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Abstract

This paper provides exact analytical expressions for the first and second moments of the true error
for linear discriminant analysis (LDA) when the data are univariate and taken from two stochastic
Gaussian processes. The key point is that we assume a general setting in which the sample data
from each class do not need to be identically distributed or independent within or between classes.
We compare the true errors of designed classifiers under the typical i.i.d. model and when the data
are correlated, providing exact expressions and demonstrating that, depending on the covariance
structure, correlated data can result in classifiers with either greater error or less error than when
training with uncorrelated data. The general theory is applied to autoregressive and moving-
average models of the first order, and it is demonstrated using real genomic data.
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1. Introduction

It is common in practice to assume that the training data used to construct a classifier are
independent and identically distributed (i.i.d). Should the data be dependent or not
identically distributed, the classifier performance is affected. This paper presents a
mathematical framework for analytically studying classifiers in such situations in general,
and the univariate LDA (linear discriminant analysis) classifier in particular. We pay
particular attention to the univariate LDA model because it is possible to obtain closed-form
(not asymptotic) results for moments of the error — in analogy to moments for the error [1, 2]
and error estimates [1, 3] for univariate LDA with i.i.d. sampling. The desired framework is
achieved by placing classifier performance in a stochastic setting where the training data are
univariate dependent and not necessarily identically distributed.

Motivation for this line of research goes back to the early 1970’s when Basu and Odell
observed in remote sensing applications that the conditional expected true error of LDA is
commonly higher than what is expected from a theoretical analysis [4]. They associated this
observation with violation of the independence assumption on the training data.
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To study the effect of correlated training data on the performance of LDA, Basu and Odell
[4] used numerical examples under an equicorrellated structure of samples (see Appendix
for definition of various correlation structures). They showed that misclassification
probabilities change under such structures. Afterwards, McLachlan [5] used asymptotic
analysis to show that even under a simple-equicorrelated structure the probability of
misclassification changes. Later, Tubbs [6] used a similar asymptotic analysis but with a
serially correlated structure among training data. He considered further simplifying
assumptions to show that the asymptotic error rate changes with serially correlated data
having positive correlations. Lawoko and McLachlan [7] used the same serially correlated
structure and obtained a different asymptotic expansion of LDA true error from the one that
Tubbs previously achieved in [6]. This type of asymptotic analysis was later used in [7, 8] to
characterize the asymptotic expected true error of univariate LDA and Z-statistics assuming
an autoregressive process of order p.

Typically, large-sample asymptotic results are not helpful in small-sample situations. Going
back to 1925, R. A. Fisher wrote, “Only by systematically tackling small sample problems
on their merits does it seem possible to apply accurate tests to practical data” [9, 10]. This
understanding led us to study the distribution and exact moments of LDA true error and
comnon estimators [11, 3, 12, 13].

Having laid the groundwork for analyzing LDA related statistics in small-sample situations,
in this work we establish a framework for studying LDA in stochastic settings, thereby
allowing us to obtain the exact first and second moments of univariate LDA true error in a
general stochastic setting. We neither impose a specific correlation structure on the training
data, nor do we assume the training data have necessarily the same mean or variance. For
example the basic assumption in [4, 5, 6, 7, 8] is that the training data of the two classes are
taken separately from two class conditional densities Mg, for class 0, and M4, for class 1.
This assumption immediately imposes several restrictions on the problem: the training data
from each class have the same mean and variance (because they are coming from the same
distribution) and, furthermore, only intraclass correlations exist. The stochastic setting
permits us to generalize such assumptions to training data being correlated across classes or
the samples from each class being differently distributed. To model such data we employ
Gaussian processes and we assume the samples are taken from class conditional processes
rather than class conditional densities.

Another related line of research is the work on classification of stationary time series data
[14, 15, 16]. The main focus in this work is to construct linear discriminant rules with the
knowledge of having stationary data. In this framework the discriminant function is
commonly the one which maximizes some measure of disparity between two multivariate
densities, e.g. the Kullback-Leibler information measure. This means that the linear
discriminant rules constructed here are no longer what is commonly known as LDA.
Therefore, the main difference between the aforementioned results on studying the
performance of LDA under correlated training data and the body of work on classification of
stationary times series, is that the former focuses on the analysis of the effect of correlated
training data (which may have a stationary structure) on the performance of LDA, and the
latter focuses on the synthesis of new classification rules with the knowledge of having
stationary time series. Our work is of the first type. We study the effect of training data that
can be dependent and not necessarily identically distributed or stationary on the performance
of LDA.

As an application of these results, we consider two commonly used models, first-order
autoregressive and moving averages. We further study the exact effect of autoregressive or
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moving-average model coefficients on changing the expected true error of LDA. Finally, we
present numerical experiments to study several specific settings using the theory.

Before proceeding we note that univariate classification has played a major role in the
history of pattern recogntion, in part, because of the ability to obtain closed-form solutions
for error moments [1, 2, 3]; however, we should not overlook practical application. Indeed,
most common tests for diagnosis and prognosis of cancer are univariate: PSA for prostate
cancer [21], AFP for liver cancer [22], CA 125 for ovarian cancer [23], and CA 19.9 for
colorectal cancer [24] are major protein markers. In addition to these protein biomarkers,
there are genomic markers such as BRCAL for breast cancer [25], BRCAZ2 [26] for male
breast cancer, and APC for pancreatic cancer [27] that are major genomic markers.

2. Linear Discriminant Analysis and Error Estimation: Independent

Sampling

In this section, we present the traditional sampling scenario in which LDA is employed in a
univariate setting. Consider a set of 7= g + /7 independent sample points in R, where X3,
X, ..., X come from population Mg and Xjzy+1, Xpg+2 -+ Xing+m COMe from population

My. Population M;is assumed to follow a univariate Gaussian distribution N(u;, %), for i=
0, 1. Linear Discriminant Analysis (LDA) utilizes the Anderson W 'statistic, which in the
univariate case is presented as

-0 =1\T
X +X =
wE' X X)——(X— | ®@X), o
no+n .
where X' = Z X; and X'= imno+ ,Xi are the sample means for each class and A is the

pooled estlmate 01J the variance of classes which is assumed to be common in the LDA
discriminant. Given X0 and X, the designed LDA classifier is given by

—0 =1
1, fWX,X ,X)<
W(X)= WX H<e
0, HWE.X . X)>c

with cbeing a constant. It is commonly assumed that cis zero [17], which is the assumption
we also make throughout this paper. Therefore, the sign of W/ determines the classification
of the sample point Xand since ®?>0, (1) reduces to

wx, X', X)=(X-X) (X X) ®)

where fzi";il. Given the training data S, (and thus Xg_and XJ, the classification error, also
known as true error, is given by

—0 —I —0 —I —0 —1 —0 —
e=P(WX X, X)<0,X € IyIX , X J+PWX X, X)>0,X € [[X . X )=ape’+a1s', @

where aj= P(X 1)) is the a priori mixing probability for population IM;and & is the error
rate specific to population I1;, with
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E=P(-)WX . X, X) <0X e[, X, X). ()

The first and second moments of the classification error are given by

1
Elel=) a:P(-)WE X . X) < 0X € 1), (s)
i=0

and

1
E[ez]zE[(aoa°+a]sl)2]=2aoa,E[s"sl]+za,2E[sisi]. )
i=0

3. Performance of LDA classifier in Univariate Gaussian Dependent
Sampling (UGDS) Model of Binary Classification

We now provide the mathematical framework to study LDA performance in a stochastic
setting.

