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Abstract

Non-convex regularizers usually improve the performance of sparse estimation in prac-
tice. To prove this fact, we study the conditions of sparse estimations for the sharp
concave regularizers which are a general family of non-convex regularizers includ-
ing many existing regularizers. For the global solutions of the regularized regression,
our sparse eigenvalue based conditions are weaker than that of L1-regularization for
parameter estimation and sparseness estimation. For the approximate global and ap-
proximate stationary (AGAS) solutions, almost the same conditions are also enough.
We show that the desired AGAS solutions can be obtained by coordinate descent (CD)
based methods. Finally, we perform some experiments to show the performance of
CD methods on giving AGAS solutions and the degree of weakness of the estimation
conditions required by the sharp concave regularizers.

Keywords: Sparse estimation, non-convex regularization, sparse eigenvalue,

coordinate descent

1. Introduction

High-dimensional estimation concerns the parameter estimation problems in which
the dimensions of parameters are comparable to or larger than the sampling size. In

general, high-dimensional estimation is ill-posed. Additional prior knowledge about

*Corresponding author
Email addresses: panz09@mails.tsinghua.edu.cn (Zheng Pan), zcs@tsinghua.edu.cn
(Changshui Zhang)

Preprint submitted to Elsevier October 9, 2018



the structure of the parameters is usually needed to obtain consistent estimations. In
recent years, tremendous research works have demonstrated that the prior on sparsity
of the true parameters can lead to good estimators, e.g., the well-known work of com-
pressed sensing [[6] and its extensions to general high-dimensional inference [24]].

For high-dimensional sparse estimation, sparsity is usually imposed as sparsity-
encouraging [8] regularizers for linear regression methods. Many regularizers have
been proposed to describe the prior of sparsity, e.g., £g-norm, ¢;-norm, {;-norm with
0 < ¢ < 1, smoothly clipped absolute deviation (SCAD) penalty [14], log-sum penalty
(LSP) [8]], minimax concave penalty (MCP) [37] and Geman penalty (GP) [17, [32].
Except ¢1-norm, all of these sparsity-encouraging regularizers are non-convex. Non-
convex regularizers were proposed to improve the performance of sparse estimation in
many applications, e.g., image inpainting and denoising [29], biological feature selec-
tion [3, 127], MRI [8} 19, 133} 134, |35] and CT [26, [30]. However, it still lacks theoreti-
cal explanation for the improvement on sparse estimation for non-convex regularizers.
This paper aims to establish such a theoretical analysis.

In the field of sparse estimation, the following three problems are typically studied.

In this paper, we mainly study the first two problems.

1. Sparseness estimation: whether the estimation is as sparse as the true parameters;
2. Parameter estimation: whether the estimation is accurate in the sense that the

error between the estimation and the true parameter is small under some metric;
3. Feature selection: whether the estimation correctly identities the non-zero com-

ponents of the true parameters.

For the sparseness estimation, the non-convex regularizers give better approxima-
tions to p-norm than the convex ones. They are more probable to encourage the
regularized regression to yield sparser estimations than the convex regularizers. For
example, /,-regularization can give the sparsest consistent estimations even when ;-
regularization fails [15]. However, £;-norm has infinite derivatives at zero and zero
vector is always a trivial local minimizer of the regularized regression. The non-convex
regularizers with finite derivatives can remedy the numerical problem of /,-norm, e.g.,

LSP, SCAD and MCP. These regularizers can also give sparser solutions for more gen-



eral situations than ¢;-regularization in experiments [8]] and in theory [14}[32 37, [38]].
For the parameter estimation, a lot of applications and experiments have demon-
strated that many non-convex regularizers give good estimations with far less sampling
sizes than ¢1-norm as the regularizers [8] 9 26, 30l 33] [34, [35]. In theory, the re-
quirements for the sampling sizes are essentially the requirements for design matrix
or, rather, estimation conditions. A weaker estimation condition means less sampling
size needed or weaker requirements on design matrix. Weaker estimation conditions
are important for the application in which the data dimension is very high while the
sampling is expensive or restrictive. Theoretically, all of the non-convex regularizers
mentioned above admit accurate parameter estimations under appropriate conditions,
e.g., {4-norm [15], MCP [37]], SCAD [37] and general non-convex regularizers [38].
There are mainly two types of estimation conditions. The first is sparse eigenvalue
(SE) conditions, e.g., the restricted isometry property (RIP) [6} [7] and the SE used
by Foucart and Lai [15] and Zhang [40]. The second is restricted eigenvalue (RE)
conditions, e.g., the ¢s-restricted eigenvalue (¢2-RE) [2,121] and restricted invertibility
factor (RIF) [36, 138]. Based on SE, Foucart and Lai [15] gave a weaker estimation
condition for £;-norm than ¢;-norm. Trzasko and Manduca [32]] established a univer-
sal RIP condition for general non-convex regularizers including ¢;-norm. Since the
conditions proposed by Trzasko and Manduca [32] are regularizer-independent, it can
not be weakened for non-convex regularizers unfortunately. The definition of SE is
regularizer-independent while the RE is dependent on the regularizers. RE can give
a regularizer-dependent estimation condition for general regularizers, e.g., the {5-RE
based work by Negahban et al. [24] and the RIF based work by Zhang and Zhang [38]].
However, the optimization for non-convex regularizers is difficult. It usually can-
not be guaranteed to achieve a global optimum for general non-convex regularizers.
Nevertheless, some optimization methods can lead to local optimums, e.g., coordi-
nate descent [3} 23] and iterative reweighted (or majorization-minimization) methods
[8, 20} 141} 139], homotopy [37]], difference convex (DC) methods [27, 28] and proxi-
mal methods [18], 25]. Hence, it is meaningful to analyze the performance of sparse
estimation for these non-optimal optimization methods. For example, the multi-stage

relaxation methods [41}139] and its one-stage version the adaptive LASSO [19,42] re-



place the regularizers with their convex relaxations using majorization-minimization.
Compared with LASSO, the multi-stage relaxation methods improve the performance
on parameter estimation [39]. Zhang and Zhang [38]] use the solutions of LASSO as
the initialization and continue to optimize by gradient descent. It is stated that LASSO
followed by gradient descent can output an approximate global and stationary solution
which is identical to the unique sparse local solution and the global solution. The multi-
stage relaxation methods, the "LASSO + gradient descent” methods and the homotopy
methods need the same SE or RE conditions as LASSO. The DC methods [28]] and
the proximal methods [25] need to know the sparseness of its solutions in advance to
ensure the performance of parameter estimation, but these two methods cannot control
the sparseness of its solutions explicitly.

Based on the related work, we make the following contributions:

e For a general family of non-convex regularizers, we propose new SE based esti-
mation conditions which are weaker than that of /1-norm. As far as we know, our
estimation conditions are the weakest ones for general non-convex regularizers.
The proposed conditions approach the SE conditions of ¢y-regularized regres-
sion as the regularizers become closer and closer to £p-norm. We also compare
our SE conditions with RE conditions. For ¢;-regularized regression, RE based
estimation conditions are less severe than that based on SE [2]. However, for
the case of non-convex regularizers, their relationship changes. For proper non-
convex regularizers, SE conditions become weaker than RE conditions, because
SE conditions can be greatly weakened from #;-norm to non-convex regularizers

while RE conditions remain the same.

e Under the proposed SE conditions, we establish upper bounds for the estimation
error in {o-norm. The error bounds are on the same order as that of ¢ -regularized
regression. It means that although the proposed SE conditions are weakened, the
parameter estimation performance is not weakened. With appropriate additional
conditions, we further give the results of sparseness estimations, which show the
non-convex regularized regression give estimations with the sparseness on the

same order as the true parameters.



e Like the global solutions of non-convex regularized regression, we show that
the approximate global and approximate stationary (AGAS) solutions [38]] also
theoretically guarantee accurate parameter estimation and sparseness estimation.
The error bounds of parameter estimation are on the order of noise level and the
degrees of approximating the stationary solutions and the global optimums. If
the degrees of these two approximations are comparable to the noise level, the
theoretical performance on parameter estimation and sparseness estimation is
also comparable to that of global solutions. Furthermore, the required estima-
tion conditions are almost the same as that of global solutions, which means
the estimation conditions for AGAS solutions are also weaker than that required
by ¢1-norm. The estimation result on AGAS solutions is useful for application
since it shows the robustness of the non-convex regularized regression to the
inaccuracy of the solutions and gives a theoretical guarantee for the numerical

solutions.

e Under a mild SE condition, the approximate global (AG) solutions are obtainable
and the approximation error is bounded by the prediction error. If the prediction
error is small, the solution will be a good approximate global solution. The algo-
rithms which control the sparseness of the solutions explicitly are suitable to give
good AG solutions, e.g., OMP [31] and GraDeS [16]. For an AG solution, the
coordinate descent (CD) methods update it to be approximate stationary (AS)
without destroying its AG property. CD have been applied to regularized re-
gression with non-convex regularizers (3| 23]]. However, the previous works did
not allow the non-convex regularizers to approximate {y-norm arbitrarily. Our

analysis does not have such restriction on the non-convex regularizers .

