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Abstract Degradation-shock failure processes widely exist in practice, and extensive work has been
carried out to better describe such processes. In this paper, a new model is developed for reliability
analysis of systems subject to dependent degradation-shock failure processes. The proposed model
extends the previous work by considering the effects of the degradation levels on both the degradation
rates and the hard failure thresholds. Instead of shifting with the shock levels, the degradation rates are
supposed to increase with the degradation levels, and the hard failure thresholds decrease when the
system deteriorates to certain levels. Then, the general reliability functions for the systems subject to
multi-state degradation are provided, after deriving the reliability formulas for the systems with two-
state degradation. In addition, the accuracy of the proposed methods is verified by Monte-Carlo
simulation. Finally, a numerical example is presented to illustrate the validity of the presented model,
and analytical results of the proposed model are compared with previous work. The results indicate that

the presented method offers a more realistic system reliability evaluation.
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1. Introduction

As modern industrial products are increasingly reliable, the reliability analysis based on the failure
data becomes more challenging, since sufficient sets of failure data are more difficult to obtain due to
limited experiment budget and time [1]. Compared with the failure data obtained by destructive tests,
the degradation data containing extensive reliability information could be easier to obtain by monitoring
sensors. Therefore, studies on system reliability based on degradation processes have been extensively
carried out [2-4].

The performance deterioration widely exists in practice. For example, the wear of mechanical
products [5-6]; the corrosion of sea bridges [7-9]; and the life reduction of batteries [10]. There are
commonly used degradation processes, including the general path process, the Wiener process, the
Gamma process, and the Inverse Gaussian process etc. When the performance of the system deteriorates,
random shocks often occur. For example, there are shocks caused by vibrations during the wear
processes of mechanical systems. Besides, shocks caused by shifting voltages and currents can appear
when the performance of the batteries is getting worse. The extreme shock process, Jd-shock process,
cumulative shock process, and m-shock process are commonly used to describe shock processes. More
details about the degradation processes and shock patterns can be found in [5-6, 11-13]. Generally, a
system is supposed to fail mainly due to two failure modes, one is the soft failure caused by the system
degradation, and the other is the hard failure resulting from random shocks. No matter which failure
occurs, it can lead the system to fail. In recent years, based on practical needs of the industry, extensive
studies on competing failure processes have been carried out [15-17].

Depending on whether the degradation rates and hard failure thresholds change or not, the research
on competing failure processes can be divided into three types. The first type of research mainly focuses
on the reliability analysis with fixed degradation rates and fixed hard failure thresholds. Lei et al. [18]
divided the shocks into three zones, and the shocks can cause the system to degrade only when their

magnitudes are larger than the level of the first zone. An et al. [19] proposed a new reliability model by
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considering multiple degradation processes, and six kinds of copula functions were used to describe the
dependence among different degradation processes. Fan et al. [20] presented a new reliability method
for the hydraulic control system based on the degradation-shock dependence, in which the arrival rate
of the shock was assumed to change with the degradation level. Song et al. [21] established a reliability
model for the system with multiple components and presented four different patterns based on the effects
of shock magnitudes on shock damages. Song et al. [22] proposed an s-dependent failure model for the
multi-component system. The studies above have significantly extended the work on competing failure
processes. However, in the above work, degradation rates and failure thresholds are considered to be
fixed, which are not appropriate for many practical cases.

The system usually deteriorates at a shifting degradation speed since the degradation rate can be
affected by self-healing, degradation levels, and random shocks. Liu et al. [23] modelled the degradation
rate as a variable that can decrease due to system self-healing. Bian et al. [24-25] considered the
degradation rate to be composed of two parts, one is the independent degradation rate, and the other is
affected by the degradation levels of other components. Similarly, Dao et al. [26] presented that the
degradation levels can directly affect both the degradation states and degradation rates. Shen et al. [27]
established a reliability model for a multi-component system subject to categorized shocks, and the
degradation levels of the shock-sensitive components could cause degradation acceleration to other
components. Dong et al. [28] analyzed the system reliability based on a binary Wiener process, and the
interaction between different degradation characteristics was considered. It was assumed that, when one
of the performance characteristics reached a certain degradation level, the system degenerated to the
next state and the degradation rate changed. However, the studies [24-26, and 28] mainly focused on
modeling multi-component or multi-characteristic systems subject to degradation processes without
considering random shocks. Practically, random shocks can significantly affect the degradation rates of
systems. For example, the structural deterioration of sea bridges accelerates when big shock loads occur,
such as vessel collisions and earthquakes [29]. For such a scenario, Hao and Yang [29] presented a
reliability model for a sea bridge system subject to shifting degradation rates and mixed shock patterns.
Rafiee et al. [30] established a new reliability model with three different shock patterns, and the growth

of the degradation accelerates when the shock load reaches a certain level. Gao et al. [31] modeled the
3
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degradation as two different processes, the general path process and the Weiner process. Hao et al. [29],
Rafiee et al. [30], and Gao et al. [31] considered the degradation rate of the system to change with the
shock magnitude. The work above has made significant progress in modeling the competing failure
process by considering the degradation rates as variables instead of constants, but the failure thresholds
were assumed as fixed.

In some cases, the failure thresholds are not constants but they are changing dependently with the
degradation-shock processes. Many researchers carried out the research on system reliability based on
changing failure thresholds. Gao et al. [10] proposed a reliability model with abruptly changing soft
failure thresholds based on the fact that the performance of the bus battery changes sharply with the
temperature of different seasons. Wang et al. [32] presented a reliability model for a system experiencing
intensive shocks, and the soft failure threshold was considered to change with the number of shocks. In
addition to changing soft failure thresholds, some researchers focused on shifting hard failure thresholds.
Dong et al. [17] considered the hard failure thresholds to change with the shock levels and analyzed the
reliability of the systems based on three different shock patterns. Hao et al. [33] described the hard
failure threshold as a function of the degradation level, continuously changing over time. Akiyama et al.
[34] proposed a new reliability model for a bridge system by considering the shock resistance ability to
change with an environmental factor, the airborne chloride. In addition to continuously changing hard
failure thresholds, some researchers established reliability models based on discrete hard failure
thresholds. Rafiee et al. [35] presented a new reliability model, in which, the hard failure threshold was
considered to discretely change with the degradation level. Guan et al. [36] extended the work of Rafiee
et al. [35] by establishing a reliability model for a multi-component system. Compared with the models
based on fixed failure thresholds, the soft failure thresholds or the hard failure thresholds were
considered to change with the degradation-shock levels, but the degradation rates were not considered
to change as well [10, 17, and 33-36].

