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Abstract

The paper deals with dynamic feedback linearization of continuous time affine systems. A constructive procedure based on
prolongations is proposed. Based on necessary geometric conditions, the algorithm computes a set of prolongation indices.
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1. Introduction

The feedback linearization problem has been
widely studied both in continuous and in discrete
time (see [11,20] and the references therein). The
first works deal with the exact linearization prob-
lem [4,5,10,12,14—18], while dynamic solutions were
considered in [6,13,19]. In [7], sufficient geomet-
ric conditions via prolongations and diffeomorphism
were given. The sufficiency concerns two aspects: the
a priori knowledge of a candidate set of prolongation
indices and the restriction to solutions which guaran-
tee a projective relation between the extended system
and the original one. The equivalence of differentially
flat systems to dynamic feedback linearizable systems
was instead considered in [8,9] where the concept of
endogenous feedback was introduced: the solution is
in this case based on the knowledge of a set of flat
outputs, i.e. linearizing output functions depending
on the state, the control and its derivatives. Algebraic
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necessary and sufficient conditions under endogenous
feedback, were given in [1,2]. A bound on the number
of integrators necessary to achieve linearization was
given in [21].

In the present work we propose an algorithm for
the computation of a dynamic solution consisting of
prolongations and based on a set of necessary geo-
metric conditions which become sufficient when the
prolongation indices are at most equal to 2. The basic
idea beyond the algorithm is that the loss of involutiv-
ity and/or constant dimensionality of the distributions
@; := span{g - - - ad’)g}, which characterize the static
feedback solution, is linked to appropriate directions
which must be added to the %;’s. This corresponds to
identify those inputs which should not be extended
through prolongations. Furthermore, the geometric in-
terpretation in terms of directions immediately clari-
fies the use of more general feedback laws. In fact,
the above-mentioned directions may not coincide, in
general, with the directions of the ad ;“g ;’s, but rather
with linear combinations of them. They can then be
obtained by recombining the inputs via a static feed-
back, so that the algorithm may provide linearizing
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feedback laws more general than prolongations. This
generalization would require, at each step, the compu-
tation of the new closed-loop vector fields. To avoid
this computational burdening, we have restricted our-
selves to the class of dynamic feedback laws com-
posed of prolongations plus a final static feedback on
the extended system. The procedure is illustrated on
a dynamic feedback linearizable system used in [7]
to show that it did not satisfy the proposed sufficient
conditions. The proposed algorithm computes the de-
sired prolongation indices. Preliminary results were
proposed in [3].

Statement of the problem. Consider the continuous
time analytic system

F=f00)+ D gi@us, (1
i=1

where x € R”, and f(x),g1(x),...,gn(x) are analytic

defined on a open set of R”. Find, if there exists, a

regular dynamic feedback

u; =1, (=4, + Bjv;,

) 0 I 0 . @)
;= , B;= R i=1,...,m
! 0 0 ! 1 /

with 4; and B; of dimension y; x u; and p; x 1,
respectively, {; = ({jr,-... ()t (= (L. G,
and such that the extended system

X m
({) :F(x,C)—l—ZGi(X,C)Ui 3)
i=1
is static feedback equivalent to a linear system, i.e.
there exists a regular static state feedback v=o(x, {)+
P(x,)w, such that the closed-loop system is diffeo-
morphic to a linear system. In (2) if u; = v; we set
,Ltj =0.

We recall that the indices y; are the prolongation
indices and (1) will be said dynamic feedback lin-
earizable with prolongation indices (p - - - pt, ). If (1)
is dynamic feedback linearizable with prolongations
only, then at least one prolongation index can be set
to zero, i.e. 0 =p; < --- < W, [21].