Definition 1—A process X,={X;: t T} with T being an ordered set, is called a Gaussian
process if any finite-dimensional vector [ Xy, Xp, ..., X ] T has the multivariate normal
distribution Mu7, Z7), where

Hr=lEXe), EXy), - EX) =[pt1, 2, -y ]

and X ris the covariance matrix dependenton 7= [#, b, ..., L;].

Definition 2—We refer to the following sampling procedure as the Univariate Gaussian

Dependent Sampling (UGDS) Model of Binary Classification: X;=(X':t € T'}, with T/ being
two ordered sets for /=0, 1, are two Gaussian processes such that any finite-dimensional
vector constructed by stacking the random variables of X, and X/, as
(x2, x0 ... x% xixh,. ..

non Tng

1s
hoon

1 T
’Xr;]] possesses a multivariate normal distribution My, Z7),

0.0 0 1 1 14T
where w, =[ 1y, s, . s g s Moo - - - > fhy, ], @Nd

00 01
Zf[ %’f%ﬁ”" st @

is a positive definite covariance matrix.

1
1

This model is univariate because both processes, Xg) and X,,, are collections of univariate

random variables, not necessarily with the same means or variances. Xﬂ) and X}, are called
class conditional processes. For ease of notations and without loss of mathematical
generality, we assume that T? and T are the same set and, therefore, we omit the
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superscript jfrom #. Thus, henceforth we denote Xi,- by X! and the stacked vector
0 0 0 1 I 147 T
[Xto’Xl‘g’”"Xl‘QO’Xfl’th"”’Xtrlil] by[Xg’X?z’ XO thl,thz,...,th"l] i

1

i i7 i i2
Remark 1—If we assume 7= [P, tA 17 with X =Tt oo D1 ij:(o-) WE
1,/=1,2, ..., nj where ()2 is the variance of class conditional distributions and Z,»j

indicates the7diagonal elements of matrix Zﬂzo i=0,1,/, k=1,...,n;, j# k TOL =
Opmgxm =Z 107 “and any future sample is independent from the training data and distributed
elther as /V(,LP (®)?) or My, (64)?), depending on its class, then the UGDS model reduces
to the traditional i.i.d. sampling scenario defined in section 2. Because we will want to
compare classifier errors in the dependent and independent scenarios, we will sometimes use
£Pand £/ to denote errors in the respective settings.

Similar to (3), employing LDA with the UGDS model instead of traditional independent
sampling in order to classify a sample point taken at ¢, denoted by Xj, results in the
following Wstatistic for the univariate case

XO 1

WX, X1, X)=(X,-X,) X, -X), ©

1

where X —n'(az X0 and X Z - are the sample means for each class and YT:Y?;YT
The designe THA classmer is g ve n

1, ifW X X <0
px)={ " ( " . (10)
0, if W(XT, X', X,)50

For the ease of notation, hereafter, we omit the subscript 7 from yrand Z .

3.1. Stochastic true error and its moments

Let X§ denote a test sample point, where 7indicates the class conditional process in which

the sample is coming from, i.e. either X or X!. The auto-covariance sequence of X; with the
training data is defined as

P N=ELX] )X~ i k=0,1, j=1,2,....m, (1)

where p™(j) is the /71 element of the sequence p™. Since X; is a future sample point, we
assume 2 < max{m, m} < s, unless otherwise stated. Throughout the paper, we use SA to

Lk
denote the sum of all elements of a matrix or vector A. For mstance Z

The true classifier error under the UGDS model is a function of £. Sample points at Z; can
come from either processes and the classifier may misclassify any of these. Hence,

&, 019 s? +at 8,1 , (12)
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where @ =P(X;, € X}), /=0, 1, is the a priori mixing probability of the two processes X° and
X/ at f;and sﬁs is the error rate specific to each process, with

; 0 — —0 —1 ;
& =P(-))W(X,, X, X,) < OX,, X}, X, € Xi). (19)

. =0 =l . .. . . . .
By replacing W(X ., X, X; ) with any proper statistic used in other classifiers, this stochastic
definition of true error applies to other rules. The expected performance of true error is also
specific to Z

1
i i 70 7l i
Ele]=y al P(-1)W(X,.X,.X,) < OX, €X). @4)
=0

In (12), the true error is indexed. One could, if desired, define the true error of a classifier to
be the average error the classifier induces over an index set of interest, namely,

52
—_1 H s : H H
Etyy sy —ﬁz &:,. Since characterizing & yields a characterization of Etg) -5y NO

S§=51

generality is gained by averaging and we restrict our attention to & The second moment is
also a function of £ and from (12) we get

1
i\2 i\2
El&;)=2a0a} E[&) &)1+ ) (a} ) El(]) ). (15)
i=0

First focusing on E[(¢2)’], the square of the probability defining ()" can be factored by
introducing the random variable X, ex? Writing the probabilities as integrals of indicator
functions allows us to apply Fubini’s theorem, which shows Xz, and X, to be independent
(denoted X;, L X,) The expectation can then be applied. Altogether,

2 —0 —I —0 —I 2
E[()) 1=E[PW(X,.X,.X;) <O0X,.X,.X; € X)) ]

-E [P(W(Y‘;,Yi,x&) <O0X,, X, X, € X%) x PW(X,,X,, X,) < OX,,X,, X, € x9)]
_ I , 16
=E | P(W). X, X,) < 0, WX, X, X,) < 0%, %, X, X, € X0X, LX, )| o

=P(W(Y(T),Y;,XIS) <0, WX, X,,X,) < 01X,, X, € X0, X, L X,)

El(e})"and E& e ]

can be expressed via similar factorizations. Hence,
2 02 =0 =1 =0 =1 _, , 0 ,
El21=(a?) P(W(X,l_, X, X,) <0, WX, X0, X,) < 0lX,., X, € X0, X, 1 XZ)

+2a0a. P (W()_(?,)_(J_, X,) <0, W(X,, X}, X,)>0X,, € X0, X, € X!, X, 1 X;\_) an
+(a}j)2P(W(Y2,Y;, X,)>0, W(X,, X, X,)>01X, , X, € X!, X, 1 X,)
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To facilitate the subsequent discussion, we will explicitly denote the dependency of true
error on the number of samples. Therefore, hereafter we use & o+ and &, or &7 nyem; @Nd

e

, interchangeably.

Throughout the paper, we use the notations Z< 0 or Z= 0 to indicate componentwise
inequalities, e.g. Z= (21, 2) T <0means z; < 0, 2, < 0.

3.2. Expected performance of LDA in the UGDS model

The first moment of the classification error for LDA under the UGDS model is expressed
exactly according to the following theorem.

Theorem 1—Under the UGDS model, the expected true error of LDA at £ is

E[&] i 1=0), [P(Z}<0)+P(Z] 2 0)| +a; [ PZ)'<0)+P(Z) 2 0)]. (9)

where Z/ and Z/' are Gaussian bivariate vectors with

_ 0_z _ 1_& 4
:uzl_[ Hs—35 —H ] ’ .uzu [ Hs—35 M ] ’
s s
S N s S s N
( 0)2 0 P01 500 sl i 501 ;00 1 500 Sgi
_ s ) ny 4n2 4t 2nom ) n 22 2
= s s 28 s
i . D LD LU i
n? n” non) (19)
s s s =S s s
(0_1)2 Pl °pl0 S500 1, Sso1 1 Sp0 Seeo  Senn
_ s n o an? 4n2  2non n no P 22
= s s 28 s
71 500 Ssi 501
n? n? non
not rogh0 0

_ "0 0 N1 . ) .
where =21 2ot -y = Beit 2t and g and (o) are the mean and variance of
random variables at Z from class / /=0, 1, with the auto-covariance p* defined as in (11).