In short, the research on reliability analysis for competing failure processes has been extensively
carried out. However, to the best of our knowledge, few studies have been carried out with the
consideration of the effects of degradation levels on both degradation rates and hard failure thresholds.

As the system deteriorates, the degradation of the system gets faster and its ability to resist random
4



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

shocks declines, hence both degradation rates and the hard failure thresholds should be supposed to
change with the degradation levels. There are many examples of this scenario in practice. For example,
as the corrosion pits of the dam or bridge develop, their structural deterioration accelerates and their
ability to resist big flood peaks becomes weaker; in some areas, as the soil erosion becomes severe, the
ecological environment is getting worse at a faster speed and its ability to resist intensive rainfalls
declines, which may finally lead to debris flow; the crack size of the mechanical product develops faster
when the degradation level is higher and the hard failure occurs more often when experiencing random
shocks.

Based on the practical needs, a more realistic and practical reliability model is proposed with
consideration of the dependence between the degradation level and the degradation rate, which is the
difference from the previous work. In this paper, both degradation rates and hard failure thresholds
changing with degradation levels are considered. Section 2 shows the motivation and commonly used
assumptions, and the failure modes of the system are described in detail. The proposed model is based
on the general path process and the extreme shock pattern, and the reliability analysis of other competing
failure processes can be obtained by analogy. In section 3, the analytical equations for calculating the
reliability of the system with two-state deterioration and multi-state deterioration are derived
respectively in Section 3. In Section 4, the Monte Carlo simulation is carried out to verify the accuracy
of the proposed model. Furthermore, a practical example of MEMS (Micro-Electro-Mechanical Systems)
is used to illustrate and discuss the meaning and effectiveness of the presented model, then the results
are compared and discussed in detail. Finally, the conclusions are summarized and future challenges are

discussed in Section 5.

2. System description

2.1 Motivation and assumptions

In this paper, both the degradation rates and the hard failure thresholds are considered to change with
the degradation levels of the system. There are many practical scenarios where such a situation occurs.

In addition to the examples given in the introduction part, two further examples are as follows.
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1) The degradation of LED lighting systems: a LED system suffers from a soft failure when the light
output reduces to 70% of the initial performance. Heat management is the dominant factor that affects
its degradation rates. As the chips, the package materials, and the heat sink of the LED deteriorate, the
heat production increases, but the speed of heat transmission decreases, then not only the light output of
the LED system reduces at a faster speed but also the hard failure is triggered more often due to random
shocks caused by the vibrations of currents and voltages [40].

2) The crack growth of mechanical systems: the fatigue crack is one of the dominant failure modes
of mechanical systems. As the size of the crack becomes larger, not only the growth of the crack gets
faster but also the hard failure due to vibrations and random loads is triggered more often [41].

All of the assumptions made in this paper are as follows, which are commonly used in [17-18, 21-
22, and 35-36].

1) The system is not repaired during the lifetime. Degradation of the system is supposed to follow a
general path process, and the shock process follows the Extreme shock process. A soft failure occurs
when the total degradation value exceeds the soft failure threshold, and a hard failure is triggered when
the shock magnitude exceeds the hard failure threshold.

The degradation can also follow other stochastic processes, such as the Gamma process, the Inverse
Gaussian process and the Wiener process, and the equations are presented in Appendix A [5-6, 11-13].
Besides, the shock process could be a 5-shock process or an m-shock process, and the calculation of the
probability that the system survives from the hard failure process could be derived according to [30 and
35].

2) The hard failure thresholds D; are supposed to be decreasing constants, and the basic parameters
including the degradation rates £, the shock magnitudes W, and the shock damages Y; are assumed to
be normally distributed. The assumptions are commonly used in [18-22, and 35-36]. For example, the
degradation rate of the MEMS (Micro-Electro-Mechanical System) is f=2nrcF, where r is the radius of
the pin joint, ¢ is the coefficient, F' is the force between rubbing surfaces, ¢ and F are constants.
Considering that the parameters of the same batch of products are generally assumed to follow the
normal distribution, the radius of the pin joint r is considered to be normally distributed. Hence, the

degradation rates f; are considered as normally distributed parameters. The shock magnitudes W;, and
6
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the shock damages Y; are also commonly considered to follow the normal distribution [18-22, and 35-
36], but the shock sizes and shock damages could be time-dependent or follow other distributions, such
as the exponential distribution, the phase-type distribution and the log-normal distribution, and the

calculation of reliability could be obtained according to [37-38].

2.2 Description of competing failure processes

It can be seen from Figs. 1-2 that the system is supposed to experience both degradation and shock
processes. The total degradation value Xs(f) at time ¢ is composed of two parts, that is, Xs(¢)= X(¢)+ S(¢),
X(#) is the continuous degradation and S() is the abrupt degradation caused by the shocks. The system
can fail due to two failure modes: 1) the system suffers from a soft failure when the total degradation
value exceeds the soft failure threshold H; 2) when the system deteriorates to the jth state, the system
suffers from a hard failure when the shock magnitude exceeds the hard failure threshold D;, where, j=1,

2, ..., kt1. No matter which failure mode occurs, the system is triggered to fail.

