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Abstract. We consider a set of items that must be produced in lots in a capacitated production 

system. Two types of failures are considered. At the occurrence of Type I failure, the system shifts 

to an out-of-control state where it produces a fraction of nonconforming items. After a shift, the 

system is restored to its initial in-control state. With Type II failures, the system stops and it is 

minimally repaired. During each period, the system is inspected and imperfect preventive 

maintenance (PM) activities can be performed to reduce its age, proportional to the PM level. At 

the end of each period a complete repair is performed. We develop an integrated optimization 

model where the objective is to maximize the expected profit. Computational experiments are 

performed to analyse the trade-offs between maintenance, quality and production. It is found that 

the increase in PM level leads to reductions in quality related impacts; but, if the cost of performing 

PM is high to the point where it is not compensated for by quality improvement, then performing 

PM is not beneficial. It is also found that using no-periodic inspections with the possibility of non-

uniform PM levels may result in an improvement of the total profit. 
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Acronyms  

PM Preventive maintenance  

EPQ Economic production quantity  

CLSP  Capacitated lot-sizing problem 

Notation 

H Planning horizon  

T  Number of periods 

t  Index of periods 

L Length of a period (all periods have the same length)  

P  Number of products  

p  Index of products  

Q Number of PM levels  

q Index of PM levels  

k  Index of PM/inspection intervals  
k
tI  Length of the kth PM/inspection interval in period t 

𝑑𝑑𝑡𝑡
𝑝𝑝 Demand of product p in period t 

𝜋𝜋𝑡𝑡
𝑝𝑝 Unitary cost of processing product p in period t  

𝑏𝑏𝑡𝑡
𝑝𝑝 Backorder cost of product p in period t 

ℎ𝑡𝑡
𝑝𝑝  Holding cost of product p in period t 

𝑠𝑠𝑡𝑡
𝑝𝑝

   Set-up cost for product p in period t  

𝛿𝛿𝑝𝑝  Unitary cost of separation for product p 

𝑔𝑔𝑝𝑝  Production rate of product p 

𝛼𝛼𝑝𝑝  Fraction of nonconforming items p produced when the machine is out-of-control   

𝑃𝑃𝑃𝑃𝑡𝑡
𝑝𝑝 Selling price of a conforming item of product p in period t 

𝑃𝑃𝑃𝑃𝑡𝑡
𝑝𝑝 Selling price of a nonconforming item of product p in period t 

CMR Cost of minimal repair 

𝐶𝐶𝐶𝐶𝐶𝐶(𝑞𝑞) Cost of PM level q 

𝑇𝑇𝑇𝑇𝑇𝑇(𝑞𝑞) Time of a PM activity of level q 

TMR Time of a minimal repair   

CCR Cost of a complete repair   

β  Cost of an inspection  
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η  PM imperfectness factor 

𝜉𝜉 Restoration cost parameter  

𝐹𝐹(𝑢𝑢) Cumulative distribution of the time to shift (Type I failure)   

𝑓𝑓(𝑢𝑢) Probability density function of the time to shift distribution (Type I failure)  

( )r u   Hazard function of Type I failures 

𝐺𝐺(𝑢𝑢) Cumulative distribution of the time to Type II failure   

𝑔𝑔(𝑢𝑢) Probability density function of the time to Type II failure distribution  

𝜁𝜁(𝑢𝑢) Hazard function of Type II failures  

λ, ϕ   Parameters of Weibull distribution for Type I failures 

𝜃𝜃, 𝜌𝜌   Parameters of Weibull distribution for Type II failures    

𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘 Number of Type II failures in interval k of period t 

𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 Available production time in period t 

𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘 Probability of shift in interval k of period t 

𝑄𝑄𝑄𝑄𝑡𝑡 Separation cost in period t 

𝑤𝑤𝑡𝑡
𝑘𝑘 Age at the beginning of the kth interval in period t 

𝑦𝑦𝑡𝑡𝑘𝑘 Age at the end of the kth interval in period t 

𝑋𝑋𝑋𝑋𝑡𝑡
𝑝𝑝 Number of nonconforming items of product p in period t   

𝑋𝑋𝑋𝑋𝑡𝑡
𝑝𝑝 Number of conforming items of product p in period t   

𝑥𝑥𝑡𝑡
𝑝𝑝 Lot-size of product p in period t 

𝐵𝐵𝑡𝑡
𝑝𝑝 Backorder level of product p in period t 

𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝 Inventory of conforming product p at the end of period t 

𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝 Inventory of nonconforming product p at the end of period t 

𝑆𝑆𝑡𝑡
𝑝𝑝 Set-up decision variable for product p in period t 

mt Number of PM activities in period t 

𝑀𝑀𝑡𝑡
𝑘𝑘 PM level at the end of interval k of period t 

𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝 Number of conforming items of product p sold in period t 

𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝 Number of nonconforming items of product p sold in period t 
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1. Introduction 

1.1. Motivation and problem description 

Production, maintenance and quality are key functions in manufacturing systems. Using common 

resources and due to mutual influences, these functions are all strongly linked to each other [1-3]. As a 

result, several papers have stressed the need and the economic importance of their integration, e.g. [4-6, 

22]. However, models combining production, maintenance and quality are relatively scarce. There is a 

substantial amount of research dealing, in a separate way, with preventive maintenance (PM) planning, 

e.g. [7-9]. There exist also a lot of papers devoted to production planning without considering 

maintenance and quality issues, e.g. [10-12]. Finally, a vast literature separately deals with quality 

problems, e.g. [13-15]. Recently, the issue of integrating production planning and PM became an active 

area of research [16,17]. Recent literature also provides models that deal with the effect of quality and 

defective items produced by an imperfect process on economic production quantity (EPQ) [18,4]. 

Although recognizing the importance of integrated planning, the high majority of the existing literature 

is either limited to the integration of PM with production planning, or integrates production, maintenance, 

and quality by developing single machine EPQ models.   

The present paper develops a profit maximization model which integrates PM, quality and production 

decisions; instead of dealing with the EPQ determination, we rather consider a multi-period multi-

product capacitated lot-sizing problem (CLSP). The existing EPQ models apply only to single inventory 

items. Although we could certainly compute optimal order quantities separately for each of the different 

items, the existence of capacity constraints would make the resulting solution infeasible [18]. 

Furthermore, for time-varying demands, EPQ models do not give an optimal solution to the problem of 

production planning. By considering a multi-period lot-sizing model, we are able to find the policy that 

maximizes the total profit over the planning horizon under time-varying demands and costs. Classical 

multi-period multi-product lot-sizing models have usually ignored the possibility of machines 

deteriorations and the existence of nonconforming items in the production lots. Also, the use of machine 

inspection for maintenance and restoration purposes has not been considered in the context of profit 

maximization and CLSP. To the best of our knowledge, there is no existing model similar to our proposed 

profit-maximization model. The objective of this model is to determine the optimal values of the 

production plan, the sales and the PM times and levels, while taking into account quality related 

parameters.       

Many challenging methodological difficulties arise when considering the above extensions. Our 

proposed approach is based on an evaluation method and an optimization algorithm. The evaluation 
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method combines reliability, quality and production planning concepts to calculate the expected costs, 

the expected numbers of conforming and nonconforming items, and finally the expected profit. The 

optimization algorithm compares the results of several multi-product capacitated lot-sizing problems.  

Numerical examples are presented to validate the proposed model and to illustrate its important aspects. 

For example, we highlight the role of PM as a mean to reduce the cost of poor quality and to increase the 

total expected profit. In fact, the increase in PM level may lead to reductions in quality related impacts. 

However, when the cost of performing PM is high to the point where it is not compensated for by quality 

improvement, then performing PM is not beneficial in term of total profit maximization.  

1.2. Prior literature 

There are three separate main bodies of literature that are related to our research. The first is the 

literature on PM planning models. The second is the literature on production planning, and the third is 

related to quality control. Next, we briefly discuss each of these three research areas. Finally, we review 

the literature on the integration of maintenance, production and quality.  

