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a b s t r a c t

We study in this work CFO compensation methods for two multicarrier multiple access
techniques in a high mobility scenario. In particular, we consider orthogonal frequency di-
vision multiple access (OFDMA) and filter bank multicarrier multiple access (FBMC-MA).
The main motivation for this study is not only the different sensitivity these multicarrier
techniques have to CFO but also the different methods they use to reduce CFO effect. In a
high mobility scenario the CFO is re-estimated to follow its variation. We show that the
frequency at which the CFO is re-estimated has a strong influence in the performance and
the complexity of the proposed compensation methods. Additionally, we present a low-
complexity CFO compensation method for OFDMA that employs a better approximation of
the intercarrier interference than previous approaches. Regarding FBMC-MA, we introduce
an extension of a CFO-compensation method that allows to consider a multitap channel
equalizer. Finally, using simulations, we compare the performance of the compensation
methods over several channel and time-varying CFO conditions.

© 2013 Elsevier B.V. All rights reserved.
1. Introduction

Owing to their high data throughput for multimedia
applications, spectral efficiency and flexibility, the most
promising techniques for the new generation of wireless
systems are based on multicarrier modulation schemes.
However, the uplink of multicarrier access techniques is
highly sensitive to carrier frequency offset (CFO) since it
destroys the orthogonality among subcarriers producing
intercarrier interference (ICI), and therefore, multiple ac-
cess interference (MAI) betweenusers.When comparing to
downlink synchronization, uplink synchronization is more
challenging because each user is characterized by its own
particular CFO and channel parameters [1,2].

∗ Corresponding author. Tel.: +54 2914595101.
E-mail addresses: ggonzalez@uns.edu.ar (G.J. González),

Fernando.gregorio@uns.edu.ar (F.H. Gregorio), jcousseau@uns.edu.ar
(J. Cousseau), risto.wichman@aalto.fi (R. Wichman),
stefan.werner@aalto.fi (S. Werner).

1874-4907/$ – see front matter© 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.phycom.2013.10.002
Uplink frequency synchronization is commonly divided
into an acquisition stage followed by a tracking stage. In
the acquisition, or coarse estimation, the CFO and the com-
munication channel are estimated using a suitable training
sequence at the beginning of each frame [1–3], or through
a specific synchronization procedure [4]. In the tracking
stage, the estimation of the residual CFO produced by user
mobility (Doppler effect) or estimation errors in the acqui-
sition is refined [5]. These estimates are used to compen-
sate the CFO interference.

Even when other alternative schemes for the uplink ex-
ist [6], the two options considered in thiswork are: orthog-
onal frequency divisionmultiple access (OFDMA) and filter
bankmulticarrier multiple access (FBMC-MA) [7,8]. FBMC-
MA is the multiple access technique based on filter bank
multicarrier (FBMC) modulation [9]. The main motivation
for this study is not only the different sensitivity thesemul-
ticarrier techniques have to CFO but also the different form
they use to reduce CFO’s consequences, considering a high
mobility scenario.
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Some popular approaches for the acquisition stage of
uplink CFO compensation in OFDMA use iterative inter-
ference cancellation [10,11] or linear suppression [12].
Despite its larger computational complexity, the latter co-
mpensation scheme is preferred due to its better bit error
rate (BER) performance [13]. Although OFDMA demodula-
tion has low complexity, linear CFO suppression requires
the inversion of a huge interference matrix, resulting in
a computational complexity that may be prohibitive. A
banded approximation of the interference matrix that re-
duces the matrix inversion complexity at the expense of
some residual MAI is proposed in [12].

The FBMC transmission technique can be regarded as
an extension of the OFDM concept. The OFDM rectangular
time window is replaced by a highly selective filter that,
in a multiple access context, leads to a negligible MAI [8].
As a consequence, only intercarrier interference needs to
be compensated in FBMC-MA. A low complexity method
for CFO compensation in the acquisition stage for FBMC-
MA is introduced in [8]. The compensation is equivalent
to the post-demodulation compensation for OFDMA, de-
rived in [14], although it performs better due to the lower
MAI inherent to FBMC-MA. Even when a low complexity
polyphase realization exists [9], the high complexity of the
whole FBMC-MA system, i.e. symbol modulation, channel
estimation and equalization, and CFO estimation and com-
pensation, is still a problem as discussed in the following
sections.

Only a few results are available in the literature consid-
ering specifically a highmobility scenario. Blind algorithms
for the tracking stage are proposed in [15,16]. A data-aided
CFO tracking algorithm is presented in [11], although the
CFO compensation procedure does not receivemuch atten-
tion. None of thesemethods consider a realistic CFOmodel.
In [17] is shown that Rician-fading channels in the mobile
context produce time-varying CFO, and a realistic model
for this variation is proposed. LTE includes a similar model
for the Doppler shift in high speed trains [18, Appendix B].

We study in this work uplink CFO compensation tech-
niques for OFDMA and FBMC-MA systems for the tracking
stage. We propose a low complexity alternative for uplink
CFO compensation in OFDMA that can be seen as a general-
ization of the ideas presented in [12]. Comparingwith [12],
our solution features lower interference for the users at the
edges of the band. We also present an algorithm for CFO
compensation in FBMC-MA, that includes a multitap chan-
nel equalizer. We find that the CFO-compensation tech-
nique introduces a phase rotation term that has to be taken
into account.

