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Abstract

The problem of adaptive array beamforming with multiple-beam constraints in the presence of steering angle error is
considered. We first construct a cost function consisting of terms that utilize a posteriori information due to the received
array data and an exponential constraint associated with steering angle error, respectively. Then, an appropriate
estimate of the actual phase angle vector associated with each of the desired signals can be obtained by performing
nonlinear optimization based on the cost function. An implementation algorithm is further presented to iteratively solve
the problem. Theoretical analysis regarding the convergence property of the iterative procedure is also investigated.
Finally, several computer simulation examples are provided for illustration and comparison.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

An adaptive array beamformer is a spatial filter designed to extract the desired signal(s) while canceling
interference and noise through spatial discrimination. The only a priori knowledge for a main-beam or a
multiple-beam constrained beamformer is the actual direction vectors of the desired signals. The direction
vector of a desired signal can be obtained from knowledge of the array sensor locations, signal directions-
of-arrival, and propagation characteristics. However, the information may not be perfectly known in
practice. This results in a mismatch between the presumed steering vectors and the actual direction vectors.
Many reports have shown that the performance of a steered beam adaptive array beamformer is very
sensitive to such mismatch [1-5].
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To cure the problem of array performance degradation due to the above mismatch, a variety of robust
techniques propose to impose additional constraints such as multiple linear constraints, derivative
constraints, and norm constraints on the array weight vector [5-15]. However, imposing additional
constraints deteriorates the array’s capability to suppress interference and noise, i.e. it consumes some of
the array’s degrees-of-freedom. In contrast, the authors of [16] presented a robust approach based on the
worst-case performance optimization for dealing with the problem of array performance degradation due
to the signal covariance matrix with some fixed error. On the other hand, the problem of the steering vector
error due to signal look direction mismatch is considered in [17] to formulate a constrained minimization
problem which can be solved by convex optimization-based implementation using second-order cone
programming. However, this method provides array performance very similar to that of using the simple
so-called diagonal loading of the sample matrix inversion (LSMI) algorithm [18] and comparable with that
of using eigenspace-based approaches [19] when the signal-to-noise ratio (SNR) is reasonably high.
Recently, the authors of [20] have considered the beamforming problem when the desired signal has a
nonrandom steering vector error using the Capon beamformer. A robust method for determining the
diagonal loading value is also proposed. All of the above-mentioned techniques [5-20] are developed in the
case of adaptive beamforming with main-beam constraint. In many applications, such as satellite
communications [21], an antenna array must possess beamforming capability to receive more than one
signal with specified gain requirements while suppressing all jammers. This purpose can be effectively
achieved by using an antenna array with multiple-beam pattern [21,22]. Recently, a technique for adaptive
beamforming with the capability of providing multiple-beam constraints (MBC) has been presented in [23].

In this paper, the problem of adaptive beamforming with MBC in the presence of steering angle error is
considered. Instead of directly dealing with the estimation of the actual steering angle, we handle an
equivalent problem where the corresponding steering phase angle vector is to be found. A robust method in
conjunction with an iterative procedure is presented for coping with the considered problem. To find the
optimal phase angle vector, we construct a cost function consisting of the squared norm of the projection of
the steering vector on the noise subspace and a constraint related to an exponential function of the squared
norm of the resulting phase error vector. The proposed cost function uses an exponential constraint instead
of a non-exponential constraint proposed by a recent research work [24] which deals only with main-beam
adaptive beamforming. Minimizing the squared norm of the projection of the steering vector on the noise
subspace is equivalent to maximizing the squared norm of the projection of the steering vector on the signal
plus interference subspace. The constraint related to an exponential function of the squared norm of the
resulting phase error vector is utilized to prevent the obtained optimal phase angle vector for each desired
signal from becoming one of the interference phase angle vectors. Since the resulting minimization problem
is highly nonlinear, we use a gradient method to iteratively find the solution. It is shown that using the
exponential constraint provides the advantage of properly adjusting the step size during the gradient search
procedure. The analysis regarding the investigation of the convergence property of the proposed method is
also presented. Several computer simulation examples show the effectiveness of the proposed method.