Proof: See the Appendix.
We note that under conditions stated in Remark 1, Theorem 1 reduces to Theorem 1 in [3].

Let ®(x, y; p) be the cumulative bivariate normal distribution defined as:

O, yp)= [ [ Wi vip) dudv,
—eomco (20)

e\ 1 —(2+v2=2puv)
W(M, V sp)_ Zn\/mexp { 2(1-p2) } .

We have the following Corollary.

Corollary 2—In the model considered ir}TheTorem 1, let the training samples from each
class have the same mean, that is 7= [P, ££'17in which

s . . T N N s R . ;
W=l s s 5= 0s=0, 1= 0, 1, meaning the test data at £ has equal variances
across classes, and a; =, =0.5. Furthermore, let S,x=0, j k=0, 1 Then
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1 L(h, kp)

5 (21)

E[‘St g+ ]_

where

Xy
Lex,yi0)= [ [, vip)dudv, (22

iy
Zoo 5211
_ 22 Zn]
1 01 00 1 01
a:a’2+22+2 5y b_z 22_2'
n?  an? 2"0"1 n? ny nony

Proof: See the Appendix.

To further proceed we present the following lemma, in which  denotes conjunction.

Lemma 3—Let ®(x, y;, p) be the cumulative bivariate normal distribution defined in (20)
and defne Ax, v, p) and G(x, y, p) as follows:

F(x,y,0)=0(x, y;0)+O(—x, —=y;0),

G(x,yip)=F(x,y;p)+F(x,yi—p), %

where xand yare two constants such that xy’< 0. Then, for0 < A, <1,0< A, <1,

(o1l < lool) A (x1=2cx0) A 1=2yy0) = G(x1,y1;01)>G(x0, Y0300).  (25)

Proof: See the Appendix.

Using this Lemma, we compare the expected true error of the UGDS model with the
independent sampling model.

i\2 4 i
Corollary 4—In the model considered in Corollary 2, let G Z,-,-, i=0,1,/=1,2,..
n;, and let

Ss00 Syl
n2 n”

0

9
25501

pD_\/( 24 z“" SO UMD L Wb e L

an? 2"0"1 nO nt nony
0 26
S0 S e’ (26)
2 2

ng n

— 0
b= 0 02 onl 12 o 02 wnl 12
- 22D 3L eh )(zjzle.) C)
o2+ + : + -
)

4n% n% n% )

1

Let E[sfs,nﬂm] be the expectaton of the true error of the classifier in (10) specific to #;and
constructed as if all iy + m_ training samples are i.i.d. (same mean and variance). Then

Pattern Recognit. Author manuscript; available in PMC 2013 November 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Zollanvari et al.

Page 9

’

S w0 S 2Soi 28 <o

(o) < IoDA| —Z—+ -2 > max(—=—, —2=—}| = E[¢”, ., 12 E[&} 0], @7)
ng nj non nong
S w0 S 28 coi —2S <o

(o) = IoDA| —2—+—2— < min{—=—, —2—}| = E[¢”, ,, 1 < E[&| 0], @8)
1 nj nong non

where S, is the sum of the off diagonal elements of matrix A, defined as SAZZ,-JJ#“U

Proof: Find the expected true error in Theorem 1 using the conditions in the corollary and
compare it to the expected true error determined by setting all off diagonal elements of Z#to
zero, i=0,1and 2% = Oppxm- The proof follows by using the results of Lemma 3 in
Theorem 1.

A more restricted set of sufficient conditions than those presented in Corollary 4 follows.

i\2 4 i
Corollary 5—In the model considered in Corollary 2, let (@) = Zj_,», i=0,1,7=1,2, ...,
n;, and

2 2
Sgw Sgu TE@)° TH@)
= - 2 .

(29)
oo g ny
Then
S w S, 28 o =28
200 Z” 201 20] D /
n(z) + n? > max{ o o } = El& nysn ) 2 EL&; pyin, ], (30)
S’ 00 S’ 1 28 o =28 o
Z2 + 22 = min{ z 5 2 } = E[gt[s),noJrnl] = E[‘gl’s,”l0+”l]’ (31)
1y ny non nony

where S; is the sum of off diagonal elements of matrix A, defined as SAZZ,-J,#J-“U

Proof: The proof is similar to Corollary 4.

To have a sense of the conditions stated in Corollary 5, consider a scenario in which my = m,
the sample points in each class are equi-correlated with correlation p, and there is
independent sampling across classes. This satisfies (29). If o> 0, then (30) holds and

E[&} ,0sm) > EL€] nin ] If p< 0 and the class covariance matrices are positive definite,
then (31) holds and E[ &}, 4n, 1<EL &1 o, |
Let us reflect on Corollaries 4 and 5. A correlated set of 7sample points can be considered

as a set in which the points convey some information about each other. Therefore, they are
often considered to be as informative as /7 independent samples with /7 < n, thereby
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producing a poorer classifier. This intuition aligns with the simple situation in which the
sample points in each class are equi-correlated with p > 0 and the sample points across the
two classes are uncorrelated. This scenario is a special case of (30) and

E[&} 04m ] > EL&] 4 | However, (31) shows that there are correlation patterns that result
in an expected true error smaller than it would be were there independent sampling, which
means that sampling satisfying (31) is like having a larger sample size than if sampling were
independent.

To illustrate, in the UGDS model suppose the training sample points are identically
distributed as two Gaussian distribution, M-1, 1) for class 0 and M1, 1) for class 1. Let iy =
m = 3 and assume that any future test point is also distributed identically to the training data
of its class. Furthermore, assume the data are generated via two different scenarios, aand 5,
such that 2% = 03,3 and, for /=0, 1,

i I -1/4 -1/4 1 1/4 1/4
Zf ~“1/4 1 o |, =l 174 1 p | @
~1/4 p 1 14 p 1

Figure 1(a) shows the expected true error of the classifier designed in scenario aas a
function of p. It demonstrates that for some dependency patterns, as defined by the
covariance matrix, the classifier has better performance than if the sampling were
independent. Note that in Fig. 1(a) the curves meet at p = 0.5, the point of equality for the

inequalities (30) and (31). Note also that for p= -0.499, E[s.]=E[&}41=0.165. Hence, for
the sampling covariance matrix (32), 3 points have the effect of 9 independent points. In
general, better classification accuracy may be achieved if the sample points are collected
according to specific schemes. Equations (28) and (31) provide sufficient sets of conditions
that result in such schemes.

Figure 1(b) shows the expected true error of a classifier constructed in scenario 4 by varying
pin the same range as in scenario & The only difference between scenarios aand b is
changing the covariances between the first sample point and other sample points to positive
values. It results in the curve for dependent sampling in Figure 1(b) being substantially
above the curve for independent sampling.

3.3. Second moment of LDA true error in the UGDS model

EL(eL yn) 1202 [ PZI<0)+P(Z! > 0)] 42000l [PZ!'<0)+PZ!! > 0)| +(a})’ [P <0)+P(Z" > 0)|, (39)

Next we obtain the second moment of true error of LDA at £ as defined in (17).