Furthermore, considering a high mobility scenario, we
show that the frequency at which the CFO estimation is
updated affects the performance and complexity of com-
pensation methods proposed. In our study, we consider
separately the operations associated with CFO update and
CFO compensation. That allow us to obtain a more realistic
complexity measure. To validate the proposed compensa-
tion schemes, a detailed simulation study that takes into
account several time-varying CFO conditions is included.

The paper is organized as follows. In Section 2 we de-
scribe the high mobility scenario and the signal models
for OFDMAand FBMC-MA. The CFO compensation schemes
for OFDMA and FBMC-MA are derived in Section 3. In Sec-
tion 4 we present a detailed comparison of the computa-
tional complexity for both systems. Numerical simulations
and a general discussion are presented in Section 5. Finally,
Section 6 concludes the paper.

2. Multicarrier multiple access systemmodel

We consider a centralized system where a base station
(BS) controls the information flux from (uplink) and to-
ward (downlink) the users [7,19]. The multicarrier sym-
bol has N subcarriers, where M < N subcarriers are used
for data transmission and the remaining (N − M) are vir-
tual subcarriers (VS) located at the edges of the band. Vir-
tual subcarriers avoid frequency leakage to the neighbor
bands [7]. Useful subcarriers are divided into K subchan-
nels, where each subchannel containing M/K subcarriers
corresponds to a different user. Considering the carrier al-
location scheme (CAS), each subchannel is usually com-
posed by an entire number of tiles of sizeNt [5]. The tiles of
each user can be contiguous to form a subband CAS (SCAS),
equispaced to form an interleaved CAS (ICAS), or it can fol-
low amore sophisticated rule, such as maximization of the
link quality for every user, to form the generalized CAS
(GCAS).

The subcarrier indicator set of each user is I(k) = {I
(k)
0

. . . I
(k)
N−1}, whose components are defined as

I(k)m =


1 ifm is allocated to user k
0 ifm is not allocated to user k (1)

where (·)(k) denotes to user k and 0 ≤ m ≤ N − 1. The
subcarrier indicator sets of different users are disjoint and
the union of all sets is complete, i.e. contains the M sub-
carriers. The components I

(k)
m are defined according to the

chosen CAS. The user k transmits symbols

X (k)m (ℓ) =


A(k)m (ℓ) if I(k)m = 1
0 otherwise (2)

where A(k)m (ℓ) is a QAM symbol transmitted at subcarrierm,
at time ℓ, by user k. We denote the time-varying impulse
response of the L-tap wireless channel between user k and
the base station as h(k)q (n), where q is the tap index and n
the time index. We also assume that the channel remains
constant within a multicarrier symbol (block fading).

2.1. High mobility scenario

Even for a high mobility scenario, the CFO must be be-
low 1% of the intercarrier spacing in order to maintain
a negligible degradation [17,20]. We consider two main
sources of CFO: user’s mobility CFO ξ

(k)
d (ℓ), related to

Doppler effects, and local oscillator drift ξ (k)lo .1 As a conse-
quence, the overall CFO is ξ (k)(ℓ) = ξ

(k)
lo + ξ

(k)
d (ℓ). Note

that in this model the CFO is assumed fixed within a mul-
ticarrier symbol and that the CFO terms ξ (k)lo and ξ (k)d (ℓ)
are normalized to the intercarrier spacing. During the time

1 The local oscillator is assumed to have negligible phase noise [21].
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required to transmit one frame, ξ (k)lo can be considered as
a time-invariant CFO source because it depends on slowly
time varying parameters such as temperature, supply volt-
age, etc. On the other hand, ξ (k)d (ℓ) is time-variant since it
depends on the channel characteristics and user mobility
[17]. If the users synchronize with the BS in the downlink,
the Doppler shift at the BS is doubled, since the displace-
ment that occurs in the downlink is added to the shift in the
uplink [19, Section 11]. Local oscillator CFO is compensated
in the acquisition stage, whereas Doppler shift is corrected
in the tracking stage.

Regarding the magnitude of CFO sources, local oscil-
lators produce a typical variation of ±10 ppm [22]. That
variation corresponds to a CFO of 25 kHz for a carrier of
2.5 GHz or 167% of the intercarrier spacing. On the other
hand, themaximumDoppler shift for high speedmobiles is
several times smaller than that, e.g. for the high speed train
scenario [18, Appendix B], with a speed of 350 km/h, the
Doppler shift is 1.55 kHz or 10% of the intercarrier spacing.2
The adverse effects of local oscillator drift andDoppler shift
are even worse considering higher carrier frequencies. The
trend of increasing the carrier frequencymakes the CFO an
important issue for next generation systems.

From [17] we know that user mobility CFO is only pro-
duced for channels with asymmetric Doppler spectrum.
Since Clarke’s spectrum does not produce time-varying
CFO, to model time variations in ξ (k)d (ℓ) we employ a Rice
model, where the line of sight component (LOS) has time
varying angle of arrival or velocity. Considering the linear
model for CFO variations in [17] and defining tap variances
of k user channel as {σ 2

h(k)q
}
L−1
q=0, the average CFO ofmulticar-

rier symbol ℓ is given by

ξ
(k)
d (ℓ) =

σ 2
h(k)0

Kr fcv2T 2
s NNmℓ

(Kr + 1)cdm
L−1
q=0
σ 2
h(k)q

(3)

where fc is the carrier frequency, v is the speed of the mo-
bile, Ts is the sampling period,Nm depends on themulticar-
rier scheme as defined in the next subsections, c the speed
of light, dm is the distance from the base station to the mo-
bile, and Kr is the Rice factor that determines the relation
between the power of the LOS component of the first tap
and the fading process.