This paper is organized as follows. Section 2 formulates the problem of adaptive beamforming with MBC
in the presence of steering angle error. Then, a robust method is presented in Section 3 for dealing with the
considered problem. In Section 4, we present a theoretical analysis to provide a proof regarding the
convergence property of the proposed method. Section 5 shows several simulation examples to illustrate the
effectiveness of the proposed method. Finally, we conclude the paper in Section 6.

2. Problem formulation

Consider a uniform linear array (ULA) with M sensors and interelement spacing equal to half of
the smallest wavelength of the signals. Let K uncorrelated narrow-band and far-field signals impinge on the
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array from direction angles 6;, i =1, 2, ..., K, with respect to array broadside. The signal received at the
mth array sensor can be expressed as

K
Xn(0) =D si(Oam(0) + (D), m=1,2,.... M, ()

i=1
where a,,(0;) = exp(j(2nd,,sinb;)/1;), 7, is the wavelength of the ith signal, and d,,, is the distance between the
mth and the first array sensors, s;(¢) is the complex waveform of the ith signal, and n,,(¢) is the spatially
white noise with mean zero and variance o> received at the mth array sensor. In matrix form, we can write

n

the data vector received by the ULA as follows:
x(t) = Bs(t) + n(1), (2)

where the matrix B = [a(0))a(6>) ... a(fk)] with the direction vector of the ith signal being given by
a(0;) = [a1(0;) ax(6;) ... an(0;)]", the signal source vector is s(r) = [s1(¢) s2(¢) - - - sx(1)]', and the noise vector
is n(f) = [m(t)na(2) ... ny(6)]*. The superscript T denotes the transpose operation. Under the assumption
that s(f) and n(¢) are uncorrelated, the M x M ensemble correlation matrix of x(¢) is Toeplitz—Hermitian
and given by

R, =[Ry] = [R(k — )] = E{x()x()"'} = BR,B™ + 7.1, (3)

where the superscript H denotes the complex conjugate transpose. Ry = E{s(7)s(t)!'} has rank K if the K
signals are uncorrelated.

Let the ULA use a weight vector w = [wyw; ... wy] for processing the received data vector x(¢) to
produce the array output signal p(f) = wHx(7). Assume that the selective gain/null requirements are
specified by assigning a gain ¢, at the direction vector a(8,) forp =1, 2, ..., P, where P denotes the number
of signals with gain/null constraint. Then, the optimal weight vector for the adaptive array can be found
from the following constrained optimization problem [21]:

Minimize E{ ]y(t)]z} =wiR.w
Subject to GM'w = ¢, 4)

where the matrix G = [a(01) a(0,) - - - a(0p)] denotes the constraint matrix and ¢ = [¢¢; ... cp] denotes the
gain vector. Accordingly, the optimal weight vector is given by

w, = R;'G(G"R;'G) c. )

Substituting (5) into E{| y(¢)|*} = wHR,w yields the corresponding array output power equal to
E{|y(t)|2} = wiRw = (GM"R;'G) . (6)
In the presence of a steering angle error, let the error vector associated with the direction angles be
0, = [AO, AO, ... AOp]". We consider that the phase angle error vector for the signal with gain ¢, due to the
direction angle error A8,, p =1,2, ..., P, is given by

@ep = @p - @dpa (7)

where @, and @, denote the phase angle vectors associated with actual direction vector a(f,) and the
presumed direction vector a; (0,), respectively. Without loss of generality, let the mth entry of the actual
direction vector a(6,) be expressed as a,,(0,) = exp(jv,m) and the corresponding phase angle vector be
constructed as @, = [vp1 V2 ... v,,M]T. Similarly, let the mth entry of the presumed direction vector a,(0,)
be expressed as aun(0,) = exp(jogm) and the corresponding phase angle vector be constructed as
O = [Vap1 Vap2 - .. vdpM]T. We finally construct an M x P phase angle error matrix ¥ and the
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corresponding PM x I phase angle error vector I' for the P uncorrelated signals as follows:

¥ =[0.0....0,], (3)

r=[e.e,...e.. )

To deal with the problem of array beamforming with MBC in the presence of steering angle errors as
described above, we present a robust method in the next section.