Denotation. We use 7 to denote the complement of the set 7" and |7 to denote
the number of elements in 7. For an index set 7 € {1,2,---,p}, 67 denotes the
restriction of 6 = (01,602,--- ,6,) on T, i.e., 67 = (6; : i € T). The support supp(6)
of a vector € is defined as the index set composed of the non-zero components’ indices
of 0, i.e., supp(d) = {i : 6; # 0}. The £y-norm of the vector 6 is the number of

non-zero components of 4, i.e., ||0]|o = |supp(6)].



Table 1: Examples of popular regularizers. The second column is the basis functions of the regularizers. The
third column is the zero gaps of the global solutions when the regularizers are £-sharp concave. The fourth

column is the values of A*. Section[8.2] gives the proof for the result on A* of LSP.

Name Basis Functions Zero gap A%
£ -norm r(u) = Au 0 A* = A
g—1
Cqmom  r(u) = A2(u/N) 9, = log(1/(1 — ) Ma( = q)/e)L/ 2= A =A@ - (2F0) 2
SCAD r(u) = A [% min {1, 1 @/A=L }da: 0 A = Aforg =1
0 ( v >+
Lsp (uw) = A% log (1 + 3£ max{\(1/VE — ~), 0} A* < Ay/2¢log(1 + 2/(€42))
MCP r(u) = X [ (1 - %L dz A/A/E A* = Amin{V7E, 1}
A — , 2 <
o r(w) = A2u/(y + ) max(A(Y377E — p),0) At ={ MVEZE/BEs2
A/, Eve > 2

2. Preliminaries

We first formulate the sparse estimation problems. Suppose we have n samples
(y1,21), (Y2,22)s** , (Yn, 2n), Where y; € Rand z; € RP fori = 1,---,n. Let
X = (21, ,z,)T € R™Pandy = (y1,--- ,yn)" € R". We assume there exists an
s-sparse true parameter 0* which is supported on S and satisfies y = X6* 4 e with a
small noise e € R™. In this paper, we assume that the energy of the noise is limited by
a known level ¢, i.e., ||e||2 < €. For Gaussian noise e ~ N (0, o I,,), this assumption is
satisfied for e = UW with the probability at least 1 — 1/n [4].

We focus on using the following regularized regression to recover 8* from y. This
method uses the solutions of the following regularized regression as the estimations to
the true parameters.

6= arggrel]ikr}) F(0), (L

where F(0) = L(0) + R(9). L(0) = ||y — X0||3/(2n) is the prediction error. R()
is a non-convex regularizer. In this paper, we only study the component-decomposable
regularizer, i.e., R(0) = Y_4_, r(|0;]). We call (u) the basis function of R(6). Table
[T]lists the basis functions of some popular regularizers. For the basis functions in Table
r(u) has the formulation 7(u) = A\?7q(u/);y) where ro(u;7) is a non-decreasing
concave function over [0, +00) and -y is a parameter to describe the ”degree of concav-
ity”, i.e., (u) changes from linear function of w to the indicator function I fu£0} 88 7Y
varies from +o0 to 0 (except £1-norm).

Throughout this paper, we assume the basis function r(u) satisfy the following



properties. All of them hold for the basis functions in Table[I]

1. 7(0) = 0;

(
r(u) is non-decreasing;
(u)

r(u) is concave over [0, +00);

Eal

r(u) is continuous and piecewise differentiable. We use 7(u+) and 7(u—) to
denote the right and left derivatives.
5. r(u) has the formulation 7(u) = A2r¢(u/);7), where ro(u; ) is parameterized

by v and is independent of A.

In this paper, the weaker SE based estimation conditions need two important prop-
erties: zero gap and null consistency [38]. Zero gap means the true parameters and
the estimations are strong in the sense that the minimal magnitude of the non-zero
components cannot be too close to zero. Null consistency requires that the regularized
regression in Eqn. is able to identify the true parameter 8* exactly when 8* = 0

and the error e is inflated by a factor of 1/n > 1.

Definition 1 (Zero Gap). We say 0 € RP has a zero gap ug for some ug > 0 if
min{|6;| : i € supp(0)} > uo.

Definition 2 (Null Consistency). Letn € (0,1). We say the regularized regression in
Eqn. (1) is m-null consistent if ming || X6 — e/n[|3/(2n) + R(0) = |le/n||3/(2n).

In order to guarantee the above two properties, we propose the following assump-
tion, named sharp concavity. Sharp concavity is important for our analysis because

zero gap and null consistency can be derived from it.

Definition 3 (Sharp Concavity). We say a basis function r(u) satisfies C-sharp con-
cavity condition over an interval T if r(u) > ur(u—) + Cu?/2 holds for any u € T,
where C' is a positive constant. We also say r(u) is C-sharp concave over T and a

regularizer R(0) is C-sharp concave if its basis function is C-sharp concave.

Strictly concave functions can only satisfy r(u) > wur(u—). However, if the left-
derivative 7*(u—) decreases so fast that it admits a margin proportional to u? in some

interval Z, the concave functions guarantee the sharp concavity.



C-sharp concavity is satisfied over (0, ug) if r(u) is strongly concave (or —r(u) is

strongly convex) over (0, ug) , i.e., for any ¢1,t2 € (0,up) and @ € [0, 1],
1
r(at; + (1 — a)ta) > ar(ty) + (1 — a)r(tz) + §Ca(1 —a)(t; — )% ()

Section [8.1] shows that sharp concavity only needs Eqn. (2) holds for t; = 0 and any
ta € (0, up), which means that the sharp concavity is weaker than the strong concavity.
For example, MCP is ((1 + a)v)~!-sharp concave over (0, /1 + a\y) for any a > 0.
Whereas, the strong concavity does not hold over (Ay, v/1 + a\y). Besides, £,-norm
holds ¢(1 — q)(uo/)\)?~2-sharp concavity over (0, ug); LSP satisfies A2 /(\y + ug)?2-
sharp concavity over (0, ug); GP is 2X\37/(\y + ug)3-sharp concave over (0, ug).

Let x; be the i-th column of X and

— 12
¢ = max flail3/n.

We observe that £-sharp concavity derives non-trivial zero gaps and null consistency.

Theorem 1. If r(u) is &-sharp concave over (0, ug), any global solution of Problem

has a zero gap no less than uy, i.e., \éz| > ug foranyi € supp(é).
Tablelists the zero gaps of 6 when the basis functions are &-sharp concave.