Theorem 6—Under the UGDS maodel, the second moment of LDA at 4 is

where Z/ is a 3-variate Gaussian random vector with mean and covarianc matrices as
follows:

T

_ ’ _ - ’ Pa—a
=l Q=5 = Q=5 Vo=l 0-5 i s+ T @3

and, for 7, /=0, 1, i # J, letting
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5 Sp?' M—'—SZOO SZ” SZOI

i i
=(0g) ———~ s (35)
ni nj o 4nd  4n? 2nom
we have
=S S N N 2
0 pOO pOI 200_ Z]l 0_ 0
Zs "os + "T + 2wl w2 Zs (0-5 )
g : : _s s : g
o=l Sme Sy Bpeo e S0 Sye Sy |
Zs n? nf nony ) ny 202 2nf
s
=S S N s 2 S =S o1 S 1075 00 (36)
0 A0 T Sy Sy 04 (0 Ps Py 4 Py Py
O TR TR v v LG i T T
s S 28 ) S s s
S=| . tmeytm B dly B Sy S,
Zy 2 n? nony n ) 22 22
1
<s

’

. "0 0 ol "0 0 ol - . -
with =2l 2ot ) = Rel et Sy s the sum of all elements of matrix A, defined as
. -2 . -
Sa=Zjjaj and g and (o)” are the mean and variance of random variables at Z from class

i, i=0, 1. Furthermore, 1/z//! is obtained from £/ by replacing —£/ with ¢/ and x° with !,

and Zzgn is obtained from 24 by exchanging mp and 7, (02)2 and (g;)z, Ss00 and Ss11,
Spmand S i, and S orand S o

Proof: See the Appendix.

2 .
Let E[a{sﬁwl] and E[(sfﬁnom) 1 be the first and second moments of true error of the
classifier in (10) specific to £;and constructed by my + /7 independent training sample points
distributed according to the same mean and variance. Then we have the following corollary.

Corollary 7—In the model considered in corollary 5, further assume i = ; = n, £01 =
Opxmand, for &, j=1,2, ..., 1,

00 11 o’ k=j
kj_ij_{p>0 otherwise > G0

where gis the common variance of test sample points across classes at Z. Let /7 be the
number of additional dependent training points in each class with the same class conditional
i

means and dependency structure, meaning ij asin (37)for k, j=1,2, ..., n+ mand 01
=0(+ m) x(n+m), that are required to make E[sf,2n+2m]:E[s£Y,2n]. This number also makes

EL(e” 310m) J=EL (5] 5,)"1and is given by

Proof: The proof of E [832,”2,"]:15 [82,2,,] follows by equating elements of covariance
matrices obtained for the dependent model in (19) with the covariance matrices for the
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independent sampling model. Under the conditions of the corollary, these matrices in the
independent sampling scenario (given by Theorem 1 in [3]) are

n

2.2 0
Zzgzzzglzzzylz( 7 gzn 202 ) (39)

Furthermore, we note that the conditions stated in this corollary satisfy the condition stated

in (30), and hence E [8,? 2l 2 E [8,'5,2,,]. The proof of E [(82,2n+2m)2]=E [(8,’5,2,,)2] follows
similarly by equating covariance matrices presented in (36) with those presented in Theorem
2in[3].

In (38), if P> then m < 0, meaning that adding any additional points under the

. 2
dependency model in the corollary does not lower E[sf,z,,ﬂm] and E[(ef,2n+2m) 1to the level
of the first and second moments of true error of the constructed LDA classifier as if the
original 2ntraining samples were independent.

4. Applications

In this section we study applications to common models used in signal processing, the first-
order autoregressive model, AR(1), and the first-order moving average model, MA(1), by

assuming the training data are generated by the output processes of two models. z? and Z!

are two independent white noise processes and XY and X' are the processes producing the
system output. The goal is to characterize the performance of the LDA classifier as a
function of sample size, the parameters of the white noise processes, and the autoregressive
coefficients.

4.1. First-order autoregressive model AR(1)

We consider two AR(1) models:
Xi=ci+yiX._+Zi, i=0,1, (40)

where ¢;is a constant such that 0 < [/} < 1, /=0, 1, and Z)~N(0, o73), Z! ~N(0, %), for all

are independent from each other. Then X%={x?:0<t<o0} and X!={x/:0<r<oo} are two
independent covariance-stationary processes and we have the following theorem.

Theorem 8—Let X X! in the UGDS model be defined by the two independent
covariance-stationary AR(1) processes as defined in (40). Then, at £, where max{my, m} <

s, the expected true error of LDA constructed using the training samples (X0, X .. ,X?m]
and (X, X0, ,X,]”l lis

ELe™)) 1=a) [P(ZI<0)+P(Z] > 0)| +a; [PZ'<0)+PZ! > 0)|. (@)

Stx,no-#nl

where Z/ and Z/' are Gaussian bivariate vectors with
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T _ T
Hy=ls -1, =l 3 ul,

2 N s =S N N
75 AP L 5500 Sy A0 Sx00 Sy
2 Tz T t=a 3
Y = -2 0 ang an? o 202 207
- N N )
7 500 Sl
P (42)
2 N s =S N N
o el + Z"”_,_SZH ol 0, sl
Z _ l—w% ny 4n(2) 4;@ ny 2,.(2) 2,@
= s s >
711 g g

where

(s=n;) ni
=% __¢a g Y Yop (1w
H=T0g ~ Ty P = 1-y? -y )’

n:

S gi= [ni(1+!//i)—21ﬁi (]1__—21)] “

o2
(=y2)(1-¢)

Proof: See the Appendix.

Corollary 9—In the model considered in Theorem 8, let ¢ = ¢4 = ¢, 0y = 01, aﬁi:a,{. Let

E[a}ii(ollf,l] denote the expected true error of an AR(1) model with AR coefficient ¢ specific
to £. Then

. AR(1), 1 L(h, k;p)
mEle, 1, =55~ @4)

Riand

where L(5, k; p) is defined in (22) and

—H = Kr = —
h_z\/a’ k—\/g, H=T=ghs A= 1

- (1-y%) (1-v) ,  (45)
o2 [(1+¢)(%_% _%(17%n0 _I,nw%nl )]
p:

2(1-y2) (1-y) va Vb

Proof: See the Appendix.

We consider E[ei”;(;)] as a function of /and compare it to the case where ¢= 0, which

corresponds to the stochastic i.i.d setting.

Corollary 10—In the model considered in Corollary 9, let iy = 71 = n. Furthermore, let
E [8,1_“2,,] be the expected true error of the LDA classifier with ¢/= 0 in (40). Let ¢/ and ¢/’ be
two arbitrary values of the AR coefficient ¢. Then

Y ) AR AR(1),/
v >y :}L%E[Sts,h ]<}Lr£10E[sts’2n 1. (46)

Hence,
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AR(1)y . Vi
ts,2n ]<Sll)n(}oE[8t5,2n]’
AR(1),,
&

ts,2n

O<y<l = limE[¢e

—1<y<0 = limE|[ I>lim E[g] , .

Proof: See the Appendix.

Corollary 10 shows that, if ¢/ (0, 1), then under the conditions of the Corollary,
constructing an LDA classifier to differentiate between AR processes is beneficial in terms
of the expected true error tested on sufficiently lagged data; however, for ¢ (-1, 0), we
expect larger expected true error.

4.2. First-order moving-average model MA(1)

We consider the MA(1) models

Xi=c;+Z+0:Z,_,, i=0,1, (48)
where §; R and ZP~N(0, o3), Z! ~N(0, o%), for all ¢ are independent from each other. Then
X0=(x":0<t<o0} and X! =(X/:0<r<oo}

are two independent and covariance-stationary processes regardless of the values of 6;[18].