3. A robust method

From the property of a gain-constrained array beamformer, it is well known that the output power of the
beamformer will achieve its maximum when each presumed direction vector a4 (0,) of the constraint matrix
G coincides with the actual direction vector a(0,), p =1, 2, ..., P. Moreover, from the eigendecomposition
of R, we can express R, = Zleiieielﬁ, where L1 =2h>=... 2 p2lyipri=...= Ay = afl, are the
eigenvalues of R, in the descending order, e; are the corresponding eigenvectors, and J is the number of
interferers. The eigenvectors associated with the minimum eigenvalue o2 are orthogonal to the direction
vectors of the signals with specified gain/null constraints and interferers. Therefore, the subspaces spanned
by E, ={ejipi1, ..., ey} (called the noise subspace) and E; = {ej, e, ..., e, p} (called the signal plus
interference subspace) are orthogonal. Consequently, we can rewrite R, as follows:

M

R. =) Jwee}' = EAE + E,A,Ey, (10)
i=1

where Ay = diag{4;, A2, ..., Ajxp}and A4, = o,%l, where I denotes the identity matrix with appropriate size.

Based on (6) and (10), we create an appropriate cost function regarding the phase angle errors as

J(®@) = ZP: (SP)HEHE? () — % exp{— ZP: [(@SP - @dp)T(@sp - @dp)} /2}, (11)

p=1 p=1

where s, = [sp18p0 ... spM]T = [exp(jvp1) exp(jvp) ... exp(/'v],M)]T, Oy =[vp10p ... va]T, and @ =
[@3l @Ez @EP]T. The first term of (11) represents the squared norm of the projection of the constraint
vectors s,, p=1,2,..., P, on the noise subspace spanned by E,; the second term is the constraint
related to the squared norm of the phase angle error, and x denotes a positive weighting parameter
providing the relative weight between these terms. According to the theoretical analysis presented
in [25], we would expect that the proposed method shows better capabilities against the finite sample
effect because of using a projection scheme to estimate the phase angle vector as shown by the first term
of Eq. (11).

As a result, the optimal solution ®, in minimizing (11) can then be used as an appropriate estimate of
Op = [@1T @g @IT,]T formed by the actual phase angle vectors @, p=1,2,..., P, for array
beamforming. However, the cost function of (11) is a highly nonlinear function of the phase angle vectors
0, p=1,2,..., P. Thus, a closed-form solution for the optimal solution cannot exist. We resort to an
iterative procedure to solve this problem as follows. First, we rewrite (11) as follows:

P
J(@®) = (S)'W(S) — exp{— > [0y -04)" (0 - 04)] / 2}, (12)

p=1

where the MP x 1 vector S =[s s} ... sh]" and W is a PM x PM block diagonal matrix with the pth
M x M diagonal block matrix given by E,E,". Then, the gradient vector of J(®) can be computed
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according to
Vo (®) = [-2Re{j{(E.EDs)) @ s*}} — 2Re{j{(E,EMs,) © 81} - —2Re{j{(E,EMsp) 0 55} }]"

exp{— Z[(@sp - @dp)T(@sp - @dp)}/Z}(d) - (I)d)], (13)

r=l1

+ K

where Re{x} denotes the real part of x, the superscript # the complex conjugate, and ® the Hadamard (or
elementwise) product [26]. ®, =[@),0]), ... ©1.]". Then, we update the phase angle vector ® and the
corresponding steering constraint vector s, as follows:

T T T
kD — {(@g’ﬁ”) (0%™) ... (6% ] = 0® — vy (OW), (14)
S;I;Tl)zexp(jvﬁ)lzjl))’ p:1923"'9P9 m=1727'--3M5 (15)

where the superscript k in bracket denotes the kth iteration and ¢ the preset positive step size. From (14), we
note that the second term includes the factor of the squared norm related to each of the phase angle vector
errors @y, — Oy, p=1,2, ..., P, at the kth iteration. Hence, it would be expected that the resulting
gradient approach for finding the optimal @ can provide a more appropriate estimate of ® since the
resulting step size becomes variable due to the exponential term as shown in (13).