CFO compensation algorithms require the correspond-
ing estimation. For a time-varying CFO, the parameter
needs to be re-estimated. The frequency of which the CFO
is updated is an important aspect to be considered in the
compensation algorithms, since for each new updating in-
stance the CFO interference need to be re-calculated. This
issue is addressed in Section 4. Based on previous discus-
sion, CFO requires re-estimation if |ξ (k)d (ℓ2) − ξ

(k)
d (ℓ1)| >

0.011f , where ξ (k)d (ℓ1) is the CFO due to Doppler of user k
at discrete-time ℓ1 and ξ

(k)
d (ℓ2) at ℓ2, and1f is intercarrier

spacing. We may define Nu = (ℓ2 − ℓ1) as the number of
multicarrier symbols under which a CFO estimate is con-
sidered valid.

2 The parameters correspond to 3GPP LTE standard [6].
2.2. OFDMA signal model

Considering perfect time synchronization, the received
frequency domain OFDMA signal at the BS, after cyclic pre-
fix (CP) removal can be written as

y =
K

k=1

FD(k)FHs(k) + z (4)

where

[F]p,q =
1
√
N
e
−j2π(p+Nvs−1)(q−1)

N

for 1 ≤ p ≤ M and 1 ≤ q ≤ N (5)

D(k) = diag{1, ej2πξ
(k)/N , . . . , ej2πξ

(k)(N−1)/N
} (6)

s(k) = [X (k)Nvs
H(k)Nvs

. . . X (k)N−Nvs−1H
(k)
N−Nvs−1]

T. (7)
The vector z is the additive white Gaussian noise (AWGN)
at each subcarrier with covariance matrix σ 2

n IM , where IM
is the M × M identity matrix. Note that in (4) and (7) the
time index ℓ was dropped for simplicity. In the equations,
diag{·} denotes the diagonal matrix operator and Nvs =

(N − M)/2, with (N − M) even, is the number of virtual
carriers. The discrete Fourier transform (DFT) of the wire-
less channel between the user k and the base station at sub-
carrier m is denoted to as H(k)m . We assume a synchronous
system, i.e., that the CP ofNcp samples is long enough to ac-
commodate the channel impulse response length and tim-
ing misalignments [3]. The OFDMA symbol length with CP
is Nm = Ncp + N .

The ideal received signal in frequencydomain, i.e.,with-
out CFO, is given by s =

K
k=1 s

(k). Considering s(k), the
signal of each user, we can write

s(k) = diag{I(k)}s. (8)
Replacing (8) in (4) allows us towrite the received signal as
y = 5s+ z (9)
where

5 =

K
k=1

5(k)diag{I(k)} (10)

is the overall disturbance, that can be interpreted as an in-
terference matrix which relates the orthogonal frequency
symbol s, with the actual received symbol in the presence
of CFO [12]; and

5(k)
= FD(k)FH (11)

is the interference matrix of user k. The matrix 5 is circu-
lant in blocks, i.e., the columns that belong to the same user
are related by circulant shifts. Note that the interference
matrix structure has two components: self-interference
and MAI. As shown in the following section, this particular
structure can be used to introduce an improved CFO com-
pensation technique for OFDMA.

After CFO compensation, the estimated symbol of all
users d̂, can be obtained by

d̂ = Tŝ (12)
where ŝ is the CFO-compensated vector, T = diag{H−1Nvs

. . .

H−1N−Nvs−1} is the equalization matrix, and Hm = H(k)m if
I
(k)
m = 1.
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Fig. 1. Block diagram of filter bank multicarrier multiple access demodulation that consists of an analysis filter bank, a channel equalization and a
QAM/OQAM transformation.
2.3. FBMC-MA signal model

The received FBMC-MA signal can be described by

y(n) =
K

k=1


L−1
q=0

h(k)q (n)g
(k)(n− q)


ej2πξ

(k)n/N

+w(n) (13)
where g(k)(n) are symbols of the kth user, defined in (2),
modulated by the synthesis filter bank [23], andw(n) is the
additive white Gaussian noise of variance σ 2

n . It is assumed
that the timing error is absorbed by the channel model and
it is compensated by the channel equalizer [24]. Since no
CP is required in FBMC, the multicarrier symbol length is
Nm = N .

For the analysis filter bank, illustrated in Fig. 1, we have
a prototype filter with impulse response p(n) and length
LovN− 1, where Lov is the overlapping factor, i.e., the num-
ber of FBMC-MA symbols equivalent to the prototype filter
length. Also, βm,ν = (−1)m(ν+Lov); φm,ν = {1, j, 1, j, . . .}
form even orφm,ν = {j, 1, j, 1, . . .} form odd; and bm(n) =
p(N − 1 − m + nN) is the m-th type-2 polyphase com-
ponent of p(n) with Z-transform B(z2). Finally, the output
vector corresponding to the N branches of the polyphase
decomposition at time ν can be described by

r(ν) =
Lov−1
q=0

r(q)(ν) = [r0(ν), . . . , rN−1(ν)]T; (14)

where
r(q)(ν) = y(ν + 2q)⊙ p(Lov − q),
y(ν) = [y(νN/2), . . . , y(νN/2+ N − 1)]T,

p(l) = [p(lN), . . . , p(lN − N + 1)]T (15)
and ⊙ denotes Hadamard vector product. Considering a
multitap equalizer of Leq coefficients, the symbols before
the offset-QAM (OQAM) post-processing block result

