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The standard Transmission Control Protocol (TCP) is based on an additive rate increase
in the absence of congestion, and on multiplicative decrease triggered by congestion
signals. However, it does not scale well as the distances, or as the speed of the network,
increase. Thus, we study some of the solutions that have been proposed to encounter
this problem. These solutions include (i) splitting the transmission from a source to
its destination into several parallel connections, and (ii) using Scalable TCP, which
is a more aggressive version of TCP. The connection whose rate decreases when a
signal arrives is chosen either at random or according to a round robin policy. Our
analysis concentrates on a centrally controlled TCP system having N connections. We
consider both Additive Increase Multiplicative Decrease (AIMD) and Multiplicative Increase
Multiplicative Decrease (MIMD) control mechanisms. The Laplace-Stieltjes Transforms
(LST) of the transmission rate of each connection at a polling instant, as well as at an
arbitrary moment, are derived. Explicit results are obtained for the mean transmission rate
and (in contrast to most polling models) for its second moment. For the AIMD procedure
under the cyclic visit policy we show that, for both dynamic (Hamiltonian-type) and static
visit orders in each cycle, the connections should be visited following a simple index rule in
order to achieve maximum throughput. For the probabilistic visit policy we obtain the set
of optimal probabilities that maximizes mean throughput. The analysis of the probabilistic
MIMD models uses transformations yielding a system’s law of motion equivalent to that
of an M/G/1 queue with batch service. The MIMD control mechanism with probabilistic
strategy is further analyzed for the case where the transmission rate is bounded above.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Transmission Control Protocol (TCP), the widely used transmission protocol of the Internet [1], is a reliable window-
based flow control protocol where the window is increased linearly until a packet loss is detected. Upon loss detection, the
window is reduced by a multiplicative factor. TCP modeling has been studied extensively in the literature (see e.g., [2-4]
and references there), and many authors have been interested in the performance of several parallel TCP connections (see

e.g. [5-7]).

A preliminary version of this paper has appeared as Czerniak et al. (2009) [19].
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In networks with very high speed covering long distances, the congestion avoidance phase of TCP takes a very long time to
increase the window size and fully utilize the available bandwidth. Floyd writes in [8]: “for a Standard TCP connection with
1500-byte packets and a 100 ms round-trip time, achieving a steady-state throughput of 10 Gbps would require an average
congestion window of 83,333 segments, and a packet drop rate of at most one congestion event every 5000,000,000 packets
(or equivalently, at most one congestion event every 1 % h). The average packet drop rate of at most 2 x 10~'° needed for full

link utilization in this environment corresponds to a bit error rate of at most 2 x 10~'4, and this is an unrealistic requirement
for current networks”.

Two approaches exist to improve the performance of such connections. The first is a solution at the transport layer: new
high speed protocols that are more aggressive have been proposed. They abandon the classical AIMD (Additive Increase
Multiplicative Decrease) approach (according to which, the transmission rate of a source grows linearly in time in the
absence of congestion, and decreases by a multiplicative factor when congestion is detected). Some examples are HighSpeed
TCP [8] and Scalable TCP [9]. In the latter, the transmission rate grows multiplicatively between congestion signals.

A second approach has been at the application layer. A single user would open several parallel TCP sessions, and when a
loss occurs, only one of the connection decreases its transmission rate. The model we study in this paper describes situations
in which several TCP connections are opened by one user between the same source and destination. Such models have been
extensively studied in the literature (see e.g., [5,10,11]). Losses (which is interpreted as a congestion signal) are used as
signals to reduce the window size of one of the connections. This is called the parallel TCP approach.

We shall study both the second approach (parallel AIMD TCP) as well as a combination of the two approaches (parallel
MIMD TCP). We thus assume that all connections are standard (AIMD) or scalable (MIMD).

Our model is valid when the loss instants are independent of the transmission rate. This situation is quite common in
wireless channels in which radio conditions are often the bottlenecks, and not the congestions. It is also a common situation
in TCP connections over long distances as was shown by experiments in [3]. In addition, when connections are subject to
loss events by exogenous traffic, it has been shown that the losses are independent of the window size (as has been observed
in [5]).

