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Abstract

The problem of oversampling parameter estimation for noisy sinusoidal signals is addressed. We
first extend the weighted least squares (WLS) approach to the complex sinusoids. Then the oversam-
pling weighted least squares (OSWLS) estimator is proposed based on data decimation. Estimation
performance of the OSWLS method is analyzed via theoretical and simulation studies. Results are also
compared to those of the WLS and decimative unitary ESPRIT methods as well as Cramér-Rao lower
bound.

1 Introduction

Spectral estimation from a finite record of a stationary data sequence is a classical but active problem, finding
applications in a wide range of areas such as vibration monitoring, astronomy and speech analysis [1]. Tt
can be classified into two categories, namely, nonparametric and parametric. The latter, which assumes
that the signal satisfies a generating model with known functional form, is popular in practice for its high
frequency resolution. To overcome the demanding computational requirement of the optimum parametric
estimators such as maximum likelihood (ML) [2], nonlinear least squares (NLS) [3], kinds of techniques have
been proposed based on the linear prediction property of sinusoidal signals [4] - [7]. In particular, [8] devises
the weighted linear squares (WLS) frequency estimator with good computational efficiency and optimum
estimation accuracy. Nevertheless, the WLS approach in [8] only focuses on the real sinusoids, and there is
a need to extend it to a more general situation of multiple complex sinusoids.

During the recent decades, numerous research has been performed for frequency estimation. But limited
attention is paid to oversampling line spectra analysis. In signal processing, oversampling is the process of
sampling a signal with a sampling frequency significantly higher than the Nyquist frequency of the signal
being sampled. In 1-bit quantization spectral estimation [9], it is used to compress the spectrum, and to

avoid the singular frequency which incurs high estimation error. In [10], oversampling is utilized to obtain



more data in a fixed duration, and is expected to improve the estimation accuracy according to Cramér-Rao
lower bound (CRLB) [11] analysis. However, to the best of our knowledge, no further exploration in this
direction is made to devise a practical frequency estimator with better performance.

In this paper, we first extend the WLS approach to the case of multiple complex sinusoids. The motivation
of this paper is to investigate whether the WLS estimation accuracy could be improved with oversampling
in practice. Through oversampling, the signal’s spectrum is compressed towards the origin due to the
higher sampling rate. Meanwhile, more samples are available within a fixed duration. Accordingly, there
are two problems occurring in spectral estimation: i) the signal’s angular frequencies become closer, which
reduces frequency resolution; ii) the computational complexity is increased. To tackle these problems, the
oversampling WLS (OSWLS) frequency estimator with decimation is proposed in this paper. The major
contributions of this paper are summarized as: i) extension of the WLS estimator to the multiple complex
sinusoids; ii) practical implementation of the OSWLS method; and iii) derivation of the statistical properties
of the OSWLS.

The rest of this paper is organized as follows. In Section 2, the problem of oversampling spectral es-
timation for noisy multiple-tone sinusoidal signals is formulated and the OSWLS method is developed. In
Section 3, theoretical analysis of the statistical properties of the OSWLS is provided, including the frequency
resolution, computational complexity and estimation variance. Simulation results are presented in Section 4

to evaluate and verify the performance of the proposed approach. Finally, summary is drawn in Section 5.

2 Problem Formulation and Algorithm Development

2.1 Problem Formulation

The problem of multiple complex sinusoidal frequency estimation is formulated as follows. Given the sampled
noisy measurements
z(n) =s(n)+q(n), n=1,---,N, (1)
where
L
s(n) = ayedCriin/ st (2)
=1
with oy, fi € (0, fs/2), ¢ € [0,27) being the unknown deterministic parameters which denote the amplitude,
frequency, initial phase of the [-th complex-valued sinusoid, fg the known sampling rate, N the length of
the data sequence; g(n) is an additive white Gaussian noise with unknown variance og. Furthermore, it is
assumed that the number of sinusoids L is known a priori. Here the angular frequencies w; = 27 f;/fs (0 <
w; < ) are in main concern, for they are nonlinear in the observed data. Once their estimates are obtained,
the remaining parameters can be estimated as a linear least-squares (LS) solution [12].
From (2), it is obvious that the higher the sampling rate fg is, the smaller the angular frequencies w;
are and thus the narrower spectrum, which causes the problems of frequency resolution and computational

complexity. The next subsections focus on circumventing them, and achieving high accuracy simultaneously.