Theorem 2. Let r(u) be &-sharp concave over (0,ug). The n-null consistency condi-

tion is satisfied if r(ug) > ﬁ”e”%

Zhang and Zhang [38] give a probabilistic condition for null consistency when X
is drawn from Gaussian distributions. However, our condition is deterministic from
the view of X. It is easy to check whether our condition holds. For the case of
r(u) = Arg(u/X;v), the condition of Theorem [2]is A > n~'bg|le||l2/+/n, where
bo = 1/+/2ro(ug/\;7) is a constant if ug = O(\) (all the regularizers in Table

satisfy ug = O(\)). Hence, we assume

A =n"tboe/\/n 3)

in this paper, so that the n-null consistency holds. In addition, we define

X" = inf {€u/2 + r(u) /u}. 4)



A* provides a natural normalization of A [38]]. Table[I]lists the values of A\* of the reg-
ularizers. We observe A\* = O()) from Table[1} In general, for r(u) = Arq(u/X;7),

we can define a constant a., (independent to \),
ay = nf {&u/2 +ro(u;y)/u}, 5)
so that A* = a,A. Thus, we have
N =n"ta,boe//n. (6)

If the basis function r(u) is linear over (0,u) for some w > 0, it is not sharp
concave, e.g., SCAD and truncated ¢;-norm [39]]. We name such regularizers that are
linear near the origin as weak non-convex regularizers. The zero gaps of the global

solutions with such regularizers cannot be guaranteed to be strictly positive.

3. Sparse Estimation of Global Solutions
In this section, we show our results on the SE based sparse estimation.

Definition 4 (Sparse Eigenvalue). For an integert > 1, we say that k_(t) and £ (t)

are the minimum and maximum sparse eigenvalues(SE) of a matrix X if

XA ,
k_(t) < < k4 (t) for any A with || Allp < t. @)
nl|All3

The SE is related to the restricted isometry constant (RIC) d; [6} (7], which satisfies
1—8; < ||IXAI3/(n||Al|2) < 1+ 6 for all A with ||Allg < t. Thus, it follows that
0 = (ke (t) — k(1)) /(r+(t) + K_(t)), where d; is actually the RIC of the scaled
matrix 2X/(k4(t) + k—(t)). We employ SE since it allows k. (t) > 2 and avoids the
scaling problem of RIC [15].

In order to show the typical values of k. (t) and x_(t), we compute them and
their ratio #. (t)/#_(t) for the standard Gaussian n x p matrix| where we fix p =

10 000, n = 500, 1000, 1500, 2000 and t varies from 1 to n. It should be noted

The elements are i.i.d. drawn from the standard Gaussian distribution A/(0, 1).



Ro()/R_(t)

N 10°

0 500 1000 1500 0 200 400 600 800 1000 1200 1400
t

(@) (®) ©

Figure 1: R4 (t), A—(t) and Ry (¢)/R—(t) for the Gaussian random matrices with p = 10 000, n =
500, 1000, 1500, 2000 and ¢ ranges from 1 to n. The solid lines are the average values of the 100 trials and

the two dash lines around each solid line are the maximum and the minimum of the 100 trials.

that k4 (t) and x_(t) cannot be obtained efficiently. We use the following approx-
imation method: For a matrix X € R"™*P, we randomly sample its 100 submatri-
ces X1, X2, -+, X100 € R ! composed by ¢ columns of X and regard 7 (t) =
max; Amax (X7 X;) and & _(t) = min; Amin (X X;) as the approximations for 4 (¢)
and x_(t), where Apax(A) and A\pin(A) mean the maximal and minimal eigenvalues
of A. Actually, 74 (t) < k4 (t) and K_(t) > k_(t). For each n and ¢, we generate 100
standard Gaussian matrices and compute the maximums, minimums and the means of
the values of 7 (t), i—(t) and & (t)/F—(t) for the 100 trials. Figure[l]illustrates the
results. The variances of %4 (t), K_(t) and K (t)/k_(t) with the same n and ¢ are
small since the corresponding lines for the maximum, minimum and mean values are
close to each other. However, 7 (t)/k_(t) grows very fast as t grows or n decreases.

Based on SE, we establish the following parameter estimation result for global
solutions of non-convex regularized regression. Let pg and pg; be the zero gaps of the

global solution 6 and the true parameter 6* respectively. Denote

po = min{po, p*}. (®

Theorem 3 (Parameter Estimation of Global Solutions). Suppose the following con-

ditions hold.

1. 7(u) is invertible for v > 0 and r=*(u/s1)/r~1(u/s2) is a non-decreasing
function of u for any so > s1 > 1;

2. The regularized regression satisfies n-null consistency;

10



3. The following SE condition holds for some integer t > s,
H+(2t)//€*(2t) < 4(\/5_ 1)Hr(p03aa Sat) +1, ©

0@ =1 H (pg,a,s,t) = /T TP for py > 0 and

where s = ||0* — tr=I(ar(po)/t)

H,(0,c,s,t) =lim,_,o4 Hr(p, v, 5,1).

Then,
160 — 6%]] < CLA¥, (10)
— (1""\/5)(1""77)\/Z H'V'(pO)O‘7S)t)+1/2
where Gt = =00 H, (o s B (14 v2) (s (20) /- @D~/

Since \* is on the order of noise level e (Eqn. @), the estimation error ||6 — 6% |5
is at most on the order of noise level. We give a detailed discussion on Theorem [3]in
Section 4] Before the discussion, we first show a corollary given in Section 4] which
shows that our SE condition only needs x_ (t) > 0 with ¢ = O(s). This SE condition
is much weaker than that of ¢;-norm. In fact, it is almost optimal since it is the same

as the estimation condition of £y-regularization [[15] 38].

Corollary 1. Let the condition 1 and 2 of Theoremhold and H,.(po, v, s,as+1) —
0o asy — 0. If k_(2as + 2) > 0, there exists v > 0 such that |6 — 6*||y < O(\*).

In addition to the error bound in Theorem [3] we hope that the regularized regres-
sions yield enough sparse solutions. We extend the results from Zhang and Zhang [38]]

and show that the global solutions are sparse under appropriate conditions.

Theorem 4 (Sparseness Estimation of Global Solutions). Suppose the conditions of

Theoremhold. Consider ly > 0 and integer mq > 0 such that

V2th (mo)r(Ca(1+n)A) /mo + | XTe/n]l o <7 (lo—),
where Cy is defined in Eqn. (ﬁ) Then, |supp(0)\S| < mg + tr(Ca(1 + n)A*) /r(lo).

Corollary 2. Suppose the basis function r(u) = A\2ro(u/\) and the conditions of The-
oremhold witht = (a + 1)s, mg = Bos and lg = S1\ for some By, B1 > 0. Let

11



C3 = Co(1 + n)a, where Cy is the same as Theoremand a~ is defined in Eqn. .
If

2(a + 1)k (Bos) < (fo(B1—) — nay)?

11
Bo r9(C3) ' an

then

supp(O)\S| < (Bo + (o + 1)ro(C3) /r0(B1))s. (12)

Example for Corollary [2 Consider the example of LSP with ro(u) = log(1 +

u/7) and 31 = /7. Suppose the columns of X are normalized so that £ = 1. Section

shows that a, < y/2log(1 + 2/~2). Thus, the right hand of Eqn is larger than

(1/0 4 vA) 0y Toa( T 277))
vlog(1+y71C2(1+ n)y/2log(1 4 2/7%))
Thus, as v goes to 0, the right side of Eqn. is arbitrarily large. Eqn. holds for
enough small . The right side of Eqn. is fos + O(s) as v — 0. Hence, we can

freely select 3y satisfying Eqn. with enough small . For example, if 8y = 1/s,
Eqn. holds for enough small y and Eqn. becomes

log(1 +~71Co(1 +1)+/21og(1 + 2/72))
log(14+1/,/7)

The right side of Eqn is at most on the order of s when v is close to zero.

\supp(é)/S\ <l+s(a+1)

13)

4. Discussion on Theorem

This section gives some detailed discussion on Theorem 3]

4.1. Invertible approximate regularizers
If 7(u) is not invertible, e.g., MCP, we can design invertible basis function to ap-
proximate it. For example, we can use the following invertible function, named Ap-
proximate MCP, to approximate MCP.
A —u?/(2y), 0<u<y(l-9),
r(u) = Lyang gty (—u \2OF) - (14)
21 - %) (5357 u>(1-9),
where ¢ € (0, 1). Approximate MCP is concatenated by the part of MCP over [0, \y(1—
¢)] and the part of £,-norm over (Ay(1 — ¢), 00) with ¢ = 2¢/(1 + ¢). When ¢ — 0,

12



r(u) will become the basis function of MCP. We will address the method to obtain Eqn.
in Section Any other non-invertible regularizers in Table [T| can be approxi-

mated in the same way.