Consider N parallel TCP, where each of them increases its transmission rate until it gets a congestion signal. A source
(connection) receiving a congestion signal reduces instantaneously its rate, and then resumes increasing it. The other
sources continue in increasing their transmission rates. This continues until the next congestion signaling event. Thus, each
connection has two modes of operation: One during which the transmission rate grows, and one where it is reduced. Upon
the receipt of a reduction signal at time t, the source that receives the signal reduces its sending rate X; to 8X;, where
0 < B < 1is a constant. Such a reduction is termed Multiplicative Decrease. In absence of marking, each connection
increases its sending rate. We distinguish between two methods of rate increase: (i) Additive Increase, such that at time
s > t the transmission rate is X; = X; 4+ a(s — t), where @« > 0 is a constant, and (ii) Multiplicative Increase, where
attimes > t,X; = X; - e’®™9 where y > 0 is a constant. We thus have two transmission methods: (i) Additive
Increase Multiplicative Decrease (AIMD), and (ii) Multiplicative Increase Multiplicative Decrease (MIMD). We assume that
the marking process does not depend on the transmission rates of the sources. We introduce two signaling strategies, which
determine the choice of connection that has to reduce its transmission rate: (i) The cyclic strategy where the order of
connections to which the signals are sent is cyclic, 1,2, ..., N — 1, N, 1, 2, ... and (ii) The probabilistic strategy where the
choice of the connection to decrease its rate is done probabilistically, where after reducing connection i, the next connection

to be chosen is j with probability p;, Z]’-Vzl pj = 1. We analyze the different TCP systems using polling systems methods.
Polling systems, in which a single server visits (according to some scheduling procedure) and serves (according to some
service discipline) N separate queues, have been studied extensively in the literature (see e.g., [ 12-14] and references there).
In this paper the stationary behavior of the system is analyzed. In our model, TCP is not represented at packet level, but rather
via direct fluid equations that describe the transmission rates for the set of connections.

The paper is structured as follows. In Section 2, the AIMD mechanism is analyzed for both the cyclic (Section 2.1) and the
probabilistic (Section 2.2) polling strategies. In addition, we address the problem of how to order the connections, or choose
the probabilities, so as to maximize the expected throughput. We show that, for a Hamiltonian-type visit order procedure,
both the dynamic and static visit orders that maximize the throughput are determined by a simple index rule. The MIMD
mechanism is investigated in Section 3: the probabilistic polling scheme is studied in Section 3.1, and the cyclic procedure
is analyzed in Section 3.2. The relation of the last two polling schemes to the M /G/1 batch service queue is exploited, and
similarities between the two schemes are drawn. In Section 3.3, we consider the case where each connection has a limited
bandwidth.

Notation: For a random variable X, we denote its mean by E[X] = x and its second moment by E[X?] = x®.If X is continuous
then its LST is denoted by X (-); and if X is discrete, it probability generating function (PGF) is denoted by X (-).

2. AIMD
2.1. Cyclic strategy

Under a cyclic strategy, system signals occur randomly in time and are directed in a cyclic manner between the
connections. We call an instant where a reduction signal occurs a “polling instant”, and refer to a cycle of connection i

as the time interval from the moment that connection i is polled until its next polling instant. Let X{ denote the transmission
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rate at connectionj (j = 1, 2, ..., N) at the instant when the server decides to reduce the transmission rate at connection
i(i=1,2,...,N).X = X', X2 ...,XN) is the state of the system at that instant. Let the random variable U; denote the
time between the instant of the signal that causes the server to reduce the transmission rate of connection i and the one that
causes the i + 1st connection to reduce its transmission rate. All U;’s are independent, identically distributed as a generic
random variable U. The transmission rate of connection i is continuously growing at a rate o; > 0. When the server polls
connection i, the transmission rate decreases by a factor of 8; > 0. Thus, the evolution of the stationary transmission rates
of the system at a “polling instant” is given by (where the indices i are read “modulo N")

j :{x{{raju,» ifj # i ()
1 ﬂixil +o;U;  ifj=1i.

That is, the transmission rate of connection j at a polling instant of connection i+ 1 (j # i) is composed of: (i) the transmission
rate of connection j at a polling instant of connection i, and (ii) the growth of the transmission rate at that connection during
the time between the two signals. In the case where i = j the transmission rate of connection i is composed as before, except
that the transmission rate of connection i just after its polling instant is /SiX,-i.

Define the multidimensional LST, L;(#), of the state of the system at a polling instant of connectioni (i=1,2,...,N) as
_yN oxi
Li@) = L6, ..., 6i-1, i, Oisrs - ., Oy) = E[e” Zi=1%%], (2)
Then, fori = 1, 2,..., N, using the fact that U; and X{ are independent, we obtain Li;1(0) in terms of L;(-), namely, for
i=1,2,...,N,

Lis1(6) = Ele” =1 %%

- 4 i
= Ele” P Gjajui]E[ ]J;e} o Giﬂixi']
5 N
= LB, ..., 61, Bibi, i1, .., On) - U (Z ejaj) : (3)
j=1

Eq. (3) are now used to derive moments of the variables X{ .
Transmission rate at reduction instants: moments
The mean transmission rate, f;(j) £ E [XJ ], at connection j when the server polls connection i is given by
_AL(®)
96,

fiG) 2 EX)] =

6=0
This leads to the following N? linear equations,
i) Fou ifj#£id
fin @) = {mf,-(i) tou ifj=i. )
Clearly, Eq. (5) can also be obtained directly by taking expectation over (1).
The solution of (5) is given by