Next, we present an appropriate scheme for choosing the initial estimate for the MP x | vector S =
[sTs3 ... sp]" in order to initiate the iterative process of the proposed robust method. According to the
optimal weight vector given by (5) under the assumption that P = 1 and the desired signal with direction
vector a(0,), the output of the adaptive array is approximately given by

yp(1) = wy x(1) = 5,(1)g,, + wyn(2) (16)

based on the assumptions that M>K and the interference signals are suppressed enough, where g, =
w};a(f)p) denotes the array gain for the specified signal, where subscript p represents the results obtained by
using the desired signal with direction vector a(0,), p =1, 2, ..., P. Eq. (16) reveals that the output of the
adaptive array can be used as a reference signal to find the actual phase angle vector @,,. Consider the cross-
correlation between x(¢) and y,(f). We have

E{x(t)yp(t)*} = E{x(t)x(t)H}wop = Ryw,p ~ npg;a(ﬁp) + 02 Wop, (17)

where 7, denotes the power associated with the specified signal. In practice, the noise power o, is
unknown. However, it can be estimated by taking the average of the M—K smallest eigenvalues of the
autocorrelation matrix as the estimate of ¢,”. This raises the issue of estimating the number K of signals/
jammers, which is in itself a difficult signal processing problem. Nevertheless, the techniques based on AIC/
MDL criteria proposed by Wax and Kailath [27] and Fiscler et al. [28] or the bootstrap-based technique
proposed by Brcich et al. [29] can be utilized to deal with this difficulty. From (17), we can therefore adopt
the following vector as the initial estimates for each of s,:

v, = Row,p — aiwop. (18)

From (18), we note that the direction vector a(0,) is approximately proportional to v, with a proportional

constant m,g,. Hence, an appropriate initial estimate s,,(o) for s, can be formed as follows:

u, = [upl,upz,...,upM}T = (vpl)_lvp, s[(,% = ]upm|_lupm, m=12,...,M, (19)
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T
0) _ |0 (0 (0)
$O = [49,569,..50, (20)
for p=1,2,..., P, where v,; denotes the first entry of v,. The superscript “0” in bracket identifies the

initial estlmdte In other words, we keep only the phase portion of v, and then take the phase referencing to
the first element of v, to form the initial estimate sp(o) Finally, we construct an initial estimate S© =
[(s(lo))T (s(zo))T ... (s(lg))) ¥ of S for carrying out the proposed iterative process.

4. Convergence of the proposed method

In this section, the convergence property of the proposed method is evaluated. To ensure convergence,
we have to show that the cost function to be minimized as given by (12) possesses the property of
J(@%) < J(@P). For the sake of simplicity, we let the vector A represent the second term of (14),
ie, A =—eVeJ(@P) = (AT A (AT and AP =[4DAY) AN p=1,2,.
Assume that 4™ is a nonzero real vector with a norm small enough at the kth 1terat10n Then
ANTAB >0, je.,

(A% {28 Re{ (W(S™)] e (S(k))*}—s;c exp{— [((I)(k) - d)d)T((D(k) - (Dd)}/2}((l)(k) - (Dd)}>0.

Hence,
(4®) {2Re{j[W(S®)] © (SV) "} } >k exp{ [ (@1 — @) (@0 — )| /2}(4®)" (0 — @)
1)
and the objective function after the (k+ 1)th iteration is given by
J(@%D) = (S(k+l))HW<S(k+l)) . exp{— {((I)(H” _ (I>d)T((I)(k+1) _ %)}/2}- (22)
According to the above definition, (14), and (15), we have
it0 = exp(he) = exp (1 A8) )~ (14748) exp ().
p=12,...,P, m=12,...,M. (23)

Based on the result of (23) and the definition of (20), we can express the MP x 1 vector S after the
(k+ 1)th iteration as follows:

Sk+D ~ g (jA(k)) o s® (24)
Substituting (24) into (22) and performing the necessary algebraic manipulations yields
J(q)(k+1)) ~ [S(k) + (jA(k)) o} S(k)]Hw[S(k) + (jA(k)) o) S(k)]
— kexp{= (@ + 40— 0,) (@ 1+ 40— 0,)] /2)

~ (89)'W(SW) - k exp{ ~[ (@Y — @) (@0 — )| /2} + (s9)" © [T W(s®)
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+(89)"'W[ja®] © (s©) + (%) © [-j4®]W[j4%] © (s)
{0 0 0102
~ J(@%) + 2Re{ (39)"W[j4Y] o (sV) }
(@0 — ) 40k exp{_ [(q)(k) — o) (@% - q)d)} /2} (25)

since the norm of A® is small enough, we neglect the terms (4©)T4® and (S®)Ho[-4PIW[i4®] (S®).
From (25), it is clear that we have to show