First, it is widely recognized that organizations are engaged increasingly in improvement of the 

systems availability and machines reliability, since they play a crucial role in performance, safety, 

organizational success, and economic efficiency. Therefore, PM planning are considered as key functions 

in manufacturing systems. There is a substantial amount of research dealing with PM planning. The 

advancement in this area is covered, for example, in [23] where the authors present an interesting 

classification, based on the modeling approach used for the problem formulation, such as Bayesian 

approach, mixed integer linear programming, fuzzy approach, simulation, Markovian probabilistic 

models and analytic hierarchy process. Generally, the objective of PM planning models is either to 

minimize the maintenance cost, or to maximize the availability, the production rate or the profit. These 

models are often solved by coupling optimization methods with analytical tools or simulation [23, 29]. 

Several papers have been also published on the problems of generating inspection instants of systems 

whose state of deterioration can be known only through inspection. In [38], Barlow and Proschan have 

worked on the determination of the inspection sequence which minimizes the total average cost per time 

unit. Other researchers, e.g. [39-41], proposed improvements and extensions to this basic model. An 

overview on existing inspection models for non-self-announcing failure single component and multi-

components systems can be found in [42].  

Second, there exist also a lot of papers dealing with production planning. For example, references 

[20,24] cover the majority of the production planning models and their related solution methods. 

Generally, production planning models are deterministic or stochastic optimization models designed 
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either to minimize the total cost or to maximize the profit. In the capacitated lot-sizing problem, the 

optimal quantity of products to be processed on each machine and during each period should be 

determined subject to several constraints. Solution methodologies vary from traditional linear mixed 

integer programming, and associated branch and bound exact methods to heuristic methods [20,24].      

Third, statistical process control (SPC) and quality sampling are conventional approaches to control 

and improve the production quality and the firm’s productivity. Among SPC tools, the 𝑥̅𝑥-chart is one of 

the frequently used tools to control the variations of process mean. The author of [25] first established a 

criterion that measures approximately the average net income of a process under surveillance of a control 

chart when the process is subject to random shifts in the process mean. He showed how to determine the 

sample size, the interval between samples, and the control limits that will yield approximately maximum 

average net income. According to this study, the PM-inspections should be equally spaced for an 

exponential failure time function. In [26], the authors suggested an acceptance sampling plan to control 

the quality in an unreliable imperfect system. Several other existing models dealt with the effect of 

defective items produced by an imperfect process on EPQ. Interestingly, the authors of [27] have found 

that, when the production process is subject to random process deterioration shifting the system from an 

in-control state to an out-of-control state, the resulting optimal EPQ is smaller than that of the classical 

model. Observing similar results, the author of [28] explored different options for investing in quality 

improvement.  

Finally, we review the literature dealing with the integration of maintenance, production and quality. 

In [19], the authors incorporated maintenance by inspection with restoration cost dependent on the 

detection delay. In [13], the optimal design of a quality system was studied under Weibull shock models. 

In [30], the authors formulated a cost minimization model for the joint optimization of process control 

and perfect preventive maintenance for equipment with two quality states and general failure time 

distributions. The author of [31] studied the same quality decision variables in the context of imperfect 

maintenance using a discrete-time Markov chain approach. The author of [2] suggested a strategy for 

monitoring single-machine manufacturing process through the simultaneous implementation of an x�-

chart and an age-based PM. The authors of [33] have developed an integrated production, inventory and 

preventive maintenance model for a multi-product production system and a single period. In [34], the 

athors developed a selective maintenance strategy for multi-state systems under imperfect maintenance. 

A joint modeling of preventive maintenance and quality improvement for deteriorating single-machine 

manufacturing systems was proposed in [35]. The author of [36] developed an optimal economic 

production quantity policy for randomly failing process with minimal repair, backorder and preventive 

maintenance. In [37], the author proposed a model to incorporate minimal repair and rework possibilities 
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in order to determine the optimal number of inspections, the inspection interval, the EPQ, and the PM 

level. The effect of machine failure and corrective maintenance on lot-sizing problem was studied in 

[32]. In [16,17], the authors have shown that the integration of preventive maintenance and production 

planning is more economical than separate optimizations. The author of [5] developed an integrated profit 

model for imperfect production system incorporating an imperfect rework process, scrapped items, and 

PM errors. All the above-mentioned papers recognize the importance and the complexity of integrating 

PM, quality and/or production decisions. For further review of the integration of these three inter-

dependent functions, the reader is referred to [21].  

The existing papers are either limited to the integration of PM with production planning, or integrate 

production, maintenance, and quality by developing EPQ models. The present paper develops a profit 

maximization model integrating the three aspects (production, maintenance, and quality), while 

considering the multi-period multi-product capacitated lot-sizing problem (CLSP). The decisions involve 

determination of quantities of items (lot-sizes) to be produced in each period. In CLSP with limited 

demands, the answer obtained from maximizing the production or minimizing the maintenance cost can 

be different from the optimal solution of the joint model that maximizes the profit. Lot-sizing is one of 

the most important problems in production planning. Almost all manufacturing situations involving a 

product-line contain capacitated lot-sizing problems, especially in the context of batch production 

systems. The setting of lot sizes is in fact usually considered as a decision related to tactical planning, 

which is a medium-term activity. In aggregate planning, the lot sizing models are extended by including 

labor resource decisions. Tactical planning bridges the transition from the strategic planning level (long-

term) to the operational planning level (short-term). Clearly, the time horizons may vary for each 

planning level depending on the industry. Typical values are one week (or less) for operational planning; 

one month (or more) for tactical planning; one year (or more) for strategic planning. In several modern 

production systems, the PM and quality decisions should be integrated at the tactical level. Although the 

literature recognizes the importance of integrated planning and the industrial relevance of tactical 

planning, there is no existing model dealing with profit maximization in the context of the CLSP. The 

present paper contributes to the existing literature by developing an integrated profit maximization model 

and a solution method based on reliability, quality and production planning concepts.              

The paper remainder is organized as follows. Section 2 defines the problem and states the working 

assumptions. Sections 3 and 4 develop the evaluation method and the mathematical model, respectively. 

Section 5 develops a solution algorithm, and Section 6 presents numerical results. Finally, Section 7 

concludes the paper.  
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2. Problem definition and assumptions   

2.1. The production system 

Consider a production system that is designed to produce a set of P products during a given planning 

horizon H subdivided into T discrete periods of a fixed length L. For each product p, a demand 𝑑𝑑𝑡𝑡
𝑝𝑝 should 

be satisfied at the end of period t. Figure 1 shows an example of a production plan with H = 24 months 

and L = 6 months. The system nominal capacity corresponds to its production rate 𝑔𝑔𝑝𝑝,  measured in parts 

per time unit for each product p. At the beginning of each period t, the system is assumed to be in an in-

control state producing conforming items, i.e. items of perfect or acceptable quality, with nominal 

capacity (𝑔𝑔𝑝𝑝). Our model allows two types of failures, called Type I and Type II failures.  

 
Figure 1. An example of a production plan. 

 

Type I failures: As time progresses, the machine may shift to an out-of-control state where it produces 

a fraction 𝛼𝛼𝑝𝑝 of nonconforming items, i.e. of substandard quality. Type I failures are detected only after 

inspection. If this inspection reveals that the system is in out-of-control state, it is possible to bring it 

back to its in-control state by some restorative work. Restoration refers to the actions required to identify 

and eliminate the causes of nonconformity. We consider minimal restoration, which means that the 

restored system condition is as good as it was immediately before the failure occurred. In other words, 

minimal restoration means that the age of the system is not disturbed by the restorative actions. The 

elapsed time for the machine to be in the in-control state before a Type I failure occurs is a random 

variable that follows a general distribution with increasing hazard rate. We qualify as operational the 

state where the system is producing items. That is the operational state can be either the in-control state 

or the out-of-control state.     