G — j>i
1-5
o) «iNu o 6)
10 =17 j=i (
]ai\fzj —ai(N—(—jyu j<i

Denoting by C the cycle time of connection i (all cycle times are identically distributed), then the explanation of (6) is as
follows: since in a stationary state, f;(i) = Bifi(i) + o;E[C], where clearly E[C] = Nu, then

oc,-Nu
1- 8
Regarding the case where j > i, f;(j) equals f;(j) — (j — i)aju since the mean time until the next polling of connection j is
(j—1)u, and during that time connection j increases its rate by «;(j — i)u to the value of f;(j) (the case where j < iis explained
in the same manner). 4

The second and mixed moments of the X! are given by

92Li(0)
96,001 |,y

fith) = (7)

fiG, k) 2 EXIXF] =
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Fig. 1. Transmission rate during a cycle.

Differentiating (3) with respect to 6; and 6, we get the following N 3 linear equations:

firrG, o) = aufi(k) + gouu® + ogufiG) + fiG k) ko # i, 9)
firr G, ) = opiufi(i) + oyau® + oufi() + Bifi(iJ) §# i, (10)
fira i, i) = 20iBuufi(i) + «?u® + B, i). (11)

In contrast to most gated and exhaustive polling regimes (see, e.g., [13,12]), computing f;(j, k) (1 < i,j, k < N) involves
solving a set of N linear equations only, and can be done analytically. However, we can find the second moment of X} from

the definition (since the cycle time is independent of the transmission rate at any of these connections). Define Xi'( ) as the
transmission rate of connection i at the kth cycle, then we have

XY~ pxi® 4 aic, (12)

where C = Z]N: 1 Uj, meaning that at the beginning of a cycle, Xii ® is reduced by a factor of B; and then it grows linearly at
~ i(k) .

arate of ;. Define X' (s) = E[e™X 1. As Xi’(’o and C are independent

~ i (k1) ik
Xi(k+l)(s) — E[e—sxi ]: E[efs(ﬂ,Xi +a,C)]

= X (Bs)C es). (13)
By iterating we have
k=1
K0 6) = XU pls) [T Centls). a
j=0
When k — 0o we have limy_, o, X" (8¥s) = 1 then
Xis) = [ [ Cceipls). (15)
=0

Differentiating (15) at s = 0 and using the fact that E[C?] = Nu® + N(N — 1)u?, we get

i 1 2B N*u? 2 (@) 5 }
E[(X)?] = T [ - +af (Nu® + N(N — Du?) |, (16)
2 2) 2 . .
Var| ii] aiN@u'” —u?) N Var[alU]. (17)

(1-B)+p) 1- 8
Throughput of connection i
Let L; be the transmission rate at connection i at an arbitrary moment, and let L;(t) be the transmission rate at connection

i at time ¢ within the current cycle. The LST of L; is calculated by dividing the expected area of the function e~/ over an
arbitrary cycle, by the expected cycle time. That is,
€ o—sLi() ]
ZA(S) = E[e %] = E[foe—dt (18)
' E[C]
Fig. 1 shows the transmission rate at connection i during a full cycle. Thus,
- E [foc e_s(ﬂixii+ait)dt] Xi(Bis)(1 = C(ays
L5y = _ X(Bs)(1 — Clas) (19)

E[C] saiiE[C]
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By differentiating (19) we get
. E[C?] BiaiNu  u® (N — Du
E[L] = BEX] + o = : 20
[Li] = BiEl 1]+a125[c] l_ﬁi_l_ u + 2 (20)

That is, the mean transmission rate equals the sum of the rate just after the polling instant (5;E [X[]) and of the accumulated

rate during the mean residual time of a cycle <(x, géc[&)

The total throughput of the system is given by

ZE[L] _ Nuz( /3,0{1 ) u(2) Z o b (N 1)u Z a, (21)

i=1

Dynamzc and static rate-reduction procedure to maximize throughput

One may wish to find a Hamiltonian-type dynamic visit order of connections such that, in each cycle of visit, all
connections are visited, while the dynamic feature is achieved by changing the order of visits for each new cycle (see
e.g., [15,14]). The objective is to visit the connection in such an order that, at the end of the cycle, the overall throughput
of all connections is maximized. Consider a visit order policy, Iy, such that the connection are visited in a regular order:

1,2,3,...,j—1,j,j+1,...,N.Letx; (i =1, 2, ..., N) be the actually transmission rate at connection i at the start of the
cycle, and let x; be the transmission rate at the end of the cycle, just before a new cycle starts. Then
X; = Bi(x + a;Si—1) + ;i(C — Si_1), (22)

where S; = Z;(:l Uy (So =0),and C = Z;Ll Ux = S;. Thus, under [Ty, the total throughput of the system at the end of the
cycle is given by

N
Throughput(ITy) = Zx; (23)
=1

Now consider a visit order policy I7; where the visit order of connections j and j + 1 is interchanged. Then, under I7;, the
total throughput at the of the cycle is
-1 N
Throughput (IT1) = Y X, + Bjp1(Xj41 + ¢j41855-1) + 41(C — Si1) + B + 4S) + o(C =) + »_ x.  (24)

i=1 i=j+2
It follows (after some algebra) that Throughput(I7y) > Throughput(/1,) if and only if
(1= Bj) > oj1(1 = Bjt1). (25)

The result is somewhat surprising: it does not depend on the values of x;. Thus, in each cycle the same visit order should
follow and it is determined by the index «;(1 — B;) where connections are ordered by a decreasing index value. Hence, our
dynamic visit order is indeed a static one.

