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Abstract

In practical engineering, the presence of dependent evidence is not rare due to various imperfections. Misuse of
such information in reliability analysis will lead to conflicting or even erroneous results. In this paper, we propose
a Bayesian reliability approach for complex systems with dependent life metrics. Notions such as explicit evidence
and implicit evidence are established based on an identification of different roles of multiple dependent evidence
in the likelihood construction. A likelihood decomposition method is developed to convert the overall likelihood
into a product of Explicit Evidence-based Likelihood (EEL) function and Implicit Evidence-based Likelihood (IEL)
function. An inferential diagram is developed to intuitively generate the required implicit evidence taking both
outer-source information and the system configuration into consideration. An algorithm is then presented for
implementation. The contribution of our work is a systematic investigation of the role of dependent evidence in
system reliability evaluation and a full Bayesian approach that is applied to various system reliability models.
Extensive numerical cases and a practical engineering case are demonstrated for validation and to illustrate the

benefits of our approach.
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CPT Conditional Probability Table U | Set of nodes that the likelihood of which is EEL
EEL Explicit Evidence-based Likelihood | V | Set of nodes that the likelihood of which is IEL
IEL Implicit Evidence-based Likelihood | @ | Life time distribution parameter vector
p | Conditional probability table parameters vector

1 Introduction

Reliability assessment of a system prototype at its early stage is of great importance since any later modification

to the system design is costly, time-consuming and even impossible [1]. In reliability engineering practice, analyzing

such a system is challenging due to various imperfections, e.g. undiscovered failure mechanisms, biased prior

knowledge, undetermined system structure and limited test data [2]—[4]. In this scenario, it is desired to aggregate

all available information to produce a more reliable result [5].

In recent years, the Bayesian-based approach has gained great attention from the reliability community as it

provides a rigorous statistical model to integrate both expert judgments and experimental data [6]—-[9]. In particular,

Bayesian Networks (BN) have been increasingly employed in system reliability modeling and analysis [10].

Compared with traditional Reliability Block Diagram (RBD) or Fault Tree (FT) models, BNs are capable of

incorporating both model uncertainty and parameter uncertainty in a coherent framework [11]. This capability is of

great use in reliability modeling for prototypical systems because the interactive relationships between components
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have not been fully discovered yet. Model inherent uncertainty makes representing the system structure of this type

of reliability model by “AND”, “OR” gates unrealistic. Instead, by representing the reliability structure in

conditional probabilities and assigning appropriate prior distributions, the BN parameters (both model parameters

and distribution parameters) are progressively learned via Bayesian updating based on the accumulated evidence.

Besides the model uncertainty, another barrier in reliability analysis and assessment is insufficient test data. In

practical engineering, repeatedly conducting independent reliability tests of the whole system is prohibitively

expensive or not permissible. In order to increase the effectiveness of tests, it is not uncommon to install multiple

sensors to monitor the health state of both subsystems and components and to collect data within one reliability

experiment. Admitting the fact that component-level data is a valuable complement to the scarce system-level data,

its misuse will, however, lead to conflicting or even erroneous results as they are essentially dependent. In this

situation, a system reliability approach which is capable of correctly and efficiently dealing with dependent data has

profound meanings to reliability practitioners.

The primary goal of this paper is to develop a Bayesian-based approach for system reliability analysis, where

the model uncertainty and data dependence are particularly addressed. The dependent data discussed in this paper

is based on continuous life metrics. We use the term “life metric” because two types of evidences are considered:

(1) failure time data, which corresponds to a witness of failure occurring at an explicit time-point; (2) censored data,

which suggests the exact failure time is not detected and we only know the failure time falls within an interval. The

dependence discussed in this paper relies on the following two criteria:

(1) Coherence: the data set is drawn from the same coherent system, i.e. reliability block, fault tree, Bayesian

network, etc.; and

(i1) Simultaneity: the data set is collected within the same period time.

The remainder of this paper is organized as follows. In Section 2, we demonstrate the problem at stake and



review the relevant state-of-the-art methodologies. Sections 3 gives some preliminary knowledge. In section 4, the

main body of our methodology is elaborated, followed by the developed algorithm for implementation. In section

5, we validate the proposed method through three comparisons to well-established approaches. In section 6, we

demonstrate the benefits of our approach via an application to a case that existing methods have difficulties to handle.

Finally, some concluding remarks are drawn in section 7.

2 Problem description and state-of-the-art methodologies

2.1 Dependent data in system reliability analysis

We demonstrate the significant importance of distinguishing dependent data and independent data in system

reliability analysis through a simple motivating example.

Example 1 Consider the parallel system shown in Fig. 1, where two sensors are installed to record the failure time

of the system or component. It is assumed that the time-to-failure of two components follows exponential

distributions that are conditioned on the parameter 4; and 4, respectively. If we observed that component 1 is failed

at #; first and then the system is failed at 5. The task is to estimate the unknown parameters 4;, 4> and system

reliability using collected test data.

Component 1 | Sensor #1

I
| Component 2 |
| : Sensor #2

Fig. 1 Parallel system with two installed sensors

According to the Bayesian theorem, the parameter vector @ = (4,,4,) can be estimated as

L(D]0)m,(0)

ﬂ(a|D)=IL(D|a)7zO(0)d(0)

(M

Given the prior distributions of 8, the key point here is how to formulate the likelihood function.
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Scenario 1. Independent data
This scenario is equivalent to that the system has been tested twice independently. The observation of
“component 1 is failed” does not affect the likelihood of system failure as the data is collected at two isolated times.
The likelihood function is directly calculated by multiplying the two individual likelihoods as
L(t, and ¢; are independent data) = f, (1, | 4,)[ £, (ts | 4) Fy (15 | &)+ F (1 | 4) £3 (t5 | A4) ] )
where f(714,), f,(t|4,) denote the probability density functions (PDF) of time-to-failure for component 1 and

component 2, and F, (¢|4,), F,(¢|4,) denote the corresponding cumulative density functions (CDF).

Scenario 2. Dependent data
This scenario corresponds to the system being tested only once. It is observed that component 1 fails first at #
and the whole system fails subsequently at #5. From the parallel system configuration, we can learn that component
2 fails at 5. This is because the component 1 has already failed before and it is only the failure of both components
that could lead to the failure of the whole system. In this manner, the likelihood should be constructed by considering
the contributions from component 1 and component 2. That is,
L(t, and ¢ are dependent data) = f, (1, | 4,) /> (15| 4,) 3)
It is obvious that the likelihood function derived in Eq. (3) has a primary difference compared with that in Eq. (2),
suggesting the dependent data does not infer the same information when it is treated as independent data. When
multi-level data becomes available, a comprehensive approach is required to correctly and efficiently aggregate the

dependent information of a complex system for reliability analysis.