Type II failures: These failures are self-announcing, i.e. detected without inspection. A blown fuse 

and an interruption of the delivery of consumable materials are examples of this kind of failure. At the 

occurrence of Type II failures, the system stops and it stays stopped until it is repaired. When the repair 

1 2 3 4 

L = 6 
Period  

(t) 

 6 0   12 18   24 Time 
(months) 

dp1 Demand of item p  
(dpt) 

dp2 dp3 dp4 
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is completed, the system returns to the condition it was in when the failure occurred and operations 

resume. This means that we have a minimal repair as the system is repaired without affecting its age. The 

elapsed time for the machine to be in the operational state, before a Type II failure occurs, is a random 

variable that also follows a general distribution with increasing hazard rate.            

Figure 2 summarizes the production system states described above. It is worth mentioning that the 

terms "in control" and "out of control" states are widely used in the literature of quality control and 

statistical process control charts and in the literature on the integration of maintenance and quality. 

 
 

Figure 2. States of the production system. 
  

2.2. Inspection and preventive maintenance   

The used policy is illustrated in Figure 3, and it suggests that  

- During each period t, the system is inspected at times tk (k = 1, …, mt+1) to assess its state and at the 

same time PM activities can be carried out.  

- Each inspection can be followed by a PM activity which reduces the age of the machine. This age 

reduction depends on the level of the PM activity performed.       

- Each time the machine is detected to be in an out-of-control state (Type I failures) conforming and 

nonconforming products are separated.         

- Conforming items are used to satisfy the demand, whereas nonconforming items may be sold at the 

end of each period in a second market with reduced prices.                      

- At the end of each period, a complete repair is performed to renew the machine, i.e. to bring it back 

to its as good as new conditions. By introducing this assumption, the system can be analyzed for a 

In- 
control 

Out-
of- 

control 

Type I failure 

Restoration  

Operational 
 

Failed 
state 

R
epair 

Type II failure 
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given period (t), and the evaluated performance measures and costs are summed over the number of 

periods (T). In general, such renewal is convenient in modeling the stochastic behavior of systems 

subjected to random failures [4,6,16].      

The model is developed under the following additional assumptions:  

- Inspections are error free.      

- Inspection and restoration times are negligible. If this is not the case, the model can be easily modified 

to take restoration and inspection times into account.    

 
 
 
 
 
 
 
 
 

Figure 3. Inspection and PM for a given period; the kth PM is performed at inspection time tk.  
 

In the considered model, the inspection is performed on the produced items to check their quality, 

while PM is performed on the process (i.e., the system producing these items). If the inspection reveals 

that the system has been producing non-conforming items (of bad or lower quality), production ceases 

and restoration work is carried out; otherwise, PM activities are carried out. The optimal solution can 

suggest that PM is not necessary in some cases (although inspection has been performed).  That is, PM 

is triggered by quality inspection in some cases only, and the number of inspections can be different from 

the number of PM actions. The inspection and PM are then separately considered in our model, which is 

linking between maintenance, quality and production.  

 

2.3. Integrated model    

We develop a profit maximization model considering a multi-product, multi-period CLSP with time-

varying demands and costs. A setup cost is charged whenever the processing of a product is planned. 

The usual assumptions of the CLSP model apply here. The trade-off between maintenance, quality and 

production is highly complex. Performing PM will yield reductions in quality related parameters, such 

as the restoration cost and the number of nonconforming items. However, if the cost of performing PM 

is high to the point where it is not compensated for by the reductions in nonconforming items and quality 

1 2 3 … 

 

Period  
L 0 2L 3L TL 

   Inspection 
interval 

      1                  2    …   k-1                 k   …   mt              mt+1 
Inspection 

and PM 

    1                 2                                 k                           mt+1 
0                   t1                t2             tk-1                tk                    

 

T 
(T-1)L 

… … 
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related costs, then performing PM will not be justifiable. Furthermore, the selling price of nonconforming 

items has an influence on the income. In each period, the production capacity is random and its expected 

value depends on the available production time, which is impacted by the PM and repair activities. The 

number of nonconforming items is also a random variable. Under such uncertainties, it is challenging to 

find the best trade-off between the various decisions on quality, PM and production.   

3. Evaluation method  

3.1. The profit as objective function   

In the integrated model, the objective is to maximize the total profit which is calculated as   

 
 

Profit = (Income from selling conforming items + Income from selling nonconforming items) − 

(Production cost + Inspection cost + Preventive maintenance cost + Restoration cost + Separation cost 

+ Repair cost).                                                                                                                  (1) 
 

In what follows, we detail each term in Equation (1).     

 

1) Incomes   

They are given by ∑ ∑ �𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝𝑃𝑃𝑃𝑃𝑡𝑡

𝑝𝑝 +  𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝𝑃𝑃𝑃𝑃𝑡𝑡

𝑝𝑝�𝑃𝑃
𝑝𝑝=1

𝑇𝑇
𝑡𝑡=1 , with 𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝 is the number of conforming items 

sold, 𝑃𝑃𝑃𝑃𝑡𝑡
𝑝𝑝 is the selling price of one conforming item, 𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝 is the number of nonconforming items sold, 

and 𝑃𝑃𝑃𝑃𝑡𝑡
𝑝𝑝 is the selling price of one nonconforming item (for each product p and period t).    

 

2) Production cost 

For a given product p and period t, this consists of  

- A processing cost 𝜋𝜋𝑡𝑡
𝑝𝑝𝑥𝑥𝑡𝑡

𝑝𝑝, with 𝜋𝜋𝑡𝑡
𝑝𝑝

 is the cost of processing one unit, and 𝑥𝑥𝑡𝑡
𝑝𝑝

 is the lot size;     

- An inventory holding cost ℎ𝑡𝑡
𝑝𝑝�𝐼𝐼𝐼𝐼𝑡𝑡

𝑝𝑝 + 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝�, with ℎ𝑡𝑡

𝑝𝑝 is the inventory holding cost per unit, 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝  is the 

inventory level of conforming items, and 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝 is the inventory level of nonconforming items;   

- A set-up cost 𝑠𝑠𝑡𝑡
𝑝𝑝𝑆𝑆𝑡𝑡

𝑝𝑝, with 𝑠𝑠𝑡𝑡
𝑝𝑝 is the fixed set-up cost, and 𝑆𝑆𝑡𝑡

𝑝𝑝 is a binary variable which is equal to 1 if 

the set-up of product p occurs at the end of period t, and 0 otherwise; and    

- A backorder cost 𝑏𝑏𝑡𝑡
𝑝𝑝𝐵𝐵𝑡𝑡

𝑝𝑝, with 𝑏𝑏𝑡𝑡
𝑝𝑝 is the backorder cost per unit, and 𝐵𝐵𝑡𝑡

𝑝𝑝 is the backorder level.    

Therefore, the total cost of production is  
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𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ���𝜋𝜋𝑡𝑡
𝑝𝑝𝑥𝑥𝑡𝑡

𝑝𝑝 + ℎ𝑡𝑡
𝑝𝑝�𝐼𝐼𝐼𝐼𝑡𝑡

𝑝𝑝 + 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝� + 𝑠𝑠𝑡𝑡

𝑝𝑝𝑆𝑆𝑡𝑡
𝑝𝑝 + 𝑏𝑏𝑡𝑡

𝑝𝑝𝐵𝐵𝑡𝑡
𝑝𝑝�

𝑃𝑃

𝑝𝑝=1

𝑇𝑇

𝑡𝑡=1

.                                                  (2) 

 

3) Inspection cost  

This is given by 𝛽𝛽∑ (𝑚𝑚𝑡𝑡 + 1)𝑇𝑇
𝑡𝑡=1 , with 𝛽𝛽 is the cost of one inspection, and (𝑚𝑚𝑡𝑡 + 1) is the number of 

inspections in period t.   
 