2.2 Extension of WLS Approach to Complex Sinusoids

In [8], the linear prediction (LP) equation is established, and the LP coefficients are estimated by the
minimization of the weighted LP error. Then the frequency estimates are obtained from the relationship
between the frequencies and LP coefficients. Nonetheless, [8] only considers the real sinusoids. Indeed, there
have been some literatures about the WLS-based frequency estimation such as [13], [14], which are applied
to the complex case. But they only consider the general damped sinusoidal estimation, and impose no
unity-magnitude constraint on the pole estimates. Thus, these methods cannot provide optimum estimation
accuracy in undamped complex sinusoidal estimation.

To overcome this problem, the forward-backward (FB) technique is utilized to keep the LP coefficients
real and the pole estimates on the unit circle. Accordingly, the forward and backward LP equations are

established as:

L
> ais(n—i)=0, ag=1, n=L+1,L+2,--,N, (3)
1=0
L
> ais(n+i)=0, a=1, n=12---,N-L (4)
1=0

Combining (3) and (4), the new LP equation is

L

|
—

ai[s(n+1i)+ s(n+2L —14)]+ars(n+ L) =0, n=12--- ,N—-2L, (5)

-
Il
=]

where a; are the LP coefficients to be estimated from the noisy data by solving the following WLS problem

a = arg min f(a) = e’ We, (6)
acRL
where
e=Xa—b, (7)
x(2) +x(2L) (L) + z(L + 2) z(L+1)
z(3) +2(2L + 1) z(L+1)+z(L+3) (L +2)
X = : (8)
e(N-2L+1)+2(N-1) -+ o(N-L-1)+2(N—-L+1) z(N—-1L)
T
b=- [ x(1)+z(2L+1), =(2)+z(2L+2), ---, x(N—2L)+=z(N) } ; (9)
T
and a = [ a1, a2, -+, ar ] is the optimization variable for the coefficient vector a =
T
[ ai, as, ---, ar } . Since a satisfies the forward and backward LP equations simultaneously, the

LP coefficients are real. The optimum weighting matrix W is obtained from Markov estimate [15]:

W = o2 [E{ee”} laza] = (AAT) 7', (10)



where

. T
A = TOGphtZ ([1a01X(N—2L—1)} 3 [1,&1, s, ar, ot ,an, 1701><(N—2L—1)}>
1 a -+ a, - a 1 00 -+ 0 0 -+ 0 - 0 0
0O 1 a -+ a - a 1 0 -+ 0 0 -+ 0 -~ 0 0
_ (11)
0 0 0 0 o o0 o0 --- 1 ai -+ ap - a1 1

Assuming that the weighting matrix W is independent of a, and considering that the LP coefficients are

real, the solution to (6) is
a= (X'WX, + XTWX,) " (X'Wb, + X Wb, , (12)

where X,. and X; are the real and imaginary parts of X, respectively. The notations of b, and b; are
similar. It is worth mentioning that we can also solve a directly by & = (X?WX)~1X#Wb. What we do
in (12) is indeed to convert the complex multiplication into the real multiplication, which saves half of the
computation. Note that a is required in computing W, while it is not available a priori, the estimated value
of a is used to construct the weighting matrix W. As a result, a is obtained in a relaxation procedure as

follows:
e Step 1. Determine the initial estimates &g from (12) by setting W as an identity matrix.
e Step 2. Use ag to construct the weighting matrix W, and find an updated estimate a for a,.

e Step 3. Repeat Step 2 until satisfactory performance is attained, and then the final estimate a is

obtained.