2.2 Bayesian methods for system reliability using multi-source information

2.2.1 Independent information integration for multi-level system reliability models



The Bayesian method is very appealing in the integration of multi-source information for reliability analysis.

Early works from Martz and Wailer [12] explored the system reliability when multi-level data is available. However,

this study is only limited to simple system structures e.g. series/parallel system with binary data. Johnson [13]

developed a hierarchical Bayesian model for early system reliability analysis when limited system-level data is

available. Its novelty includes a unique “quality” index established to distinguish the system produced by

“experienced” & “inexperienced” manufactures. Hamada et al. [14] proposed a full Bayesian approach to combine

multi-level independent (termed as non-overlapping by them) data in the quantification of a Fault Tree (FT). Grave

et al. [15] followed this research line and extended the work to a multi-state system.

Recently, Straub [16], [17] established enhanced BNs for reliability and risk analysis of structural systems by

combining traditional BNs and structural reliability methods. Guo et al. [18], [19] proposed a system reliability

assessment approach taking multi-level information into account where special attention is paid on a scenario that

multiple prior knowledge exists. Guo, Huang, and Peng [20] proposed a Bayesian information fusion approach to

leverage the degradation information from multiple sources. Reese et al. [21] presented a Bayesian model to

naturally integrate multi-source life information such as the life data obtained from the system, subsystem,

component level, and the prior information in any level. Wilson et al. [22] demonstrated a practical example of

reliability and uncertainty quantification via a combination of different types of data. Guo and Wilson [23] proposed

a Bayesian approach for system evaluation using heterogeneous data sets. Li et al. [24]-[26] proposed a

comprehensive Bayesian approach to aggregate heterogencous data sets. Recent advances in system reliability with

independent data combination are well summarized in [27], [28].

2.2.2 Dependent information integration for multi-level system reliability models

Addressing dependent information, Coolen [29] established the novel concept of “survival signature” for



system reliability analysis. Following this research line, Patelli [30], [31] designed simulation algorithms for its

implementation in the system reliability quantification. Aslett [32] presented its use from a Bayesian perspective.

Walter et al. further extended it to a scenario that sets of prior exist [33] and prior-data conflict [34]. Focusing on

the dependent data, Grave et al. [35] proposed a cut set-based method to incorporate the dependent data, in which a

four-step algorithm is developed for implementation. Kim [36] established a practical method for mitigating the

Bayesian anomaly. Jackson and Mosleh [37]-[40] discovered the role of dependent evidence played in the Bayesian

inference and further developed comprehensive methodologies for on-demand systems [37], [38] as well as

continuous life metric systems [39], [40]. Grave and Hamada [41] proposed a method to correctly construct the

likelihood for simultaneous failure time data. Lin [42] proposed a copula-based approach addressing the formulation

of a dependent structure. However, in previous studies, the system reliability models are usually limited to a RBD

or a FT. As an alternative, BN has a more flexible capacity to represent a multi-level system structure. In the area

dependence modeling using BN, researchers at Memorial University have made a worthy contribution [43].

Khakzad and Khan [44] introduce the bow-tie (BT) analysis in dynamic safety analysis by representing the

conditional dependence in the BN model [45], [46]. They employed copula functions to model the joint probability

distributions of causations in the BT model of the accident scenario. The application fields include major accident

modelling using spare data [47], rare event modelling considering dependence [48], process fault detection and

diagnosis using BN [49] and Copula BN [50], and risk analysis or assessment to asset integrity [51] etc..

For the integration of dependent data in a BN model, Yontay and Pan [52] proposed a computational Bayesian

approach to assess the dependence of a hierarchical system. The condition probabilities are estimated based on the

combination of discrete data and expert opinions from multi-level. Further, Pan and Yontay [53] extended this study

to a hierarchical system with continuous failure time data. However, since the study is only applied to a hierarchical

system but not a general BN model, its applicability is limited to a system without sharing components. As a



summary, none of the existing studies explicitly address the reliability of a general BN model with dependent data.

In this paper, we focus on this unresolved issue and aim to develop a general Bayesian approach for a multi-level

system with dependent evidence.

3 Preliminaries

From the topological perspective, a BN model is a Directed Acyclic Graph (DAG) which is composed of the

nodes representing random variables, and the arcs representing the dependence among nodes. Given a BN model

with a directed path from »; to N;, the node N; is said to be the predecessor node of N, and conversely, N, is said to

be the descendant node of N; . In this paper, the predecessor nodes set of N; is denoted as A;. For any N; € A;, if N;

has an arc directed into N, it is said to be a parent node (or direct predecessor) of N, and A is the child node of N,

For a simple BN shown in Fig. 2, the predecessor nodes set of N, is A; = (V2, N3, Ns) and the direct predecessor

nodes set is Q; = (NV2).

Fig.2 A simple BN model

Any two nodes that are not directedly linked by an arc are said to be conditionally independent. One benefit of

the BN is that the complex joint likelihood can be decomposed as a product of several conditional probabilities

using the conditional independence. For instance, the probabilistic graphic model of the BN shown in Fig. 2 is

represented as
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P(N,, Noo N3N, ) = [T P(N; 19) )

=P(N,|N,)P(N,|N,,N,)P(N,)P(N,)

where P(Ns), P(Ns) are marginal probabilities and P(N; | N2), P(N2| N3, Ns) are conditional probabilities. For the
system reliability analysis, we also adopt the following conventions in the rest of this paper:
(1) the set of nodes without arcs directed into them (usually located at the bottom level) is denoted as

component C;

(i1) the set of nodes with arcs directed into it (usually located at the intermediate/top level) is denoted as
system/subsystem S;

(iii) the set of nodes with an observation (failure time data or censored data) is denoted as O.

4 Methodology

The likelihood function plays a central role in Bayesian inference. For dependent data, the system likelihood

function of a complex system has an encompassing form and cannot be constructed by simply multiplying each

individual likelihood. In the proposed method, we calculate the overall likelihood function via a joint likelihood

decomposition approach.