4.2. Non-decreasing property of v~ (u/s1)/r 1 (u/s2)

It can be verified that all the regularizers in Table[T]or their invertible approximate
ones (in the way of Eqn. ) satisfy the non-decreasing property of % for any
s9 > s1 > 0. In fact, for derivative basis functions, this non-decreasing property is

equal to that ur(u)/r(u) is a non-increasing function of .

4.3. Non-sharp concave regularizers

If 7(u) is not &-sharp concave, e.g., SCAD or LSP with 42 > 1/£, we cannot
guarantee 0 has a positive zero gap. In this case, the condition 2 (null consistency) of
Theorem [3| can be guaranteed by the ¢5-regularity conditions [38] and the condition
3 becomes £ (2as)/k_(2as) < 1.65/\/a + 1 with t = as, which also belongs to
the ¢5-regularity conditions. Hence, without £-sharp concavity, Theorem [3|still holds.
Intuitively, non-sharp concave regularizers need the same estimation conditions as ;-

regularization since they cannot approximate ¢y-norm arbitrarily.

4.4. Relaxed SE based estimation conditions

Much more relaxed estimation conditions are sufficient for £-sharp concave regu-
larizers. Suppose r(u) is &-sharp concave over (0, pg) with 0 < pg < min;es |67].
In this case, H,.(pg, , s,t) can become arbitrarily large for proper regularizers so that
the SE condition in Eqn. (9) is much weaker than the SE conditions of ¢;-regularized
regression. We have shown in Figure[I|that 7 (¢)/R_(t) (< k4 (t)/k—(t)) increases
very fast as ¢ increases or n decreases. Thus, a weaker constraint on £ (2t)/k_(2t) in
Eqn. () is very important for sparse estimation problems.

Here, we give the examples of approximate MCP, ¢,-norm and LSP. For approxi-

mate MCP, Eqn. gives its H,.(po, v, s, t) (see Section|[8.7).

H,(po, a, 5,1) = o~ 2(t/(cws)) 75, (15)

13
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T =1/log(1/7) = log(1/(1 - q)

(a) Approximate MCP vs. L1 (b) LSPvs. L1 (c) £g-norm vs. L1

Figure 2: The upper bounds of the SE conditions for LSP, approximate MCP(AMCP) and £4-norm. We set
a = 1.01, t = 2s. In each subfigure, we also plot the upper bound of SE conditions for £ -norm, i.e., the

right hand of Eqn. (T6) with ¢ = 1.

where we set 7§ = % (a/t)}/?. For £,-norm, the SE conditions can be written as

K (21) 4V2-1) (T2
K_(2t) <1+ Va (as) '

When o = 1, Eqn. (]E[) is identical to the estimation condition of Foucart and Lai [[15].

(16)

Hence, Foucart and Lai [15] can be regarded as a special case of our theory. For LSP,
we have
1 M) —1 /s 1
Hy(po,,5,1) = \/§< Too/Or))e —1 \f”@ L
t(1+po/(A))t =1 t(yWE /-1

It should be noted that H,(po, e, s,t) — oo as v — 0 for approximate MCP, /-

| @i

norm and LSP. Figure 2 shows some special cases of H,.(pg,a,s,t) for these three
regularizers and ¢;-norm. In Figure 2] the SE conditions in Eqn. (9) are much weaker
than that of /;-norm.

Theorem |3 reveals that the upper bound constraint for k. (2t)/kx_(2t) tends to
infinity as vy — 0O for proper non-convex regularizers. It implies that if

. ||XA||§ }
k_(2t) = inf { Al <2t >0, (18)

there exists v > 0 so that the SE condition (Eqn. (]E[)) is satisfied. Based on this
observation, we have Corollary In Corollary (I} x_(2as + 2) > 0 holds if the

columns of X are in general positimﬂ and 2as + 2 < n, which is almost optimal in

2General position means any n columns of X are linear independent. The columns of X are in general

position with probability 1 if the elements of X are i.i.d. drawn from some distribution, e.g., Gaussian.
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the sense that it is the same as the SE condition of ¢y-regularized regression [38]].

4.5. Comparison between SE and RE
Like SE, RE is also popular to construct estimation conditions. There are some

variants of RE, e.g., /5-RE [2 [21] and RIF [36}38]. It can derive a simple expression

to the parameter estimation and the corresponding estimation condition.

Definition 5 (¢o-RE). For o > 1, a regularizer R, an index set S C {1,---p} and its

complement set S, the {3-RE is defined as

| XA[3
| A3

RE®(a,S) = n&f{ tR(Ag) < aR(AS)} : (19)

Definition 6 (Restricted Invertibility Factor). For 7 > 1, o > 1, a regularizer R,
an index set S C {1,---p}, RIF is defined as

[S[VTIXTX Ao
nf|Allr

RIFR (a,S) = irAlf{ :R(Ag) < aR(AS)} :

Theorem 5. Suppose n-null consistency condition holds and o = (1 +n)/(1 — 7).

0 — 0% ||y < 225 i (0+). Forany T > 1,

5 oa (14m)A* '/
RER (a,S) 0 0 ||7' < O

Then, RIFR (a,S) *

The estimation conditions based on RE require that RE® (a, S) > 0 or RIF¥ (ar, S) >
0. The same conclusion also can be obtained for ¢;-regularized regression [24} 3§]].
What we are interested in is whether non-convex regularizers allow a larger value of
RE%(a, S) than £;-norm, i.e., whether RE™ (v, S) > 0 becomes weaker by employing
non-convex regularizers.

Define Q(8) = {A € R" : R(BAs) < aR(BAs),||All2 = 1} for § > 0. The

concavity of r(u) gives that 7(0+)u > r(u) > ur(u—), which derives that
QB) > {A e R" 1+ (0+)B[Asll < aB(|As],7(|BAs][-)), [[Alla = 1},

where |Ag]| is the vector composed of the absolute values of the components of Ag,

ie., |As| = (|A;] : i € S). In the same way, 7(|8As|—) = (#(|BA;|—) : i € S).

15



Thus, we give an upper bound to RER(a, S):

| XA3

8>0,Ackr - n| Al
[ XAl . .

: 51 < - =

< i LR 00 Aslh < afAsl (1] 1Al = 1)

(B—0+) 2

29 (IXAIL

N AN

RER(a,8) = tA e Q(B)}

Aslh < afAslly, [[A]l2 = 1}
= RE" (, S)

RE®(a,S) < RE"(a, S) means that the RE based condition of non-convex reg-
ularized regression RER(a7 S) > 0 is not relaxed. Negahban et al. [24] put an ad-
ditional constraint /(e) = {A : ||A|| > €} to the definition of RE. This constraint
avoids the bad case A — 0. However, it still cannot guarantee to provide larger
RE for non-convex regularizers than ¢;-norm. For example, let ¢1,t5 and t5 sat-
isfy that [t1] + |t2| < 2|ts] and @ = 2, S = {3} and S = {1,2}. Thus, the
concavity of r(u) implies that 7([t1]) + r(|t2]) < 2r((Jt1] + [t2])/2) < 2r(Jts)).
For this case, {A : [|Agll1 < af|lAs|i} € {A @ R(Ag) < aR(As)}. Thus,
RE®(a,S) < RE" (a,S). For RIF, we have the same result. Although non-convex
regularizers give better approximations to £y-norm, the RE of non-convex regularizers
cannot be guaranteed to be lager than that of /;-norm. The framework of RE does not
leave space to relax the estimation condition for non-convex regularizers.

The only difference between the definitions of SE and RE lies in the constraints for
A. The two constraints {A : ||Allp < 2t} and {A : R(Ag) < aR(Ags) do not contain
each other. However, we observe that £ (2t) > min|y|<, RE®((2t — 5)/s,T) >
minjr< RE® (200 — 1 4 2/s,T) fort > as + 1. When 7 is small and s > 2,
20—1+2/s s close to o and min 7 < RE® (2a—142/s, T) ~ min|7|<; RE? (o, T).
Hence, with proper regularizers, the SE condition in Eqn. is a weaker condition
than min|7|< RE® (o, T) > 0.