[ Competing failure processes ]

T
Xs(f) / i L
H [ Degradation process ] [ Random shock process ]
X(T) h ] ¥
[ [ Continuous degradation X(:)][ Abrupt degradation S(r)]
- . AT T 2 [ I
S :
( i ) T the magnitudes ot the
B L 1l the degradation o shocks I, < D, , where
: : the systcT Xe(t)=H EN(E ). NG N
i 1t ! : .
W, o
: i
1 1
; : [ The soft failure occurs ] [ The hard failure occurs ]
—! D| : cl . d cl i
D,
W W Ds The system fails
W, | le 4
¥
7 [ The syslem is reliable ]
Fig. 1 System description Fig. 2 The failure modes of the system

Compared with the existing literature, the novelty of this model is that both degradation rates and
hard failure thresholds are considered to change with degradation levels. When the total degradation
values reach L;, the degradation rates change from f; to Sy+1 (j=1, 2, ..., k+1), the hard failure thresholds
change from D; to D;+1, and the competing failure processes are divided into £+1 states. For example, 1)

when k=0, the degradation rate and the hard failure threshold of the system do not change and the system



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

degrades with one state; 2) when k=1, that is, f; and D; of the system change once at #, when the
degradation level reaches Li, and the competing failure processes of the system are divided into two
states by #1; 3) By analogy, when £=2, f; and D; of the system change twice, and the competing failure
processes of the system are divided into three states by #; and #, when the degradation level reaches L,

and L, respectively.
3 Reliability analysis for competing failure processes

In this section, reliability models for both the degradation process and the shock process are
established. The degradation process is modeled with multiple degradation rates, which are firstly
considered to change with the deterioration levels in this paper. Besides, the shock process is described
with multiple failure thresholds, and the hard failure thresholds are supposed to change with the
deterioration states. Then the reliability functions for the systems subject to multi-state competing failure

processes are derived, after modelling the reliability for the systems deteriorating with two states.
3.1 Reliability analysis for the degradation process

The degradation rate is supposed to change with the degradation levels. When the total degradation
reaches a higher level L;, the system is supposed to deteriorate at a faster speed, that is, the degradation
rate changes from f; to f;+1. The degradation of the system could also decrease due to self-healing, but
this case is not included in this paper. In this section, the general reliability function for the system
subject to soft failure is derived, then the reliability for other degradation processes could be obtained
by analogy.

The continuous degradation value of the system with multiple degradation rates, X(¢), is:
X(t):¢+181t1+:32(t2_t1)+---+:3k+1(t_tk) (1)

where, ¢ is the initial degradation value of the system, # is the time when the total degradation value

reaches Ly, £=0, 1, 2, ..., t=0, and Lo=0. The degradation rate of the jth state, f;, follows the normal

distribution f3, ~N (/Jﬁ ,O'Z ),j=1, 2, ..., k+l.

Besides the degradation process, the system is supposed to experience an extreme shock process,
8
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which follows a Poisson process with parameter 4 [39]. The total degradation damage caused by random

shocks, S(?), is:

N(t)
s(t)=12 Y, (N(@)=0)

0, (N()=0)

2)

where, N(¢) is the number of shocks, Y; is the abrupt degradation damage caused by the ith shock. In this

paper, the degradation damage Y; is supposed to follow the Normal distribution, Y, ~N ( Uy, O; ) as [18-

21].
The total degradation value of the system, Xs(¥), is:

Xs(t)=X(t)+S(t) )

If the total degradation value exceeds H, then the system experiences a soft failure. The probability

that the system survives from a soft failure is:

ps(t)ng(Xs(t)< H.N(t)=n)
zgp(x(t)+s(t)<HIN(t):”)'P(N(t):n)

(4)
=P(X(t)<H|N(t)=0)-P(N(t)=0)

#2 0, P(X (1)< H -u[s (1) =u.N(t)=n) £, (u[N (1) =n)du-P(N (1) =n)

where, H is the soft failure threshold, fsu (u|N(f)=n) is the PDF (Probability Density Function) of the
degradation value caused by random shocks.

If ¥; and f; are normally distributed, fsi) (u|N(f)=n) and Eq. (4) can be expressed as:

(u—ng, )2

1
fs(t)(u|N(t):n)=WGXP(_TO_fj,nio (5)

Ps(t)=:ZOP(XS(t)<HvN(t):”)
:éP(Xs(t)<H|N(t)=n) P(N(t)=n)
k+1 (6)
H-(p+ 5 (=t )+ nay) !
S LA WY
" 2.0, (tj t11)2+n6Y2 "
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where, ®(+) is the CDF (Cumulative Distribution Function) of the standard normal random variable, .,
is the start time of the jth state, # is the end time of the jth state, /=1, 2, ..., k+1. If j/=1 and j= k+1, then
to=0, tr+1=t. A is the arrival rate of the shock process.

When the continuous degradation process follows the Inverse Gaussian process, the Gamma process
or the Wiener process, the CDF of the degradation value caused by a continuous degradation process,
P(X(H)<H-u|S(f)=u, N(t)=n), can be obtained according to [5, 11-13] and the derivations are presented in

Appendix A.

3.2 Reliability analysis for the random shock process

The magnitude of the ith shock, W, is supposed to follow a normal distribution: W, ~. A/ ( Ly 1O ) .

As shown in Fig. 1, if the shock magnitude exceeds the hard failure thresholds Dj, then the system fails
due to hard failures. When the system deteriorates, its ability to resist random shocks is getting weaker
and the system is more vulnerable to fail due to random shocks. For such a scenario, a reliability model
based on multiple hard failure thresholds is established. The probability of the multi-state system

surviving from the hard failure is:

-85S e <o), [} W<

n=0n,=0 Ny

>

=z

i=N(t )+1

ﬁ) (W, <D,,,).N (tl)znl,N(tz)znz,-u,N(t—tk)zn—(n1+---nk)}

o n N-n n—(ng+---+n ) N(t) N(t,) (7)
= Z Z P ﬂ(VVi<D1)v ﬂ (Wi<D2)""*

n=0n=0 n,=0 i=1 i=N(t)+1

Nﬁ) (W, <Dk+1)N(1)—nl,N(tz):nz,...,N(t—tk):n_(nlJr...nk)J
P(N(t)=n,N(t,)=n,---N(t=t)=n—(n+---n,))

where, N(#-¢;.1) is the number of shocks in the jth state, [; is the hard failure threshold of the jth state,

=12, o kL

The parameters ; and Y; are supposed to follow normal distributions, then the reliability of the hard

failure process calculated by Eq. (7) can be derived as:

10
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I e S R U RS Y D,—4, D,—u, D~y
P (t)= o| LW d 2 ) k+1
H() HZ:(;nl:OHZ:O nkZ:o l: ( Ow j:l l: [ Ow J:| |: ( Oy