2.2. Probabilistic strategy

Under the probabilistic strategy, when the server gets a signal it decides to reduce the transmission rate to one connection,
but the choice of the connection to decrease its rate is done probabilistically. Let p; be the probability that the signal is sent
to connectioni (i = 1,...,N), where Zf’zl pi = 1. Let Xi(") denote the transmission rate at connection i just before the
nth reduction (polling) instant. We assume that Xi(") converges to X; when n — oc. The transmission rate of connection i
is continuously growing at a rate «;. When the server polls connection i with probability p;, the transmission rate decreases
by a factor of 8;. Hence the evolution of the state of the system (transmission rate) is given by

(n) . —p
XM = ixf o o WP 1R (26)
BiX;” +oU  w.p.p;.
To calculate the LST of the transmission rate at polling instant, L(6;, ..., 6y), we express L,,1(61, ..., 6y) in terms of
L,(01, ..., 0y). This is done by conditioning on the specific connection being chosen at the nth reduction signal,
— N gx™
Lyt1(6r, ..., 021,60, 0141, ..., On|A) = E[e == |A]]
Sy N gx® g
— Ele Z});} i (X; +aJU)679i,3iX,'(n)*9i0‘iU]
B N
= La(B1, -, 61, i, Ors -, O8) - U (Z ejaj> : (27)
i=1

where A; is the event that connection i was polled at the previous (in this case, the nth) polling instant.
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By unconditioning (27) and letting n approach infinity we obtain

N
L6y, ...,00) = U (Zejaj) (PIL(B1Or, - ON) + -+ PiLOL, -, O, Bibh, Oirn, -, O)
j=1

+ ---+pNL(91, ...,/SNGN)). (28)
Transmission rate at reduction instants: moments
The moments of X; are derived from (28) (or directly from (26)),
oL(04, ...,0N)
006;

oiu

im0 (=B

E[X;] = (29)

For the special case where p; = % we find that (29) is equal to the equivalent expression for f;(i) under the cyclic strategy
system (see Eq. (6)).
Unlike many other polling systems, in this model we can derive explicit expressions for the second (and mixed) moments

in a non-identical connections case:

, o (u? —2u?) 20tu?
E[X] = + : (30)
pi(1 =B+ B)  pi(1—p*(1+ )
2@ _ 2 1 — p)a2u?
Varpx) = 10 (2 PIoir (31)
pi(1=B)A+B)  pi(1— B+ B)
EXiX;] ( @h-ah w ) j i (32)
X1 = qas J#i,
T\ =B +p (=B pi(1 = Bp(1— B)
and
Ot,'Olj(u(z) — 2u2) . .
Cov(X;, X)) = j#i (33)
pi(1 =B +p(1 = B)
Throughput of connection i
Let C; denote the time between two successive polling instants of connection i. Then,
Ti
G=) U, (34)
j=1

where all Uj’s are distributed as U, and T; is the number of polling instants between two successive polling of connection i,
and is distributed geometrically with parameter p;. Hence,

E[C] = E[T,Ju = —, (35)

i

T; 2 T; 2
E (Z Ul) =E | E (Z Ul) IT;
i=1 i=1

= E[T,UZ + T(T; — HU,Uy]
= E[T;]u® + (E[T?] — E[T;)?
u® 2 2 u® 201 = p)u?
e
Di Di D;

E[C?]

5 (36)
D; Di

Let L; be a random variable denoting the transmission rate at connection i at arbitrary times. Using the same analysis as in
the previous section we get

Ci —s(BiXi+a; ~ ~
E[fy e tatar ] gps)1 - Gasy

he = E[C] swElGl 7)
where )~(,~(s) =1L(,...,0,s0,...,0).Hence,
o arry EIC?]  aipu (u? | (A =pyu
E[L] = BiE[Xi] + a 2EIC]  pi— By o ( oy + 7})1_ ) . (38)
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When p; =
oc,-ﬂl-Nu u(z)
E[L;|prob] = =— 3+ n=1
[Li|prob] 1—,3,~+a'(2u+( Ju
(N — 1u
= Eltfeyatic) + 20D, (39)

we get that for connection i, the difference between the mean transmission rate of the probabilistic strategy and that of the
cycle strategy is w This phenomenon can be better understood when looking at Fig. 1: if the time intervals between
rate reductions are less regular (i.e., probabilistic vs. cyclic), then the area under the graph (between two consecutive
reduction instants) increases.