2. Preliminaries

The following notation will be used. Given a num-
ber p, | p| will denote its inferior integer and p! :=

p(p—1)---1 the factorial number. Given two smooth
vector fields f and g;, ad rg; := [ f,9:]1=(0g;/0x) f —
(0f/0x)g;, is the standard Lie bracket of vector fields,
and ad’}g,- :adf(adf}_lgi); Z?:l f; 0/0x; denotes the
vector field ( /], /3 )T in the coordinates (x],x])T. We
will denote by g = (g1 gm), by G = (G- - Gp),
by ¥; the distribution %; := span{y, ... ,ad"fg}, by %;,
the involutive closure of %;. The %;’s play a crucial
role in the solution of the regular static feedback lin-
earization problem. We recall the following result.

Theorem 1 (Hunt et al. [10]). Suppose that the ma-
trix ¢(xo) has rank m. Then the state space exact lin-
earization problem is solvable if and only if

(1) for each 0 <i < n — 1, the distribution %; has
constant dimension near x,
(ii) the distribution 9,_ has dimension n,
(ii1) for each 0 <i<n — 2, the distribution 9; is
involutive.

In [7] instead, it was shown that if, after a pos-
sible reordering of the inputs, there exists a set
of integers 0 = /; <--- < /,, such that the dis-
tributions Ao = span{g;: [; = 0}, Ay = 4; +
adsA; + span{g;: 1, =i+ 1} i > 0 satisfy appro-
priate properties, then the problem is solvable via
prolongations.

Theorem 2 (Charlet et al. [7]). If locally around x
there exists 0 =1; < --- < 1,,,, such that

(1) 4; is involutive and of constant dimension for
o<<ig<n+/1,—-1,
(i) dim(dyyp,—1) =n,

(ii1) [gs, 4i1 C Aiy1, Vs such that Iy =1 and Vi,
o<igs<n+1,—1,

then (1) is locally dynamic feedback lineariz-
able with prolongation indices uy--- W, with
Ui = li, i= 1,...,m.

The sufficiency of the previous conditions stands
essentially in condition (iii). In fact let us first note
that since /;=y;, i=1,...,m,for [=0...,n4+ u, — 1,

Ay =span{g;.....ad"; "g;, i=1,....j— 1,

Jiwp > 1=, j =24 (4)
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Consider now the extended system (3) and let %7 :=
span{G,adrG,...,ad;G}. Since (3) is given by (1)
(2), (iii) implies that the ad}.G;’s have the form

AdSG;
S— ) S—Hm ] a
= (Z m(Qad'rgr + -+ > nim(C)ad}-gm> .
i=0 i=0
0
JF”I(JC,C)G*C

which is a particular case since the projection of 47
onto R” is given by 4;. Moreover, Theorem 2 is
based on the a priori knowledge of the prolongation
indices py, ..., Uy. With respect to this result we will
propose an algorithm which allows the following
improvements:

e A constructive computation of a set of prolongation
indices with respect to which the distributions 4;
satisfy conditions (i) and (ii) of Theorem 2.

e The computation of solutions which do not neces-
sarily satisfy condition (iii), so that the projection
of %¢ may not coincide with 4;.

2.1. The properties of the extended system

Consider the extended dynamics (1)—(2), and as-
sume it is static feedback linearizable. After a possi-
ble reordering of the inputs, 0 = u; < - < . Lets
be the smallest index s.t. g > 1; then the closed-loop
system is given by

s—1 m
E= L)+ Y0+ gix)
i=1 i=s

ﬁj:AjCj—i—ijj, j:s,...,m. (5)

The extended system (3) is thus characterized by the
following vector fields:

F= (f(x)—i— E gj(x)éjl) P E A, T
J=s j=s J

gi(x) ia ie[las_ 1]5
Ox

0
B; a—cj,

G =
J € [s,m].

