we have

b

b
E[ Zﬁk(k)ﬂaC(k)]:Z(5/\n7ra6(k)+e>\(k))7ra0(k)
k=1

k=1

Now, we return to the MSE in Lemma 2 and take the expectation of the last term in the
summation (the term multiplied by 2). We obtain

b b b
Zn(s_/\ 1u% — Zuk(né_/\ 1~ gAT(k)) :Zné_ 1 [n(n—1)72 (k) +nmae (k)] —nmae (k)(

k=1 k=1 k=1

6y 6\(k)
n—1 n

in which we used the terms for the first and second-moments of the multinomial distribution.
Some simplification completes the proof.
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Class of all steady-state distributions

Biological

corresponding to
label 1

Generate all the regulatory
networks consistent with the given
pathways, i.e., an uncertainty class

of dynamical systems.

Biological
pathways
corresponding to
label 0

Figure 1.
An illustrative example of the chain: {pathways} — {class of networks} — {class of steady-

state distributions}. In this schematic view, an intermediate step is applied to construct a
class of dynamical systems whose behaviors are consistent with the given pathways, for
example, see the methods in [11] and [12]. Two uncertainty classes are shown by 110 and I12
for labels zero and one, respectively. These classes will be employed as the prior knowledge
in the classifier design.
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Figure 2.

Illustrating the expected value of ¥  _for different amount of uncertainty and sample sizes.

SURE

The result is for e~contamination classes. The uncertainty class size, |I1] is set to 50.
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Figure3.
The first- and second-moments of the true error of the RML classifier and Histogram rule

with e-contamination uncertainty classes with size, [I19 = [IT1| = 250. Steady-state
distributions with b = 23 states are considered. In (a) and (c) the regularization parameters,
are exact as in (29)- (30). In (b) and (d), they are estimated as in (34)-(35).
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Figure 4.
The interactions between members of this model are shown using directed edges where an

edge from species A to species B indicates that species A regulates species B. Pointed edges
represent promoting influences while tee edges represent down regulating influences. LPS,
TNFa, and LT/AR are shaded indicating their role as external stimuli to the cell. These three
inputs provide the cellular context for the model as described in [12].
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Class 0 Class 1

Config. 1
Config. 2
Conﬁg. 3 NFa ) ”:"{“ ) (LPs “[{ ¢

Figure5.
The three classification problems (configurations) considered in this paper are defined by a

pair of biologically interesting cellular contexts. For each configuration we attempt to
classify samples as coming from class 0 or class 1 given measurements of the 9 downstream
signaling proteins. The presence of an input indicates activation, absence indicates
inactivation, and a shaded input indicates the input may either be active or inactive.
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Figure®6.
Performance comparison between the Histogram-rule and the RML framework. The x axis

shows the number of samples n, with n = ng + ny, Ng = ny. We have &gayes = 0.193, &gayes =
0.299, and egayes = 0.371 for Configurations 1, 2, and 3, respectively.
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Figure7.

Performance comparison between the RML and MAP classifier defined in Lemma 1 and the
one designed using estimates in equation (37), respectively. The x axis shows the number of
samples n.
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