4.1 A likelihood decomposition approach

To illustrate the principle of our approach, consider a 3-level BN model shown in Fig. 3. In this paper, we

consider a time-based system with binary states, namely, the state of a node can be either functioning (denoted as

“1”) or failed (denoted as “0”). The conditional probability table (CPT) parameters are given in Eq. (5) and the

failure time {Eo: t = to, E\: t = t, E»: t = t,} of the three nodes S, S1 and C; are observed. Compared with a typical

hierarchical system, this BN model contains a sharing node C,> which means the likelihood cannot be derived using

traditional methods.



Fig. 3 3-level BN model

Pr(S,=0[8=0,8,=0)=py, Pr(S,=0[C =0,C,=0)=p, Pr(S,=0[C,=0,C,=0)=p,,
Pr(S,=0[S,=15,=0)=p,, Pr(s=0/C =1C,=0)=p,, Pr(S,=
Pr(S,=0[8,=0,8,=1)=p,, Pr(s=0[C =0,C,=1)=p, Pr
)= (Sl

Pr(S,=0]S, =15, =1)=p,, Pr(8=0/C =1,C,=1)=p,, Pr(S,=

From a mathematical perspective, the aim of our work is to represent the probability of observing these

evidences (failure time f, ¢; and #,) using the PDF or CDF of failure times of bottom-level components. In general,

we have

Fy (116,)=1-Rq (116, )=, [p,Fs/ (6,).F (6,):¥s, 0. vC, te}
dr; (t16;)

dt
¢ ) AR (18] o (1)
- SZQ OF (1) At ok (1)

£ (t16)= (6)

Xfc/ (t|ecj)

where YV is the system structure function determined by the system configuration; p is the CPT parameter vector; 6
is the distribution parameter vector; S; and C; denote the system/subsystem node and component node respectively;
Q is the direct predecessor nodes set. Based on the system configuration, the overall joint likelihood function is
decomposed as a product of three individual likelihoods

L(EO,El,EZ):L1 (E0|E1,E2)L(E1|E2)L(E2) @)
The individual likelihood L(E>) for the component C; is simply calculated as Eq. (8) since it is a bottom-level node
without any lower level composing nodes.

dF (1)

L(E2:t=t2)= dt |t:12=fC2 (Zz) (3
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However, the derivation of likelihood functions for subsystem node S; and system node Sy may require additional

considerations. This is because the observed evidence £, may impact the formulation of L(Ey | £, E») and L(E | E»)

as they are conditioned on E». To better understand the likelihood formulation of a complex system in the presence

of dependent data, we introduce the following notion of an inferential node.

Definition 1: For a system/subsystem node Sj, its predecessor node N; € A; (N; could either be a subsystem node

or a component node) is said to be inferential to S; if at least one propagating path from N, to S;: N; — S; is active.

Examining the 3-level BN model shown in Fig. 4, it is found the state of C; will not affect the state of Sy though

C; is one predecessor of Sp. This is because the only propagating path C; — S; — Sp is deactivated when an

observation ¢; is available. Comparably, the state of component node C, will affect the state of system node Sy even

an observation for S| is available. This is because the information flow could bypass the blocked node S; and exert

an influence on Sy as the propagating path C, — S, — S is activated.

propagating path s
C] — S] — S()
is blocked ¢~

bypass the \
S; blocked !

Fig. 4 Blocked propagating path and its bypass

Consequently, for the likelihood construction of any observed node in a system with multiple dependent data,

only the influence of its inferential nodes should be taken into consideration. Using the advantages of the inferential

node, the interactive relationship between any two nodes in a multi-level system is clearly revealed.
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4.2 Generating the explicit evidence and implicit evidence via an inferential diagram

By listing all inferential nodes of S| and Sy, L(E| | E>) and L(Ey | E\, E>) are given in form as

OF (1) OF; (1)
L(E, ‘EZ):W% (f)+mxfcz (1) €)

:(pIOI _pm)fq +(17110 _pm)fcz +(p100 ~ Puo ~ P "‘pm)(fc,Fcz +qucz)

_anq(t) dFy (t) BFSO(t) dF, (t)
_aFSI(t)X dt +6FSZ(I)X dt (10)

L (EO |E, Ez)
= (Do = Poun) /5, +(Poto = Pous) S, + (oo = Poro = Poos + Do) (f5, Fs, + Fy 15, )
To derive the explicit expressions of L(E| | E») and L(Ey | £, E»), collected evidence should be built into Eq.
(9) and (10). Given the available test data, uncertain PDFs or CDFs will collapse into a deterministic “jump”

function. For instance, let £, <t; < t, the following three unit step functions are established.

0 <t
1 t>¢’

0 t<y
1 t>¢’

0 <,

F, (t)=H0(z—t0)={1 (21 (11)

FSE(I)=H3(Z—I3)={ Fsl(f)=H1(f—f1)={

To investigate the implicit information embedded within the dependent evidence, we developed the following
inferential diagram to generate necessary implicit evidence, which is consistent with both system configuration
and the rationality of the presence of explicit evidence. The inferential diagram is developed based on the idea that
by listing all explicit evidence in an ordinal sequence, the implicit evidence can be easily identified and compiled
into the constructed likelihood functions. For example, besides the direct observation #, < #; <ty, we can also learn
that F. (t,)=1, F (t,)=1,and F; (t,)=1 from the inferential diagram shown in Fig. 5. Since these findings
are not directly obtained from outer sources but are learned from the inference diagram taking into account of the

system configuration, they are termed as implicit evidence. By contrast, failure time data or censored data that is

directly obtained from an outer source, e.g. an installed sensor, is termed as explicit evidence.

12



[ Explicit evidence

A o Implicit evidence
.—
So :
|
oD
>
A fo T
|
5 S—
i :FS, (to) =1 >
A hot fs (1,)=0
| |
o|
. \F, (1) = iIFCZ (t,)=1 .
2} fc2 (t1)=0fcz (to)=0

Fig. 5 Inferential diagram based on the explicit evidence # < #; <ty

To investigate the different roles of evidence in the likelihood construction, the following notions of Explicit
Evidence-based Likelihood (EEL) and Implicit Evidence-based Likelihood (IEL) are introduced.
Definition 2. For a node »; with an observed failure time #, If none of its inferential node has an explicit evidence
ie. A4 N0 =0, its likelihood function L; is an Explicit Evidence-based Likelihood (EEL) function, otherwise, L
is an Implicit Evidence-based Likelihood (IEL) function. It follows, that
(1) If the likelihood of a node is an EEL, all its predecessors are inferential nodes.
(i1) The likelihood function for any observed component node is an EEL.