It is proved in [16] that the roots of the following symmetric real-coefficient LP equation lie on the unit

circle:

h
L

a; (,zZ + zQL_i) +apzt =0, (13)

Il
=]

i
and the angular frequencies w; can be obtained from the root phases [17]. Note that (13) also produces
additional L image frequencies w; = —w;, | = 1,2,---, L. In addition, the simulation results in [8] show
that the WLS approach performs well when the angular frequencies w; (I = 1,2,---, L) lie in the interval
[0.17,0.97]. Hence, the signal has to be sampled at least at the base frequency fp = 2.5fn for the WLS
estimation, where fy = mlax{ f1} is the Nyquist frequency; and shifted in angular frequency by 0.17. In
practice, the oversampling rate is taken as the integer multiple of fz. In such sampling setting, the frequency
estimates @; are derived as the phases of the L roots of the estimated version of (13) lying in the interval
(0,7), and the signal frequency estimates fl = @ - fg/2m. For convenience and straightforwardness, the

frequency shifting is neglected here.



2.3 Implementation of WLS Oversampling Spectral Estimation

Oversampling is utilized here to get more data points, and is expected to provide more accurate frequency
estimation in a fixed observation period. Generally, the sampling rate is susceptible to the sampler perfor-
mance and the special application. For example, in the 1-bit quantization frequency estimation, a sampling
rate larger than 4 times the Nyquist frequency is required [9]. It has been proved [18] that the CRLB for
angular frequency estimation decreases at the rate of O(N~2) asymptotically. Furthermore, it can be easily
derived from [18] that the asymptotic condition still holds when the values of the frequencies change in the
presence of white Gaussian noise. As a result, the CRLBs for the signal frequency estimators f; in a fixed
duration T decrease at the rate of O(N~!) asymptotically, that is, the CRLBs decrease by about 10 dB for
a 10-time increase in sampling rate. Thus if the conditions allow, an oversampling rate over 10 times the
base frequency fp is expected for 1-bit precision improvement. However, the high sampling rate produces
two problems, namely, frequency resolution and computational load. Especially the former is critical. If the
estimator cannot resolve two closely-spaced frequencies, incorrect frequency estimation will be resulted in.
In [19], [20], it is pointed out that the fundamental difficulty in the resolution of adjacent frequencies is
a numerical problem regarding data matrix conditioning. Closely spaced frequencies cause the matrix to be

ill-conditioned. For a general LS problem
y = arg min f(3) = (Fy —x)" (Fy — x) = F'x (14)
yeR™

with F € R™*" being full column rank, x € R and their perturbation AF, Ax, the resultant relative error

of y is proved to be within [21]:

1AYl2 _ k(F) ( [x]l2
. < ——= | ep + ex + epk(F) + epk(F), (15)
[yl = 1—n 112
if
n <1, (16)
rank(F + AF) = rank(F), (17)
where || ||2 means the matrix/vector 2-norm, r = x—Fy, ep = ||AF|2/[|F||2, ex = [|AX|]2/||x||2, 7 = k(F)er,

and k(F) = |F||2 - |F|2 is the condition number, that is, the ratio of the largest singular value of F to the
smallest one.

Considering that the weighting matrix W is Hermitian positive definite, the corresponding WLS problem
y = arg min f(§) = (Fy —x)" W(Fy —x) (18)
is equivalent to the LS problem in the following form
y = (BF)'(Bx), (19)
where B'B = W. It can be proved that [22]

k(BF) < k(B) - k(F). (20)



In order to reduce the condition number, it is proposed to decimate z(n) to several subsequences z;(n)
with a lower sampling rate, and then construct data matrix and vector for each subsequence, stack them
together, solve the WLS estimate of a. Since adjacent angular frequencies are set apart by decimation, lower
condition number is expected, and thus higher accuracy. The above methodology is termed as the OSWLS
frequency estimator, and detailed as follows.