Summing (38) for all i gives the mean total throughput of the system,

N N B, (2) ;
o;fiu u 1—p)u
D EL]=) (L + o ( + (p))) . (40)
i=1 i=1 pl(] - ﬁl) 2u Di

In the case where for all i, p; = % the mean overall throughput under the probabilistic strategy is larger than that of the
cycle strategy by the amount #5124 3™ o

Optimal values of p;

By using Lagrange multipliers we get the optimal values of p; that maximize Eq. (40), denoted p}, as

1-hi
= (41)

o
. .
-5
2\

j=1

3. MIMD
3.1. Probabilistic strategy

Our approach will be based on showing that a logarithmic transformation applied to the transmission rate process results
in a process that has the same evolution as the queue size in an M/G/1 batch service queue. The LST of the equivalent
queuing process thus obtained provides the moments of the transmission rate of the connections. The transmission rate of
connection i grows continuously, exponentially by e’i, and when the server decides to reduce the rate of connection i, it is

decreased by a factor of 8;(0 < ; < 1). We consider a probabilistic polling strategy. As in the previous section, Xi(") denotes

the transmission rate at connection i just before the nth polling instant, and U™ is the time between the nth and the n + 1st
polling instants (all U™ are identically distributed as a general random variable U). Altman et al. [16] analyzed a similar

model where a connection is multiplicative increased by a constant factor, i.e., Xi(”“) = oz,»X,-(”) (a; > 1), whereas in our
model Xi("ﬂ) is increased by a function of U™. The evolution of the state of the system is given by

@y ™ —
Xi(n+1) — {Xl S W.p. 1 Di (42)

.y
Bx eV w.p. p;.

We assume that the transmission rate is bounded below by a value of 1. Altman et al. [16] showed the importance of the
bounded value, hence (42) turns into

(n) ]/iU(n) _n.
Xi(n+1) _ X e " oo w.p. 1 —p; (43)
max(BiX;", 1)e”t W.D. Di.
In order to evaluate the moments of X;, we take the logarithm of Eq. (43) and get
(n) 7™ — D
log ("1 = 108X+ 1P w P lh (44)
max(logX;™ + log B;, 0) + y;U W.D. D;.
Dividing Eq. (44) by — log B; > 0 and using the substitution Y; = J?ﬁ;;s, we obtain
Y+ N yw w.p.1—p;
ym —log B; (45)

max(v" — 1,0) + loLgﬂU(”) w.p. pi.
- i
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Defining T," = Sz U™, T{" is a non-negative random variable. Further, T" and Y, are independent random variables
1

(since U™ and Yf”) are independent). Then from Eq. (45) we obtain

Y™+ 1™ w.p.1—p;

(n+1) __
Y; - () (n) )
max(Y; 1,0) +T; W.p. Di.

(46)

If Ti(") is an integer (as well as Yi(o) ) then Eq. (46) has the same form as the equation describing the number of customers in
an M/G/1 queue just after the nth service (of length U), or a vacation period, where when the server finishes a service (or a

vacation) period it serves the next customer with probability p;, or takes a vacation of length U with probability 1 — p;. Ti(”)

is the number of new arrivals during the length of time U. Solving Eq. (46) for the continuous case might be difficult, but by
approximation we can solve it for the rational case. Let us assume that Ti(") is a fraction of an integer w. Hence, T,.(") can have

the following values (0, -, 2, ... 2=l 1, 2t o). Define Q(") =w- Yi(") and Mi('” =w- T,-(”).Then,
wen _ [+ M w.p.1—p; 47
Q = ) o (47)
max(Q;"” — w,0) +M; W.p. Di.

Q,-<") is an integer, and thus Qi(") can be modeled as a discrete state space Markov chain. The last equation is actually the law

of motion for the M/G/1 queue with batch service of size w (see [17]) where upon finishing a service the server chooses
whether to serve the next batch or take a vacation. The PGF of Q; is obtained from the law of motion (47) using the following:

B4 = (1= ppE" M ] 4+ pEE M 10 = wiP@® = w)

n)

+EM" 1" < wlPQ™ < w)). (48)

Recall that Qfm and M,.(”) are independent random variables. Then, from (48) we obtain, when Q,.(”) — Q; (and Mi(") is
distributed like M; for all n),

P Y 70 - )
G@)=—> : (49)
2% — Mi(2)((1 — pp)z¥ + pi)

where yri(j) is the probability that Q; = j. The expression for @(z) contains w unknown parameters yr,.(o), JTl-(l), e, yri(wfl).