4) Preventive maintenance cost 

The concept of imperfect PM considers that, after PM, the failure rate of the system is somewhere 

between ‘as good as new’ and ‘as bad as old’ [7,9]. It can be assumed that the failure rate of the equipment 

is decreased after each PM. This amounts to a reduction in the age of the equipment. In this paper, we 

consider that the reduction in the age of the equipment is proportional to the cost of PM. Our model 

assumes the existence of a finite number of PM alternatives with various costs and impacts on the 

machine’s reliability. Each PM alternative is called a PM level. In the proposed optimization model, the 

PM level is a decision variable, and the PM level that produces the highest total expected profit 

corresponds to the optimal PM level.  

We denote by 𝐶𝐶𝐶𝐶𝐶𝐶(𝑞𝑞) the cost of the PM level q, such as q = 1, …, Q , with Q is the index of the 

lowest PM level, and 𝐶𝐶𝐶𝐶𝐶𝐶(1) is the cost of the maximum PM level. The PM cost (𝐶𝐶𝐶𝐶𝐶𝐶�𝑀𝑀𝑡𝑡
𝑘𝑘�) depends 

on the decision variable 𝑀𝑀𝑡𝑡
𝑘𝑘, which specifies the level of the PM activity performed at the end of interval 

k in period t. As no PM action is performed at the last inspection, the number of PM actions in each 

period is mt. Thus, the total PM cost is  ∑ ∑ 𝐶𝐶𝐶𝐶𝐶𝐶�𝑀𝑀𝑡𝑡
𝑘𝑘�𝑚𝑚𝑡𝑡

𝑘𝑘=1
𝑇𝑇
𝑡𝑡=1 .    

A PM strategy is indicated by T vectors, where each vector represents the PM levels for each period. 

Consider an example of 2 periods, 4 PM per period and 3 possible PM levels. Under PM strategy 

(1,1,1,1)-(1,1,1,1) all PM are of the highest level, whilst under PM strategy (3,3,3,3)-(3,3,3,3) all PM are 

of the lowest level.             
 

5) Restoration cost 

Each time the inspection reveals an out-of-control state, the machine is restored by identifying and 

eliminating assignable causes of variation. Using the idea in Reference [19], we consider that the machine 

restoration cost is a function of the detection delay. The detection delay is defined as the elapsed time 
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since the production process has deteriorated until it is identified by inspection and repaired. In general, 

the sooner we realize that the machine is out-of-control, the less costly it would be to repair and restore 

it. Considering that the restoration cost during interval k in period t changes linearly with the detection 

delay 𝜏𝜏𝑡𝑡𝑘𝑘, we have   

 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = � � �𝜉𝜉𝜏𝜏𝑡𝑡𝑘𝑘�
𝑚𝑚𝑡𝑡+1

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

,                                                                                                                  (3) 

 

where 𝜉𝜉 is a given restoration parameter.  

 

6) Separation cost 

When detecting a shift, nonconforming and conforming items are separated. This separation cost is 

given by ∑ 𝑄𝑄𝑄𝑄𝑡𝑡𝑇𝑇
𝑡𝑡=1 , with 𝑄𝑄𝑄𝑄𝑡𝑡 is the separation cost in period t. 

 

7) Repair cost 

The model considers two repair activities.    

- Complete repairs (at the end of production periods): the cost of one complete repair is given by 𝐶𝐶𝐶𝐶𝐶𝐶.     

- Minimal repairs: taking into account the expected number of Type II failures, the average cost of 

minimal repair (MR) in period t is 𝐶𝐶𝐶𝐶𝐶𝐶 × 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘, with CMR is the MR cost of one failure and 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘 is 

the expected number of failures in interval k and period t. For all the T  periods and the (𝑚𝑚𝑡𝑡 + 1) 

intervals, the total MR cost is 𝐶𝐶𝐶𝐶𝐶𝐶∑ ∑ 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘
𝑚𝑚𝑡𝑡+1
𝑘𝑘=1

𝑇𝑇
𝑡𝑡=1 .  Therefore, the total repair cost is    

 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =  (𝑇𝑇 × 𝐶𝐶𝐶𝐶𝐶𝐶) + 𝐶𝐶𝐶𝐶𝐶𝐶� � 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘
𝑚𝑚𝑡𝑡+1

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

.                                                                                         (4) 

 

The profit is stochastic because many quantities in the above equations are stochastic. Not only the 

production capacity and the number of conforming (and nonconforming) items are random variables, but 

also other quantities, such as the costs of repair and restoration, are subjected to uncertainties. Our model 

maximizes the expected profit. Using the same notations for the variables and their expected values, we 

have     
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𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

=  ���𝑃𝑃𝑃𝑃𝑡𝑡
𝑝𝑝𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝 +  𝑃𝑃𝑃𝑃𝑡𝑡
𝑝𝑝𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝�
𝑃𝑃

𝑝𝑝=1

𝑇𝑇

𝑡𝑡=1

−���𝜋𝜋𝑡𝑡
𝑝𝑝𝑥𝑥𝑡𝑡

𝑝𝑝 + ℎ𝑡𝑡
𝑝𝑝�𝐼𝐼𝐼𝐼𝑡𝑡

𝑝𝑝 + 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝� + 𝑠𝑠𝑡𝑡

𝑝𝑝𝑆𝑆𝑡𝑡
𝑝𝑝 + 𝑏𝑏𝑡𝑡

𝑝𝑝𝐵𝐵𝑡𝑡
𝑝𝑝�

𝑃𝑃

𝑝𝑝=1

𝑇𝑇

𝑡𝑡=1

− 𝛽𝛽�(𝑚𝑚𝑡𝑡 + 1)
𝑇𝑇

𝑡𝑡=1

−��𝐶𝐶𝐶𝐶𝐶𝐶�𝑀𝑀𝑡𝑡
𝑘𝑘�

𝑚𝑚𝑡𝑡

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

− 𝜉𝜉� � 𝜏𝜏𝑡𝑡𝑘𝑘
𝑚𝑚𝑡𝑡+1

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

−�𝑄𝑄𝑄𝑄𝑡𝑡

𝑇𝑇

𝑡𝑡=1

− ( 𝑇𝑇 × 𝐶𝐶𝐶𝐶𝐶𝐶)

− 𝐶𝐶𝐶𝐶𝐶𝐶� � 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘
𝑚𝑚𝑡𝑡+1

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

.                                                                                                                  (5) 

 

To estimate the expected profit, let us first evaluate the age of the system at important time points of 

the planning horizon.     

 

3.2. Age evaluation   

We use the concept of age-based imperfect PM [7,9]. After each PM, the age of the system is 

somewhere between as good as new and as bad as old depending on the level of PM activities. The 

reduction in the age of the system is a function of the cost of PM. Let denote by 𝑤𝑤𝑡𝑡
𝑘𝑘 and 𝑦𝑦𝑡𝑡𝑘𝑘 the ages of 

the system at the beginning and at the end of the kth interval in period t (respectively). That is, 𝑤𝑤𝑡𝑡
𝑘𝑘+1  is 

the actual age right after the kth PM; and 𝑦𝑦𝑡𝑡𝑘𝑘 is the actual age right before the kth PM. Let      

 

𝛾𝛾𝑡𝑡𝑘𝑘 = (𝜂𝜂)𝑘𝑘−1
𝐶𝐶𝐶𝐶𝐶𝐶(𝑞𝑞)
𝐶𝐶𝐶𝐶𝐶𝐶(1)

,                                                                                                                                            (6) 

 
where q = 1, …, Q, and 𝜂𝜂 (0 < 𝜂𝜂 ≤ 1) is the PM imperfectness factor.  

 

Linear and nonlinear relationships between age reduction and PM cost can be considered. In the linear 

case, we have   

 

𝑤𝑤𝑡𝑡
𝑘𝑘+1 = �1 − 𝛾𝛾𝑡𝑡𝑘𝑘�𝑦𝑦𝑡𝑡𝑘𝑘 .                                                                                                                                              (7) 

 

Since at the beginning of each period t the machine is in its perfect conditions with age zero, we have  

 

𝑤𝑤𝑡𝑡
1 = 0.                     (8) 
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Considering that the decision variable 𝑀𝑀𝑡𝑡
𝑘𝑘 specifies the level of the PM activity, by using Equations (6) 

and (7) we have for k = 1, …, mt + 1:    

 

𝑤𝑤𝑡𝑡
𝑘𝑘+1 = 𝑦𝑦𝑡𝑡𝑘𝑘 �1 −

𝐶𝐶𝐶𝐶𝐶𝐶�𝑀𝑀𝑡𝑡
𝑘𝑘�

𝐶𝐶𝐶𝐶𝐶𝐶(1) 𝜂𝜂𝑘𝑘−1� .                                                                                                                    (9) 

 

The parameter 𝜂𝜂 implies that there is a degradation in the effect of PM on the age of the machine. A full 

PM brings the machine farther from the as good as new condition as more PM actions are performed. 