Theorem 11—Let X?, X! in the UGDS model be defined by the two independent
covariance-stationary MA(1) processes defined in (48). Then, at £, where max{m, m} +1<
s, the expected true error of an LDA classifier constructed using the training samples

0 0 0 1 1q.
(X0, X0, ... X, Jand [0, Xoys .. X, Tis

MA(1)
Lg,np+n)

Ele 1=a) [P(ZI<0)+P(Z] 2 0)| +a} [PZ'<0)+PZ) 2 0)]. (9)

where Z/ and Z; are Gaussian bivariate vectors with:

T _ T
My=bs -1, =l 3 ul,
R+ E T
"0
(50)

>
4n1 2ng 2n1

524x)+5211

1
Z.V

"2 Hz

0
Ss00 | Syt “S500  Ssll
1+ + 22+l o0 3l
1 1 4n2 4n? 22 202
00+,§ 11 ’
G

= s
1

B
n2

1

where /=0, 1, and

p=co—ci, S yi=o7 [m(1+6)+2(n-1)6:|.  (51)

Proof: See the Appendix.
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Corollary 12—For the model in Theorem 11, let & = 6, ap = 01, @) =a;.. Let E[smo(i),fll

denote the expected true error of an MA(1) model with MA coefficient 8specific to Z. Then

MAy, ,_ 1 L(h,k:p)

E[sts,n(]+n] _2 2 4 (52)
where L(h, k; p) is defined in (22) and
h_z\/” k:L\/_, u=co—ci, a—0'2(1+92)+§,

b=c? [(1+9)2( +)-20(L+ 2)]
(53)

21 (140)% (- 1)-26( 7—%)]
0 1 ny n'l‘

p: 2+avb

Proof: The result follows by considering the assumption of the corollary in Theorem 11 and
then following the same steps similar to Corollary 2.

Corollary 13—For the model in Corollary 12, let 1y = m = n. Furthermore, let E[sfmzn] be
the expected true error of the LDA classifier specific to £, with =0 in (48). Let 4 and &' be
two arbitrary values of the MA coefficient 8. Then

MA(1)r MA(1),,

(9”>9’)A(9’,0” e(—oo,%—])):>E[ & o | I<Elg, 5, "1,
yoy ;o 1y A(I)Hu MA(l)g, (54)
(9>9)A(9,9 e[;}m, )):>E[ 1>Els, 5, "1,
and, therefore,
0 € (0,00) = E[ &, o0 "I>E[e] ,,1.
Ly MA(1 (55)
el£g.00= E[grmzi 9 <E[ el el sl

Proof: See the Appendix.

- 0)
that is beneficial in terms of expected classification error, i.e. has a smaller expectedltrue
error than the stochastic i.i.d model. For positive values of the coefficient, the expected true
error of LDA increases.

5. Numerical Examples

We now illustrate the results obtained in previous sections under several specific settings.

Experiment 1

First, we consider scenarios in which the sample points taken from each class conditional
process are identically distributed. They have the same mean, t for class 0 and 4 for class
1, and we set 1y = —t4 and 1 = 0.5, 0.75, 1, 1.5. We assume that the observations have
variance 1 and are equally correlated with p,zr [0 0.95]. The value of p;is determined so
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that the covariance matrix defined in (8) is positive definite. In each case we consider three
settings for the correlation, ppes across classes: (1) independent, oper= 0, (2) Pper= Pwitr, aNd
(3) Pper= —Pwirr- For each setting we consider two sample sizes, ;my=m =n=5and mp=m
= n=25. We assume any future observation from each class conditional process has a

distribution similar to those of the training data from that class and a2=a}

Figure 2(a)-2(d) show the exact expectation and standard deviation (SD) of the LDA true
error for this experiment as a function of p,» The results are calculated from Theorems 1
and 6. Parts a and b of the figure show that increasing p,z» has an incremental effect on

E[&!,,). Since future observations are identically distributed, E[, ,,] is the same for all
values of £, Theoretically, for ppe;= 0, we can easily verify the graphical behavior by using

Lemma 3 in Theorem 1. To analytically see the effect of oz, 0n E [82,2,1] once Pper=0, let
P1, 2 be two arbitrary values of o, such that p; < g and denote all distributional
parameters used in Corollary 2 corresponding to py, k=1, 2, with a super script px With the

s ST 1 0 52
27 _ % xn Z —
o=~ =0and

Pk P
s s
200 Pl 1+2(n—
+ 2

=k k=1, 2. Therefore, &L < a2 and £°1 < b°2. The results then follow from
Lemma 3. For other cases where pper# 0 one may analytically study the effect of changing

PpetON E[S,“z,,] using results Theorem 1 and studying the change similar to the proof of
Lemma 3.

Figures 2(a) and 2(b) show that increasing d'= |t — (4] has an incremental effect on

E[SZ,ZH]' This effect can also be seen from Lemma 3 and Corollary 2. Therefore, we call
classification scenarios with a larger g, “easier” scenarios, and those with smaller ¢
“harder” scenarios. In this sense, d'is an indicator of classification difficulty in our
experiment. The figures suggest that having a between-class correlation of ppes= pPyirn >0
helps in classification performance in “harder” classification situations (i.e., compared with
Prer=0) and has a detrimental effect on classification performance in “easier” settings.
However, having pper= pPwirn <0, helps to have a better classification performance in
“easier” settings and results in a worse performance in “harder” settings. This is observed by
the fact that curves for pper= ouirn are above (below) the curves for pper=0 for d= 3 (d=1).

The standard deviation is more complicated to interpret. The trends seen in Figures 2(c) and
2(d) suggest that increasing p,» generally increases the standard deviation of the LDA true
error in cases where ppor= 0. Furthermore, it suggests that once ppar= —puirs the standard
deviation generally increases as oz, grows, but once pper= Puirs, iNCreasing pyizs in small
sample sizes may increase or decrease the standard deviation depending on classification
difficulty, and as the sample size gets larger, increasing 0,,z; generally increases the
standard deviation. Furthermore, the figures suggest that increasing the classification
difficulty may first increase the standard deviation and then decreases it.

Comparing Figure 2(a) with 2(b) and Figure 2(c) with 2(d) shows that increasing sample
sizes lower the magnitude of the expectation and standard deviation regardless of
classification difficulty or magnitude of oy

Experiment 2

In this experiment, we use the first order autoregressive model defined in (40). We assume

ad=al, m=m=no=0=1and gp=¢1 = ¢ [-0.95,0.95]. We consider various cases
where ¢y = 0.5, 0.75, 1, 1.5 with ¢y = —¢;. Figure 2(e) and 2(f) show the exact expectation of
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LDA true error for this experiment. These results are exact and are calculated from Theorem
. . . AR(1), .
8. These figures suggest that increasing ¢ decreases El¢, ,, "1, According to Corollary 10,

- AR(1)y - . . .
for a sufficiently lagged &, El¢, », "lisa decreasing function of ¢ and, furthermore,

AR(1) R(1)
Ele, ¢]<E[8, 2anlfor0< ¢<1and E[st n w]>E[8t'S,2,,]for 0 < (< 1. Here the same

behawor is observed even for small lags of 2 and 10. Furthermore, decreasing the sample
size and increasing the classification difficulty have an incremental effect on the expected
true error.

Experiment 3

In this experiment, we use the AR(1) model in (48). We assume aj =y, m=m =, Gy = 01
=1,and §=6,=6 [-10, 10]. We consider ¢y = 0.5, 0.75, 1, 1.5 with ¢y = —¢;. Figure 3
shows the exact expectation of the LDA true error for this experiment. These results are
exact and are calculated from Theorem 11.