Decimate the signal z(n) with factor D, and the subsequences are
zi(n) =x(D(n—1)+1), (21)

for i =1,2,---,D, and n = 1,2,--- N’ where N’ is the largest integer less than N/D. Following the

algorithm development in the last subsection, for each segment z;(n), ¢ = 1,2,---, D, the LP error vector
becomes
e;, = Xiél - bi, (22)
where
x;(3) +x;(2L + 1) i (L+1)+x;(L+3) x; (L + 2)
X; = , (23)
xZ(N'—2L+1)+xZ(N'—1) acz(N'—L—l)—f—xl(N'—L—f—l) Iz(NI—L)
T
bi=—| w(1) + 2L +1), @2 +@2L+2), . @V -2L) +a(N) | (24)
T
and & = [ ay, ah, ---, a; } is the optimization variable for the decimated LP coefficient vector
T
a' = [ ay, abh, -, ay } . Accordingly, the WLS cost function for x;(n) is
fi(@) = ef Wse;, (25)
where
-1
Ws = (AsAf) (26)
. T
AS:Toephtz([1701><(N’72L71)} ) [170/117"' aalL7"' aa1151701><(N’72L71)}) . (27)

Stacking the D WLS cost functions together, the coefficient vector a’ is estimated by the following mini-

mization

H
é’:argérlréiﬂ%f(é’)z{e{{ efl ... eg}WD{e{{ ell ... eg} ) (28)

where Wp = blkdiag(Wg, -+, Wg) with blkdiag(-) denoting block diagonal matrix, and &’ stands for the
OSWLS estimate of a’. Denote the real and imaginary parts of X;, b; as X,;, b,; and X;;, b;;, respectively,

a’ is computed as

D D -1 /b D
a = <Z XEWeX,i+ > XZ?;WSXZ-Z) <Z X Wb+ Xg;WSb“) : (29)
=1 i=1 =1 =1



Suppose that the oversampling rate is M fp where M is an integer. Then comparing (18), (19) and (28),

(29), it is derived that the relative coefficient estimation error with D-decimation is:
|Aalls _ k(BeSc)

||a’||2 - 1- k’(Bcsc)El

k(Bc)k(Sc)

- 1- k’(Bc)k(Sc)el

where 1 = |BcQc|l2/||BeScll2, e2 = [|Beacll2/||IBescllz, Sc, se and Q¢, go are the noise-free and noise

components of X¢o = [X,Tl, e ,XTT_D,XiTl, e ,XiTD}T

BZBc = W¢ = blkdiag (Wg, -+ ,Wg,Wg,--- ,Wg). Then from (30), ignoring the difference in the

(61 + 62) —+ k(BCSC)Gl

(61 + 62) + k‘(Bc)k'(Sc)Gl, (30)

T .
, bo = [bfl, e ,bTT_D,biTl, e ,biTD} , respectively,

conditioning of B¢ and relative errors €1, €2 with different decimation factors, we can expect smaller relative
error of LP coeflicients occurs when the condition number of matrix S¢ is lower.

It is difficult to estimate the condition number of So from the available but noisy data matrix Xe,
especially when S¢ is ill-conditioned. Nevertheless, from [19], [20], we know that the ill-conditioning of
Sc occurs from closely-spaced frequencies, and higher decimation factor, which separates adjacent angular
frequencies more, tends to improve the conditioning of S¢. Therefore, in practice, we select the maximum
possible value, M, as the decimation factor to achieve frequency estimation. Although the optimum deci-
mation factor, which minimizes the data matrix’s condition number k(S¢) in the interval [1, M], may have
the advantage over the practical decimation factor in terms of threshold performance, they can both work
well in moderate to high signal-to-noise ratio (SNR) conditions.