We can also compare RE and our SE conditions with the help of the failure bound
of RIC 095 = 1/ v/2 for £;-minimization recovery [12]], where ¢;-minimization re-
covery includes the basis pursuit [10] and Dantzig selector [S]. The failure bound

means that for any € > 0 there exists X € RE=DXP with oy < 1/ﬂ + ¢ where
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{1-minimization recovery fails. On the other hand, ¢;-minimization recovery suc-
ceeds when RE‘* (o, ) > 0 [2], like ¢1-regularized regression (Theorem . Thus,
min i<, RE™ (0, T) = 0if 025 > 1/v/2, ie., 14(25)/k—(25) > 3 + 2v/2. Since
non-convex regularizers cannot weaken RE conditions, k4 (2s)/k_(2s) > 3 + 2V/2
also causes min|r|<; RE% (o, T) = 0 for non-convex regularizers. On the contrary,
our SE conditions, e.g., K (2as +2) > 0, still hold with proper non-convex regulariz-

ers even when k. (2s)/k_(25) > 3+ 2v/2.

4.6. Comparison with the conditions for feature selection

Shen et al. [28] gave a necessary condition for consistent feature selection, which
can be relaxed further to k_(s) > C'logp/n with a constant C' > 0 independent
of p, s, n. This necessary condition needs k. (s)/k_(s) to be upper bounded by
a constant which is independent of the regularizers. For their DC algorithm based
methods, they tightened the conditions to that k. (25) /x_ (235) is upper bounded, where
5 is the number of non-zero components of the solutions given by their methods. This
condition cannot be verified until the solutions are given. However, our SE conditions

do not depend on the sparseness of the practical solutions (see Section [5).

5. Sparse Estimation of AGAS Solutions

For Problem (1), it is practical to obtain a solution which is approximate global
(AG) (Definition [7) and approximate stationary (AS) (Definition [8). We show in this

section that this kind of solutions also give good estimation to the true parameters.

Definition 7. Given u > 0, we say 0 isa (0%, p)-approximate global solution of
ming F(0) if F(0) < F(6*) + .

Definition 8. Givenv > 0, we say fisa v-approximate stationary solution of ming JF(6)
if the directional derivative of F at 0 in any direction d € R? with ||d||y = 1 is no less

than —v, i.e., F'(0;d) > —v.

The directional derivative is defined as F'(6; d) = lim inf o (F(6+Ad)—F(0))/A
forany ¢ € R” and d € RP. For Problem (1), F/(0; d) = d"VL(0)+ > 0_ | R'(0:;d;).

17



The following theorem gives the parameter estimation result with AGAS solutions.

071}

Let @y > 0 be the zero gap of 6 and po = min{dy, Min;egupp(6+)

Theorem 6 (Parameter Estimation of AGAS solutions). Suppose the following con-

ditions hold for the regularized regression.

1. fis a (6%, 1)-AG solution and v-AS solution.

2. r(u) is invertible for u > 0 and r='(u/s1)/r~*(u/s2) is a non-decreasing
function w.r.t. u for any so > s1 > 0;

3. The regularized regression satisfies n-null consistency;

4. The following SE condition holds for some integer t > as + 1,

H+(2t)//€—(2t) < 4(\/i - 1)GT([503 Q, Sat) +1, (20)

where o = }J_F—Z Gr(po, a, 8,t) = g%ﬁ)r po > 0 and G,(0,

a,s,t) =lim, 04+ G, (p, @, s, ).

Then,
positive constants. Cy and C are defined in Eqn. (39) and (#0).

0 — 0%y < Cyé+ C5r_1(ﬁ), where € = 1(04) + n\* + v and Cy, Cs are

The condition 2, 3 and 4 are almost the same as the three conditions of Theorem
except the slightly different requirements for ¢ and the definition of G,.(po, «, s, t).

Consequently, the discussion in Section[]is also suitable for this theorem:

1. The non-invertible basis functions can be approximated by approximate invert-
ible basis functions;

2. Without ¢-sharp concavity, the condition 4 of Theorem [6] is almost the same as
RIP conditions in Foucart and Lai [[15]];

3. With ¢-sharp concavity and a positive zero gap (we show in Theorem [J] that our
CD methods guarantee the positive zero gaps), SE based estimation conditions

can be much relaxed.

Theorem [6] shows that the error bounds of parameter estimation are mainly deter-
mined by four parts: the slope of r(u) at zero 7(0+), the parameter A* = O(¢/+/n),

the degree of approximating the stationary solutions v and the degree of approximating
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the global optimums r~*(1/(1 —n)). If 7(u) = Aro(u/);~) and 7o (u; ) has a finite
derivative at zero, we know that 7*(0+) = Arg(0+;7), e.g., 7(0+) = A for MCP. Since
A = O(e/+/n) by Eqn. (3) in this paper, the estimation error bound is actually

16— 6%ll2 < O(e/ V) + Ow) + O(r~ (1/ (1 —m)))-

According to Theorem [6} we do not need to solve Problem exactly. A good sub-
optimal solution is enough to give good parameter estimation. Even, we do not need
a strictly stationary solution since Theorem [f] allows a margin v. So, the non-convex
regularized regression is robust to the inaccuracy of the solutions, which is important
for numerical computation.

It should be noted that 7(0+) is required to be finite in Theorem@ which forbids
the regularizers with infinite 7(0+), e.g., {p-norm and ¢,-norm (0 < ¢ < 1). It may
be due to the strongly NP-hard property brought by £5-norm and ¢,-norm regularized
regression [11].

Similar to Theorem ] we give the following sparseness estimation result for AGAS

solutions. The proof is the same as that of Theorem {4}

Theorem 7 (Sparseness Estimation of AGAS solutions). Suppose the conditions of

Theorem@hold. Letb=(t—1)r (C4€ +esrt (%77)), where c4 and cs are defined

in Egn. and Eqn. (38). Consider ly > 0 and integer mq > 0 such that

\/%ﬁn(;n())<1577 +0) + [ X e/nlloo < (o).

Then, |supp(0)\S| < mo + b/r(lo).

The sparseness of AGAS solutions is also affected by € = 7(0+) + nA* + v and p.
Theorem [7)can also derive a similar conclusion as Corollary 2] For an AGAS solution
with small v and p, the sparseness of the solution is on the order of s, just like the

global solutions.

5.1. Approximate Global Solutions

We need AG solutions in Theorem [6l and Theorem[7l The methods to obtain such

solutions are crucial consequently. Instead of restricting to the solutions given by a
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specific algorithm, we use the prediction error || X6° — y||3/(2n) to give a quality

guarantee for any solution #° that is regarded as an AG solution.

Theorem 8. Suppose 0° is an so-sparse vector with the prediction error i3 = || X6° —

ylI3/(2n). If K_(s + sg) > 0, then 0° is a (0%, 1u)-AG solution where

V240 + €/ >

s+ 80)k—(s+ s0)

MH8+(5+50)T<\/(

Corollary 3. Suppose 0° is an sy-sparse vector with the prediction error g = Ce/\/n
for some { > 0 and the basis function has the formulation r(u) = X?ro(u/\) with

X = n"tbge/\/n. Then, 0° is a (0%, Cse® /n)-AG solution where

(s+s50)t8 ( (1+ V20 ) |

Cn = 2
s=C n? bo+/ (s + s0)k—(s + o)

The methods that explicitly control the sparseness of its solutions are suitable for
giving the AG solutions, e.g., OMP [31] and GraDeS [16]]. However, we do not need
the strong conditions for consistent parameter estimation for these methods, e.g., d25 <
1/3 for GraDeS [16] or (k4 (1)/k—(t))log(ky(s)/k—(t)) grows sub-linearly as t for
OMP [40]]. In fact, Theorem (8| only requires k_(s + so) > 0. Hence, sg can be
large enough to make iy to be small. The relationship between p and sy depends
on the employed method and the design matrix X. Even with a bad value of y in the

initialization, we can decrease it further by CD methods as stated in Section[5.2]

5.2. Approximate Stationary Solutions with Zero Gap

Theorem [6]also requires the solution to be v-AS and has a positive zero gap. Gen-
eral gradient descent algorithms can provide stationary solutions but they cannot ensure
a positive zero gap. However, we observe that the coordinate descent (CD) methods
can yield AS solutions and all of these solutions have positive zero gaps under proper
sharp concavity conditions.