To determine the type of likelihood function of a subsystem or system-level node, we have to check if there is
another observation available in the same branch of this network model. As presented in Eq. (8), the derivation of a

EEL is straightforward by calculating the differential of its CDF of failure time.

L(Ei ) = CZQ; Z?: Ei;

C;e0

x fe (1) (12)

Given the failure time data #,, the likelihood function of component C; is calculated by substituting the evidence E»:
t=t, into Eq. (8). However, for an IEL, not only the observed data but also the implicit evidence will exert influence

on its the expression. The general form of an IEL could be expressed as

13



oFy (t) .
> o, () if 3, =t

Ny el;
N, €O

L(E,|E,)= o, (1 (13)

2o, )

x fe, (¢) otherwise

Compared with the expression of EEL shown in Eq. (12), the IEL is composed of two parts. The first term in the

right hand side represents the likelihood contributions from unobserved components and the second term

represents the likelihood contributions from observed nodes. Given the failure probabilities between adjacent

nodes
FSO =poooFles2 + Poio (1_1751)}75: +pomFs, (1—F52)+P011(1 Fsl)(l FSZ)
Fy, = puoke Fe, +p“0<1—F )F + Pt (1 Fe. )+p111(1 Fq)<1 Fcz) (14)
Fs2 :pzooFcchz + Pao (1_FC2)FC3 +p201FCz <I_FC3)+p211(1_FC2)(1_FC3)

We have

fs(J =(p001 _pon)fsl +(p0|o _pon)fs2 +(pooo ~ Poto ~ Poot "'pon)(flesZ +F51f52)
fs, :(pIOI _pm)fq +(p110 _pm)fcz +(p100 = Prio ~ P +plll)(fC,FCZ +qucz) (15)
fsz :(pZOI _pZII)fQ +(p210 _pzn)fq +(p200 = P20 ~ P ""pzu)(fcch] +Fczfc3>

the two IEL functions for L(E; | E>) and L(Ey | E1, E>) are calculated by plugging Eq. (14), (15) and the generated

implicit evidence Fi, (tl ) =1, F, (t,)=1,and Fy (to) =1 into Eq. (13)

OF,
L(E :t=4|E,:t=t,)= oF. E ;lt — %o (D) (16)

:(pun _pm)fcl (tl)

OF, (t)| ot |
8F ()llu Cy lr=¢, (17)

= (Pooo ~ Pooi )(pzoo ~ Do )f(z (to )

L(E,:t=t,|E :t=1t,E, :t=t,)=

Note that the likelihood contribution from C, has been derived in the EEL, so here it only serves as a piece of

evidence.
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4.3 The role of implicit evidence in the likelihood construction

For a EEL function, the value of an observation (explicit evidence) will not affect its expression form. That
is, once the system configuration is fully specified, the expression of an EEL is settled. However, for the
formulation of an IEL function, the (both explicit and implicit) evidence has a more complicated impact. To
demonstrate this point, we modify the explicit evidence as > > #; > #, (which indicates that the system S is failed
before the subsystem S and subsequently the component C,), then the corresponding inferential diagram is drawn
as Fig. 6.

( Explicit evidence

A [ ] Implicit evidence
s|
4 .
N
|
|
Si ! ?
iFS' (to) :f(ib\ »
7 \ :fs, (tO):t?’ 4L -
|
| | S
G : ! I
‘FCZ (to) =PTCZ (tl) :g >
fo, (1) =01 (,)=0 &

Fig. 6 Inferential diagram based on the explicit evidence # > #; > fy

By substituting the implicit evidence F. (4)=0, I, (#,)=0, and F; (t,)=0 into Eq. (13), the two IEL

functions are now derived in the following Eq. (18) and (19)

OF, (t
L(E1 =t |E2 :t:t2)=aFS'—Et;|”1 *fe, (f)|t:t, as)
G

:(puo _ploo)fq (tl)

oF, (t
L(E,:t=4,|E :t=1,E, :t=1,) = ano 8 e %S i 19
C}

= (Pom —Pou )(sz _qu)fq (to)

It is found that the IEL functions derived in Eq. (18) and (19) are substantially different from the IEL function

in Eq. (16) and (17) as their expressions contain different CPT parameters. Compared with the explicit evidence,

15



the implicit evidence will affect the expression of an IEL function as it is developed through an inference taking

system configuration into consideration.

4.4 Implementation—a full Bayesian approach for system reliability analysis in the presence of dependent data

For the practical engineering use, we present the proposed full Bayesian approach in the following Fig. 7 and

illustrate its implementation procedure step by step.

Reliability analysis for system with
dependent data set £

Step 1: Decompose the overall likelihood

Identify the inferential nodes set I

|
|
|
: v
|
|
|

Separate the joint likelihood into a
product of EEL and IEL using Eq. (20)

]

\Z v
r—— """~~~ "~ - - T | I~ - - - - T T T~ |
Step 2: Construct the EEL function | Step 3: Construct the IEL function

Formulate the IEL function
Using Eq. (22)

Formulate the EEL function
Using Eq. (21)

| Step 4: Compile the evidence
v

Draw the inferential diagram to generate
the implicit evidence

L

Step 4. Compile thel evidence
v

I I
| I
| [
| Explicit evidence |
I

| | !
| I
| I
I I
| I

y A

Calculate the IEL function

I

I

|

I

I

|

Implicit evidence :

|

I

|

Calculate the EEL function I
I

Step 5 : Parameter estimation and reliability evaluation

Calculate the posterior distributions of unknown parameters using Eq. (23)
Estimate the system reliability using Eq. (24)

Fig. 7 Schematic of the proposed method for system reliability analysis with dependent data.
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Step 1 Decompose the overall likelihood

Identify the inferential nodes set I for all nodes with explicit evidence and then decompose the overall likelihood

into the product of several EEL functions and IEL functions as Eq. (20).

U \4
L(E.E..E)= T[] r#(E) ] L*(EIE) (20)
N;€0,A,N0=0 N,€0,A;N0=g
N €O,N,€l;

where U:VN, €0,A, N0 = is the set of nodes that the likelihood of which is EEL, V: VvV, €0,A, NO =<
is the set of nodes that the likelihood of which is IEL, I; is the set of inferential nodes of N;.

The node with an EEL function could be either a component node or a system/subsystem node but the node
with an IEL function must be a system/subsystem node. There are as many EEL functions and IEL functions as the

number of nodes with explicit evidence.