WO g B0 ()

n! n,! (n=(n+--n))!

n=(ng Ny " M n=(ny+-ny)
_y eSS o Pt || o Dt ||| f Bt
n=0n,=0n,=0 n =0 Oy Oy Oy

®)

3.3 Reliability analysis for systems subject to competing failure processes with two states

When 4=1, the degradation rate and the hard failure threshold of the system change for one time. As

shown in Fig. 3, the competing failure processes of the system are separated into two states by ¢1. Before

t1, the degradation value is less than L, the degradation rate and the hard failure threshold are g ~.A"
( ,uﬂl,G;) and D, respectively. If the shock magnitude exceeds D, then the system fails due to hard
failure. The degradation rate changes to S, ~. A" ( My, ,G;z ) and the hard failure threshold shifts to D,

after #1. If the degradation value reaches H, then the soft failure occurs. If the shock magnitude exceeds

D>, then the hard failure happens. No matter which type of failure occurs, it can lead the system to fail.

Xs(1)
H
Xt
S(¢
_____ e
1
1
o t
W, |
1
1
1
—|','_)1
1 D-,
W, -
"o

Fig. 3 System description with two states
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The reliability of the system, Ri(¢), is calculated by two independent and mutually exclusive

situations:

Rl(t):P(A1|Bl)'P(Bl)"'P('A&'Bz)'P(Bz) (9)

= P(ALBI)+ P(ALBZ)
where, A is a collection of the events that the systems survive from both soft failures and hard failures;
B is a collection of the events that the degradation values of the systems are less than L; with n shocks;

B> is a collection of the events that the degradation values of the systems are no less than L; with n

shocks. 41, Bi, and B> could be expressed as:

i=1 =N (t,)+1

A :(Xs(t)< H ﬂhﬁl)(wi <D)N F(]t) (W, < Dz)j

B, = J(Xs(t) <L, NN(t) =n)

n=

o

©

B, =JUJ(Xs(0) > LNN(@E) =n, NIN(t—t)=n—n,)

= Uy
1) When the total degradation value of the system is less than Li, then the system reliability in the
first case, Ri_i(?), is:
R, (t)=P(AB)
P(Xs(t)<l_l,N(t)=n,@(Wi <D1)j (10

M i

n

P(X(t)+St)<L[N({t)=n)-P(N{)=n)-T[P(W, <D,)

i=1

Il
o

2) When the degradation value of the system is equal to or greater than L, then the system reliability

of the system in the second case, R _(?), is:
R_:(t)=P(AB,)
© N N(t)
=S 3 [ xse-v<H-L <o)
i=1

>

=0 n=

o

Nﬁ) (W, <D,),N(t)=n,N(t-t)=n —nl} f(LIN(t)=n,)dt, (11)
i=N(t)+1
= S [IP(Xs(t-t) < H-LN@) =n,N(t-t)=n—n,)

P(W, <D,)"P(W,<D,)" " P(N(t,)=n,)P(N(t-t)=n—n)f (t|N(t)=n,)dt,

The parameters f;, W;, and Y; are supposed to follow the normal distribution, then R;(#) can be derived
12
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as follows.

Ri(t) =R 1('[)“L Rl,z (t)

e [Lo(oratenu)) M.(/lt)”{ (Dl_MNHH
_ZCD{ '—a;t2+nayz }e ~ D o

+§:Zn:.':(b[H _Ll_(ﬂﬂZ(t_tl)-'-(n_nl)ﬂY)]-l:CD(Dl_luwJ:|n1

Jout-t) +(n-n)o; S

{@( D, — 4, ﬂ e () g At G-t f(4|N(t)=n,)dt,
GW

n! (n—n,)!

el ]

(12)

n=0 \/W n! O-W
+iij.;q)[H —Ll—(,Llﬁz(t—tl)+(n—nl):uY)J‘l:cDKDl_:uWJi|

n=0 =0 \/0';2 (t _t1)2 +(n- I’]l)O';2 Oy

n-ny n Mo py(n-m)
.{q{DZ s ﬂ P CYN G Y (LIN@E)=n,)dt,
GW

n!(n-n)!

In Eq. (12), fit:|N(¢t1)=n1) is the PDF of #, F(t:|N(¢t1)=n1) is the CDF of ¢, which can be derived as

[35]:

F(t1|N(t1) = nl) =P(T St1|N(t1) = nl) = P(Xs(tl) 2 I—1|N(t1) = nl)
H(wuﬁ#mm)} (13)

—1P(XS(H)<H|N(E)—”1)—1®{ o
o, +no,
:aF(t1|N(t1):n1)
o,
¢[H <¢+u,ﬁn+nlm>} AR TS A AALY)]

242 2 3
o + N o, 242 2\2
v ﬂ1t1 17y (O'ﬂlt1 +nlO'Y)

f(t1|N(t1)=n1)

3.4 Reliability analysis for systems subject to competing failure processes with multiple states

As shown in Fig. 1, when £>2, the system degrades with multiple states. The degradation rate of the
system accelerates from f; to f;+1 when the degradation level of the system reaches L;. As the system
degrades, its ability to resist random shocks deteriorates from D; to D;+;, where j=1, 2, ..., k+1. Then,

the reliability of the system, Rx(f), can be calculated as follows.

13



k+1 k+1 k+1

RU(0=2R ()=2P(A[8)-P(B,)=2.P(AB)) (15)

j=1 j=1

where,

A( [XS(t)<Hnn(W<D)n Nﬁ) (Wi<D2)ﬂ-~~ﬂ hﬁ) (Wi<Dk+1)J

i=1 i=N(t;)+1 i=N(t)+1

()

U U {La<Xs®<LNN(L)=n NN -t)=n,

0 Njq

n=
AN(t —t,)=n,-NN(t=t)=n—(n+n,+-n)

I”Io:o, LOZO, and Lk+1:H

When the total degradation value of the system X«(¢) €[L;.1, L;), the reliability of the system Ry ,(7) is:

nonom N (nl+n2+ Ny

-y ILI P(L,. < Xs(t) < Li|(N(t) =n, N(t,-t)=n,,

n=0 n=0n,=0 nJ =0

~~'N(t—tj71)=n—(nl+n2+...+nj71)))'P(N(tl)znl)-P(N(tz—tl)znz)
---P(N(t—tH):n—(nﬂunz+---+nj71))-ﬁp(wi < Dl)li[P(Wi <D,)

i=1

(16)

n—(n1+n2+---+nj,1)

[T PW<D,)-f(LINE®)=n)f(tIN(t)=n+n,)

i=1

< F (s

N (ti—l) =N, 4ot nj—l)dtldtz edty

Especially, when j=1, R 1(¢) can be calculated by Eq. (10). The parameters f;, W;, and Y; are supposed

to follow the normal distributions, then Ri(f) can be derived as follows.
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j-1
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a=1
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j-1
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where j=1,2, ..., k+1.
To clarify the formula for calculating Ri(¢), the reliability functions for the system subject to three

states competing failure processes are derived in Appendix B.