Now that the decimated sampling rate f§ = fg/D remains not lower than the base frequency fg, it is

straightforward that the angular frequency estimates are
W, =wpi/D, l=1,2,---,L, (31)

where Wp; are the phases of the L roots of the following equation lying in the interval (0, 7):

L—1
Sa (z + z‘QL—“) +a) Lk =0 (32)

1=0
3 Performance Analysis

3.1 Frequency Resolution

It is illustrated in the algorithm development that the sequence is decimated by a factor of D = M prior to
estimation, where M is the ratio of the sampling rate to the base frequency. Therefore, a decimation factor of
M is selected so that the frequencies are separated by M times. This means that in the OSWLS estimation,
the oversampling will not lower down the frequency resolution capacity compared to the sampling at the

base frequency.

3.2 Computational Complexity

In the OSWLS frequency estimation with decimator D, the main computational complexity (taking only

the multiplications into account) in one iteration consists of four main parts from (29): (i) D times of



matrix multiplication of XZ;WSX”- and XgWSX”; (ii) D times of matrix multiplication of X,T_iWSb,-i
and XL Wgby;; (iii) matrix inversion of (Zi’;l XIWsX,; + Zi’;l Xg;WSXm-) 71; (iv) construction of the
weighting matrix W g, which require FLOPs of about O(L x N2 x D~1) totally. Therefore, the computational
complexity is inversely proportional to the decimation factor D approximately. However, when the sequence
is decimated highly, a larger factor puts less effect on the computational saving in the primary part O(L x
N2 x D™1), while costs more in other minor parts. Thus, the computation is similar for large decimation

factors.

3.3 Estimation Accuracy

In parameter estimation, minimum variance unbiased estimator is always desired, which means that the
estimator is unbiased and its variance is minimum [23]. When the data length or SNR is sufficiently large,
it is directly derived from [8] that the mean of the OSWLS LP coefficient estimate &’ is unbiased, that is,

E{a’'} ~ a’, and the covariance matrix cov(a’) is approximated as

Ca ~ =02 (SEWSe) . (33)

|~

Accordingly, the estimation variance of the I-th decimated sinusoidal pole zp; = e/P¥! is evaluated as (see

Appendix)
. I 7
var(Zpi) = W“ Cap, (34)
where
T
= 208 (L~ 1)Dw) - 2eos(Dwr) 1] (35)
-1 _
B=2Lapy Y (izp + (2L —i)zpy V) af + Lapy (36)
=1

and the variances of the angular frequency w; and signal frequency f; estimators are expressed as [24]

1

var(w;) = ﬁvar(,%m), (37)
and
oy f3 .
var(f;) = FPCY,E var(Zpy). (38)

Now that the OSWLS estimator is based on the iterative quadratic maximum likelihood (IQML) technique
[25], it can provide optimum accuracy asymptotically, that is the theoretical variances of the frequency
estimators (37), (38) are equal to CRLB when the data length N is large enough. It is difficult to analyze
the relationship between the decimation factor D and the theoretical variances. However, from a heuristic
viewpoint and (22) - (28), the estimation accuracy is relevant to the total number of the elements of the D
LP error vectors e;, i = 1,--- , D, and more error elements participating in the frequency estimation provide

better accuracy. For large data length N, this number keeps nearly constant for different decimation factors,



and approximately equal to the data length IV, which is the case in oversampling scenario. So we can regard
the estimation accuracy irrelevant to the decimation factor D.

In the following, we explore the theoretical variance for the frequency estimation of a single sinusoid
to validate the above analysis. Following [8], the variance for the LP coefficient aj = —2 cos(Dw), when

N — o0, is derived as

R 1 -1
var(a)) = 505 (SEWeSc)

24 sin? (w;)
RD(N' —2)((N' —2)2 — 1)
24 sin®(wy )
RDN?"3
24D? sin®(wy)
RN3 7

Q

Q

Q

(39)

where R = of /o2 is the SNR. Accordingly, the variances of &1 and f1 are [8]

6

var(wy) = NS’

and

: 3f2

var(fl) = W’ (41)

which are equal to the asymptotic CRLB for single-tone frequency estimation in white Gaussian noise [23].
From (40) - (41), it is also seen that for large N, the frequency variances are not dependent on the decimation

factor D.