Let us denote by 𝐼𝐼𝑡𝑡𝑘𝑘 the length of the kth inspection interval in period t. During minimal repairs and PM, 

the machine age will not increase. Given the expected number of machine failures (𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘), the time 

required for one minimal repair (𝑇𝑇𝑇𝑇𝑇𝑇), the selected PM level (𝑀𝑀𝑡𝑡
𝑘𝑘) and its corresponding PM time 

(𝑇𝑇𝑇𝑇𝑇𝑇�𝑀𝑀𝑡𝑡
𝑘𝑘�), the total maintenance time is given by (𝑇𝑇𝑇𝑇𝑇𝑇�𝑀𝑀𝑡𝑡

𝑘𝑘� + 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘 ∙ 𝑇𝑇𝑇𝑇𝑇𝑇). So, for each period t (t 

= 1, …, T), the machine age at the end of interval k (k = 1, …, mt +1) is 

 

𝑦𝑦𝑡𝑡𝑘𝑘 = 𝑤𝑤𝑡𝑡
𝑘𝑘 + 𝐼𝐼𝑡𝑡𝑘𝑘 − 𝑇𝑇𝑇𝑇𝑇𝑇�𝑀𝑀𝑡𝑡

𝑘𝑘� − 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘𝑇𝑇𝑇𝑇𝑇𝑇.                                                                                                       (10) 

 

Since no PM is performed at the last interval of each period, the ending age for the last interval is  

 

𝑦𝑦𝑡𝑡
𝑚𝑚𝑡𝑡+1 = 𝑤𝑤𝑡𝑡

𝑚𝑚𝑡𝑡+1 + 𝐼𝐼𝑡𝑡𝑘𝑘 − 𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘𝑇𝑇𝑇𝑇𝑇𝑇.                                                                                                                    (11) 

 

If ζ(u) is the Type II failure rate of the machine at age u, the expected number of machine failures in the 

kth interval of period t is 

 

𝑁𝑁𝑁𝑁𝑡𝑡𝑘𝑘 = � 𝜁𝜁(𝑢𝑢)𝑑𝑑𝑑𝑑

𝑦𝑦𝑡𝑡
𝑘𝑘

𝑤𝑤𝑡𝑡
𝑘𝑘

.                                                                                                                                              (12) 

 

Knowing the probability distribution of Type II failure, Equations (8) to (12) are simultaneously solved 

to yield the age values in all of the intervals and periods.       

Since the operational time is equivalent to the age variation (𝑦𝑦𝑡𝑡𝑘𝑘 −  𝑤𝑤𝑡𝑡
𝑘𝑘), the expected available 

production time in period t is  
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𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡 = � � 𝑦𝑦𝑡𝑡𝑘𝑘 −  𝑤𝑤𝑡𝑡
𝑘𝑘�

𝑚𝑚𝑡𝑡+1

𝑘𝑘=1

.                                                                                                                                   (13) 

 

3.3. Expected numbers of conforming and nonconforming items     

Let F(u) be the cumulative distribution of the time to shift (i.e. Type I failure). The conditional 

probability that the system shifts to the out-of-control state during interval k (i.e. from 𝑤𝑤𝑡𝑡
𝑘𝑘 to 𝑦𝑦𝑡𝑡𝑘𝑘), given 

that it was in control at the beginning (i.e. at 𝑤𝑤𝑡𝑡
𝑘𝑘), is  

 

𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘 =  
𝐹𝐹�𝑦𝑦𝑡𝑡𝑘𝑘� − 𝐹𝐹(𝑤𝑤𝑡𝑡

𝑘𝑘)
1 − 𝐹𝐹(𝑤𝑤𝑡𝑡𝑘𝑘)

.                                                                                                                                     (14) 

  

Let 𝑓𝑓�𝑢𝑢� 𝑤𝑤𝑡𝑡
𝑘𝑘� =  𝑓𝑓(𝑢𝑢)

1−𝐹𝐹� 𝑤𝑤𝑡𝑡
𝑘𝑘�

 be the conditional probability density function of the time to shift 

distribution given that the system was in control at time 𝑤𝑤𝑡𝑡
𝑘𝑘.  

If a shift occurs in interval k of period t, with a probability of 𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘, then the average time that the 

system remains in this out-of-control state before being fixed is ∫ �𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑢𝑢�𝑓𝑓�𝑢𝑢� 𝑤𝑤𝑡𝑡
𝑘𝑘�𝑑𝑑𝑑𝑑 𝑦𝑦𝑡𝑡

𝑘𝑘

 𝑤𝑤𝑡𝑡
𝑘𝑘 . Here, 

�𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑢𝑢� is the remaining allocated time ( )k k
t tw u y≤ ≤ , and 𝑓𝑓�𝑢𝑢� 𝑤𝑤𝑡𝑡

𝑘𝑘�𝑑𝑑𝑑𝑑 is the probability to shift during 

du (given that the machine was in control at  𝑤𝑤𝑡𝑡
𝑘𝑘). So, the expected number of items processed in the 

shifted state (for product p in period t) is 𝑥𝑥𝑡𝑡
𝑝𝑝𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘 ∫ �𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑢𝑢�𝑓𝑓�𝑢𝑢� 𝑤𝑤𝑡𝑡

𝑘𝑘�𝑑𝑑𝑑𝑑 𝑦𝑦𝑡𝑡
𝑘𝑘

 𝑤𝑤𝑡𝑡
𝑘𝑘 /𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡. Since the 

nonconformity rate in a shifted state is α𝑝𝑝, the expected number of nonconforming items produced in 

period t (for product p) is  

 

𝑋𝑋𝑋𝑋𝑡𝑡
𝑝𝑝 = 𝑥𝑥𝑡𝑡

𝑝𝑝 𝛼𝛼𝑝𝑝

𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡
� � 𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘�𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑢𝑢�𝑓𝑓�𝑢𝑢� 𝑤𝑤𝑡𝑡

𝑘𝑘�𝑑𝑑𝑑𝑑

 𝑦𝑦𝑡𝑡
𝑘𝑘

 𝑤𝑤𝑡𝑡
𝑘𝑘

𝑚𝑚𝑡𝑡

𝑘𝑘=1
.                                                                               (15) 

 

Knowing that the lot-size 𝑥𝑥𝑡𝑡
𝑝𝑝 represents the total items produced, the expected number of conforming 

items is 𝑋𝑋𝑋𝑋𝑡𝑡
𝑝𝑝 = 𝑥𝑥𝑡𝑡

𝑝𝑝 − 𝑋𝑋𝑋𝑋𝑡𝑡
𝑝𝑝. The analytical derivation of Equation (15) is inspired from existing papers 
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dealing with EPQ problems [4,6,27]. These papers (and many others) use the same approach to calculate 

the number of non-conforming items in other contexts.    
 

3.4. Expected restoration cost      

According to Equation (3), the restoration cost depends on detection delay k
tτ = �𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑢𝑢� which is a 

random variable. Its expected value is the expected duration of time that the system operates in an out-

of-control state in period t. Therefore, the expected restoration cost is  

 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝜉𝜉� � � � �𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑢𝑢�𝑓𝑓�𝑢𝑢� 𝑤𝑤𝑡𝑡
𝑘𝑘�𝑑𝑑𝑑𝑑

 𝑦𝑦𝑡𝑡
𝑘𝑘

 𝑤𝑤𝑡𝑡
𝑘𝑘

�𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘
𝑚𝑚𝑡𝑡+1

𝑘𝑘=1

𝑇𝑇

𝑡𝑡=1

.                                                        (16) 

 

3.5. Expected separation cost 

This cost is proportional to the number of items produced when the system is out-of-control. 