V̂(k)(ν) =
Leq−1
l=0

G(ν − l, ν)⊙ β∗(ν − l)

⊙F


Lov−1
q=0

r(q)(ν − l)


(16)
whereF {·} is the FFT operator, V̂(k)(ν) = [V̂ (k)0 (ν) . . . V̂ (k)N−1

(ν)]T, V̂ (k)m (ν) is the output of the channel equalizer, β∗(ν)
= [β∗0,ν . . . β

∗

N−1,ν]
T,G(l, ν) = [E0(l, ν), . . . , EN−1(l, ν)]T

and Em(l, ν) is the multitap equalizer impulse response
corresponding to time ν, subcarrierm (assigned to user k),
for an impulse applied at l [24, Section 4.1]. Note that due to
the double sampling frequency of the filter bank, the sam-
pling rate of the channel is also doubled. After CFO com-
pensation and channel equalization, the received OQAM
symbols are converted into QAM symbols, as it is illus-
trated in Fig. 1.

3. Carrier frequency offset compensation

We present in this section the CFO compensation in the
tracking stage for themultiple access techniques discussed
before, i.e. we assume that the CFO is only produced by the
Doppler effect. A generalization of the OFDMA compensa-
tion method proposed in [12] is used to obtain a better ap-
proximation of the CFO induced interference. In addition,
we introduce a CFO compensation method using a popular
FBMC-MA implementation with multitap equalization. An
estimate of the CFO of each user ξ̂ (k) is assumed available.

3.1. OFDMA compensation

To compensate CFO effects in the received multiuser
symbol, we need to estimate s from
y = 5s+ z. (17)
We may consider two estimation methods to recover s
[25]. The first one is the least squares (LS) estimate, and
is given by

ŝLS = (5H5)−15Hy = 5−1y (18)
where the right hand side of this equation is valid only if
5 is full rank and square [12]. The second method is the
minimummean square error (MMSE), and given by
ŝMMSE = R5H(5R5H

+ σ 2
n IM)

−1y

= 5H


55H
+
σ 2
n

σ 2
s
IM
−1

y (19)

where R = E{ssH} and E{·} is the expectation operator. In
the second term it is assumed an identical average power
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(a) Surface plot. (b) Contour plot.

Fig. 2. CFO-interference power for an OFDMA systemwith N = 16 subcarriers, K = 2 users, tile size Nt = 2, ξ (1) = 0.2 and ξ (2) = −0.3, and interleaved
CAS. Fig. 2(b) shows the contour plot and Fig. 2(a) illustrates the surface plot.
over all subcarriers σ 2
s , i.e. R = σ

2
s IM . As seen above, both

methods require the inversion of the interference matrix
given in (10), resulting in a high computational burden.We
denote these methods as complete compensation.

In the following we show that the structure of the
interference matrix can be exploited to obtain an efficient
approximated solution for the CFO compensation problem.
The interference of each user is described by 5(k) in (11),
and depends on the CFO of user k. The elements of this
matrix are given by [11]

[5(k)
]p,q =

1
N

1− ej2π(q−p+ξ̂
(k))

1− ej2π(q−p+ξ̂ (k))/N
(20)

for 1 ≤ p, q ≤ M . As noted from (10), the qth column of 5
is the qth column of 5(k), if I

(k)
q = 1.

Fig. 2 depicts the interference power matrix expressed
in dB, with elements given by [P]p,q = 20 log10(|[5]p,q|).
This example corresponds to a systemwithN = 16 subcar-
riers, without virtual subcarriers, two users (K = 2) with
ξ (1) = 0.2 and ξ (2) = −0.3, tile size Nt = 2 and ICAS. User
1 is assigned to odd tiles and user 2 to even tiles. Fig. 2(a)
illustrates the surface plot, whereas Fig. 2(b) shows the
contour plot. The terms [5]p,q, describe the interference
that the qth subcarrier of the transmitted OFDMA symbol
causes to the pth subcarrier of the received symbol. Specif-
ically, we note the following from the figure:
• The power of the interference is concentrated for values

of |q− p| close to 0 or N , as it is seen in Fig. 2(a).
• The periodic structure of (20) makes that columns of

5 are related by circular shifts, as long as they belong
to the same user. This symmetry condition is noted in
Fig. 2(b).
• Discontinuities in the columns of 5 are due to the dif-

ferent CFO of each user. This can be seen in the pattern
of the diagonal terms, shown in Fig. 2(b).

Given the block circular symmetry of the 5 matrix
and considering the position of the main interference
terms,wepropose the circular banded compensation (CBC)
method depicted in Fig. 3, that is an approximation of
the interference matrix 5 with cyclic band structure. The
matrix bandwidth τ controls the compensation capability
and τ2 = τ−2Nvs. Thematrix approximation is defined by

[5CB]p,q =


[5]p,q if |q− p| ≤ τ
[5]p,q if N − τ ≤ |q− p|

≤ M − 1 and τ ≥ 2Nvs + 1
0 otherwise.

(21)

From (21) we see thatM − 1− (N − τ) ≥ 0, which means
τ ≥ 2Nvs + 1, since N = M + 2Nvs. As the τ value in-
creases, the interference is reduced at expense of increas-
ing the complexity. This approximation allows to reduce
significantly the complexity for computing ŝ.