In every step, CD only optimizes for one dimension, i.e.,

k) _ . (k) (k) (k1) k=T, ¥ (k—1)\2
0; fargznel]%]:((ﬂl v 0 00 ,~~~,91(, )) )+§(u79i ), 21

s Yi—1»
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where k is the number of iterations, ¢ = 1,--- , p and ¢y > 0 is a positive constant. The
constant ¢ plays a role of balance between decreasing 7 (#) and not going far from the
previous step. The above CD method is also called proximal coordinate descent. For

Problem ([I]), the CD methods iterate as follows.

2
, WA 60D 4 2T io®)
ez(k)_argm%(nx ”Mw) (uw, EATAIL) R,
ue

n ¥+ llail|3/n

where x; is the i-th column of the design matrix X and wgk) =YY= xjgék) —

D jsi xﬂﬁ-k*l). Problem is a non-convex but only one-dimensional problem. All

gUs=1) T (k)
W We assume that Problem (22) can
ill2

be exactly solved. If Problem (22) has more than one minimizer, any one of them can

of its solutions are between 0 and

be selected as 91@). In this paper, CD methods stop iterating if
0% — g*=D, < 7, (23)
where 7 > 0 is a small tolerance proportional to the value v (see Theorem [I0).

Theorem 9. Ifr(u) is (€ +v)-sharp concave over (0,uqg), then GZ(k) > ug or 91(1@) =0

foranyk =1,2,--- andanyi=1,--- ,p.

The above zero gap property of CD is a corollary of Theorem |l The sharp con-
cavity condition of Theorem [9] is a little stronger than the requirements of Theorem
Nonetheless, we can set 1) to be small to narrow the difference between the sharp
concavity conditions of Theorem 3]and Theorem 9

Besides the zero gap, we show in the following theorem that CD methods simulta-

neously give AS solutions and keep them to be still AG solutions.

Theorem 10. {F (%))} is a non-increasing sequence and converges; For any v > 0
(0)
and with T = v/(\/p(y + p§)), CD stops within k = 1 + %ﬁﬂm iterations

and outputs a v-AS solution, where p is the number of columns of the design matrix X.

Theorem [I0]shows CD methods give a further decrease to the value ;. of AG prop-
erty and guarantees the v-AS property, which is necessary for sparse estimation in

Theorem [6|and Theorem[7} This theorem also gives an upper bound for v, i.e.,
v < /B + pE)[|0®) — 0%V, (24)
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where k is the number of iterations. Usually, we hope v is on the order of A\* so that
€ =7(0+) + n\* + v = O(\*) = O(¢//n) in Theorem |6}

CD has been applied to the non-convex regularized regression by Breheny and
Huang [3] and Mazumder et al. [23]] . However, their non-convex regularizers are
restrictive because they need Eqn. to be strictly convex for ¢» = 0. They could
not deal with the MCP with v < 1, the SCAD with v < 2 or the LSP with v < 1.
Compared with them, the conclusions of Theorem [[0] are weaker but they are enough

to obtain v-AS solutions and the regularizers can approximate ¢y-norm arbitrarily.

6. Experiment

In this section, we experimentally show the performance of CD methods on giving
AGAS solutions and the degree of weakness of the estimation conditions required by

the sharp concave regularizers.

6.1. AGAS solutions

In Section[5] we prove that 1 is monotonously decreasing, v tends to 0 and the zero
gap g is maintained in each iteration of CD algorithm. We experimentally show these
in this part.

We set the dimension of the parameter as p = 1000, the number of non-zero com-
ponents of 8* (the true parameter) s = logp. We randomly choose s indices as the
non-zero components. The non-zero components are i.i.d. drawn from A/(0,1) and
those belonging to (—0.1,0.1) are promoted to £0.1 according to their signs.

The elements of the design matrix X € R"™*P are i.i.d. drawn from N(0, 1),
where n = 10s log p. The noise e is drawn from N(0, I,,) and is normalized such that
€ = |le|l2 = 0.01. We fix v = 0.1 and = 0.01 for all the non-convex regularizers
(LSP, MCP and GP) and use Eqn. to choose .

For CD algorithm, we set ¢y = 0.1. The CD algorithm is initialized with zero
vectors and terminated when v is below 107 (we set 7 = 107%/(/p(v> + pg)) by
Theorem [EI) or the number of iterations is over 500. For each regularizer, we run CD

for 100 trials with independent true parameters and design matrices.
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Figure 3: The zero gap o (left) and the parameters of AGAS solutions p (middle) and v (right) in each
iteration of CD algorithms. The figures are in the form of the boxplots of the 100 trials of CD algorithms.

The right column is actually the boxplots of the upper bound for v in Eqn. @)

We illustrate the boxplots for g, y and v of each iteration in Figure 3] The left
column shows that CD methods maintain the zero gaps in each iteration as stated in
Theorem El The middle column shows F(8%)) — F(6*) decrease to zero for most
of trials in 100 iterations. The right column shows that most of the solutions are very

close to stationary solutions within 100 iterations.

6.2. Weaker Conditions for Sparse Estimation

We show the performance of non-convex regularizers for sparse estimation in this
part. For an estimation 0, three criterions are used to describe the performance of sparse
estimation: 1. sparseness ||0]|o; 2. Relative recovery error (RRE) ||6 — 0*|2/]|0* |2 3
Support recovery rate (SRR) [supp(8) Nsupp(6*)|/|supp(8) Usupp(6*)|. A weaker esti-
mation condition than convex regularizers can be verified by achieving a more accurate
sparseness, lower RRE or higher SRR with less sampling size.

We fix the dimension of the parameters and the sparseness of the true parameters

and we vary the sampling size n to compare the three criterions between convex regu-
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Figure 4: The sparseness (left), RRE (middle) and SRR (right) corresponding to the regularizers(LSP, MCP,
GP and ¢1-norm). The true parameters, the design matrices and the noises are generated in the same way as
Section@except that p = 10 000, s = 100 and n varies from s to 15s. The parameter of the regularizers
~is setas 10~7. We use the OMP [31] to generate an initial solution for CD with at most (n — s) non-zero
components. The parameters of CD ¢ = 0.1 and the stopping criterion of CD is the same as Section
Every data point is the average of 100 trials of CD methods. For each regularizer and each n, we select A

from 10=6, 105, ... | 10 such that it gets the smallest average RRE of the 100 trials.

larizers (¢1-norm, implemented by FISTA [1]]) and non-convex regularizers (LSP, MCP
and GP).As Figure [d] shows, non-convex regularizers give much more accurate sparse-
ness estimation, lower RREs and higher SRRs than ¢; -regularization. Among the three

non-convex regularizers, the performance of sparse estimation is similar to each other.

6.3. Single-Pixel Camera

We compare non-convex regularizers and ¢;-norm in the application of single-pixel
camera [13]]. In this application, we need to recover an image from a small fraction of
pixels of an image, which is a similar task to image inpainting [22]. Since most of
natural images have sparse Discrete Cosine Transformations (DCT), we can recover
the image by solving the problem ming ||y — Mvec(6)||3/(2n) + R (vec(DIA])), where
y’s components are the known pixels, 6 is the estimated image, M is a mask matrix
indicating the positions of the known pixels, D[] is the 2D-DCT of 6 and vec(0) is
the vectorization of 6. Denote © = D[f] and we rewrite the problem in the form of
Problem (1) ming ||y — Mvec(D~1[0])||3/(2n) + R(vec(©)), where D~1[O] is the
inverse 2D-DCT of ©. Figure[5|a) shows the test image (size 256 x256). We randomly
choose 25% pixels of it as 7. The PSNRs of LSP (v = 10~7) and ¢, -norm are compared

24



(a) Original (b) LSP (¢) £1-norm (d) PSNR

Figure 5: Comparison of image recovery. (a) The original image. (b)(c) The estimated image by LSP and
£1-norm with highest PSNRs in (d). (d) The PSNRs of LSP and ¢;-norm for different values of A\. The
results of LSP and ¢; -norm are obtained by CD (i) = 0.001¢, 69 = 0) and FISTA respectively.

in Figure[5(d), where LSP has higher PSNRs than ¢;-norm for all As in the figure. The
PSNRs of LSP are more robust to A than ¢;-norm. Figure E[b) and (c) illustrate the
recovered images by LSP and ¢;-norm with the best PSNRs. The image produced by

LSP is of better quality than the one created by ¢;-norm.