Therefore, if 𝛿𝛿𝑝𝑝 is the unitary cost to separate one product p, the total expected separation cost in period 

t is 

 

𝑄𝑄𝑄𝑄𝑡𝑡 = �
𝛿𝛿𝑝𝑝𝑥𝑥𝑡𝑡

𝑝𝑝

𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡
� 𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘(𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑤𝑤𝑡𝑡

𝑘𝑘)
𝑚𝑚𝑡𝑡

𝑘𝑘=1

𝑃𝑃

𝑝𝑝=1

.                                                                                                           (17) 

 

In Equation (17), the quantity �𝛿𝛿
𝑝𝑝𝑥𝑥𝑡𝑡

𝑝𝑝

𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡
∑ 𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘(𝑦𝑦𝑡𝑡𝑘𝑘 − 𝑤𝑤𝑡𝑡

𝑘𝑘)𝑚𝑚𝑡𝑡
𝑘𝑘=1 � represents the number of items produced 

when the system is in out-of-control state (𝑃𝑃𝑃𝑃𝑡𝑡𝑘𝑘 being the probability of a quality shift).     
 

4. The mathematical model   

The integrated model is mathematically formulated as a maximization problem of the expected profit 

objective function. Specific constraints are also formulated. The mathematical model is  

 

Maximize (5)  

Subject to   

(8) - (17)  
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𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝 =  𝐼𝐼𝐼𝐼𝑡𝑡−1

𝑝𝑝 − 𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝 + �𝑥𝑥𝑡𝑡

𝑝𝑝 − 𝑋𝑋𝑋𝑋𝑡𝑡
𝑝𝑝�,   p = 1, …, P; t = 1, …, T (18) 

 

𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝 = 𝐼𝐼𝐼𝐼𝑡𝑡−1

𝑝𝑝 − 𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝 + 𝑋𝑋𝑋𝑋𝑡𝑡

𝑝𝑝,   p = 1, …, P; t = 1, …, T (19) 

 

𝐵𝐵𝑡𝑡
𝑝𝑝 = 𝐵𝐵𝑡𝑡−1

𝑝𝑝 + 𝑑𝑑𝑡𝑡
𝑝𝑝 − 𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝,   p = 1, …, P; t = 1, …, T (20) 

 

𝑥𝑥𝑡𝑡
𝑝𝑝 ≤ 𝐿𝐿𝐿𝐿𝑝𝑝𝑆𝑆𝑡𝑡

𝑝𝑝,   p = 1, …, P; t = 1, …, T (21) 

 

�
𝑥𝑥𝑡𝑡
𝑝𝑝

𝑔𝑔𝑝𝑝

𝑃𝑃

𝑝𝑝=1

≤ 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡,   𝑡𝑡 =  1, … ,𝑇𝑇.                                                                                                                            (22) 

 

𝐼𝐼𝐼𝐼0
𝑝𝑝 = 0,   p = 1, …, P (23) 

 

 𝐼𝐼𝐼𝐼0
𝑝𝑝 = 0,   p = 1, …, P (24) 

 

 𝐵𝐵0
𝑝𝑝 = 0,   p = 1, …, P (25) 

 

𝑀𝑀𝑡𝑡
𝑘𝑘 ∈ {1, … ,𝑄𝑄},    𝑡𝑡 =  1, … ,𝑇𝑇;  𝑘𝑘 =  1, … ,𝑚𝑚𝑡𝑡                                                                                                (26) 

 

𝑚𝑚𝑡𝑡 ≥ 0,    𝑡𝑡 =  1, … ,𝑇𝑇                                                                                                                          (27) 

 

𝑆𝑆𝑡𝑡
𝑝𝑝 ∈ {0,1},    𝑝𝑝 =  1, … ,𝑃𝑃;  𝑡𝑡 =  1, … ,𝑇𝑇  (28) 

 

𝑥𝑥𝑡𝑡
𝑝𝑝 ≥ 0, 𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝 ≥ 0, 𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝 ≥ 0, 𝐼𝐼𝐼𝐼𝑡𝑡

𝑝𝑝 ≥ 0, 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝 ≥ 0,𝐵𝐵𝑡𝑡

𝑝𝑝 ≥ 0,    𝑝𝑝 =  1, … ,𝑃𝑃;  𝑡𝑡 =  1, … ,𝑇𝑇  (29) 

 

The objective function and constraints (8) to (17) have been evaluated in the previous section. They 

allow for an explicit evaluation of the expected profit. The flow constraints (18) and (19) link the 

inventory, backorder and sales to the expected number of conforming and nonconforming items. 

Constraint (20) links the backorders to the demands and sales. Constraint (21) forces 𝑥𝑥𝑡𝑡
𝑝𝑝 = 0 if 𝑆𝑆𝑡𝑡

𝑝𝑝= 0, 

and frees 𝑥𝑥𝑡𝑡
𝑝𝑝 ≥ 0 if 𝑆𝑆𝑡𝑡

𝑝𝑝 = 1. In (21), the quantity 𝑔𝑔𝑝𝑝𝐿𝐿 is an upper bound of 𝑥𝑥𝑡𝑡
𝑝𝑝. Constraint (22) indicates 

the capacity limitation. It states for each period t that the produced quantity 𝑥𝑥𝑡𝑡
𝑝𝑝 (lot size) cannot be higher 
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than the quantity produced at rate 𝑔𝑔𝑝𝑝 during the available production time 𝐴𝐴𝐴𝐴𝐴𝐴𝑡𝑡. Equations (23) to (25) 

state the initial inventory and backorder levels. Constraint (26) specifies the PM decisions to be selected 

by choosing the appropriate PM levels, while constraint (29) is related to the number of inspections 

undertaken during each period. Constraint (28) indicates that the set-up variable is binary, and constraint 

(29) states that the other variables are positive. The decision variables are:   

- The production planning variables, i.e. the set-up decision (𝑆𝑆𝑡𝑡
𝑝𝑝), the lot-size (𝑥𝑥𝑡𝑡

𝑝𝑝) and its corresponding 

backorder and inventories (𝐵𝐵𝑡𝑡
𝑝𝑝, 𝐼𝐼𝐼𝐼𝑡𝑡

𝑝𝑝, 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝);    

- The sales decisions given by the numbers of conforming and nonconforming items which are sold in 

each period (𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝, 𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝); and  

- The variables 𝑚𝑚𝑡𝑡  and 𝑀𝑀𝑡𝑡
𝑘𝑘 representing the selected inspection/PM frequency and PM levels, 

respectively.  

The proposed integrated model allows the joint determination of production planning, sales decisions, 

inspection and PM times and levels, while taking into account quality aspects, such as the restoration 

costs, and the quantities and selling prices of nonconforming items.    

The above mathematical model corresponds to a mixed-integer non-linear programming problem. 

Each evaluation in the solution space requires, not only the handling of several integrals and complex 

constraints, but also the solution of the usual capacitated lot-sizing problem (CLSP). For a given 

inspection/PM solution, the objective function and the constraints are evaluated; and knowing the values 

of the inspection times and the PM levels, the problem becomes a mixed integer linear production 

planning problem corresponding to the classical CLSP.  

 

5. Solution algorithm     

The proposed algorithm is based on the following steps: 

- Step 1: Select the probability distributions for Types I and II failures. 

- Step 2: Determine the number of inspections and PM actions to undertake in each period.  

- Step 3: For each combination of the PM decision variables, evaluate the expected profit, and solve 

the resulting CLSP.  

- Step 4: Compare the resulting optimal solutions of all the optimization models solved in Step 3, and 

select the final optimal solution.  

This algorithm is applied considering two variants of the problem depending on the frequency of 

inspection. The first variant considers periodic inspection, while the second deals with the more general 
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case of non-periodic inspection. The difference between these two variants lies in Step 2 which calculates 

the inspection/PM frequency.    
 