4 Simulation Results

Monte Carlo simulations were carried out to evaluate the oversampling frequency estimation performance
of the proposed approach. The signal frequency estimation accuracy was evaluated using the mean squared
error (MSE): MSE(z) = E{(z — #)?}. All the results provided were averages of 500 independent runs. We
used the number of iterations as the stopping criterion in the OSWLS estimation, which was assigned as 15.
And these simulations were conducted on a PC with an Intel(R) Core(TM) 2 Duo CPU T6400@Q 2.00 GHz,
with 2 GB of memory.

Before the performance evaluation, it is necessary to verify the estimation improvement with oversam-
pling. This is observed by the CRLB [26] - [27] with respect to sampling rate for a fixed duration T'. Fig.
1 shows the CRLB performance of two sinusoidal signals: single-tone (with « =1, f1 =1 Hz,¢1 = 1, fp =
2.5 Hz) and dual-tone (with oy = 1, f1 = 0.9 Hz,¢1 = 1,2 = 1, fo = 1 Hz,¢2 = 2, fp = 2.5 Hz), respec-

tively, when duration 7" is 10 s, and SNR is 20 dB. Note that since the CRLB is proportional to the noise

2

power o

in the case of white Gaussian noise [18], the curves in Fig. 1 are similar for other SNR values.
It is shown in Fig. 1 that the CRLBs go down with the increase of sampling rate, but at a rate slower

and slower. The CRLBs in both situations decrease by about 10 dB when the sampling rate is 10 times the



base frequency fp; while by additional 10 dB when the sampling rate is increased by further 10 times. This
indicates that on one hand, it is reasonable to utilize oversampling to improve the estimation accuracy. On
the other hand, its effect comes less when raising the sampling rate higher. Considering the computational
complexity, it is suggested to oversample the signal at 10 times the base frequency.

Fig. 2 shows the MSE of the WLS with different sampling rates as well as their theoretical counterparts
and CRLBs, for the above dual-tone signal. Now that the two tones are separated apart enough even in
oversampling, and we only care for the asymptotic estimation accuracy here, we do not use decimation
technique. From Fig. 2, it is seen that the WLS gives optimum estimation accuracy in multiple complex
sinusoids, when SNR is high enough. In addition, it is also clear that the higher the sampling rate is, the
more accurate the frequency estimation is, and the sampling rate 10 times the base frequency provides 10
dB accuracy improvement, as expected.

Now consider the single-tone sinusoidal signal: s(n) = a1edCrhin/fs+d1) where a; =1, fi = 1 Hz, ¢y =
1,fB = 25 Hz, fs = 10fp = 25 Hz,T = 8 s, and N = T - f¢ = 200. Fig. 3 shows the MSE of the
above signal with respect to SNR, with D = 1,5,10, as well as their theoretical counterpart and CRLBs.
For comparison, the result of a decimative version of U-ESPRIT [28], [29] with D = 10, is provided. It is
seen that when SNR > 2 dB, the OSWLS estimates with different decimation factors agree well with their
theoretical calculation of (41), which is equal to the optimum accuracy. Meanwhile, the estimation without
decimation, that is when D = 1, bears a poorer threshold SNR. By comparison, the U-ESPRIT method has
a bit higher MSE than CRLB by about 1 dB.