Step 2 Construct the EEL function

Formulate the EEL function using the following Eq. (21)

oF, (t
e (s) - 3 s 0 e

C; 20

where A is the predecessor nodes set, O is the observed nodes set, and Eq. (6) should be taken into account to

simplify the expression of an EEL function.

Step 3 Construct the IEL function

Formulate the IEL function using the following Eq. (22)

OF, (t)
J JE, =E,
%;:B 8FNk (t) k ;
L (Ej |E, ) = akF (t) .
g’mqu (1) otherwise
C20

where I is the inferential nodes set, O is the observed nodes set, and Eq. (6) should be taken into account to simplify

the expression of an IEL function.



Step 4 Generate the implicit evidence and compile the evidence to calculate all EELs and IELs

Draw the inferential diagram by listing all explicit evidence in a time sequence and generate the implicit
evidence from the corresponding unit step function. For an EEL function, compile explicit evidence into Eq. (21)
to simplify its expression. To calculate the IEL function, both explicit evidence and implicit evidence should be
considered. The IEL function constructed in Eq. (22) should be represented as a function of known PDFs or CDFs
of time-to-failure of inferentially nodes or components. Note that here we use the term “evidence” instead of “data”
because this notion covers a more wide range of available information such as an observed time-to-failure (failure
time data) or a knowledge that the system is not failed until a specific time (censored data). In this situation, The
contributions of an EEL function or an IEL function could be either the probability density for an exact failure time

data or a probability for the censored data.

Step 5 Parameter estimation and reliability evaluation
The overall likelihood is constructed by multiplying all EEL functions and IEL functions. Once the likelihood
function is fully determined, the posterior distribution of unknown parameters (both model parameters and

distribution parameters) are estimated using the Bayesian rule as Eq. (23).

L(E|0,p)7z,(0.p)

z(0,p| E) = (23)
LWPL(E 16,p)7,(6,p)d(0,p)
The system reliability that is of interest is estimated accordingly.
Ry (118,)=1-¥, [p,FS,_ (6,,). 7., (8;): 95, €0,vC, € Q} (24)

Since the proposed reliability method has no specific requirement on the model structure, it allows an

extensive application field including both hierarchical systems and BN models with hybrid structures. However, it

should be noted that above development of this approach is under a static Bayesian framework. Extensions to a

dynamic BN with time-dependent structure and/or evidence is possible but much efforts are required in the

construction of inferential diagram since it varies with respect to both model structure and available information in

such case.
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5 Comparisons and validations
In this section, we present three numerical case studies to demonstrate the proposed approach. Comparisons

with well-established methods are conducted for validation purposes.

5.1 Comparison with Jackson and Mosleh’s method

In Jackson and Mosleh’s research [39], they proposed a Bayesian approach for system reliability evaluation
addressing simultaneously collected test data.
Example 2 Jackson and Mosleh’s case in [39]

Jackson and Mosleh presented a fault tree model with 3 sensors and 6 components as shown in Fig. 8. The
available information includes the sensor detected time-to-failure
E={E,E, E,} = {tls =113.54,8 >1, =113.54,£] = 78.69} and the PDFs of time-to-failure of the 6 components.
We validate our method by calculating the system likelihood function and comparing the derived results with those

presented in [39].

S

End
(@) [ () Lg—

©

Fig. 8 Jackson and Mosleh’s example in [39]
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Step 1 The overall likelihood is decomposed as the product of EEL functions and IEL functions in Eq. (25).
L(E,,E,,E,)=L(E, | E,,E,)L(E,)L(E,)
where the EEL node set U : S5, S5 and the IEL node set V : Si.

Step 2 Using Eq. (21), the two EEL functions are derived as

L(E,)=1-F L(Ey)=———3x o (1) = £

Step 3 Using Eq. (22), the IEL function is derived as

oF; (1)
L(E |E,,E, )= 1 X ¢
( 1| 2 3) j:zzt,eaFCj(t) fC,()
(R -RF =R R+ R fi+(1- B =R+ ERE) ]
Step 3 Draw the inferential diagram shown in Fig. 9 to generate the implicit evidence presented in Eq. (28).
FE(65)=0.£5(65)=0,F () =1,/ (¢) =0

[ ) Explicit evidence

A 5 [ Implicit evidence
1
5 ¢
& >
N Ll
A } £
|
I B ) c—
2 | !
S(S)Y=01 !
(%) o 3 >
A g
e
NN S (.S
L B@)ssE)

N

4

Fig. 9 Inferential diagram for example 2

After compiling the explicit evidence into Eq.(26), the EEL functions are calculated as
L(E,:60 >5,=11354)=[1- (K, + F, - EE) £ ]I L(E, £ =78.69)= £ ]
By substituting both explicit evidence and implicit evidence into Eq. (27), the IEL function is calculated as
L(E :t =11354|E,:1; >1, =113.54,E,:1; =78.69) =[(1-F,) £, +(1-F,) £, | s
Step 5 The overall likelihood is constructed by multiplying each individual EEL function and IEL function as
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@7

(28)

(29)
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L(EI’E2’E3):|:(1_F6)];1+(1_F;1).fﬁ:“,:tls X[l_(Fz"‘F3 _FzF;)fll:t; ><f5 |t:t3 (31)

This result is equivalent to that presented by Jackson and Mosleh in [39].

5.2 Comparison with Graves and Hamada’s method

Graves and Hamada [41] presented a method to evaluate the likelihood when simultaneous failure data appears.
Their method is performed by listing of all possible events consistent with the system configuration. We validate
our proposed work by revisiting their case study examples.
Example 3 Graves and Hamada’s case in [41]

Fig. 10 shows an event tree model of a prototypical system, where “O” stands for an “OR” gate; “A” stands

for an “AND” gate. Given the simultaneously collected data

E={E,E, E}= {E, itg, =100,E, 1ty =100,E; 11, >t5 = 100}, we use the proposed method to derive its
likelihood function.

NoG():O So

Noi1Goi=O Sy,

No12Go12=A So12

NOIZI N0122 NO]23

Fig. 10 Jackson and Mosleh’s example in [41]

Step 1 The system likelihood is decomposed as the product of EEL functions and IEL functions as Eq. (32)
L(EI,EZ,E3)=L(E3)L(E2|E3)L(E1|E2) (32)
where the EEL node set U : Sy and the IEL node set V : So1, So.
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Step 2 Using Eq. (21), the EEL function is expressed as
L(Ey)=1-Fy, (33)

Step 3 Using Eq. (22), the two IEL functions are expressed as

oF; (t
L(Ez|E3)=%,0—]((t))xf1vm,(t)z(l_Enz)fou (34)
OF, (t
L(E1|E2)= F°((t))=(l—E)2)(l—E)3) (35)

Step 4 Draw the inferential diagram shown in Fig. 11 to generate the implicit evidence presented in Eq. (36).