7. Conclusion

This paper establishes a theory for sparse estimation with non-convex regularized
regression. The framework of non-convex regularizers in this paper is general and es-
pecially suitable for sharp concave regularizers. For proper sharp concave regularizers,
both global solutions and AGAS solutions can give good parameter estimation and
sparseness estimation. The proposed SE based estimation conditions are weaker than
that of /;-norm. To obtain AGAS solutions, we give a prediction error based guarantee
for AG property and prove that CD methods yield the desired AGAS solutions.

Our theory explains the improvements on sparse estimation from ¢ -regularization
to non-convex regularization. Our work can serve as a guideline for the further study

on designing regularizers and developing algorithms for non-convex regularization.

8. Technical Proofs

We first provide two lemmas. The first is Lemma 1 of Zhang and Zhang [38]).
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Lemma 1. Let 0 be a global optima of Problem . We have
IXT (X6 = y)/nflec < A" (25)
Under the n-null consistency condition, we further have
1X"e/n]loe < nA*. (26)

Lemma 2. 1. r(u) is subadditive, i.e., r(uy + uz) < r(uy) + r(us), Yui,ug > 0.

2. ForanyVu > 0 and any d € Or(u), 7(0+) > 7(u—) > d > 7(u+) > 0.

Proof. 1. Since r(u) is concave, it follows that Yuy, us > 0, ul’jrlwr(ul + ug) +

L2—p(0) < r(ur) and —22—r(uq + uz) + —2—r(0) < r(uz). Summing up the

ugtug u1+tuz uz+u2

two inequalities gives r(u; + ug2) < r(u1) + r(uz).
2. Invoking the subadditivity, we have [r(u — Au) — r(u)]/Au < r(Au)/Au for
Au > 0and u > Au. Let Au — 0. Then 7(0+) > 7(u—).

The concavity of r(u) yields that T(u)f’“A(Z*A“) > T(U+AA“27T(“) for Au > 0.
From the definition of subgradient of concave function, we have Au-d > r(u+ Au) —

(w)—r(u—~Au)
r(u) and —Au - d > r(u — Au) — r(u) for any Au > 0. Hence, === > d >

r(ut+Au)—r(u)
Au

. Let Au — 0 and then the lemma follows. B

8.1. Sharp concavity and strong concavity

Invoking Eqn. with a > 0,¢; = 0 and t; =t > 0, we have r((1 — a)t) >
(1 — a)r(t) + Ca(l — a)t? /2, which implies

r(t) —r(t — at)

r(t) >t +C(1 —a)t?/2.
at
Let a — 0. Sharp concavity follows.
8.2. The upper bound of \* for LSP
Define U > 0 such that % = # Let u = UMy and we have \* <

2
)\(% + log(wligU)) = A\y/2¢log(1+ U). Note that U < log(({7+U) = % Hence,

A* <A /26 log(1 4 g25). Also, a, < /26 log(1 + £5).
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8.3. Proof of Theoremll|
6 minimizes 5-|ly—X0[|3+R(6), therefore the subgradient at f contains zero, i.c.,
|27 (X0—y)/n| < i(|0;|—) forany i € supp(f). Define @ = (A1, - ,0;_1,0,0,41,--- ,0,).
We have 5-||y — X0|3+R(6) < +|ly — X0||3 + R(6), which implies 2nr(|6;]) <
07 |ill3 +20:] (y — X8) < 67 a3 + 2105 |2] (y — X0)| < &7 +2n|6if+(10s]-).-

If 6; € (0, up), this inequality contradicts with &-sharp concavity condition. l

8.4. Proof of Theorem|2]

We assume that § = 0 is not a minimizer of ming 5-[|X60 — e/n[|3 + R(#) while
én # 0 is a minimizer. Therefore, ﬁ”e”% > ﬁHXén —e/n||%+ R(én) Since r(u)
is £-sharp concave over (0, ug), the non-zero components of én has magnitudes larger

than uo. Thus, 5[ X8, — e/n||3 + R(8,) > r(uo) > gz llell3- It contradicts with

the assumption. l

8.5. Proof of Theorem|3|

Let A = 6 — 6%, S = supp(6*), s = |S| and T be any index set with |T| < s.
Let iy,i2,--- be a sequence of indices such that i, € T for k > 1 and |A;| >
|A;,| > |Ai| > ---. Given an integer ¢ > s, we partition 7 as 7 = U;>17; such
that 71 = {ir, -+ ,is}, To = {itg1,- -+ iz}, -+ Define ¥ = 37, [[A7 |2, o =
(1+n)/(1 —n). Before the proof, we introduce the following three lemmas. Lemma

Blis a special case of Lemma|f with 1 = 0.
Lemma 3. Under n-null consistency, 5-|| XAl3 + R(Ag) < aR(As).
Lemma 4. r(X/v1) < R(A7)/t.

Proof. For any i € 7y and j € Tp—1 (k > 2), we have |A;| < |A;|. Thus,
r(|A;]) < R(AT,_,)/tie, |Ad? < (" (R(A7,_,)/t)?. Ttfollows that r (|| A7, |2/ V)
R(AT_ )/t Thus, RIAD/E > Yoy RIAG_)/E 2 Yoy r(1Az o/ VD) >
r(S/VE). B

A

Lemma 5. Under n-null consistency,

1+V2 [k (2t) — k_(2t)
<
mae{ | Arle, A7 2} < 555 T+ VA

T+ . @D
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Proof. ByLemma we have || XT XA /nllo < | XT(X0—y) /0]t XTe/nl00 <

A* +nA*. We modify the Eqn. (12) in Foucart and Lai [15] to the following inequality.
1 1 "
XA X(AT+A7)) < (HAT|‘1+||AT1HI)HEXTXAHOO < VI (| AT ]2+ AT [12)-

Then, following the proof of Theorem 3.1 in Foucart and Lai [[15], Eqn. follows.H

Next, we turn to the proof Theorem [3] Let k— = r_(2t), ky = r4(2t), H, =
H,(po,,s,t) and o = (1 +v/2)(k4 /k_ — 1)/4. There are two cases according to
the difference of supports of 6 and 6.

Case 1: supp(f) = supp(6*). For this case, we have A; = 0 fori € S and
¥ = 0, with which and Lemma [ we obtain that [|As = [[Ag|l2 < c1A*, where
e = (1 V(1 + v/ (26 ).

Case 2: supp(f) # supp(6*). Let T be the indices of the first s largest com-
ponents of A in the sense of magnitudes. From the concavity of r(u), R(A1) <

sr(|Ar|l1/s) < sr(||Arl2/+/s). By Lemmal5] we have

R(AT) < sr ('A\/TEQ) < sr (;;gf <H+ ; Ty Vi +n)>\*>> . (28)

Combining with Lemma [3]and [4] it follows that

By the definition of pg in Eqn. and supp(f) # supp(6*), there exists j satisfying

|A;| > po, which implies R(A7) > r(po). Since % is a non-decreasing

function of w, we have that

r Y R(AT)/s) r ,00 )/5)
r~HaR(AT) /1) 2 r=1(ar(po)/t) \/>H (po, v, 8,t).

for pg > 0. If pg = 0, the left hand of the above inequality still holds since H,.(0, a, s,t) =

lim, 04 Hy(p, @, s,t). Under the condition H, — o > 0, we have

“HaR(As)/t) <7 (aR(AT)/T) < Ca(1+n)AF, (30)
where /s
142

TV b

Hence, we have ¥ < \/ng(l + n)A* by Lemma and Lemmalé-_ll Invoking Lemma

and ||All2 < ||A7ll2 + ||A7 |2 + X, the conclusion follows with some algebra. B
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8.6. Proof of Theorem

The proof is similar to Theorem 2 in Zhang and Zhang [38]] except that we bound
R(As) and || XA|[3/(2n) as follows. By Eqn. (30), we have R(Ags) < Lr(Cy(1 +
mMA*) and 5o [ XA[3 < aR(As) < tr(Ca(1+n)A*).