2Re{ (S9) " W[AY] © (8V) | + (@D — ;) 4D exp{~ | (@ — @,)" (@0 — @,)] /2} <0
(26)

for any k in order to ensure convergence. Based on (21), condition (26) can be reformulated as follows:
2Re{ (89)"W[jA“] © (89) } + (49) 2Re{ j[WS] © (5%)"} <0 27)

which can be reformulated as follows:

;; 2 Re{ ()" B, ja] o (1) } + EP: (4%) ™2 Re{ JEESY] 0 (s;fd)*} <0, (28)

p=l1

Next, we manipulate the left-hand side of (28) as follows:
- P
p; 2 Re{ (Sf,k>> ”EnE;[ {jA,(,k)} ©) (SLM) } + p; (A<k))T2 Re{ [jEnE:[S;k)} o (Sﬁ,’ﬂ)*}

E,ER[j4P) o (3©) + (49) [ E,ElsP] © (s]g’f))*}

p=1
H T 7 *
= HQ (k) i 400 (k)
_leRe 114! + [EEFSP) [i4P] o (sP) }
p:

P
=3 2Re{ 2 Im{ (sj,“)HEnE;' j4P] © (s;’”)}} —o. (29)
Hence, the result given by the left-hand side of (27) is always equal to zero, i.e.

2Re{ (89)"W[jA“] © (8) } + (4) 2Re{ W] © (8%)"} = 0. (30)
Consequently, we obtain

2Re{ (89) " W[jAY] © (89) } + (0P — @) 4V exp{ | (@ — )" (0% — )] /2} <0.
(31
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It follows from (25) and (31) that
J(@*D) <J (). (32)

The result shown by (32) ensures the convergence of the proposed method.

5. Computer simulation results

In this section, several simulation examples are presented for showing the effectiveness of the proposed
method. For all simulation examples, we use a ULA with interelement spacing equal to half of the
minimum wavelength of the signals with specified gain/null requirements. All simulation results presented
are obtained by averaging L = 50 independent runs with independent noise samples for each run.
Moreover, the values of ¢ and x used by the proposed method for all examples are 0.001 and 0.0001,
respectively, which were empirically found to be appropriate. Unless otherwise noted, all simulation results
are based on a sample set of 15,000 snapshots. For each of the simulation examples, the results of using the
proposed method are obtained after the iteration procedure is terminated. The stopping criterion for
terminating the iteration procedure is that the norm of the gradient vector VgJ(®) is not greater than 0.01.

Example 1. Here, three signal sources with (SNRs) equal to 10, 20, and 20 dB, respectively, are impinging
on the array with size M = 8 from direction angles 0°, 60°, and 80°, respectively. Consider the case of main-
beam constraint. Let the specified signal be the first one with ¢; = 1 and the others be the interference. The
steering angle is set to 7°, i.e. the steering angle error equals 7°. Fig. 1 depicts the simulation results
including the array beam patterns, the corresponding array output signal-to-interference-plus-noise ratio
(SINR), and the array output SINR versus the SNR of the specified signal with and without utilizing the
proposed method. For comparison, the results of using the diagonal loading technique of [20] and without
steering angle error (i.e., the ideal case) are also shown. The output SINRs obtained by using the proposed
method, the diagonal loading method, and the ideal case (beamforming with no steering angle error) are
16.42, 7.15, and 18.40dB, respectively. We observe from these results that the proposed method can
effectively cope with the performance degradation due to the steering angle error.

Example 2. In this example, three signal sources with SNRs equal to 5, 4, and 2 dB, respectively, are
impinging on the array with size M = 8 from direction angles 17°, —51°, and 69°, respectively. The specified
signals are the first two signals with ¢; = ¢; = 1 and the third one is the jammer. Let both direction angle
errors Af; and A6, be equal to 7°. Fig. 2 plots the simulation results in terms of the array beam patterns, the
corresponding array output SINR, and the array output SINR versus the SNR of the specified signal at 17°
with and without utilizing the proposed method. For comparison, the results of using the diagonal loading
technique of [20] with a loading factor of 2000 (which was empirically found to be optimal), and the ideal
case are also shown. The output SINRs obtained by using the proposed method, the diagonal loading, and
the ideal errorless beamforming are 13.57, 9.90, and 13.58 dB, respectively. We observe from the results that
the proposed method can effectively cope with the performance degradation due to steering angle errors
and provide array performance very close to that of the ideal case. From the array output SINR versus the
number of snapshots, we note that the proposed method shows better capabilities against the finite sample
effect. However, the ideal scenario demonstrates better performance than the proposed method as expected
when the number of data snapshots is sufficiently large in this case.