Next, consider the sinusoidal signal with two closely-spaced tones: s(n) = el Crfin/fstén) 4
ped 2/ fs+d2) where o = 2,f1 = 0.96 Hz,¢y = 1,00 = 1,fo = 1 Hz, ¢ = 2, fp = 2.5 Hz, fg =
10fp = 25 Hz,T = 12 s, and N = T - f¢ = 300. Fig. 4 shows the condition number of the data ma-
trix S¢ with respect to the decimation factor D. It is observed that the conditioning of the data matrix
forms an oblique L-shape curve, and has minimal value at the corner D = 7. Compared with the data
matrix’s conditioning when D = 1, the condition numbers for the practical factor D = 10 and optimum one
D = 7 are comparable. Table 1 summarizes the estimation outcomes for different decimation factors when
SNR = 20 dB. It is shown that the MSE values come close to the CRLB with D = 7 and D = 10, and the
latter is more computationally attractive. From Table 1, we can also find that when the decimation factor
is small, the frequency estimation fails, and there is no meaningful estimate.

Fig. 5 shows the MSE of the above signal with respect to SNR, with D = 7,10, as well as their
theoretical counterparts and CRLBs. For comparison, the results of the WLS and U-ESPRIT estimators are
also provided. It is observed that all estimators can resolve the two adjacent frequencies when the SNR is
high enough, and their asymptotic MSE values are equal to the CRLB. Nevertheless, the OSWLS estimators
bear the threshold SNR advantage over the WLS estimator by more than 10 dB. Although the U-ESPRIT
estimator also bears high frequency resolution, it is not an optimum estimator, and there is about 2 dB gap
between its MSE and CRLB. Note that from (a), the OSWLS estimators with D = 7 and 10 have similar

threshold SNR. So it is feasible to select the maximum possible decimator as the practical one. In addition,

10



the MSE is less than the CRLB for the WLS estimator in (a) and the OSWLS one with D = 10 in (b) when
SNR is less than 20 dB and 10 dB, respectively. Thus, the proposed estimator will provide biased estimates
when the SNR is small enough.

In Fig. 6, we still consider a dual-tone sinusoidal signal when SNR = 20 dB, and show the MSE for
different fo while f; = 0.625 Hz is fixed. g,y are both set as 1, and the remaining signal parameters
are the same as that in the last numerical example. It is seen that the OSWLS estimator with different
decimation factors can all resolve the two frequencies f; and fo when they are well separated. When these
two frequencies come close, a higher decimation factor will provide a higher frequency resolution. Here, the
OSWLS estimators with D = 4 and D = 7 can work with minimum frequency separations of A f = 0.042 Hz
and Af = 0.036 Hz, respectively, while for D = 10, the accuracy loss (that is the gap between MSE and
CRLB) keeps within 6 dB until A f becomes as small as 0.032 Hz. Note that the MSE for D = 10 increases
more slowly with the decrease of frequency spacing than that for D =4 and D = 7.

Fig. 7 shows the comparison of the OSWLS estimator with the WLS and U-ESPRIT estimators. The
sinusoidal signal consists of three tones: s(n) = a1e/@m/in/fs+01) 4 eI (nfan/fs+62) 4 o3ei(nfsn/fs+¢s)
where a7 = 1, f; = 0.90 Hz,¢1 = 1,a0 = 1,f, = 0.95 Hz,¢o = 2,a3 = 1,f3 = 1 Hz,¢3 = 3, fp =
2.5 Hz, fs = 10fp = 25 Hz,T =20 s, and N = T - fg¢ = 500. For the sake of simplicity, here we use the
average MSE of frequency estimates for the performance evaluation. The optimum decimation factor for
the OSWLS estimator is D = 8. From this figure, we can find that the OSWLS estimators can resolve the
sinusoidal tones, and give optimum estimation when SNR > 10 dB. By comparison, the WLS estimator
cannot resolve the closely-spaced sinusoidal tones in the considered SNR range. Moreover, the U-ESPRIT
estimator is not optimum, and there is about 2.5 dB gap between its MSE and CRLB. Note that for the
OSWLS estimator, the practical decimation factor D = 10 performs similarly to the optimum decimation

factor D = 8, and these two factors have the same threshold SNR, that is 10 dB.