4 Numerical examples

A practical example of MEMS [42], carried out at Sandia National Laboratories, is widely used to
illustrate degradation-shock models [18-19, 22, 30, and 35]. Hence, in this section, MEMS is also
adopted to illustrate and discuss the results of the proposed model. And the Monte-Carlo simulation is
applied to verify the accuracy of the presented model.

The micro-engine is supposed to fail mainly due to two competing failure processes: 1) The soft
failure occurs mainly due to the degradation, which is caused by continuous wear and debris; 2) The
hard failure is mainly caused by the hub fracture, which is resulting from random shocks. As the
degradation of the micro-engine increases, not only its ability to resist the random shocks declines but
also its growth of wear accelerates. Based on the background, a new reliability model for competing
failure processes is proposed by considering the effects of degradation levels on deterioration rates and
hard failure thresholds. All parameter values and the sources are provided in Table 1. One thing should
be noted that the parameter values are obtained from difficult papers, but the set of failure data was
obtained from one experiment of MEMS.

For MEMS, the wear value of the pin joint is considered as one of the performance indexes, and the
degradation rate is calculated by the physical models [42-43]. For other products or systems, and the
performance indexes can be selected depending on the demands of users. Then the physical models of
the performance indexes can be established, and the data of the basic parameters, such as diameters,
voltages, and currents, can be obtained by appropriate experiments. Finally, the proposed model can be

applied to other systems with degradation-shock processes.
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Table 1. Parameter values

Parameters Values Sources
H 0.00125pm’ Tanner et al. [42]
L 0.000875um? Rafiee et al. [35]
L, 0.00095pum’ Assumption
D 1.5GPa Rafiee et al. [35]
Ds 1GPa Assumption
Ds 0.8GPa Assumption
) 0 Rafiee et al. [35]
My 8.4823x10um’ Tanner et al. [42] and Peng et al. [43]
My, 10.4823x10°um? Rafiee et al. [30]
My, 12.4823%10um? Rafiee et al. [30]
O 6.0016x10'%um3 Tanner et al. [42] and Peng et al. [43]
o 8.0016x10%um3 Assumptions
Oy, 10.0016x10"%um? Assumptions
y7e 1.2x10*um’ An et al. [19]
o, 4x105um? An et al. [19]
My 1.2GPa Anetal. [19]
Oy 0.4GPa Anetal. [19]
A 5x107%/revolutions Rafiee et al. [35]

4.1 Reliability analysis for the system by considering both degradation rates and hard failure

thresholds shifting with degradation levels

To verify the accuracy of the newly proposed model, four groups of R1(¢) and F(¢;|N(t1)=n1) calculated
by Egs. (9-14) with different L, are checked by Monte-Carlo simulation. As shown in Table 2 and Fig.

4, the reliabilities and the confidence intervals of parameters are calculated at a 95% confidence level
17



based on sample sizes of 10,000. It can be seen from Figs. 4-6 that the theoretical results are very
consistent with the simulation results. To get F(#1|N(¢1)=n1), the parameter n; needs to be given firstly
according to Eq. (13). In Fig. 6, n; is 3, but n; is a variable that can be any value in the range of Eq. (12),
that is, n, €[0, n].

Table 2. Confidence intervals of parameters

Parameters 95% Confidence intervals Parameters 95% Confidence intervals
Hy (8.4779%107, 8.5018x10)um?/r Hy (1.1938%10*, 1.2096x10*)um?*
Hy, (10.475%107, 10.506x10%)um?/r oy (3.9814%107, 4.0933%x107)um?
Hy, (12.476x107, 12.516x10°)um?/r Hy (1.1963, 1.2120)GPa
Oy (6.0088x1071°, 6.1778%10" 1) um’/r Oy (0.3941, 0.4052)GPa
Oy, (7.7970x1071°, 8.0161x10"%)um’/r A (4.9663x107, 5.033x107)/r
Oy (9.9310x1071°, 1.0210x10"%)um/r

1.0

Rliupper szuappc
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0.8 F

RI lower 2_lower

0.6

R,
R,

0.40

04F
0.35

0.2F

L 0.[' L L L ]
2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5

Hr) x10° r) x10

Fig. 4 The reliability curves at the 95% confidence level

18



lio L] | | L 1‘0 T L]
& . : -
LY = Analytical results L,=0.0005um"
‘; ® Simulation results L,=0.0005um’
esfk % : ; .
. A nalytical results L|=0.0007um3 03
® Simulation results L,=0.0007um’ i
06 e Analytical results Z,—0.000875um’ | 5 0.6 4
S«_: Simulation results L,=0.000875um’ g - 5
= = Analytical results L,=0.0005pm
2] 1 < 04 &  Simulation results L,=0.0005umH
o Analytical results L,=0.0007pm’
ozk J 02 ®  Simulation results L,=0.0007um’ |
Analytical results L,=0,0009pm’
Simulation results L =0.0009um*
0.0 T R Ve ey 0.0 - > .y
0.0 0.5 1.0 1.5 240 2.5 0.0 1.0 1.5 2.0 2.5

1 «r) x10° 4(1) «10°
2 Fig. 5 The comparison of simulation and Fig. 6 The comparison of simulation and
3 theoretical results of R(¢) theoretical results of F(¢1|N(¢1)=n1)
4 It can be seen from Fig. 7 and Fig. 8 that the simulation results are in great agreement with the