Example 3. Here, we consider the case of four signals with SNRs equal to 5, 6, 7, and 5dB, respectively,
impinging on an array of size M = 15 from direction angles 25°, —25°, 50°, and 0°, respectively. Assume
that the specified signals are the first three signals with ¢; = ¢; = ¢3 = 1 and the fourth one is a jammer. Let
all of the direction angle errors be A8, = A, = Af; = 5°. Fig. 3 shows the simulation results in terms of the
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Fig. 1. (a) The array beam patterns for Example 1, (b) the output SINR versus the number of snapshots for Example 1, (c) the output
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SINR versus the SNR of the desired signal for Example 1.

array beam patterns using 30,000 data snapshots, the corresponding array output SINR, and the array
output SINR versus the SNR of the specified signal at 25° with and without utilizing the proposed method.
For comparison, the results of using the diagonal loading technique of [20] with an empirically optimal
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Fig. 2. (a) The array beam patterns for Example 2, (b) the output SINR versus the number of snapshots for Example 2, (c) the output
SINR versus the SNR of the desired signal for Example 2.

loading factor of 2000, and the ideal beamforming case are also shown. The output SINRs obtained by
utilizing 30,000 data snapshots for the results of using the proposed method, the diagonal loading, and the
ideal case are 17.76, 10.87, and 17.86 dB, respectively. Again, we observe from the simulation results that
the proposed method performs very satisfactorily in the presence of steering angle errors for the multiple-
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beam case. From the array output SINR versus the number of snapshots, we note that the proposed
method shows better capabilities against the finite sample effect. However, the ideal scenario demonstrates
better performance than the proposed method as expected when the number of data snapshots is

sufficiently large in this case.
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Fig. 4. (a) The array beam patterns with different constraints for Example 2, (b) the SINR versus number of snapshots under different

constraints for Example 2.
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number of iterations versus the relative weight for Example 2.

In order to better highlight the contribution, the comparison between the proposed method, the method
of [24], and using the quadratic constraint KZII:ZI[(SP — ad(Hp))T(s,, —a,(0,))] to replace the exponential

constraint—i exp{ = ;: I

(O — @dp)T(@Sp —-0,)] /2} is also performed in terms of array beam patterns
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Fig. 6. The output SINR and number of iterations versus the step size for Example 2.

and output SINR versus the number of snapshots in the case of Example 2 as shown by Fig. 4. The output
SINRs obtained by using the method of [24] and the quadratic constraint after using 15,000 data snapshots
are 10.18 and 9.70 dB, respectively, which are significantly less than that (13.57 dB) obtained by using the
proposed method. These results show that the proposed method indeed outperforms the method of [24] and
the method using a quadratic constraint. Finally, we present figures to illustrate how sensitive the array
performance is with respect to the values of x and ¢. Figs. 5 and 6 show the array output SINRs and the
numbers of iterations versus k and ¢, respectively, for Example 2. We note that the proposed method
provides array performance with robust capabilities not very sensitive to the choice of x and ¢ in the ranges
shown by the figures. However, the number of iterations for obtaining the convergent results decreases in
general as the value of ¢ increases.

6. Conclusion

This paper has presented an efficient method for multiple-beam adaptive beamforming in the presence of
steering angle errors. We have illustrated that the performance degradation of an adaptive beamformer
with multiple-beam constraints due to steering angle errors is significant. The proposed method constructs a
cost function consisting of the squared norm of the projection of the steering vector on the noise subspace
and a constraint related to an exponential function of the squared norm of the corresponding phase error
vector. The resulting minimization problem is highly nonlinear but can be solved through the use of an
iterative procedure. In conjunction with a steepest-descent algorithm, the phase angle estimates for all of
the signals with specified gain constraints can be obtained simultaneously. The convergence property of the
proposed method has been investigated. Several simulation examples have shown the effectiveness of the
proposed method in dealing with adaptive beamforming under steering angle errors.
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