£y (tso ) =1/ (ts0 ) =1L Fy, (ts01 ) =0, fon (ts‘Jl ) =0 (36)
(] Explicit evidence
4 t, [ Implicit evidence
S() 7
f:\ .
N Lt
A |
Fy, (ts[, ) =1 #s(,,
S()l |
Jor (ts(, ) =1 | >
4 l
Foalts,) =0 @i
Sor2 ! !
Jorz (tsm ) =0, !
*— >
tsm

Fig. 11 Inferential diagram for example 3

After compiling the explicit evidence into Eq. (33), the EEL function is calculated as

L(E, :, (37

012

> t;m = 100) =1=F) 0 By Fons |

t:t;mz
By substituting both explicit evidence and implicit evidence into Eq. (34) and Eq. (35), two IEL functions are
calculated as

L(E, ity =100|Ey:t5 > 15 =100)= fo, |, (38)

L(El ity =100 E, :tg =100)=(1-F, )(1- F,,) (39)

| 1=ls,

Step 5 The overall likelihood is constructed by multiplying each individual EEL and IEL as
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L (El P Ez > E3 ) = [(1 - Foz )(1 - En ):| |t:rSO Xfon ‘r:tsm X(l - EnlemzzE)m ) ‘,:t;m (40)

This result is equivalent to that presented by Graves and Hamada in [41]

5.3 Comparison with Pan and Yontay’s method

Pan and Yontay [53] developed a d-separation-based approach for the multi-level system using incomplete
data. Their approach is efficient in reliability prediction for hierarchical BN models. We address their case by our
method.
Example 4 Pan and Yontay’s case in [53]
Fig. 12 shows a hierarchical BN model, which could be considered as an extension of the traditional FTA and ET.
Given the observed data £ = {El e, =16,E, 1t =SLE; 15 < t,*S = 80} and other basic pre-settings (refer [53]

for details), the task here is to construct the system likelihood function.

Fig. 12 Pan and Yontay’s example

Step 1 The system likelihood is decomposed as the product of EEL functions and IEL functions in Eq. (41).
L(E15E27E3):L(El)L(Ez)L(E3|E15E2) 41)
where the EEL node set U:C;,S,, and the IEL node set V:S.

Step 2 Using Eq. (21), the EEL functions are expressed as
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L(£) aFCS(t)XfCS (0)=e @
o, ()

L(E)=Y =2 ur (1

(B)- % S 0 -

= FC2 +FC3 _FCZFCJfC, +|:Fcl (I_Fq )j|fc2 +|:Fcl (I_Fq ):|fc

Step 3 Using Eq. (22), the IEL is expressed as

Pinks Fe Fe Fe, + Doy (I_Fs, )FC4FC5FC6

+p101FSl (I_FC‘AFC‘S )Fc6 +p110Fs,Fc4Fc5 (1_FC5)

L(E, |E,.E,)=F; (t)= (44
+pon (1= Fy ) (1= Fo, Fe, ) Fo, + pooFs (1= Fo, Fe, ) (1- F, )
+Doro (I_FS1 )FC4FC5 (l_Fc6 )+p110 (I_Fs, )(I_FC4FC5 )(I_Fcﬁ)
Step 4 Draw the inferential diagram shown in Fig. 13 to generate the implicit evidence presented in Eq. (45).
Fy (55,) =115 (65, ) = 0.F. (15, ) =1 £, (55, ) =0 (45)
[ J Explicit evidence
A £ o Implicit evidence
So
: o
t— >
tg 1
A y 0 :
Sl : ? * *
! :FS| (tso ) = l’fSI (tSo ) =0
& - >
|
A ; l
c ¢+ -
5 *
: ch (tso)zlafcs (tso)=0
& >
Fig. 13 Inferential diagram for example 4
After compiling the explicit evidence into Eq. (42) and (43), EEL functions are calculated as
L(E :te, =16;) = f, e, (46)
L(E, 1, =51)= [(FCZ ¥ Fp = Fo B ) fo +(Fo = Fo e ) fo, +(Fo = Fo Fo ) 1o, } s (47
By substituting both explicit evidence and implicit evidence into Eq. (44), the IEL is calculated as
. plllF'QFCﬁ +p101(1_Fc4)FL‘6
L(E,:tg <ty =80|E, :t, =16,E, :t, =5L;)= | (48)

+Puoke, (1_Fcb )+p100 (1_FC4 )(I_FCG)

24



Step 5 The overall likelihood is constructed by multiplying each individual EEL and IEL function as

(Fo, +Fo ~FoF.) 1o PurFe o+ oy (1= F, )
L(E LB E) = fo b, ¥ +(Fa (1= Fo ) fer oy, [ +PuoFe, (1) L @)
(o (1=F)) £ +pu(1-F. )(1-F,)

The result is equivalent to that presented by Pan and Yontay in [53].

6 Application example

In this section, We carry out a practical application example in which the problem is difficult to be solved by

existing methods.

6.1 Model description and parameter settings

Example 5 Fig. 14 shows the system configuration of a Harmonic Gear Drive (HGD) device, which is widely used

in various engineering fields [54], [55]. The HGD comprises two main parts i.e. the wave generation subsystem and

the gear transmission subsystem and can be further decomposed into 5 components. This HGD is still in a prototype

phase and its reliability characteristics have not been sufficiently discovered yet. Our aim is to use dependent failure

time data to assess its reliability taking the model uncertainty into account. In particular, the working mechanism of

the wave generation subsystem is well-studied and hence its configuration is fully specified in this BN model.

Comparatively, the gear transmission subsystem is newly developed so that its reliability dependence on other parts

of the system needs to be investigated. For mathematical convenience, we use the BN shown in Fig. 15 to model

the HGD device (more details regarding the HGD device refer [54], [55]). Note that this BN contains a hybrid

structure as an intra-level connection (from S; — S,), which means that most existing methods cannot be applied.