Step 1: Selection of the probability distributions  

On the one hand, we consider that the time during which the system remains in the in-control state 

(time to shift or Type I failures) follows a Weibull distribution. Resulting in an increasing hazard rate, 

this is in line with the features of the existing quality models, e.g. [4,5]. The corresponding probability 

density function is   

 

𝑓𝑓(𝑢𝑢) = 𝜆𝜆𝜆𝜆𝑢𝑢𝜑𝜑−1𝑒𝑒−𝜆𝜆𝑢𝑢𝜑𝜑 ,    𝑢𝑢 > 0,    𝜑𝜑 ≥ 1,    𝜆𝜆 > 0,                   (30) 

 

where 𝜆𝜆 and 𝜑𝜑 are the parameters of Weibull distribution.  

 

The corresponding cumulative probability function is  

 

𝐹𝐹(𝑡𝑡) = 1 − 𝑒𝑒−𝜆𝜆𝑢𝑢𝜑𝜑 ,    𝑢𝑢 > 0,    𝜑𝜑 ≥ 1,    𝜆𝜆 > 0.                                                               (31) 
 

Its hazard rate is  

 

𝑟𝑟(𝑢𝑢) = 𝜆𝜆𝜆𝜆𝑢𝑢𝜑𝜑−1,    𝑢𝑢 > 0,    𝜑𝜑 ≥ 1,    𝜆𝜆 > 0.                                                                                    (32) 

 

Type II failures are also characterized by a Weibull distribution with parameters 𝜃𝜃 and 𝜌𝜌   

 

𝑔𝑔(𝑢𝑢) = 𝜃𝜃𝜃𝜃𝑢𝑢𝜌𝜌−1𝑒𝑒−𝜃𝜃𝑢𝑢𝜌𝜌 ,    𝑢𝑢 > 0,    𝜌𝜌 ≥ 1,    𝜃𝜃 > 0.                                                                               (33)  

 

The Type II cumulative probability function is then  

 

𝐺𝐺(𝑢𝑢) = 1 − 𝑒𝑒−𝜃𝜃𝑢𝑢𝜌𝜌 ,    𝑢𝑢 > 0,    𝜌𝜌 ≥ 1,    𝜃𝜃 > 0.                                                                                                (34) 
 

Such Weibull distribution is widely used in the reliability analysis and it has the flexibility to cover 

different failure models. The corresponding hazard rate is increasing and it is derived as follows  
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𝜁𝜁(𝑢𝑢) = 𝜃𝜃𝜃𝜃𝑢𝑢𝜌𝜌−1,    𝑢𝑢 > 0,    𝜌𝜌 ≥ 1,    𝜃𝜃 > 0.                                                                                                     (35) 

 

Step 2: Number of inspections   

   

Periodic case 

The lengths of the inspection/PM intervals are given by  

 

𝐼𝐼𝑡𝑡𝑘𝑘 =
𝐿𝐿

𝑚𝑚𝑡𝑡 + 1
,    𝑡𝑡 =  1, … ,𝑇𝑇;  𝑘𝑘 =  1, … ,𝑚𝑚𝑡𝑡.                                                                                                  (36) 

 

The decision variables 𝑚𝑚𝑡𝑡 define the frequency of the periodic inspection and PM.     

 

Non-periodic case  

It is generally admitted that while periodic PM can be more convenient to schedule, sequential or non-

periodic PM is more realistic when the system requires more frequent maintenance as it ages. By applying 

the idea in [13], we consider that the lengths of inspection intervals are defined such that the integrated 

hazard over each interval is the same for all intervals. Knowing that the system age is reduced at the end 

of each interval because of PM activities, the inspection interval is then selected by solving the following 

equation:     

 

� 𝑟𝑟(𝑢𝑢)𝑑𝑑𝑑𝑑

𝑦𝑦𝑡𝑡
𝑘𝑘

𝑤𝑤𝑡𝑡
𝑘𝑘

= � 𝑟𝑟(𝑢𝑢)𝑑𝑑𝑑𝑑

𝐼𝐼𝑡𝑡1

0

,𝑘𝑘 =  2, … ,𝑚𝑚𝑡𝑡,                                                                                                       (37)  

 

where ( )r u  is the hazard function corresponding the time to shift distribution (Type I failure).  

 

Equation (37) is general in the sense that it can be used for any probability distribution with increasing 

hazard rate. For the particular case of exponential distribution, it yields equally spaced intervals. For a 

Weibull distribution, using Equation (37), the length of the variable inspection/PM intervals can be 

determined recursively as follows   

 

𝐼𝐼𝑡𝑡𝑘𝑘 = ��𝑤𝑤𝑡𝑡
𝑘𝑘−1�

𝜑𝜑
+ (𝐼𝐼𝑡𝑡1)𝜑𝜑�

1
𝜑𝜑 − 𝑤𝑤𝑡𝑡

𝑘𝑘−1,𝑘𝑘 =  2, … ,𝑚𝑚𝑡𝑡.                                                                                       (38) 
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It is worth mentioning that the obtained inspection intervals lead to more frequent PM as the system gets 

older.  

We consider that the number of inspections for all periods is the same. The length of intervals is 

calculated such that: (1) the integrated hazard over all intervals is constant; and (2) the length of all 

intervals plus the time of maintenance (PM time and expected corrective maintenance time) equals the 

length of period. For a given number of inspections, an initial value (H0) of the integrated hazard is 

considered. To determine the age of machine in intervals, the length of the first interval is calculated. 

Then, the ages at the end of the first interval and at the beginning of the second interval are evaluated. 

Knowing the latter, the length of the second interval can be calculated such that its integrated hazard is 

also equal to H0. This procedure continues until the last interval. Then, if the evaluated time (𝐿𝐿′) of period 

(or the sum of the length of all intervals and maintenance time) is much different from the period length 

(L), the initial value of the integrated hazard (H0) is modified and the process repeats until the absolute 

difference |𝐿𝐿 − 𝐿𝐿′| < 𝜀𝜀 (𝜀𝜀 is a small number).    
 

Step 3: Evaluation of the expected profit and solution of the CLSP    

Evaluation  

Knowing the failure rates probability distributions, this step solves Equations (8) to (12) for each PM 

level. After some easy manipulations, we obtain  

 

�𝜃𝜃 × �𝑦𝑦𝑡𝑡𝑘𝑘�
𝜌𝜌

× 𝑇𝑇𝑇𝑇𝑇𝑇� + 𝑦𝑦𝑡𝑡𝑘𝑘 = 𝑤𝑤𝑡𝑡
𝑘𝑘 + 𝐼𝐼𝑡𝑡𝑘𝑘 − �𝑇𝑇𝑇𝑇𝑇𝑇 × 𝑀𝑀𝑡𝑡

𝑘𝑘� + �𝜃𝜃 × �𝑤𝑤𝑡𝑡
𝑘𝑘�

𝜌𝜌
× 𝑇𝑇𝑇𝑇𝑇𝑇�.                                   (39) 

 

For each combination of the PM decision variables (𝑀𝑀𝑡𝑡
𝑘𝑘 and 𝑚𝑚𝑡𝑡), Equation (39) is solved numerically to 

yield the age values for each interval and period. Once the ages are calculated, we can use the method 

detailed in the previous section to estimate the expected profit.  

 
Solving the CLSP  

Once the values of the PM decision variables are fixed, the remaining decision variables are related 

to production (𝑥𝑥𝑡𝑡
𝑝𝑝, 𝐵𝐵𝑡𝑡

𝑝𝑝, 𝐼𝐼𝐼𝐼𝑡𝑡
𝑝𝑝, 𝐼𝐼𝐼𝐼𝑡𝑡

𝑝𝑝, 𝑆𝑆𝑡𝑡
𝑝𝑝) and sales (𝑆𝑆𝑆𝑆𝑡𝑡

𝑝𝑝, 𝑆𝑆𝑆𝑆𝑡𝑡
𝑝𝑝). As a result, for each possible combination 

of 𝑀𝑀𝑡𝑡
𝑘𝑘 and mt, a pure production planning profit-maximization model must be solved. We consider that 

an algorithm for solving such usual capacitated lot-sizing problem is available. In fact, this kind of 

problems has been extensively studied in the literature [20], and it can be solved using any selected 
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existing algorithm. This pure production planning problem can be also solved using the mixed integer 

solver of a commercial optimization package. In our case, we used the mixed integer solver of CPLEX.      