8.7. The method to obtain Eqn. (I4) and (13)

Suppose r(u) = Cu? (0 < ¢ < 1) for u > Ay(1 — ¢). The continuity and the con-
cavity of r(u) require that C(Ay(1—¢))? = 0.5)\%y(1—¢?) and Cq(\y(1—¢))?7 1 <
M. Thus, it is feasible that ¢ = 2¢/(1 + ¢) and C = 0.5X2y(1 — ¢?)/(A\y(1 — ¢))9.
Eqn. follows. For this setting for C' and ¢, r(u) is &-sharp concave over (0, pg)
with pg = Ay(1 — ¢)(§7(1¢)+¢))(1+¢)/2' We observe that r(pg)/s > A2y(1 — ¢?)/2 =

ar(po)/t holds under the condition that %(mw =1,ie, ¢ = %(a/t)l/‘ﬁ.

Thus, = (ar(po)/t) = Ay(1 — ¢) and =1 (r(po)/s) = Ay (1 — ¢)(t/(axs))!/? with
q=2¢/(1+ ¢). Then, Eqn. follows.

8.8. Proof of Theorem

Let A = 0 — 6*. By Lemma [3|in Section we have RE® (o, S)||A3 <
| XAl2/n and RIFZ (o, S)||All; < V7| XT XAl o /n.Invoking null consistency,
we have eT XA /n < || XAl2/(2n) + nR(A). Then,

0 > L0 +A)— L)+ RO+ A) — R(6%)
> [|XA[3/(2n) — " XA/n+R(As) — R(As)
> (1=l XAl3/(2n) — (1 +n)R(A)

> (1= n)||AIIBRE (a, 8)/2 = (1 + 1)y/57(0+) | A

— RE®(q,S)
IXT (X0 — y)/nlloo + | XTe/n|loo < (1 +1)A*. By the definition of RIF, we have

(1_“]))\*81/7
”A”T < RIFR (a,S) -

Hence, we obtain ||Alls < 2”‘7\/;7"(0+). By Lemma I XTXA/n|s <

8.9. Proof of Theorem|f]

The proof needs the following two lemmas, which are extensions of Lemma [3]and

LemmaThe notations are the same as Sectionexcept that A = 6 — 6*.
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Lemma 6. Suppose 0 isa (0™, pw)-approximate global solution and the regularized

XA|3/(2n) + R(As) <

regression satisfies the n-null consistency condition. Then,

aR(As) + p/(1—n).

Proof. Invoking n-null consistency condition, we have e” XA /n < n|| X Al|3/(2n)+

nR(A). Since § = 0* + A is a (§*, u)-approximate global solution, we have

po > L0+ A) — L(0) + RO + A) — R(6%)
> [|XA[3/(2n) — e" XA/n + R(As) — R(As)
> (1—-n)|XAl3/(2n) —nR(A) + R(As) — R(As)

Hence, the conclusion follows. H

Lemma 7. Under n-null consistency,

142 {m(?t)’f—(Zt)er\/Ee NG|

max{(| A, 17 2} < 50 .
Proof. Since 0 is a v-AS solution, we have || X7 (X0 — y)/n/loe < 7(0+) + v.
From the triangle inequality and Eqn. , we have | XTXA/nlle < | XT(X0 —
Y)/nlloo + | XTe/n|lo < #(0+) + nA\* + v = & Eqn. follows with the same
analysis as the proof of Lemma[5] W
Next, we turn to the proof of Theorem[6] The proof is similar to that of Theorem
Here we only provide some important steps. Let k- = k_(2t), kKt = K4 (21),
G, =G (po,a,s,t)and o = (1 +v2)(ky /K- —1)/4.
Case 1: supp(f) = supp(#*). Similar to Case 1 of Theorem we have ||[Allz =
|Asll2 < c3¢ where c3 = (14 v/2)V/t/(2K_).
Case 2: supp(6) # supp(6*). Similar to Eqn. , we have
1 <R(A7’)) _ erl (aR(AT) Lk > PSRRI (.
s

s t (I—n)t 2k s

Since r(u) is non-decreasing and concave, r~!(u) is convex. Therefore,

_1 [ oR(AT) 1] t—1 4 (aR(AT) 1 4 I
() = () () o

We observe that
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Combining Eqn. (33)-(33), we know that under the condition of Eqn. (20),

r N aR(As)/(t — 1)) < caé+csr™H /(1 —n)/(t = 1), (36)
where /5
ot 142
€= t—12(G, — 0)k— 7
and
cs = 0/(Gr — 0). (38)

Hence, we have ¥ < v/fcgé+ 65}1 r1 ( ) With this and Lemma | it follows that
[Alle < Cyé+ Csr™ (ﬁ) where

V(1 +V2) Gr +o/(t —1) +0.5t/(t — 1)

Cs= — G > c3, (39)
(20 + 1)G,

Cy = ——"—. 40

° \/E(Gr - Q) ( )

8.10. Proof of Theorem|[§|

Let AY = 00 — 0*. We have || XAl < | XA® — ez + € < pgv2n + €. So,

09) — L(0%) + R(0* + A®) — R(6¥)

1+ r([[A%]2/+/5 + 50)
< 1+ (5 + 50)r (| XA/ /rin— (5 F 50)(5 T 50)
12 + (s 4 so0)r((e/v/n + vV2u0)/\/ (5 + s0)k—(s + 50)). B

8.11. Proof of Theorem[I0|
Foranyi = 1,---,p— 1, let z;, = (Hgk), e 791@)’0&;1)’ e ,9,(,k_1))T and

zko = 0*=D, 2z = 0(*) By the definition of 6\*) in Eqn , we have
Floni) < Flzi) + 00 —0F)2/2 < Fz o). 1)

Thus, F(90) = F(z,p) < Flana) < Flana) + (600 = 67)2/2 < Flzo) =
F(0*=1). Note that F(#*)) > 0 for any k. Thus, {F(0%))}, as well as {F(z;;)}
and {F(zk) + z/J(Hl(k) - ngfl))Q/Z} are non-increasing sequences and converge to

the same non-negative value.
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Summing up the right inequality of Eqn. from i = 1 to p, we have ||[§(*) —
OF=1 12 < 2(F(HFD) — F(6¥,))) /1. Summing up from k = 1 to K, we have

Y 165 — 653 27 (9)

i (k) _ pk=1))12 < 42
 foin, [T — 0TIy < 7 S UK 42)

The directional derivative of Eqn. at ng) is non-negative, i.e.,
dia] (Xzii = y)/n+ RO di) + 00 =0 D)y =0 @3

for any d; € R. Summing up Eqn. from ¢ = 1 to p, we have for any d € R?

0 <30 w0 = 0 V)di + R0 d) + X0 diaT (X — )/
< Pl 0®) — 61|y + R/ (0F); d)
+d"VLOM) + 30, Xmit di(ﬁé'kil) - 9§k))$?l‘j/n
< F(0D:d) + oo |09 — 0%y + €0 STy iy 1057 — 057
< F(0W;d) + (¢ + p€) | ]| oo]|0F) — 8FD]|y

< F(O0W;d) + (@ + p&)y/plldlloo |07 — 0V
(44)

Hence, 7/ (0%);d) > — (1 + p€) /D||d|| o ||0*) — *~V||5. When CD stops iteration,
16 — 60-Dlly < 7 = v/ (1) + p&)/F) and 09 — 89y > 7 for j < k— 1,
which implies F'(§*);d) > —v for any ||d||2 = 1. Invoking Eqn. (42), we have
72 <2F(0©)/(p(k —1)). Thus, k < 2p(¢ + p€)2F (OO /(yr?) + 1. B
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