25



System

level
T Wave g Gear
generation transmission
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Direct current motor Wave generator Convex gear Flexspline Circular spline

Fig. 14 Harmonic Gear Drive (HGD) device

= Determined model structure

—— 1
I
I
I

=P Undetermined model structure

Fig. 15 BN model representing the HGD device

For detailed parameter specifications, the lifetime distributions of three components C,, C», C4 are modeled as
Exponential distributions with parameters 4; 4> A4 respectively. Weibull models are adopted for Cs, Cs. To imitate a
non-informative scenario, we assign uniform prior distributions to all unknown lifetime model parameters in Table
1 and CPT parameters in Table 2. In total, 10 independent reliability tests are conducted to collect the failure time
data. For each individual test, three sensors are installed to monitor the working states and record the failure time

and hence produce three dependent data points. The mixed dataset representing all available data is summarized in

Table 3.
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Table 1

Lifetime model parameter settings

Component Life time model Parameter Prior distribution
Ci Exponential A Uniform(0,0.03)
) Exponential A2 Uniform(0.05,0.15)
B3 Uniform(2.5,3)
G Weibull
s Uniform(110,140)
Cs Exponential A Uniform(0,0.007)
bs Uniform(2,2.5)
Cs Weibull
s Uniform(40,60)
Pr(S, =0[S, =0,5, =0) = py, Pr(S, =0[S, =0,C, =0,C; =0) = pyy, Pr(S,=0|S,=1,C, =1,C, =0) = p, ,
Pr(S, =0/, =1S,=0)=p, Pr(S,=0[S,=1C, =0,C;=0)=p,, Pr(S,=0|S,=1C,=0,C;=1)=p,, (50)
Pr(S, =08, =0,5, =1)=p,, Pr(S,=0[S,=0,C, =1,C; =0)=p,, Pr(S,=0|S,=0,C, =1,C; =1) = p,,
Pr(S,=0[S, =18, =1)=p, Pr(S,=0[S,=0,C,=0,C;=1)=p,, Pr(S,=0|S,=1C, =1C,=1)=p,,

Table 2  Prior distributions for CPT parameters

CPT Prior CPT Prior CPT Prior
Parameter distribution Parameter distribution Parameter distribution
Poo Unif(0.75, 1) Po0o Unif(0.75, 1) Piio Unif(0.25, 0.5)
P1o Unif(0.25, 0.5) P10o Unif(0.5, 0.75) piol Unif(0.25, 0.5)
poi Unif(0.25, 0.5) poio Unif(O.S, 0.75) poli Unif(0.25, 0.5)
pi Unif(0, 0.25) Poo Unif(0.5, 0.57) pi Unif(0, 0.25)
Table 3 Failure time records
Dependent data
Test #
t,, t te,
1 61 60 58
g 2 42 41 41
e
g 3 63 63 63
= 4 55 53 50
v
§ 5 76 76 72
RS 6 67 67 66
7 83 75 75
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88 77 74
57 50 49
10 60 59 59

6.2 Parameter estimation and reliability analysis
By introducing the notions of EEL and IEL function, the likelihood contributions of each individual evidence
can be identified. The EEL function of component 4 is given as
L(tq ) = fe, (t) =2 (51)
As the IEL function is dependent on both explicit evidence and implicit evidence, the expressions of two IEL

functions are consequently case-based. We give the general form of the two IEL functions as Eq. (52) and (53).

OF; (1)
0 o

aFSZ (t)
j-4755 OF (1)

J

(Pow = Poro ) Fs Fe, +(Praw = P (1= F5, ) e

(P = o ) F, (1= Fe )+ (o = i ) (1= B )1 F,
_ (pooo = Pio )fsl F. +(p000 = Poor )Fs, Je, | G
+(poo =P ) (1= Fs ) oy +(Poor =P ) 5 (1-Fo ) )
(Poro = Prio ) S5, Fe, +(Poro = Port ) Fi /o,

‘t:tv
"'(pllo_plll)pno(l_Fsl)fc5 +(p011 _pm)fs, (1_Fc5) N

L(tg, Ite, )=

x fe, (t) otherwise

) |’=lsz if lSz :lQ (52)

if 15 <t

OF;, (1)
oF;, (1)
OF;, (1)

if ts, =15,
L(tso |tsz):

x f. (t) otherwise
o, 0 -

(Poo - pm)Fs, +(p10 _pll)(l_FS‘ ):||::st if ls, =1,

= (poo - p10 )fsl |t:tSﬂ lf ts‘, > tSz
(

Po _Pu)fs1 ‘z:zsﬂ if ls, <Is,
where Fy (1)=F (t)F, () F, (). The overall likelihood is calculated from a multiplication of all likelihood

contributions from both independent and dependent evidence as Eq. (54)

L(te, t oty )= [T L (e, )L (25, 12, )L (25, 145 (54)



With the given prior distributions, the posterior distribution of unknown parameters are estimated using the MCMC
algorithm in the software OpenBUGS.

7(0.p|E)x L(E|0,p)7,(0.p) (55)

where the distribution parameters vector 8 = (11 42, £3, 3, A4, f5, #5) and the CPT parameters vector p = (poo, P10, Po1,

P11, Pooo, p001,pom,ploo,p110,p101,p011,p111)

6.3 Results and discussion

A total of 10° samples are generated from the joint posterior distribution with the first half 5x10* samples for
burn-in. The remaining samples are thinned by selecting every 5th observation to reduce the autocorrelation
between adjacent samples. To ensure the generated posterior samples converge to the target distribution, we
employ the Raftery—Lewis (RL) diagnostic to determine when the MCMC samples converge to stationary posterior
distributions. It is found all unknown parameters approach to their stationary state after 5x10* iterations. The

estimation results are presented in Table 4 and Table 5.