To determine these we use the following equality

w—1 w—1

Y oal@ - =-1) "7, (50)
j=0 j=0
where vi(i) = j1;=o ni“‘) (see pp. 33 in [18]). Hence, we write

R w—1 o
pMi@)(z —1) Y vP7
j=0

Q(2) = - : (51)
z¥ — M;i(2)((1 — p))z¥ + pi)
Then, @(1) = 1implies that
w—1 . ms
va’):w——l, (52)
‘=0 pi

which is meaningful if and only if % < w. That is, the mean number of arrivals between two consecutive visits to queue i,
1
namely % must be smaller than the batch service amount w.
1

Assuming Eq. (51) to be an analytic function in the disk z : |z| < 1 4 § implies that the numerator is zero whenever the
denominator vanishesinz : |z| < 14 §. That is, the numerator and the denominator of (51) have exactly the same number
of roots in the above disk. Let us state Rouché’s theorem [18].

Theorem 1. If f(z) and g(z) are analytic functions of z inside and on a closed contour D, and also if |g(z)| < |f(z)| on D, then
f(z) and f (z) + g(z) have the same number of zeros inside D.
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Define g(z) = Mi(z)((1 — p))z® + pi), f(z) = z”. Because g(1) = f(1) = 1andg'(1) = m; + w(1 — p;) < w = f'(1), we
have for sufficiently small § > 0, g(1 4+ §) < f(1 + §). Consider all z with |z| = 1+ §, then

g@)| = IMi(@)] - (1 — p)z” + pil

o0
< D P(M;=jlzl - (1 —pylz|” +p) = g(1+6)
j=0
< f(1+68) =If@)l, (53)
where the first inequality is due to the triangle inequality. Hence |g(z)| < |f(z)|, and by Rouché’s theorem we know that
— M;(z)((1 —p;)z" + p;) has the same number of zeros as z%, i.e., w roots in the disk z : |z| < 1+ 4, for every sufficiently
small § > 0. Let these roots be denoted by z,, z,, ..., z,,_1 and z,, = 1. Since the PGF Q;(z) is analytic within the region

|z| < 1,the numerator of (51) should vanish at each of the roots. It follows that Z“’_ -(i)zf should vanishatzy, zp, ..., Zy_1
We thus have the following w — 1 equations
w—1
dovlzi=0 k=12,....w-1). (54)
j=0

The w -1 equations of (54) together with (52) are linearly independent if their determinant A # 0, where A =
| ]_[, 1 (z, DL _H](zj zj)|.Since |z;| < 1and z; # z;, then A # 0, implying that the equations are linearly independent.
Using the w mdependent equations we get

w—1
G _ m; Z—Z
z . 55
Zv - (=) 1152 (55)

j=1

Hence,
A M@z — Dpw —my) Y z—z
o v ’ 56
U= M;(z)((1 — p)z® + p;) ]11 1—z (56)

Finally, the moments of X; can be obtained using Ql-(z). At steady state we have
Xi=p " (57)
Therefore, the kth moment of X; can be obtained as follows:

i)

_ko. ~ _k
E[x¥] = B[ = B[ " %1 = Gi(B ™). (58)
k

The kth moment of X; is finite as long as ﬂf ¥ is smaller than the smallest root of the denominator of (51) which is larger
than 1.

3.2. Cyclic strategy

The analysis of the cyclic strategy follows a direction similar to that of the probabilistic strategy. Let Xf and Xii ™ be defined
as in Section 2.1. Hence, the evolution of the state of the system is given by

j x! . ent ifj i
X=11 . U er 59

a {max(ﬂfxi’, 1)-ent ifj =i, (59)
or

. . ~(m)
X"V = max(gxi™, 1)enGi (60)

where C,-(") is the cycle time between the nth polling instant of channel i to the n + 1st polling instant of that channel. Clearly

i(n)
Ci(") = Z]N: 1 U;. Using the substitution Yi("H) = % as in the previous section, we get
Y = max(v™ —1,0) + 7/36”) (61)
1
Defining T(") — 5 C(") and assuming that T(") is a fraction of an integer w, we can transform the evolution Eq. (61) to

the same evolutlon of an M /G/1 batch service queue, with bulk w

(n+1) _ Qi(") —w+ M if Q(n) > w
Q,‘ - . (n) (62)
M; lfQ, < w,
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where Q™ = w - ¥ and M{" = w - T" are integers random variables. Then, from (62), the PGF of Q; is

w—1

Miz) Y. 70 (2" — 2)
A i—=0
QUz) = —F"— (63)
z¥ — Mi(2)
and by using Rouché’s theorem as in previous section, we obtain (see [17])
N Mi(2)(z — 1 —my) ¥ z -z
0i(z) = i(@)( )(w D) j (64)

=M@ 4 1%

Notice the similarity between Egs. (56) and (64) (substituting p; = 1 in (56) yields (64)) except for M; which is defined
differently in both schemes. The kth moment of X; is obtained, as in Eq. (58), by

k ~ — L
EIXi'1= QB ). (65)
3.3. Probabilistic strategy with upper bound on the transmission rate