Using (21) in either (18) or (19) lead to CBC-based LS
method or CBC-based MMSE method, which requires the
inversion of5CB. By exploiting the bandedmatrix structure
and the fact that most of the matrix components are zero,
it is possible to derive low complexity algorithms for the
inversion of 5CB. These efficient algorithms can use, for
example, LU decomposition and backward and forward
substitution [26]. The approximation in (21) allows a trade
off between complexity and interference cancellation.

For the casewhen τ ≤ 2Nvs, the terms outside themain
diagonal are masked by the VS. Then, the circular banded
compensation coincides with the banded compensation
(BC) proposed in [12]. However, whenever τ ≥ 2Nvs + 1,
the BC technique neglects significant interference terms,
defined by N − τ ≤ |q − p| ≤ M − 1 in (21), resulting in
a considerable performance degradation when compared
to our approach. We shall see that, at the cost of moderate
increase in complexity, CBC outperforms BC specially for
subcarriers at the edges of the band. In Section 4 we
evaluate the computational complexity of CBC and BC
for LS and MMSE methods, considering a time-varying
scenario.

Regarding OFDMA BER performance considering dif-
ferent CAS, it is reasonable to assume that, due to the
frequency diversity introduced, ICAS outperforms SCAS.
However, ICAS also increases theMAI generated by the CFO
if an approximated compensation is employed. An inter-
pretation of thatMAI increment is the increase in the num-
ber of transitions between the group of subcarriers (tiles)
corresponding to each user. As a consequence, it is not as-
sumed that either CAS leads to specific performance ad-
vantage.
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3.2. FBMC-MA compensation

The FBMC-MA prototype filter p(n), is designed to have
low sidelobes to limit the intercarrier interference to a few
subcarriers. For the special case of SCAS nomultiple-access
interference cancellation is required if a few guard subcar-
riers are inserted between users . Therefore, the only in-
tercarrier interference is the self-interference of each user.
The direct cancellation method proposed in [14] can be
used to eliminate the intercarrier interference of each user
in the FBMC scheme of [9]. The intercarrier interference
compensation is performed by counter-rotating the input
to the receiver at the angular frequency given by the user’s
estimated CFO. That is, by replacing the input signal y(n)
by y(n)e−j2πξ̂

(k)n/N in (15), where ξ̂ (k) denotes the CFO es-
timate of user k, we obtain the compensation of r(q)(ν), as
given by

r̄(q)(ν) = e−jπξ̂
(k)νe−j2πξ̂

(k)qc(ξ̂ (k))⊙ r(q)(ν) (22)

where c(ξ̂ (k)) = [1 e−j2πξ̂
(k)/N . . . e−j2πξ̂

(k)(N−1)/N
]
T.

By inserting r̄(q)(ν) in (16) we obtain

V̂(k)(ν) = e−jπξ̂
(k)ν


Leq−1
l=0

G(ν − l, ν)ejπξ̂
(k) l
⊙ β∗(ν − l)

⊙ F


Lov−1
q=0

e−j2πξ̂
(k)qc(ξ̂ (k))⊙ r(q)(ν − l)


. (23)

Note that the CFO introduces the phase term ejπξ̂
(k) l, that

must be taken into account in the structure of themultitap
equalizer shown in (23).

Eq. (23) requires a large amount of calculations to re-
move the CFO interference of every user. Employing the
replication identity defined by

ψ(n) =
Lov−1
q=0

γ (n− qN)←→ Ψ (k)

= Γ (kLov) = ⌊Γ (k)⌋↓Lov (24)
where γ (n) and ψ(n) are signals of length NLov and N , re-
spectively, and Γ (k),Ψ (k) are the DFTs of γ (n) and ψ(n),
it is possible to derive a simplified expression that signifi-
cantly reduces the complexity. Then, by defining

c′(ξ̂ (k)) = [cT(ξ̂ (k)), e−j2πξ̂
(k)
cT(ξ̂ (k)), . . . ,

e−j2πξ̂
(k)(Lov−1)cT(ξ̂ (k))]T, and

r′(ν) = [(r(0))T, . . . , (r(Lov−1))T]T,
the compensated OQAM symbols can be written as

V̂(k)(ν) = e−jπξ̂
(k)ν


Leq−1
l=0

G(ν − l, ν)ejπξ̂
(k) l
⊙ β∗(ν − l)

⊙


F

c′(ξ̂ (k))⊙ r′(ν − l)


↓Lov



= e−jπξ̂
(k)ν


Leq−1
l=0

G(ν − l, ν)ejπξ̂
(k) l
⊙ β∗(ν − l)

⊙


F

c′(ξ̂ (k))


~ F


r′(ν − l)


↓Lov


(25)
Fig. 3. Structure of the proposed CBC matrix 5CB . Gray elements denote
non-zero values.

where~ is the circular convolution and the FFTs has length
LovN . As a small number of components of F


c′(ξ̂ (k))


have significant values, to reduce the complexity we con-
sider only the highest Lcfo and set the other to zero [8]. For
one-tap equalization, the following compensation of the
OQAM symbols results

V̂(k)(ν) = e−jπξ̂
(k)νG(ν)⊙ β∗(ν)

⊙


F

c′(ξ̂ (k))


~ F


r′(ν)


↓Lov

(26)

where G(ν) = [H−10 (ν), . . . ,H−1N−1(ν)]
T and Hm(ν) is the

channel frequency response corresponding to user k, sub-
carrier m and time ν, if I

(k)
m = 1. A similar CFO compensa-

tionmethod is proposed in [8] for one-tap equalization and
a different FBMC-MA realization [27]. Note that the CFO-
induced phase term in the multitap equalizer of (23) does
not appear in the one-tap equalizer of (26).