Figure 3 shows that the expected true error of LDA under the MA(1) model has an inverted
bell shape with a negatively biased center, and the bias decreases as the sample size

increases. The results of Corollary 13 are clear in this figure: for 8 € (—oo0, 1-11, E[ ﬁ”‘z‘fll)"

a decreasing function of &. This region is on the left-hand side of the vertical blue dotted

1is

lines in Figure 3. For 6 € [2"+1 ), E[gMA“)"] is an increasing function of €. This region is on
the right-hand side of the vertical red dashed line in the figure. As proved in Corollary 13,

we observe in Figure 3(c) and 3(d) that, for g € [M,O) E[aMA(l)“]<E[ &, onl This is the
region between red dashed line and the vertical black line of each plot. For 6 (0, ),

E[ ?43,(,1)"]>E[8t5 2,1, This is the region on the right-hand side of the vertical black solid

lines.

Experiment 4

This experiment is an example derived from gene-expression data used in studying the
prognosis of breast-cancer using 70 genes with high prognostic ability [19]. Following [20],
we divide the 307 individuals used in this study into 64 “poor” prognosis (class 0) versus
243 “good” prognosis (class 1) patients. A poor prognosis is defined to be a distant
metastasis within 5 years of initial diagnosis. The gene expression data used in this study
have been collected by triplicating each gene on each microarray and then duplicating each
measurement by dye-swaping. Therefore, for each patient, each gene, we have six
measurements, three of which are positively correlated with themselves and negatively
correlated with others. Using this dataset we consider a scenario in which the experimenter
is only given six measurements taken from one patient from class 0 and six measurements
from another patient from class 1, and a univariate LDA classifier is desired to differentiate
the two groups. We assume the single variate used in this classifier is the ALDH4 gene,
which has the highest correlation with prognosis of breast cancer in [20]. Therefore, in this
scenario, the experimenter is given 12 “technical” replicates in total, which are now treated
as our “sample points”. This is an example of the UGDS model in genomic applications in

which our classification is defined by two Gaussian processes, X" and X!, which are
assumed to be independent processes. We note that the expected performance of a classifier

depends on £ i.e. E[£, 1,1in Theorem 1, which is a function of the distribution of the future
data as well as the distribution of the training data and their correlation structure. We verify

the Gaussianity of each of the 12 random variables, X;), Xy, ... Xp, X, . X, ..., X, used for
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characterizing the two Gaussian processes of this example via a Shapiro-Wilk test (using the
R statistical software) on the full dataset corresponding to each random variable. This test
does not reject Gaussianity of the random variables over either of the classes at a 95%
significance level after employing the Bonferroni correction of multi-hypothesis tests.

Unfortunately, taken together, the 12 random variables do not pass the Shapiro-Wilk test for
multivariate Gaussianity. Nonetheless, we will proceed and demonstrate that, even with this
lack of multivariate Gaussianity, Theorem 1 is much more accurate than its counterpart in
[3], which assumes i.i.d. data from each distribution.

Sample means, variances, and correlation, computed on the full dataset, were used as
estimates of the unknown true means, variances, and the correlation structure between
samples needed in Theorem 1. Using Theorem 1, the expected performance of a classifier,

E[sf,lz], to differentiate samples distributed as Xg from samples distributed as X,l1 is 0.475.
To further verify this expected performance we construct a classifier on each possible
combination among 243 x 64 = 15552 combinations of 6 samples from either classes and
each time we test the accuracy of the designed classifier on the 64 — 1 = 63 remaining

realizations of Xg and 243 - 1 = 242 realizations of X,ll. The accuracy computed in this way
is 0.479, which is almost the same as what is computed from Theorem 1. It is interesting to
compare this accuracy to the case in which one designs a classifier without paying attention
to the correlation structure between samples and various distributions governing the data
(considering the data being i.i.d.). In this scenario one (incorrectly) considers the data from
each class coming from a single distribution and the expected performance of a classifier
can be therefore evaluated from Theorem 1 that we presented in [3]. Again we use the
sample means and variances, computed on the full dataset, as estimates of the unknown true
means and variances. In this case the expected performance of LDA is estimated to be
0.374, which is very far from 0.479.

6. Conclusion

In many applications, the assumption of having i.i.d. training samples is violated. This paper
characterizes the performance of univariate LDA classification in stochastic settings by
assuming the samples are taken from two class conditional Gaussian processes, which are
not necessarily independent. Linear classification has been considered owing to its long
history in pattern recognition and its suitability for small-sample classification. We do not
impose a specific correlation structure on the training data. We have presented conditions in
which the correlation structure can be either beneficial or detrimental in terms of
classification performance. As an application we have obtained exact expressions for the
performance of LDA in situations that the data are produced through auto-regressive (AR)
or moving-average (MA) models of the first order. We have found ranges of AR or MA
multiplicative coefficients having incremental or decremental effect on classification
performance. Having characterized univariate LDA performance in closed form, we aim to
follow our work in [3] and characterize the effect of non-i.i.d. samples on training-data-
based error estimators.
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Various Correlation Structures

Let p-dimenional sample points of each class, X1, X3, ..., Xj; with Xjbeing a column
vector, be separately taken from two p-variate normal distributions, M4 and My, with the
distribution My, Z). Furthermore, let V;be the dispersion matrix of the n7;0x1 vector

X=(X],X;,... ,XnTl,)T, 7=0, 1, defined as V= E[(X - BX))(X - £X))]. We define three
correlation structures in regard to the data: (1) equicorrelated if V= 1/, (Z- R+ E;; R,
with R being a symmetric matrix, /,the nx nidentity matrix, and £,the 7 x nmatrix with
all elements being 1; (2) simply equicorrelated if V;=1/,; (1-p)Z+ E,; pZ, where pis
a nonzero scalar constant where |g <1; and (3) serially correlated if V;=1/,; Z+E;; pr
Z wherer=|k- /4, kK 1=1,2,...,n;|pd <1, 7t=1,2, ..., nj pp = 0. Note that univariate
sample points, equicorrelation and simple-equicorrelation structures are essentially the same.

Proof of Theorem 1

From (9), it follows that

E[21=P(W (X,, X, X,) < 0)X,, € X0)=
P(X,-X,<0,X, X, >0)+P(X, X, > 0,X,~X.<0),

_ . =0 —1 no ny .
where X %7+ Expanding X, and X, as £ > ° X and £ > X/ results in

E[&)1=P(Z!<0)+P(Z] > 0), (56)

T
where Z/=Ay? and YJ=[X7,....Xp . Xi,.... X, 1 where the super index 0 in X? is to
denote explicitly X, e X?, and

1 —L =L ... =L L . -1
_ n b 7 n n
A= 0 0 0 1 rof 7

0 == =L ... = 1 ...

0 0 0 n 1

Pattern Recognit. Author manuscript; available in PMC 2013 November 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Zollanvari et al. Page 21
15 ; - A . . AZ AT
Therefore, Z, is a Gaussian random vector with mean “*#,0 and covariance matrix ¥
. .+ 0 0 0 0 1 1 i
Plugging in the values of ﬂyo—[ﬂs’ﬂpﬂz’ <+ > Hngs K15 - -+ Mny ] and noting the fact that the /7

element of vector p* is defined as X (=ELX],—1b) (X —uﬁ)], L k=0,1,/=1,2,..., N we
have

(0_0)2 0% o0
ol 20 JD YD YU )
s (pm)T (201)T 211
which leads to the expression stated in Theorem 1. Evaluating the mean and covariance
matrix of vector Z™, which is the counterpart for E[a,ld], is entirely similar, by considering
PW (X, X, X, )>0X,, X, X, € X)),

Proof of Corollary 2
Note that for ®(x, y; p) defined in (20),

(12— )
D(—x, —yip)= ff (u”+v-—2puv)

! exp{ 5 } dudyv. (59
vy 2mA/1-p2 2(1=p%)

By considering the assumption of the corollary for Theorem 1, and using (20) and (59) in

(18), we get
Erel  Jet(o e, 2 ot K ) ( L et ).
[es,wl <2\F Im IR (2( ( IO )

with &, 6, and p defined in the corollary. Using the identity [28]

2[D(x, y;p)+D(x, y;—p)—P(x)—D(y)]+1=L(x, y;p), (61)
where ®(.) is the standard normal cumulative function, completes the proof.