Table 4 Statistics of the posterior samples for distribution parameters

Parameter Mean SD 2.5% 25% Median 75% 97.5%
At 0.0243 0.004348 0.01415 0.02164 0.02524 0.02784 0.02979
A2 0.09985 0.0285 0.05244 0.07563 0.09998 0.1242 0.1475
B 2.716 0.1387 2.51 2.597 2.702 2.827 2.98
73 115.7 5.392 110.1 111.6 114.0 118.1 130.0
Aa 0.006194 6.951E-4 0.00442 0.005841 0.006382 0.006733 0.006976
Ps 2.275 0.1429 2.017 2.155 2.291 2.399 2.49
75 53.28 4.787 42.62 50.04 54.09 57.34 59.73
Table 5 Statistics of the posterior samples for CPT parameters
Parameter Mean SD 2.5% 25% Median 75% 97.5%
Poo 0.9383 0.05445 0.7949 0.9109 0.9544 0.9808 0.9983
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Pio 0.3796 0.09546 0.2559 0.304 0.3599 0.4355 0.6123
pot 0.4637 0.1399 0.2585 0.3414 0.4488 0.5735 0.7302
pu 0.08539 0.0642 0.002799 0.0312 0.072 0.1281 0.2302
Pooo 0.9215 0.06185 0.7774 0.8815 0.9368 0.9725 0.9975
P100 0.6818 0.05547 0.5396 0.6509 0.6962 0.7254 0.7476
Poio 0.6189 0.07158 0.5064 0.556 0.6154 0.6798 0.7432
Poot 0.6321 0.07221 0.5067 0.57 0.6366 0.695 0.7446
Pio 0.3344 0.06422 0.2527 0.2802 0.3197 0.3787 0.4775
Piol 0.3327 0.0619 0.2527 0.2805 0.3201 0.3746 0.4721
Ppoul 0.3744 0.0714 0.2573 0.3133 0.3739 0.436 0.4936
P 0.1058 0.07049 0.004039 0.04449 0.09629 0.1633 0.2393

The evaluated distribution parameters in Table 4 can be further used to predict the reliability for a node of

interest, meanwhile, the evaluated CPT parameters in Table 5 can help us assess how composing components

affecting the working state of higher-level nodes. For example, it is observed that the mean of po; = 0.3796 <po=

0.4637 suggesting subsystem 1 plays a more important role than subsystem 2 for the functioning of the whole system.

Besides the discovery of the reliability relationship between inter-level nodes, the proposed method is capable of

capturing the intra-level dependence. It is found the mean of poi1 = 0.3744 > p11o = 0.3344 and the mean of po11 =

0.3744 > pio1 = 0.3327, which indicates the subsystem S| has more effect on the working state of subsystem >

compared with the two components C4 and Cs. Comparably, existing studies can barely catch this dependence as

their methodologies are not applied to a BN with hybrid structures. The proposed method can efficiently extract the

dependence information embedded within the simultaneously collected data set and produce valuable estimation

results. By exploiting this information, the dependencies among multi-level nodes are progressively revealed.

Another interesting thing is that the CPT parameter po has a non-zero value which indicates a failure chance

for So when both S} and S, are functioning well. These findings are also applied to pooo indicating that S> has a failure

chance when all its direct predecessor nodes Si, Cs, Cs are functioning well. This is impossible to occur in a
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deterministic reliability model such as a RBD or a FT. However, for a BN model, its variability allows the inclusion
of such uncertainty. This means that, there must be some undiscovered physical factors affecting the reliability of
So and S, besides the presented nodes and further investigation should be taken into consideration to reduce such
uncertainty.

For the system reliability analysis, Eq. (20) is adopted to calculate the reliability for a node of interest for a
given time-point. We calculate the reliability of all nodes for every 10 time units and present the reliability curves
changing over time in Fig. 16. A radar map is employed to give quantitative comparisons of reliability for all nodes
at three time-points (i.e. =0, 10, 100) as shown in Fig. 17.
| System
/ 0.5 -‘-\ \

Subsystem 1 0 Subsystem 2
1 \ 0 50 100 1
0.5 » 5 \
0 0
0 50 100 0 50 100
] Component 1 | Component 2 ] Component 3 ] Component 4 | Component 5
0.5 0.5 05 x 0.5 0.5
0 0 0 0 0
0 50 100 0 50 100 0 50 100 0 50 100 0 50 100

Fig. 16 Reliability predictions for the HGD
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Fig. 17 Radar map of the predicted reliability for all nodes
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Fig. 18 Reliability changes over time for S; (left) and S, (right)
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Fig. 19 Reliability changes over time for Cs (left) and Cs (right)

Another benefit of our approach is that it can be used to estimate the parameters of both observed and
unobserved nodes. We show the updated reliability curves of the S; (unobserved node), S> (observed node) in Fig.
18, and C; (observed node), Cs (unobserved node) in Fig. 19 respectively. This has profound meanings in practical
engineering since the installation of sensors to many crucial components is sometimes intractable. Benefiting from
a successful multi-source information extraction & aggregation, we can compensate for the inadequate information
of a vital component and update our prior belief on this component even without explicit evidence. The proposed
method is essentially analytic for system reliability analysis and it requires many assumptions for engineering use.
For demonstration purpose, we adopt Exponential & Weibull distributions to model the failure time data in this
application example. However, these assumptions are quite strong and should be carefully reviewed in other

engineering cases. Also, numerical simulation errors and convergence performance of the generated Markov Chain
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should not be overlooked.

7 Conclusions and future works

This paper proposed a full Bayesian approach for system reliability evaluation in the presence of dependent

data. A likelihood decomposition method is developed to separate the overall joint likelihood into several

conditionally independent likelihoods. The concepts of Explicit Evidence-based Likelihood and Implicit Evidence-

based Likelihood are established to distinguish different contributions of outer source information in the likelihood

construction. An inferential diagram is further developed as an intuitive tool to generate the implicit evidence. The

application field of our approach is not only limited to deterministic system models such as fault tree models or

event trees but also includes hierarchical BNs and a BN with hybrid structure, which promises a brighter engineering

application prospect.

Several numerical cases and a practical engineering case are demonstrated to validate the proposed method

and to show its superiority. The estimation results show that our approach is capable of capturing the dependence

information embedded within the simultaneously collected test data and then can progressively reveal the

dependencies between inter-level nodes and intra-level nodes. Another benefit of our approach is that it could be

used to estimate the parameters of unobserved nodes. This is meaningful in practical engineering since collecting

data from all crucial components is not always accessible. This approach helps us in providing a better

understanding of the nature of dependent evidence in system reliability analysis.

The proposed method is developed for a static Bayesian model with continuous lifetime data. Extending it to

a dynamic BN with heterogeneous data is in the consideration for our future works. The challenges mainly comes

from the construction of inferential diagrams as the procedure is time-consuming, even intractable, given time-

dependent structure and/or evidences. Moreover, as the accumulation of multi-source information continuously
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grows in practical engineering cases, the presence of imprecise conflicting information is not rare. In this situation,

establishing a coherent reliability approach taking the imprecise and/or inconsistent information into account can

significantly benefit the reliability assessment of complex systems and hence produce trustworthy results with less

uncertainty. To meet this demand, developing a comprehensive Bayesian approach for complex systems with both

imprecise and inconsistent information could be another research interest for our future works.
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