Suppose an upper bound ¢; (¢; > 1) is imposed on the transmission rate of connection i. Then, the law of evolution (43)
is modified by applying the minimum operator, namely,

. .y
xosn _ ming e ) wp.1-p (66)
! min(max(8X.", 1)e"Y " &) w.p.pi
™
As before, using the substitution Yi(") = lfgl:" -, we get
g Bi
y D _ min(Y," + T, d;) w.p.1—p; (67)
! min(max(Y"” —1,0) + T, d)) w.p.p;,
where Ti(") = ﬁgﬁiw") and d; = _l%gc"ﬁ_. Assuming T,-("), Yi(o) and d; are fractions of an integer w, then by multiplying (67)
by w, we get
gy — [min@" + M. £y w.p.1—p; (68)
min(max(Q” — w,0) + M",f) w.p.p;,

where Q™ = w - ¥” and M = w - T" are integers random variables, and f = wd is an integer constant. Eq. (68)
can be explained like Eq. (47), with the exception that the customers’ waiting room (buffer) is limited to f;. Without loss
of generality we can assume that Mi(") is bounded by f;. Then, when Qf’” — Q; we obtain, after tedious calculations (see
Eq. (A.10) in Appendix),

N S - o o 00 R O ()i
piMi(2) 3 77 (2" = 2) pt Yy Y alm piy. Y omZmze
~ j=0 j=w k=fi+w—j+1 _ Jj=w k=fi+w—j+1

Qi) = o 5 -
z¥ = M) (1 —p)z¥ +p)  z¥ =M@ (1 —p)z?¥ +p)  z¥ — Mi(2)((1 — pp)z” + p;)

fi fi . fi fi o
(1 —p)z® (zf" DD T AL S ni(’)zfm,fk)z">

=0 k=fi—j+1 J=0 k=fi—j+1

+ , (69)

z% — Mi2)((1 — p)z* + py)

where P(Q; = j) = ni(i) O<j<f)andPM; =k) = mi(") (0 < k < f;). Note that the first part of the PGF in the RHS in (69)
is identical to (49). By using the same manipulation as in Section 3.1, we get the following w — 1 equations,

w—1
dvlzi=0 (k=1.2,....w-1), (70)
=0
where v? = ¥ _ 7 *. In addition, §;(1) = 1 implies
el 5 f . g -
pw— Ml = S G0 S MO —p Y Y (G mOm®
j=0 j=w k=fi+w—j+1 Jj=w k=fi+w—j+1

fi Ji fi fi
+(—p) ((fi-Fw)Z > n,-“')m,?")—z > mgk)ﬂi(i)(j+k+w)>. (71)

J=0 k=fi—j+1 j=0 k=fi—j+1
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Table 1
Transition matrix P (omitting the index i).
k 1
0 1 e w w+1 e f
0 mg my e my, My e my
pmo pmy + qmo - Py + Qi Pyt + gy, - pmy +q Y m;
2 pmo pmy . pmy, + qm, Pyt + QM = pmy Y ,m,
w—1 pmo pm; - pmy, + qm; Pyt +qm; - Py +q Y My
w pmo pm; - pmy, + qmo Pyt +qmy - pmy+q Y, m
w+1 0 pmg T my 1 pmy, +qmg s p Z{:fq m;+q Z}f‘:ffw m;
f 0 0 0 0 Pyl mi+aY m

The above can be written as

w—1

> v =k (72)

j=0
where K; is a function of the f; unknown parameters 71,-0) . Using the w — 1 equations of (70) together with (72) we find

ni(j) (0 <j < w—1) in terms of K;. In order to find the unknown parameters K; and ni(j) (forw < j < f;), we use the

transition matrix of the process P; = {Pi(k’l) = P(Qi("’q) = l|Qf”> = k)}, see Table 1 (where the index i is omitted and

q=1—-p). Wesee that 7¥ = Y1 70 p*? " is afunction of ¥, (", ..., 7"~ . Then we can express " in

1 1
w1 (k)P.(k’]) (w+1) [§)) (w)
i

terms of K;. From the equation n,-(l) = 1o T we get that 7; is a function of ni(o), ;. ..., m  ,and soon. By

iterating (w — f; + 1 iterations in total), we get expressions for ni(w , ni(“’“), . ni(f") in terms of K;. Finally, to find K;, we

use the normalization equation ) /_, ni(k) = 1.Now Qi(2) is fully determined, and again the kth moment of X; is obtained,
as in Eq. (58), by

e

EIXE] = (8. (73)

4. Conclusions

This paper analyzes polling-type procedures of a TCP mechanism under the parallel TCP approach. Both the AIMD and
MIMD schemes are studied for the cyclic and the probabilistic polling policies. LST, mean, and explicit value for the second
moment of the transmission rate of each connection are derived, and overall mean throughput is calculated. In order to
maximize throughout under the AIMD procedure we show that, for a cyclic case, the optimal visit order of connections is
determined by a simple index rule, while for the probabilistic case we find the set of optimal probabilities. For the analysis
of the MIMD scheme, an analogy to M/G/1 queue with batch service is utilized and enables the complete analysis of the
system. The case where each connection has a limited bandwidth is further studied and analyzed.