Proof of Lemma 3

Here, we first provide a way to intuitively understand the Lemma and then we provide a
rigorous proof. We have

G(x,y;0)=F(x,y;p)+F(x,y;—p)=1+L(x,y, p)=1-L(|x, [yl p), (62)

where the last equality is due to xy <0 stated as an assumption to the lemma. Intuitively, the
lemma makes sense because smaller values of |X, |4, and |d imply not only a smaller
integration region in (22), but also less mass in that region. Next we provide a rigorous
proof. It is straightforward to show
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[)G(.t,y;p)_ 2¢” 7 [@( —px )+CD( y+px )—l],

Ox \/_ m
9G(x.y:p) _ 2e” ‘2 x—py X+py \ (63)
5 [cb( L) (S 1},

0G(x,
—G(a,? p)—zw(x,y,p) —20(x, yi—p),

where the last equality comes from well known results of Gaussian distribution, where
o) — o) —y(y, y;p). Without loss of generality, we assume x>0 and y< 0. The results for

dp dxdy

x<0and y= 0 are entirely similar after exchanging xand yin the following proof. We have

p=0=y-px <0,y—px < y+px < —y+px
= O(2LL )+ d(2LE) < 1= X <,

Vi iR "
<0 = y+px < 0, y+px < y—px < —y—px (64)
= @ y‘l_ﬁ-;z )+c1>(—Y+]_’j‘;) <1=%<o.
Hence, © <0 Similarly, © > 0. Furthermore,
0G(x,y; dG(x,y;
pZO:‘»%SO, p<02>%>0
o o

For0<A<1, we set

Ya=Ax1+(1=D)xo, yy=Ay1+(1-Dyo, ¥p=Ap1+(1-Dpo. (65)

Then A, yx=0, y<0,p;20  y,20(/=0,1),and p;<0 ), <0(/=0,1). Thus,
% <0,% >0and

0G(x, y;p)

0G(x,y;p) 0
3y

>0=
= 6’)’p

Yo <0, y<0= (66)

Then

dG _ 3G dy: , 9G 4vy | 9G dyp
41~ By, d/l E)% dax 6yp dar

(xl x0)+ (yl—yo)+ (pl —P0)-

(67)

First assume p;=0, /=0, 1, so that ,>0, M) < 0. Since 26 <0, XS X0, 52 20, )12 )0,
and p1 < oy, we have a5 > (). Therefore,

fl dG

Od/ld/l G(1)=G(0)=G(x1, y1, p1)=G(x0,y0,00) 2 0. (68)

Next assume p;< 0, /=0, 1, so that j,<0, f’G“‘w > 0. Since L <0, X1 < X0, 5% >0, )1 2 Yo,
and p1 = pp, we have « > (. Therefore,
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1dG
Jogp1=G()=GO)=G(x1,y1,p1)=G(x0, 0, p0) 2 0.

Lastly, assume the p,'s have opposite signs. Without loss of generality, assume gy <0, p1 =
0, and |p| < || Then

logl=p1

(328 da= [0 dG+ [ yp, dG
P1=PO (69)
lpol=p1

=f(;lw dG+G (X, Ym, —=p1)—G(x1,¥1, p1),

where x, =000 x4 (1 - 0001 iy, = 0001y 4 (1 - 2020 )y, X < Xy < Xp, @Nd Yo < Vm < 1.

From the definition of G(x, y, p) it is easy to see that G(x, ¥, p) = G(x, ¥, —p) and then, from
the conditions that result in (68), we have G( X, Vim, —01) = G(xa, Wi, P1) = G(Xm, Vimr PL) —
G(x1, 1, ;) = 0. Hence, in order to show G(x1, y41, 1) — G(Xo, Yo, o) = 0 it is sufficient to
leol=py
show that f(;”*"o 642 > 0. For A € [0, ‘/p(f'_jol] we have ), <0, %ﬁm > 0. Therefore, from
lpgl=p1

(67), BG;T;P) > 0 and, furthermore, s > . Thus, fOP' 0 464 > 0 and the result follows.

da

Proof of Theorem 6
From (16) and (9), it follows that

E[(&)) 1=P(X, X, <0, X, —X.>0, X, -X, <0)+P(X, X, > 0,X,-X.<0,X, -X, > 0), (70)

- . =0 <l no ny .
where ¥, =% Expanding X, and X, as - > " Xpand L > " X, results in

T

E[(32)2]=P(25<0)+P(Zf >0), (71)

’ T
where Z/=AYY, in which Yo=[X), X, Xy, ... 7X2,0, X, ’thnl] , and the super index 0 in
X7 and X, is to denote explicitly Xy, X, € X7, and

T L L

1 0 2nq 2nq 2ng 2ny 2n

— =1 =1 =1 1 1
A= 0 0 3 Iy o
-1 -1 -1 -1 -1

0 1 Ty Zng 3ng Imp I

: : . . . AT
Therefore, 7 is a Gaussian random vector with mean 4,0 and covariance matrix Zyg

Plugging in the values of uy9=[ﬂ?,u?,u‘f,u3, e ’#go’ﬂi’ﬂé’ e ’ﬂ»]u] and noting the fact that
the /% element of vector () is defined as o5 (N=EL(X; —uy) (Xt~ / k=0,1,j=1,2,
..., Nk, and from the definition of X,0 it holds that

EL(Xp ) (X; ~)=ELX, ) (X3 ~15)), we have:
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2
@ 0 A
Z _| 0 . (Ug)r p o) 2
I (O R N S e

T T
©hH EehH @ e
which leads to the expression stated in Theorem 6. Evaluating the mean and covariance
matrices of vector z'* and z''is entirely similar.
Proof of Theorem 8

Since the Z!’s are Gaussian, x” and X! are covariance-stationary [18] and the vectors
T 0 1yl 147 -
Xp=[X0. X0, ... X, 1 and Xn=[X;. X, ... X;, 1" are distributed normally as

X, ~N(', Z ), i=0, 1, where

i i i inT i -
T TN TS H Z’(k,l):fiw;a-iz, ki1=1,2,....n;,
ji 2 o1 10 (73
p?(k):l_’wza-i’ k:L 2,...,n;, Py :lenlv Py :01><noa

pi=1i-, and Z/(k, /) denotes the entry in the A% row and /" column of matrix X. The result
follows by replacing (73) in Theorem 1.

Proof of Corollary 9

Using the corollary assumptions in Theorem 8, we get

1

AR(D), , 1 i i i

EL&),nyin 175 ) (DU ~kip )+ @I kipl)) . (70
=0

i K i Yee? 1y

=3 B ni(l—w)(l—d/)w’ 75
P gg? (1—w"f) (75)
&A=y T )

with &, a, b, p, and pdefined in (45). Let Alx, v, p) = O(x, y; p) + (=X, —y; p), with ®(x, y;
p) defined in (20). Then using Scheffe’s Lemma [29] we have

AR(1),

21im El e, ., 1=F (1im g, —k: 1im o)+ F(lim kg, —k; lim ). (76)

Note that by taking the limit, the term """ (1) in i and o', converges exponentially to 0

and we have a®=a'=a, h’=h!=h, p’=p!=p. The result follows similarly to proof of Corollary
2.