5  theoretical ones. The analytical results of R»(f) and F(#,|N(t.)=ni+n,) are calculated by Egs. (B.1-B.8) in

6  Appendix B. In Fig. 8, #1 is 20,000r, 7, is 0, and n is 2. But #1, n; and n, are variables which can be any

7  value in the range of Eq. (B.4), that is, ¢, [0, ], n1€[0, n], n.€[0, n-n1].

l.“ \ 1] 1 1 1 1 1 8 10 L] , L] L]
R e Amalytical results .Lﬁt’l.[ll')()ipm3 I
3 L,=0.00055m” I : :
osf % ® Simulation results L,=0.0005um’ | 08k p " [~ Analytical results £,=0.0005 ym |
Lvonossum]| kP ] Lf(].(]ll()S:J],tn:
Analytical results L,=0.0007um* = e Simulation results L,=0.0005 pm’
06 L,=0.00075m’ H } 0.6} ) : L£,70.00055pm’}
&:‘ ® Simulation resultsL,=0.0l](}7pn13 ’|L i e Analytical results L,=(l.l]00'i';,lm3
A £,=0.00075um’ = 1 41 £,~0.00075pm’
¢4 b= Analytical results £,=0.0009um’ [ EN 04 F : @  Simulation resultsZ,=0.0007 um* H
L,=0.00095m’ E’ 111 L,=0.00075pm}
Simulation results L,=0.0009pm* : = Analytical results £,=0.0009m’
921 £,=0.00095m]] 0.2F 1 9 £,=0.00095m°}
! Simulation results L,=0.0009 pm*
_ J ! L;70.00095pm*
0.0 s P o . 0.0 J
0.0 0.5 1.0 1.5 2.0 25 0.0 0.5 L0 1.5 2.0 2.5
£r) x10° £,(r) <10°
1 Fig. 7 The comparison of the simulation and Fig. 8 The comparison of the simulation and
2 theoretical results of Rx(¢) theoretical results of F(t:|N(t2)=ni+n,)
3 The flow charts of the simulations can be seen in Appendix C. The simulation procedure for

4 competing failure processes with £>2 is similar to that with &=1, hence it is omitted. The simulation
5  procedure for R, »(¢) is complicated, hence it is divided into two parts, R »21(¢) and R1 2(f), where R; 21(?)
6  isthereliability of the system when Xs(¢)>L; and N(#)=0, and R, »(¢) is the reliability of the system when

19



10

11

12

13

14

15

16

17

18

19

20

21

22

Xs(#)=L, and N(#)#0. Instead of sampling 10,000 times in the beginning, sampling #, and the number of
shocks 100 times separately can help to reduce the running time from 5-6 hours to 6-7 minutes without
affecting the simulation accuracy. The step size of ¢ is: =5,000r:5,000r:250,000r, it can also be smaller,
but then the calculation time gets longer. ¢ is set to start at 5,000r instead of zero, because there is a
singular point for Ri(f) when both 7 and 7 are zero, and the reliability is commonly considered to be one
at the start. The shock process follows the Poisson process, which means that the biggest number of
shocks is about Axr=5x107/rx2.5%10°r=12.5, leading to the conclusion that 30 is an adequate number of
shocks to ensure the accuracy of the simulation results. And the simulation of F(#|N(¢1)=n:) can be easily
obtained by the reverse Monte-Carlo method.

As shown in Fig. 9, the green line is the reliability calculated by An et al. [19] with W1=0. (An et al.
[19] considered that only when the magnitude of the shock was larger than a certain level W1, the shock
could cause a degradation increment to the system. To simplify the proposed model, this assumption is
not considered in this paper, that is, W1=0.) The blue line represents the reliability calculated by Rafiee
et al. [35]. The red line and the black line are the reliability curves calculated by the proposed method,
which are lower than the reliability results calculated by the existing literature. Because the green line
is calculated based on a fixed failure threshold, the blue line is calculated based on shifting hard failure
thresholds and a fixed degradation rate. However, besides the hard failure thresholds, the degradation
rates could also directly be affected by the degradation levels. For example, as the micro-engine wears,
it becomes more vulnerable to random shocks and the growth of degradation becomes much faster.
Therefore, the new method is proposed by considering both degradation rates and hard failure thresholds
shifting with the degradation levels, and the results are lower than those calculated by the existing

methods [19 and 35], which indicates that the proposed reliability model is more realistic and accurate.
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Fig. 9 The comparison of the reliability Fig. 10 The comparison of the reliability with

evaluations of the new and previous models k=1 and k=2

As shown in Fig. 10, the differences among the reliability results of the systems with different £ and
Ly are not obvious at the beginning. This is due to the fact that in the initial state the growth of wear does
not accelerate and the number of shocks is close to zero. Then, the differences among the reliability
curves with different £ become more obvious, especially when L; and L, are lower. Because after the
degradation values reach L; and L,, not only the growth of degradation gets faster but also its ability to
resist random shocks gets weaker. When the L, and L, are smaller, the degradation acceleration and
resistance reduction start earlier. Hence, the difference between the dark lines is the biggest among the
four groups. It can be seen from Fig. 10 that the smaller L, is, the bigger the difference between the
system reliabilities with A=1 and £=2 becomes, which indicates that the reliability can be evaluated more

practically and accurately if the states of the system are divided more rationally and finely according to

the degradation levels.