An additional comment related to FBMC-MA BER per-
formance is important at this point. Different to the case of
OFDMA, ICAS or GCAS cannot be employed for FBMC-MA
since affordable solutions of low complexity are not avail-
able. Despite of that, FBMC-MA reduces MAI that leads to
a low performance degradation due to CFO.

If the CFO update is not required for every symbol, the
resulting complexity is lower since it is not necessary to
update the LU decomposition of matrix 5CB in (18) and
(19), and re-calculate vector F


c′(ξ̂ (k))


in (26). In the

next sectionwe study the computational complexity of the
OFDMA and FBMC-MA receivers.

4. Complexity comparison

In this section we focus on the number of real mul-
tiplications involved in the implementation of the multi-
carrier schemes discussed previously. First we derive the
complexity of CFO compensation techniques, and then we
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Fig. 4. Computational complexity of multicarrier receivers versus
interference bandwidth τ for three cases of CFO: time invariant (case 1),
slowly time-variant CFO (case 2), and highly time-variant (case 3).

obtain the complexity of the complete receiver. A complex
multiplication is assumed equivalent to four real multipli-
cations and the FFT/IFFT is implemented with the radix-2
algorithm. We show that if the CFO value is not updated
for each multicarrier symbol, the complexity of the com-
pensation schemes can be reduced considerably. For this
complexity analysis is useful to separate CFO update from
CFO compensation operations.

For CFO compensation in OFDMA,we consider the cases
of a CFO interference matrix 5 with complete, banded and
circular banded interference structure. The LS compensa-
tion method can be calculated in three steps: (1) LU fac-
torization of 5, (2) forward substitution, and (3) backward
substitution. On the other hand, the procedure for MMSE
compensation is formedby: (1) obtainQ = 55H

+σ 2
n /σ

2
s I,

where Q is banded or circular banded with double band-
width if5 is bandedor circular banded, (2) LU factorization
of Q, (3) forward substitution, (4) backward substitution,
and (5) multiplication by matrix 5H. Table 1 summarizes
the computational complexity of CFO compensation algo-
rithms, where CFO update and CFO compensation opera-
tions are shown separately. Note that µ = 2τ − 2Nvs for
CBC. The complexity of the CFO update is given by step
(1) of LS criterion and steps (1) and (2) of MMSE crite-
rion, whereas the complexity of CFO compensation is given
by step (3) of LS criterion, and steps (3)–(5) of MMSE cri-
terion. The CFO compensation complexity for FBMC-MA
can be obtained from (25), where again it is considered
separately the CFO update and CFO compensation opera-
tions. CFO update requires Lcfo samples of a NLov-point FFT,
which amounts 2NLov log2(Lcfo) multiplications, whereas
CFO compensation is a circular convolution that demands
8NLcfo operations [8].

Table 2 summarizes the number of operations required
for the implementation of an FBMC-MA or OFDMA re-
ceiver. The table breaks up the computational complexity
along its different sources, which allows us to do a detailed
analysis. The demodulationprocess considers for the FBMC-
MA case the number of operations of filter bank branches,
the NLov-point FFT, and phase rotations, whereas for
OFDMA it considers anN-point FFT. The table also includes
Table 1
Number of real multiplications for complete, BC, and CBC compensation
methods for OFDMA (M: number of used subcarriers, τ : interference
matrix bandwidth parameter, µ = 2τ − 2Nvs).

Compensation CFO update CFO
compensation

Complete (LS) 8/3M3 16M2

Complete (MMSE) 32/3M3 16M2

BC (LS) 4M(τ 2 + τ) 8Mτ
BC (MMSE) 4M(5τ 2 + 4τ) 16Mτ
CBC (LS) 4M(µ2

+ µ) 8Mµ
CBC (MMSE) 4M(8µ2

+ (2τ + 1)2+ 2µ) 8M(2µ+ τ)

the complexity of the CFO update, CFO compensation, and
channel equalization operations. For CFO compensation
in OFDMA the simplified interference matrix with the CBC
approach is used. LS is simpler than MMSE and results in
the same performance for mid-to-high SNR regime, that
are the SNRs of interest. Therefore we consider only LS in
our application. From the table we see that the main com-
plexity sources are:
• FBMC-MA: the NLov-size FFTs and the CFO compensa-

tion, calculated for each received symbol.
• OFDMA: the inversion of the CFO interference matrix,

required for every new CFO estimation.
As a direct consequence, if the CFO is required to be re-

estimated too often the overall complexity of the OFDMA
compensation results very high. In the following, we
compare the complexity of complete OFDMA and FBMC-
MA receivers for three different CFO update rates.
Case 1 Time-invariant CFO:With a constant CFO the update

is not required, giving the lower-bound in terms
of implementation complexity. The operations for
FBMC-MA are: 8NLov + 4NLov log2(NLov) + 8M +
8NLcfo + 8MLeq, whereas for the case of OFDMA we
have: 2N log2(N)+ 8Mµ+ 4M .