Pattern Recognit. Author manuscript; available in PMC 2013 November 01.



1duasnuey Joyiny vd-HIN 1duasnuey Joyiny vd-HIN

1duasnuey Joyiny vd-HIN

Zollanvari et al.

Page 25

Proof of Corollary 10

AR(1),
With i = /m = n, we have p= 0 in (45). From (76) we get 2lim,—wE[ ¢, 5, 1=G(hy, 1,:0),

with G(Ay, —ky; 0) defined as in (24) and /y= —ky, where we use a subscrlpt to explicitly
denote dependence of /and /7on ¢. Since /,/,<0, we can use a proof similar to that of
Lemma 3 to compare different AR models. Specifically, suppose we prove that

y'>y = A, € [0,1) AT € [0, D:hyr=duhy A=Al (77)

Then, similar to proof of Lemma 3, we can prove G(/1y~ /7 0) < G(hy, 1y 0), so that

AR(1) »
2limEls, ,, " 1=Ghy, 1, ,0)<11mE[ ] G(hy . 1,30), (18)

thereby proving the basic inequality in the corrollary. We first demonstrate (77). Assume ¢
> 1. We first prove that for ¢ (-1, 1), we have %<o and dd%”>0- It is easy to see that:

dly _ _\/E(CO_Cl)d(\/f_w)__ n_(co=c1)gy
2

d o dy N2fy o(dy)?

where

gy=2n(1+y> ~(n+ 1)y +(n— 1y "*?),

dy=n-2u-nmP2r, =t 9

From Descartes’ Rule of Signs [30], g, has either zero or two positive roots. For 7= 2,

gu=dn(y—1)* [ w +ZW’+—]. (80)

Therefore, for all n, g, has two roots at 1 and these are the only positive roots. Similarly we
observe that if n7is even, then gy, has only two negative roots at 1. If 7is odd, again from
Descartes’ Rule of Signs [30], g, has only one negative root, denoted by ¢ We show that
Yo (-, -1). Let ¢ = -y, ¢, >0. Since nis odd, we need to have

1+2 +(n+ Dyt —(n—- 1" P=0.  (81)

Were ¢, (0, 1), this would imply (n+1)y" >(n—1)y""?. Hence, (81) is not possible and ¢

(=0, =1). Summarizing this result, we see that ¢/ (-1,1) g, >0and therefore, 22 <0.
It is straightforward to show

dhw (co cl)d(\/—) n(co—c1) (4n*(1-¢)*+gy)
dys 2”1& 0'(2n-(1—¢)2+d¢/)
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where rw—h"i Since for ¢y (-1, 1) we have g;,> 0, then Z¢>0. We set yy=Agr + (1

2 (1= +dy*

= A)¢p, where 0 < A< 1. Now we check that (78) holds. Denotlng G(h Vi VW 0) by G, we
have

G _ o6 My dvy | o6 My dyvy
a1~ Oy, dy,,, a1 Yo, dm a1
6G dhy, (82)

C W ),

Since ¢ (-1,1),0<A<1,and Ayly<0, we can see that j, (-1, 1), hyw/l’l//<0’

dh dly,
5L>0, 7£<0, and from Proof of Lemma 3 in the appendix, 72~ < 0 and > > 0. Since ¢” >
W Yy "

¥, we see that 45 (). Similar to the proof of Lemma 3, integrating over A results in G(hy,
Iy 0) < G(hy, }411' 0). The same basic argument goes through for ¢y < ¢; and we have

2 <0, 7¢>0, The remaining results follow from the definition of E[&], ,,], where we have

Ay T Ty
AR(1)
Ele, ,, " 1=El&] ,,]

Proof of Theorem 11

Since the Z!’s are Gaussian, x” and x! are covariance-stationary and the vectors
T 0 1yl 147 —_—
X =[X0. X, ... X, 1" and Xn=[X,. X,,.....X;, 1" are distributed normally as

XQ,»NN(M’,Z ), i=0,1, [18], where for k=1,2, ..., n

ﬂl:[ﬂl7 /ul» ey /ul] 1><ma.0fvl(k)=0a p(r)] :lenl ’
ar(1+6%), k=l
p0=01s, Xk, D=3 0260,  k=l=1
0 othewise

(83)

where ;= c;and Z/(k; /) denotes the entry in the &% row and / column of the matrix Z".
The result follows by replacing (83) in Theorem 1.

Proof of Corollary 13

From Theorem 11, since @} =e; and max{r, m} + 1 <s, we have 2E[3K§21)"]=G(h9, 1930),
for any s, with /9= —kg, hgand kgdefined in Corollary 12, and G(/g —kg; 0) defined as in

(24). Similar to proof of Corollary 10, the present corollary follows by setting my=m =n

and using

dle b3 (Co—tl)ﬂ' (26+2— )’

dh -3
752 (oo o (2n0+0+1—%),

(84)

where aand bare obtained from (53).
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Figure 1.

(a) Expected true error of constructed classifiers in scenario aas a function of p, (b)
Expected true error of constructed classifiers in scenario 4 as a function of p. The horizontal
line shows the performance of the constructed classifier as if the samples were independent.
Solid lines: dependent samples; Dashed lines: independent samples.
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Figure 2.

Figures (a)—(d) show the exact expectation and standard deviation of LDA true error in
Experiment 1 as a function of p,;. (a) Expectation for my = m =5; (b) Expectation for ny =
m = 25; (c) Standard deviation for my = m = 5; (d) Standard deviation for my = 7 = 25; (a)—

(d) plot keys: © := pper=0; X:= Pper= Pwiths = Ppet = ~Pwien S0lid := pig = 1.5; dash := g
=1; dot := 1 = 0.75; dash-dot := 1 = 0.5. The cross section of each curve with the vertical
solid line in (a)—(d) plots shows the magnitude of the expectation/variance for i.i.d sampling
situation for the corresponding scenario. The small horizontal solid lines in Figures (b) and
(d) show the magnitude of expectation/variance of i.i.d situation in Figures (a) and (c),
respectively. Figures (e)—(f) show the exact expectation of LDA true error of the first-order
autoregressive model in Experiment 2 as a function of .= ¢y = ¢1. (8) Case of my = m =5;
(b) Case of my = m = 25; (e)—(f) plot keys: © :=s—my=2; x:5— my=10; solid := ¢y =1.5;
dash := ¢y = 1; dot := ¢y = 0.75; dash-dot := ¢y = 0.5. The cross section of each curve with
the vertical solid line in (e)—(f) plots shows the magnitude of the expectation for i.i.d
sampling situation for the corresponding scenario. The small horizontal solid lines in Figure
(f) show the magnitude of expectation of i.i.d situation in Figure (g).
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Figure 3.

Exact expectation of LDA true error of the first-order moving average model in Experiment
3 as a function of 8:= & = 6. (a) Expectation for n=>5; (b) Expectation for 7= 25; (c)
Magnification of region [-1, 0.1] in Figure (a); (d) Magnification of region [-1, 0.1] in
Figure (b). Plot keys: o:= ¢g=15; :¢q=1, :=¢=0.75 % := ¢ =0.5; The cross
section of each curve with the vertical solid line in each plot shows the magnitude of the
expectation for i.i.d sampling situation for the corresponding scenario. The small horizontal
solid lines in Figure (b) are drawn to facilitate comparing this figure with Figure (a) at these
cross sections. The left side of blue dotted line is (-0 , 1_1] region, which in (54) we proved
that the expectation of true error is a decreasing function of 6. The right hand side of the red

dashed line is [2%;'], oo ) region, which the expectation is an increasing function as seen from
(54).
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