4.2 Sensitivity analysis for the system subject to both degradation rates and hard failure thresholds

shifting with degradation levels

As shown in Figs. 11-12 that the effects of L; and L, on the system reliability are quite obvious. The
curves shift to the left when the values of L; and L, become lower and the reliabilities of the systems
decrease faster after the degradation levels reach L; and L. It can be explained by the fact that as the

micro-engine degrades, the growth of wear gets faster and the probability of hub fracture becomes higher,
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then the system becomes more easily to fail due to both the soft failure and the hard failure.
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Fig. 11 The sensitivity analysis of reliability Fig. 12 The sensitivity analysis of reliability
on L; with /=1 on L; and L, with k=2

As shown in Figs. 13-14, if the D; (=1, 2, ..., k+1) gets smaller, the reliability curves shift to the

left. It can be explained by the fact that D; represents the system resistance to the random shocks, if the
ability of the system to survive from the shocks declines, then the system becomes more easily to fail
due to the hard failure. In Fig. 13, it can be seen that the difference between the dotted line and the
dashed line becomes less obvious when L; changes from 0.0007um? to 0.0004pum?, while the difference
between the dashed line and the solid line gets more noticeable. This is because when L; gets smaller,
the duration of the first state is shorter while the second state lasts longer, then the effects of D; and D-
become stronger and lighter respectively. Accordingly, the similar conclusion can be obtained from Fig.
14 regarding the changes in Li, L», D, and D;. Compared to Fig. 13, the red lines and the blue lines in
Fig. 14 are separated much earlier, because the hard failure thresholds of the red lines in Fig. 14 decrease

earlier when the total degradation value reaches 0.0002um?® instead of 0.0004um? in Fig. 13.
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Fig. 15 Sensitivity analysis of reliability on Fig. 16 Sensitivity analysis of reliability on

Uy and p, with k=1 My, My ,and p, with k=2

As shown in Figs. 15-16, compared to D; (j=1, 2, ..., k+1), the reliability of the system becomes less

sensitive to Hy, s but the effects of M, are still obvious. When the values of M, are higher, then the

reliability curves shift to the left. It can be explained by the fact that 1, represents the degradation
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rates of the system, the higher the value of Hy, is, the faster the system degrades, then the probability

of the system suffering from soft failure becomes greater.

As shown in Fig. 15, the difference between the solid lines and the dashed lines becomes increasingly
obvious when L, is larger. This is because the reliability of the first state, that is, R; i(¢), contributes to
the system reliability more than R; »(f), which can be seen from Fig. 17 (a-b). The values of R; »(¢) are
much lower than R, 1(¢), such as the values of the reliabilities marked as red squares in Fig. 17 (a-b).
Hence, the difference between the solid lines and the dashed lines in Fig. 15 is increasingly larger
because the first state lasts longer when L, is bigger. Similar results can be obtained from Fig. 16 and

Fig. 17 (c-d).
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Fig. 18 Sensitivity analysis of reliability on A
Fig. 18 shows the sensitivity of the reliability on the parameter A, the curves shift to the left as the
value of A increases. It can be explained by the fact that the system is more vulnerable to hard failure
when more random shocks occur. As shown in Fig. 18, initially, the differences among the red lines or
the blue lines are not very big, but after 10* revolutions, the change of parameter A affects the reliability
in a more obvious way. It is because at the beginning, the number of shocks is close to zero and the
system degrades mainly due to continuous degradation. As the time increasing, more random shocks
occur, the degradation caused by random shocks becomes larger and the contribution of the hard failure

is greater, then the effect of the shock arrival rate on the system reliability is increasingly obvious.

5. Conclusion

After the crack size becomes bigger, not only the crack growth of the micro-engine system
accelerates but also the system becomes more likely to break down when suffering from random shocks.
However, in most previous researches, the degradation rates and the hard failure thresholds are
considered to change with the shock magnitudes. Motivated by the practical needs, a new model is
established, where both the degradation rates and hard failure thresholds are considered to change with
the degradation levels. Moreover, the analytical reliability functions for the systems subject to multi-
states degradation-shock processes are derived, after analyzing the reliability for the systems with two
states competing failure processes. Furthermore, a numerical example of the micro-engine and Monte-

Carlo simulation are applied to illustrate and verify the proposed model.
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Considering the effects of degradation levels on degradation rates and hard failure thresholds offers
a more practical evaluation of the system reliability. The established model is based on the general path
process and extreme shock pattern, and it can be applied to various kinds of systems or products subject
to different degradation processes and shock patterns, such as the Wiener process, the Gamma process,
the Inverse Gaussian process, the running shock pattern, and the d-shock pattern. For future work, more
complicated systems are worthy to focus on, such as systems composed of multiple components and
systems suffering from mixed degradation processes and shock patterns. Besides, the shock size and
damage are supposed to be normally distributed, the variability of the shock size and the shock damage
is neglected. In future work, the time-dependent shock size and shock damage should be considered.
For example, the parameters can also be functions of time ¢ or follow other distributions, such as the
Weibull distribution, the Gamma distribution, and the Phase-type distribution. In addition to modeling

the system reliability, the corresponding maintenance strategies are worthy to figure out.
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Appendix A

When the continuous degradation process follows a Wiener process, X(f)=0t+aB(f), where [
represents the drift parameter, o represents the diffusion parameter, and B(¢) represents a standard Brown
motion process. Then, the probability that the system survives from the continuous degradation process,

P(X(©)<H-u|S(£)=u,N(f)=n), can be obtained according to [5].

P(X(t)<H-u[s(t)=u,N(t)= n)=®(%j—exp(—@]@(—%] (A.D)

where @(+) is the CDF of the standard normal random variable.

When the continuous degradation process follows an Inverse Gaussian process, X(¢)~IG(u,6), where
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X()>0, u>0, 8>0, u is the mean, and @ is the shape parameter. Then, the probability that the system
survives from the continuous degradation process, P(X(f)<H-u|S(f)=u,N({)=n), can be obtained

according to [11].

P(X(t)<H —U|S(t):“'N(t):n):cD( H9—11[|_| o D

{2 o0

When the continuous degradation follows a Gamma process, X(¢)~Ga(w,7), where, @>0, 17>0, @ is

(A.2)

the shape parameter, and 7 is the scale parameter. Then, the probability that the system survives from

the continuous degradation process, P(X(¢)<H-u|S(¢)=u,N(t)=n), can be obtained according to [12-13].

P(X(t)<H —u|s(t)=u,N(t)=n)=j””’7—; “texp(- nz)olz=1—M (A.3)

I'(@)

where, I'(-) is the gamma function, I'(®)= j:t”‘le‘tdt ,andT'(@,7(H -u))= _L::H_u)t”"le"dt .

Appendix B

To clarify the formula for calculating Ri(¢), the reliability functions for the system subject to three

states are derived as follows.