5 Summary

The OSWLS approach is proposed for the oversampling parameter estimation of multiple complex sinusoids.
First, the WLS approach in [8] is extended to the complex situation. To overcome the problems of fre-
quency resolution and computational complexity in oversampling spectral estimation, decimation technique
is utilized. Performance analysis of the OSWLS scheme is given, including the frequency resolution, com-
putational complexity, and estimation variance. Simulation results show that oversampling technique gives
better accuracy compared to the base-frequency sampling, and attains the optimum MSE performance when
the SNR is sufficiently large.

The angular frequencies of sinusoidal signals are assumed to range in (0, 7). If the signal is band-limited
instead, further decimation is allowed even if the frequency aliasing occurs. We can recover the original

frequencies on the condition that the signal’s center frequency is known approximately.

11



6 Appendix - Derivation of Estimation Variance of Sinusoidal

Poles

Since a(zpi) = 1) al (2 + 2270 + a2k, =0,

aa(ZDl) aa(ZDl) / 6@(le) ’ .
gzl 4 DY) gt 4. LEERY gt 1,2, L, Al
gz P Taa T oa, 7O (4.
or
(2[/2%% 1+Z zle 2L—z)szl i 1) —i—LzL 1 ')dzm
+(le + 2123]; 1)da1 4ot (le + zLH)daL 1+ ledaL =0. (A.2)
Thus,
(2by + 25y Ddal + -+ (zf + 25 dal,_y + 2f,daly o
AZDZ:_2L2L1 I—1 /.4 2L—i1 L1/+
Zpl 2l (ZZDI + (2L —i)zpy, ) aj + Lzp; tay,
~ [ dpitap L Zp t A A } Aa’
20221 bt (izEllJr(Qsz)z%Ll “Yal + Lepy tah,
[ e ]
= - , a
2Lz%%_1+zi= (izElJr(Qsz)zgj N al + Lepytal,
Zél [ 2%(2:1)[ ) 2%(2Dl) 1 } A ,
= - a
2L+ Y (2 + (2L — )2 al + Lab )
z5, [ 2cos (L — 1)Dwy) -+ 2cos(Dw;) 1 } , (A3)
2Lapy 4+ 05 (i + (L —d)2h ) af 4+ e ey, '
and
2p1) = | Az = — Tcy A4
var(2pi) = E{|Azpi|"} = pEH Cartt (A4)

which completes the proof.
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Frequency 1 (0.96 Hz) Frequency 2 (1 Hz)
D CRLB: -61.40 dB CRLB: -55.38 dB CPU Time (ms)

Mean (Hz) Variance (dB) Mean (Hz) Variance (dB)

1 0.9504 -71.06 5.6248 -2.33 6491
2 0.9594 -54.10 1.0095 -26.45 875
3 0.9600 -61.67 1.0002 -55.48 287
4 0.9598 -61.36 1.0006 -55.16 134
5 0.9598 -61.64 1.0005 -55.49 78
6 0.9597 -61.87 1.0006 -55.28 53
7 0.9596 -61.97 1.0008 -55.81 69
8 0.9596 -61.48 1.0008 -55.14 o7
9 0.9596 -61.63 1.0007 -55.25 43
10 0.9596 -61.40 1.0009 -55.40 23

Table 1: Estimated values for dual-tone sinusoidal signal.
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Figure 1: Relationship between CRLB and sampling rate.
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Figure 2: Dual-tone frequency estimation with sampling rates fs = fp,5f5,10f5. (a): f1, (b): fa.
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Figure 3: Single-tone frequency estimation of the OSWLS, WLS, U-ESPRIT estimators.
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Figure 4: Condition number of data matrix versus decimation factor.
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Figure 5: Dual-tone frequency estimation of the OSWLS, WLS, U-ESPRIT estimators. (a): f1, (b):
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Figure 7: Triple-tone frequency estimation of the OSWLS, WLS, U-ESPRIT estimators.
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