 

Step 4: Comparing the resulting optimal solutions  

This last step determines the optimal integrated PM and production plan that takes into account the 

quality aspects considered in our model.  

  

6. Numerical results   

All the algorithms and solution methods are implemented in VB.NET and the numerical tests are 

performed on an Intel Core i7 – 3.4 GHz with 16 GB of RAM. 

 

6.1. Input data  

The planning horizon corresponds to three periods of one month each (H = 3, L = 1, T = 3 and t = 1, 

2, 3). The system has to produce three kinds of products in lots so that the demands are satisfied (P = 3 

and p = 1, 2, 3). The Weibull parameters are λ = 40 and ϕ  = 2.5 for Type I failure, and θ = 20 and ρ = 

2.5 for Type II failure. The number of PM options is Q = 4 (q = 1, 2, 3, 4). The other input parameters 

are given in Table 1. For each product and each period, Table 2 provides the demands, the conforming 

items selling prices, and the unitary costs of processing, backorder, holding and set-up. The price of the 

nonconforming product is 25% the price of the conforming item.  

 

6.2. Analyzing the trade-off     

The number of inspections is a decision variable. In this subsection, this variable is fixed to 3 in order 

to facilitate the analysis of the variations of profit with the PM cost. We illustrate how the algorithm 

selects the best PM level by determining the best trade-off between production, maintenance and quality. 

Considering a periodic inspection/PM interval of 1/4 month, Figure 4 sketches the profit as a function of 

the PM cost. The latter is the sum of all PM costs incurred for a given solution. The optimal integrated 

plan is chosen after enumerating all PM strategies. For each selected PM strategy, the algorithm 

optimizes the rest of the planning (decision) variables to maximize the profit.  

The graph in Figure 4 is a discrete function because there is only a finite set of possible PM strategies, 

and both the PM cost and the profit depends on the strategy chosen. On the one hand, the lowest cost PM 
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strategy is Strat1 = (4,4,4)-(4,4,4)-(4,4,4). In this case, no PM is performed and a slightly negative profit 

is observed. On the other hand, the highest cost PM strategy is Strat2 = (1,1,1)-(1,1,1)-(1,1,1). In this 

case, perfect PM actions are performed at each inspection, and the observed profit is again slightly 

negative. The calculated optimal strategy is StratOpt = (4,1,4)-(4,1,4)-(4,4,4). Although the profit 

function has several non-monotonic changes, we observe a general increasing trend between Strat1 and 

StratOpt, and a general decreasing trend between StratOpt and Strat2. Once the optimal strategy is 

reached, the cost of performing PM is high to the point where it is not compensated for by reductions in 

the quality related impacts. In this case, performing PM is not justifiable in comparison to the optimal 

strategy.  

We also remark that the highest incremental profit increase occurs when the PM strategy changes 

from (3,4,4)-(4,4,1)-(4,4,4) to (3,1,4)-(4,4,4)-(4,3,4). This corresponds to a PM cost increase from $5200 

to $5400. The resulting increase in profit is $8173.7. Interestingly, this means that investing just $200 in 

PM may lead to a profit increase of about $8174. This kind of information is very useful. In fact, if the 

planner is facing a situation where the PM investment is limited to $5200, this suggests that increasing 

the PM investment by a small amount may advantageously lead to a relatively high profit increase.    

 

Table 1 

Input parameters.   
Parameter Notation Respective values 

Cost of PM level q ($)  CPM(q), q = 1, 2, 3, 4     5000, 1000, 200, 0 

Time of PM level q (month)  TPM(q) 0.05, 0.003, 0.001, 0 

Production rate of product p (items/month)    𝑔𝑔𝑝𝑝, p = 1, 2, 3     450, 400, 350 

Nonconformity rate of product p 𝛼𝛼𝑝𝑝 0.7, 0.7, 0.7 

Cost of separating one product p ($) 𝛿𝛿𝑝𝑝 4, 5, 6  

Cost of minimal repair ($)  CMR 500 

Time of minimal repair (month) TMR 0.02 

Inspection cost ($) β 40 

PM Imperfectness factor η 0,9 

Restoration cost parameter ($/month)  ξ 3000 

Cost of a complete repair ($)   CCR 6000  
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Table 2 

Data of products.  
 

 

Demand 

(items) 

Processing cost 

($) 

Backorder cost 

($) 

Holding cost 

($) 

Set-up cost 

($) 

Price of  

conforming ($) 

Product 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 

Pe
rio

d 

1 45 50 100 30 50 70 110 130 180 3 5.5 2.2 500 800 450 170 320 65 

2 30 40 150 26 47 74 110 130 170 2.5 6.1 2.5 550 780 420 150 300 70 

3 60 70 50 33 49 68 120 130 170 3.2 6.5 2.4 530 830 400 180 340 68 

6.3. Additional experiments     

The integrated model is solved here to select the optimal values of the inspection frequency and all 

the other decision variables. For more details about these experiments, the reader is referred to the report 

in [21]. We summarize here our main additional findings.  

Using the input data in Tables 1 and 2, Figure 5 presents the profit as a function of the inspection 

frequency for the periodic case with a uniform PM. It shows that the maximum profit is reached when 

mt = 15.                                 

 

 
Figure 4. Variations of profit with the PM cost. 
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Figure 5. Effect of the number of inspections on the expected profit.   

 

Comparing periodic and non-periodic inspection, we found that the non-periodic case is better in the 

sense that it leads to an expected profit which is higher than the periodic case.  

We have also compared uniform and non-uniform PM. Uniform PM considers that the PM actions 

performed during each period are of the same level. This means that if a PM level is selected at the first 

inspection, the same PM level will be used for the remaining of the same period. Non-uniform PM rather 

considers different PM levels during the same period. As expected, we found that non-uniform PM 

actions are preferred to uniform PM, in the sense that its profit is higher.    
   

7. Conclusion         

The profit maximization model described here integrates maintenance, production and quality 

decisions. Using machine inspection for maintenance and restoration purposes, this model deals with a 

multi-period multi-product capacitated lot-sizing problem with time-varying demands and costs. Unlike 

the existing models, it takes into account the possibility of production system deteriorations and the 

existence of nonconforming items in the production lots. Ignoring these aspects may lead to a wrong 

determination of production and maintenance plans and overestimation of the service level. Our 

integrated model can help the manager make the right decision to maintain the system and to produce 
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the required number of conforming products, in order to meet the customer demand. It was found that 

the increase in preventive maintenance investment leads to reductions in quality related impacts; but, if 

the cost of performing preventive maintenance is high to the point where it is not compensated for by 

quality improvement, then performing preventive maintenance is not justified. The proposed model can 

be used to determine the optimal values of the production plan, the sales and the preventive maintenance 

times and levels, while taking into account the quality of items produced by one machine. It can be 

extended to multi-machine systems. Furthermore, several critical equations related to cost and 

performance evaluations were analytically derived under some assumptions. To validate the proposed 

model and its related equations and assumptions, a simulation study could be conducted. Other useful 

extensions include the development of efficient heuristics to deal with large-sized instances of the 

problem. In the proposed algorithm, for each combination of the PM decision variables, the expected 

profit has been evaluated and the resulting CLSP solved. The optimal solutions of all the solved CLSP 

are compared to select the final optimal solution. This approach results in a worst case of a large number 

of linear mixed-integer programs to be solved. Because such a method may solve efficiently only small-

size problems, heuristic algorithms are required to reduce the computation time burden, and to improve 

the ability to find the optimal solution when solving large-sized instances.    
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