R()=2R. ()= Jslp(A B,)P(B,)= ip( B,) (B.1)

M

where,

AZ:(Xs(t)<HﬂNﬁ)(Wi<Dl)ﬂ A w<p)n N (Wi<D3)]

i=1 i=N(t,)+1 i=N(t;)+1

non, N=(mtengs)

Bj:OO U {Lj_1$XS(t)<LjﬂN(tl):nl
AN(t, —t)=n, N--AN(t=t, ) =n—(n+n,+-n )}

j=1, 2,3, ne=0, Li=0, and L;=H
Especially, when j=1, the system reliability of the first case R» 1(f), can be calculated by Eq. (10).

1) When the total degradation value of the system is between L, and L,, then the system reliability in
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the second case, R, »(?), is:
szz (t) = P(Asz)
() N(t)

=izn:j';P{L1§Xs(t)<Lz, ﬂ(w <D). (] (W,<D,),

n=0n=0 i=1 i=N(t)+1
N(t):nl,N(t—t)=n—nl}f(tl|N(t)=n1)dt1 (B.2)
—ZZI P(Xs(t-t) <L, —L|(N(t)=n,N(t-t)=n-n))-P(W <D,)" -P(W, <D,)""

P(N(t)=n)-P(N(t-t,)=n —nl) (t1|N (t)=n,)dt,
2) When the degradation value of the system is between L, and H, then the reliability of the system
in the third case, R» 5(£), is:
R, (t)=P(AB,) P(B;)
N(t) N(t2)
= ZZH P{L < Xs(t) < H, ﬂ(w <D), (1 (W <D,),

. i=N(t)+1
NN;)) l(W <D;),N(t)=n,N(t, _ti)znz'N(t—t2)=n—n1—n2}

(1 N(t)=n,) (LN (t,)=n, +n,)ddt, .
=33 S TP (Xs(t-t) <H - L (N®) =m N (t, -8) =, N(t-t)=n-n, -n,))
'Pn(V\;:<nle ".P(W, <D,)" P(W,<D,) "™
Pl (N(t,~t)=n,)-P(N(t-t,)=n—n,—n,)

p
F(IN(L)=n)f(t|N(t,)=n +n,)dtdt,

Then the reliability of the system calculated by Eq. (B.1) can be derived as follows.
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:iq) L1_(¢+'uﬂ1t+n‘uY) .e/lt.(/lt)n'|:q){D1_:uW]:|n
\/leil'[ZnLnJY2 n!

53 (0 Brhls V0 u) .{Q[Dl—mﬂ“{q,[Dz—mﬂ“‘
Az Joo(t=t)* +(n-n)o; O Ou

ot ()" gitn (A=)

n! (n—n)!

SRl [“-Lz-<ﬂﬂa<t—tz>+<n—WHCD(Qwﬂm

o e e Joot-t) +(n-n)o? Oy

l:cl)( D, — 4y ]j|n2 |:q)( D, — #y j:‘”'”l i e (/1t )" Alt,—t) (ﬂ'(tz _1:1))n2
Oy Oy n! n,!

o Htt) (’1((;))“ f (t1|N(t1)=nl) f (t2|N(t2)=n1+n2)dtldt2

n—n,)!

A(LIN(L)=n,)dt, (B.4)

where:
F(t|N(t)=n)=P( <t|N(t)=n)=P(Xs(t) > L |N(t)=n,)

(¢+uﬂ1t1+n1uy)J (B.5)

242 2
Joﬁltl +no,

=1-P(Xs(t) < I_1|N(t1)_nl)_1CD[Ll

oF & |N(t)=n,)
(NG =)= TR

:_¢{Ll—(¢)+,uﬂltl+nl/ly)J /’lﬁl( t1 +no—v) I:L1_(§0+,uﬂlt1+n1/u¥)i| (B6)
\/o-;ltf +noy (O'ﬁlt1 +no? )%
F(LIN(t)=n+n,)=P(T <t,[N(t,)=n,+n,) =P(Xs(t,) > LN (t,) =n, +n,)
=1-P(Xs(t,) <L,|N(t,)=n,+n,)
(B.7)

q{L (W,,lwﬁz( n>+<n1+nz)ﬂy)]
\/ tl—i-O'ﬂ ("11"'nz)o-\fZ

( IN(t)n+n ):aF(t |N =n+n,)_ qo+yﬁlt1+,uﬂ tl) (n+n,), )
\/0' t'+o, (nlJrnz)aY2
'_luﬂZ(O-ﬂltl—i_O-/}z(tZ_tl) (n1+n2) Y) ﬁz(tz_t1)|: 2_<(p+;uﬁlt1+:uﬂ2(t2_t1)+(n1+n2):uv):|

(o5t + 05 (L =t) +(n+n,)of )
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Appendix C

START

/ Input the parameters in Tablel

¥

[ =5000t, i\,= i,,=i,,=0 |
¥
=1 |

| i

¥

Sample the degradalion rales and the number
of shocks B ~A/’(/,zﬂ .G ) B ~/1/’(,u,,;,17;) Ny~ ()

Yes
[ Calculate X(#) by Eq.(1)with 4|

No

X(n<L,?
Sample ¢, from
F(1,|Ni,=0)) by Eq.(13) Yes
Yes
Calculate X(z) by
Eq.(1)

Sample the shock damage
¥~ A7 (piy .0 ) for N(r) times

+
Calculate Xs(f) by
Eq.(3) with 4

{

Sample the shock damage
WAy, ) for N(£) times

Ry (At ) INRy 5 (0=in/N

END

(a) The flow chart of the simulation procedure for R, 1(¢) and R; 21(¢)
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/ Input the parameters in Tablel, /=5000r, i,,=0 /

Sample the shock damage
w~ A u, .o, ) for N(t) times

Sample ¢, from
@ Fiuy Ny by Eq.(13)

Sample the shock damages

=¥ from A .07 ), sample
th degradation rat
o degra 22 lon n ?S s Sample N{(#, ) and N(#-¢, ) Yes o
B “:/‘L”(.Um sTp ]/jz Y (n“y: -o-,a;) from N[I‘ ) _ P{;\.I‘) and | ]:j+1 <100?
] N{t=t )}~ P(A(—1))
‘ Calculate Xs(7) by Eq.(3) |

Ry »(0=i/i- /) I‘

END

(b) The flow chart of the simulation procedure for R »(?)

Fig. C.1 Flow chart of the simulation for the system with =1
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