Case 2 Slowly time-variant CFO: The CFO is updated every
Nu multicarrier symbols. Then, the multiplications
involved in CFO update are divided by the update
period Nu. Regarding FBMC-MA, we have 8NLov +
4NLov log2(NLov)+8M+8NLcfo+ 2NLov

Nu
log2(Lcfo)+

8MLeq and for OFDMA results in 2N log2(N)+8Mµ
+ 4M + 4M

Nu
(µ2
+ µ).

Case 3 Highly time-variant CFO: The CFO is updated every
symbol, and it can be considered as the worst case
of the OFDMA implementation complexity. The op-
erations for FBMC-MA are 8NLov+4NLov log2(NLov)
+ 8M + 8NLcfo + 2NLov log2(Lcfo) + 8MLeq and
for OFDMA we have 2N log2(N) + 8Mµ + 4M +
4M(µ2

+ µ) real multiplications.
Fig. 4 illustrates how the computational complexity of

both systems varies as a function of the compensation
bandwidth τ for the three cases outlined above. The length
of FBMC-MA equalizer is Leq = 3 and for the Case 2, Nu =

200. Considering Case 1, OFDMA has lower complexity
than FBMC-MA for τ < 55. For Case 2, τ < 45 is required to
have anOFDMA systemwith lower complexity than FBMC-
MA. Finally, for Case 3, OFDMA is the less complex option
if τ < 9. In Section 5 we compare the bit error rate per-
formance of both systems considering different compensa-
tion bandwidths to show the tradeoff between complexity
and bit error rate (BER) for different update rates.
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Table 2
Demodulation, CFO compensation, CFO update, and channel equalization (CE) implementation complexities in FBMC-MA and OFDMA receivers. (N: total
number of subcarriers,M: number of used subcarriers,µ = 2τ − 2Nvs, Lov: overlapping factor, Lcfo: terms of reduced CFO compensation [8], Leq: equalizer
length.)

Scheme Demodulation CFO compensation CFO update CE

FBMC-MA 8NLov + 4NLov log2(NLov)+ 8M 8NLcfo 2NLov log2(Lcfo) 8MLeq
OFDMA 2N log2(N) 8Mµ 4M(µ2

+ µ) 4M
(a) MSE vs. Carrier. (b) BER of a user allocated at the edge of the band.

Fig. 5. Performance of CFO compensation in OFDMA employing: BC, CBC and complete interference matrix approaches. Fig. 5(a) shows the mean square
error versus carrier index, whereas Fig. 5(b) illustrates the BER of a user allocated at the edge of the band.
5. Simulations and discussion

In this section, we illustrate the performance of the
schemes discussed in previous sections. We first evaluate
the mean square error (MSE) and bit error rate (BER) of
CFO compensation in OFDMA considering CBC, BC [12] and
the complete interference matrix 5. Then we simulate the
performance of OFDMA and FBMC-MA CFO compensation
for fixed CFO, i.e. without Doppler shift. The objective is to
study the performance of the compensation independently
of the CFO estimation stage, i.e. assuming that the CFO
is known in the receiver. Then, we verify the robustness
of the compensation techniques against CFO estimation
errors. Finally, we compare OFDMA and FBMC-MA CFO for
a time-varying CFO to put particular emphasis to the high
mobility scenario.

The comparison between CBC, BC and complete in-
terference matrix 5 for CFO compensation in OFDMA is
depicted in Fig. 5. Note that FBMC-MA compensation al-
gorithm is not included since its performance does not de-
pend on the carrier index. The systemparameters are: total
number of subcarriers N = 64, used subcarriers M = 56,
the cyclic prefix length Ncp = 16, the number of subcar-
riers of the tile Nt = 4, the number of users K = 2, the
bandwidth compensation parameter τ = 25, interleaved
CAS, and the CFO is taken as a random variable uniformly
distributed in the range |ξ (k)| < 0.3. The MSE defined as
MSE = E{∥(ŝ − s)∥2} is shown in Fig. 5(a) for an SNR of
30 dB. We consider an AWGN channel to not mask the CFO
compensation pattern.We see that in the CBC approach the
performance is better than the BC approach at the edges
of the band. The reason for this performance improvement
is the use of the cyclic band structure of the interference
matrix, defined in Section 3.1. The approximate complex-
ity of CBC in terms of real multiplications is 420E+3 oper-
ations. Complete compensation and BC are included as a
benchmark and require 520E+3 and 170E+3 real multipli-
cations, respectively. From Fig. 5(a) we see that subcarri-
ers allocated at the edges of the transmission band suffer
more interference for approximate algorithms. The effect
of this residual interference is illustrated in Fig. 5(b), where
we plot the BER of a user with subcarriers allocated at the
edge of the band considering the Vehicular A propagation
channel [28] and perfect time synchronization. The figure
shows that the CBC increases the performance of this user
compared with BC approach.

For BER simulations we use a coded 3GPP LTE - like
system with the following parameters: a total number of
subcarriers N = 1024, transmission bandwidth BW =

20 MHz, and carrier frequency fc = 2.5 GHz. We con-
sider four users (K = 4), 1/2-rate code [1338, 1778] and
16-QAM modulation. Each user transmits data in a burst
of contiguous multicarrier blocks. OFDMA has a cyclic pre-
fix of Ncp = 112, a tile size of 5 subcarriers and 41 tiles
per user for ICAS, and 205 subcarriers per user for SCAS.
The basic parameters for FBMC-MA are Lov = 4, one guard
carrier and 205 subcarriers per user. The prototype filter is
designed using the frequency sampling technique [23] and
a multitap equalizer with Leq = 3 is adopted [24, Section
4.1]. We assume perfect time synchronization and that the
channel is known at the receiver. The results are averaged
over 40 user allocations and 40 noise realizations for each
specified SNR.
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(a) Low CFO. (b) High CFO.