Appendix. Finding the PGF of Q;—MIMD with upper bound

For simplicity we omit the subscript i. Then,
é(z) — E[ZQ] — (-l _ p) . E[Zmln(Q+Mf)] +pE[me(max(Q—w0)+M,f)]' (A.])
We first calculate E[Z™MQ+M.))].
E[Z™MQMD] — p(Q + M > fE[Z™QMN |0 4 M > f] 4+ P(Q + M < f)E[Z™QHMD|Q + M < f]
=PQ+M >NZ +PQ+M < HE[Z*M|Q +M < f]

f f f f—i
I Y me+ )y md XJ: myz*
= k=0

=0  k=f+1-j

f f f f
=Y 7 Y m+QoM@) =) md Y m (A2)
j=0  k=f+1-j j=0 k=f—j+1

where the last equality is due to Y, miz* = M(z) — Y4, miz*.
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Next,
E[zminmax(@-w.04MD] — p(max(Q — w,0) + M > f)Z'
+P(max(Q — w,0) + M < HE[Z™ @M max(Q — w,0) + M < f]. (A3)
Since (note that P(M > f) = 0),
P(max(Q — w,0) + M > f) = P(max(Q — w,0) + M > f|Q > w)P(Q > w)
+P(max(Q —w,0)+M > f|Q < w)P(Q < w)

=PQ+M>f+wlQ=wP@Q =w)+PM>[fPQ < w)
=PQ+M>f+w,Q>w)
f f
= Z Z njmk, (A4)
j=w k=f+w+1—j
and
P(max(Q —w,0) + M < f) = P(max(Q —w,0) + M < f|Q = w)P(Q > w)
+P(max(Q —w,0) + M < f|Q < w)P(Q < w)
=PQ+M=f+wlQ>wPQ >w)+PM < fIPQQ < w)
=PQ+M=f+w,Q>w)+PM <f/)PQ < w)
fHw—j

= Z Z Ty + (Z ”1) > m (A5)

j=w k=
then,
P(max(Q — w, 0) + M < fHE[z™* @O M max(Q — w,0) + M < f]
fHw—j w—1
= Z Z 2" mz* + (Z n]) kaz (A.6)
j=w k=0
By substitution (A.4) and (A.6) in (A.3) we have,

f f f+w—j w—1
E[Zmin(max<Q—w,0)+M,f)] — Zfz Z ﬂ;mk+z Z njz’ wmkz + (Z nj) kaz

j=w k=f+w+1-j j=w k=0

f f w—1
=7y > am+z” (Q(z) - anzf> M(z)
j=w k=f4+w+1—j j=0
f ) f . w—1
w Z 7 Z mzt + M(z2) Z 7. (A7)
j=w k=f+w—j+1 j=0

Finally, by substitution (A.2) and (A.7) in (A.1) we have,

w—1 f f
0z) =p (z‘"’ (Q(z) - Zmz’) M@z) —z 7" anzj Z mez + M(z) an +7 Z Z njmk>
Jj=0 j=w

k=f+w—j+1 j=w k=f+w+1-j

f f f
+(1-p) <Q(z)1\7[(z) — anzf Z mz* + 2 an Z mk> ) (A.8)

j=0 k=f—j+1 =0 k=f+1-j

Then, after simple algebraic manipulations,

N M(z) (Z"’ wi:] T — wi:] r[jzf)
- M@)((1—-pz* +p) _ j=0 j=0

zv zv

0@ =
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f f f f
—-zv Z?szj Z mek+ZfZ Z TTiMy

j=w k=f+w—j+1 j=w k=f+w+1-j

! ! f f
tA-p (=D md Yo m+d Dy Y me, (A.9)
j=0

k=f—j+1 Jj=0 k=f+1-j

and we finally get (for Q;),

w1 , A , s g .
i) Y xP@ —2)  ptry Y afmP py Y xlPm{
Q,(Z) - j=0 + J=w k=fi+w—j+1 _ j=wk=fitw—j+1
z¥ = M) (1 —p)z¥ +pi) 2% — M) (1 —p)z¥ +p;) 2" — Mi(2)((1 — p)z* + pi)
ik A
A-ppz” (Y Y 7PmP -3 Y 2027m®z
j=0 k=fi—j+1 =0 kefimj+1
+ ] : ] d : (A.10)
z¥ — Mi(2)((1 = pi)z* + pi)
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