Fig. 6. OFDMAand FBMC-MACFO compensation schemes for fixed CFO considering theVehicular A channel. In Fig. 6(a) is considered lowCFO (|ξ (k)| < 0.1)
whereas in Fig. 6(b) high CFO (|ξ (k)| < 0.5).
Fig. 7. Performance of OFDMA and FBMC-MA CFO compensation
schemes considering errors in the estimation of the CFO value.

Fig. 6 illustrates the performance of OFDMA and FBMC-
MA CFO compensation schemes for the Vehicular A propa-
gation channel [28] with a speed of 100 km/h.We consider
an invariant CFO uniformly distributed. ICAS and SCAS are
included for OFDMA, whereas FBMC-MA is constrained to
have SCAS. In Fig. 6(a)we consider low CFO values (|ξ (k)| <
0.1) whereas in Fig. 6(b) high values (|ξ (k)| < 0.5). From
Fig. 6(a), we note that for low CFO OFDMA outperform
FBMC both in BER and complexity regardless the chosen
CAS (see Fig. 4). On the other hand, Fig. 6(b) shows that
FBMC-MA has better performance than OFDMA for high
CFO, except for τ = 40 where the performance is similar.
Using the compensation technique proposed for OFDMA,
ICAS introduces frequency diversity but at the same time
increases the MAI, as introduced in Section 3.1. As a conse-
quence for low CFO, and therefore low MAI, ICAS has bet-
ter performance than SCAS since diversity prevails. On the
other hand, for high CFO SCAS is the best option due to the
notorious increase of MAI. FBMC-MA is not affected by the
increase of CFO value since it has notMAI, as is described in
Fig. 8. OFDMA and FBMC-MA CFO compensation schemes for time-
variant CFO considering the Rician channel in [17]. The CFO value is
updated every Nu = 1,Nu = 400 and Nu = 800 multicarrier symbols.

Section 3.2. Therefore, FBMC-MA admits higher carrier fre-
quencies and lower quality local oscillators than OFDMA.
The BER floor observed in FBMC-MA is a consequence of
the lack of robustness against channel variations. Since
FBMC-MA does not employ a cyclic prefix (CP), it suffers
from inter-symbol interference (ISI) if the channel is time
variant. FBMC-MA equalization reduces the intercarrier
(ICI) interference, but not the inter-symbol interference
(ISI). Then, for time-varying channels the performance
of the FBMC-MA system is degraded.

The effect of CFO estimation errors in the BER perfor-
mance of proposed algorithms is depicted in Fig. 7. The CFO
estimation error of ε% is defined as ξ̂ (k) = (1+ ε/100)ξ (k).
The figure shows that the performance of both systems
is affected by CFO estimation errors but OFDMA is clearly
more robust than FBMC-MA to errors in the CFO estima-
tion. For example, considering a BER of 3 × 10−2 and
1% of CFO estimation error, OFDMA requires 0.8 dB extra
whereas FBMC-MA 2.5 dB.
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Fig. 8 illustrates the performance of time-varying CFO
compensation inOFDMAand FBMC-MAsystems, for differ-
ent CFO update periodsNu and subband CAS. Following the
Rician-fading model in [17], the time-varying CFO is ob-
tained from (3) considering Kr = 15, v = 100 km/h, and
dm = 50 m. The channel has an exponential decay profile
given byσ 2

hq = exp(−9.2qTs/1µs)with 0 ≤ q ≤ L−1, L =
5. From Fig. 8 we see that OFDMA is more robust to long
CFO re-estimation periods, i.e., to higherNu values. Despite
the variations in the CFO are considerable due to the high
mobility assumption, long update periods (e.g. Nu = 400)
are feasible. As a consequence, the solution presented in
Case 2 of Section 4 leads to a considerable complexity re-
duction. A recent test bench for high speed trains was pro-
posed in [18, Appendix B], where v = 350 km/h and dm =
50 m. Considering fc = 2.5 GHz, 1f = 15 kHz [6], and a
Doppler drift of 1% of1f , the CFO needs to be re-estimated
every Nu ≈ 1140 multicarrier symbols or 190 subframes.
This agrees with the results obtained in Figs. 7 and 8.

6. Conclusion

In this work we study orthogonal frequency division
multiple access (OFDMA) and filter bank multicarrier mul-
tiple access (FBMC-MA) as modulation schemes for the
uplink of multiuser communication systems with carrier
frequency offset (CFO). We propose a novel approxima-
tion to the interference generated by the CFO in OFDMA.
Our proposal is able to reduce the multiple access interfer-
ence and has lower interference for users allocated at the
edges of the band. For the case of FBMC-MA, we propose
a CFO compensation considering multitap channel equal-
ization. Considering a time-varying CFO, we find that the
complexity of OFDMA is due to the frequency at which
the CFO is updated, whereas in FBMC-MA the complex-
ity is due to symbol demodulation and CFO compensation.
We show that the separation of CFO update and CFO com-
pensation operations reduce considerably the complexity
in the high mobility scenario. Considering low CFO, we
show that OFDMA outperform FBMC-MA and has lower
complexity, whereas FBMC-MA works better than OFDMA
for high CFO. On the other hand, for time-varying CFO we
found that OFDMA is more robust to long update periods.
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