As a consequence, the generic term ad?“"Gi, (with

! + w; = 0) has the form

ady"" Gy =(~1)" (rf(x, C)% + (=14 B, 8‘2) :
(6)

In (6), for —; <1 <0, 7/ =0, and 4/ B, = ¢, the

canonical vector with the /th element equal to one and

the others all zero; for / > 0, Af“"B,- =0and

T(x,0) == adlg;

m min(upl) [—k

+Z Z Zcfrad;[gj,adjfk*rgi]ljk

Jj=s k=1 r=0
+O(CIP), (7)
where
F (1)
Tl — 1)

and O(||¢||?) represents terms of order greater than one
in {. Let § be the smallest integer such that py > 2; for
the first terms one gets

7 (x,0) = gi(x),

m

15, 0) = ad ;gi(x) + Y cjoady,.9:() 1,

=

T (x,0) = adgi(x)

m 1
+3 N chad)lg;(x), ad g ()

Jj=s r=0

+) cioady,09i(0)E + O(IC)1P).
j=5
The distributions % associated with the extended
system (1)—(2), are then

0 0
%y = span {gl aa-"ags—l ax}

~+ span { L L }
p aCs,/ts Y agm,l‘m

.y 0
G =G+ span{rﬁl w2 - 1,...,1}
Ox

s l:j—i—l,...,m} i>0,
(8)

0
+ span
P {a(:l,#/—i
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where the index j € [1,m], is such that u; <i < pjyi,
and by definition p,; = 4+o00. Since the extended
system is linearizable via regular static feedback,
the distributions %{ must be involutive and regular
(Theorem 1). This fact induces certain properties on
the Lie brackets of the vector fields defined on the
original system as stated below and proven in the
Appendix.

Proposition 1. Suppose that (1) is dynamic feed-
back linearizable with prolongation indices 0 =
W < - <y around (xg, $o) = (x0,0), and consider
the distribution A defined in (4). Locally around x,
the following properties hold.

(a) Ay has constant dimension and is involutive, for
O<s<n+p,—1,

(b) dim A17+;zm—1 =n,

(¢) for any two indices (t,1) such that yu, <s and

t <,
[ad'}g1,ad'} gl € 45, Vri,r2 = 0
rn+rn=s—w+l....s =+ L'alsz .

Moreover, if w, <2 the conditions are also
sufficient.

Theorem 2 states that if the system is controllable,
the distributions 4, are involutive, which are necessary
conditions, and additionally [g;, 4,] C 4,11, then the
problem is solvable. This last condition corresponds
to require that

o 01 Anx0) o
[M,TI(X,C)GJ = T o ox

fork=1,..., .

€Y

As opposite to (c¢) in Proposition 1, this condition must
be satisfied even though 0/0(;; & <.

3. Main result

Hereafter we propose an algorithm to compute a
set of prolongation indices p; < --- <y, w.r.t. which
the associated distributions A4; satisfy the necessary
conditions of Proposition 1. At the generic step s we

will denote by 1, the prolongation index y; and by A3
the distribution 4;.

The algorithm starts with u = --- = u% = 0 and
ko=k: dim(A,?):n while dim(A,?_l) < n. The generic
step s + 1 starts with uj <--- <, and a given k;
for which Proposition 1 is satisfied by the distribu-
tions 47, j = k;. The algorithm checks if it is satis-
fied for j = k; — 1 also. If not, the prolongation in-
dices are modified accordingly. This is done in two
phases. Phase 1 concerns condition (a) of Proposition
1:if A3 is not involutive, the algorithm computes

its involutive closure which is contained in 43 . By
construction

% = Ay + span {ad‘l;‘_uigl e ad_];"i";gl,

I: u7<kS<ui+1}-

The algorithm adds to Af{s_l the minimum number j of

elements ad’jf” i ¢gi, such that the obtained distribution

ks— ) ks =1,
gy ady g e 2 Ay

Ay 1+ span {ad/

and has constant dimension locally around x; since
the involutivity may not be preserved, the algorithm
computes the smallest integer k, > k; such that

s

- k-s_ ) _7 ,

o g5l
= 4
The prolongation indices are updated accordingly.
Phase 2 concerns instead condition (c) of Proposi-
tion 1. The algorithm checks the condition and adds
the minimum number 7 > 0 of elements of the form

ad];f_ul" g1, in order to satisfy the cited condition. This
operation changes the prolongation indices which are
updated accordingly. As a consequence the operation
must be iterated on the new obtained distribution until
condition (c¢) is satisfied by the final computed distri-
bution A #..,- The previous operation may in general
not preserve the involutivity for the new distributions,
so that the algorithm computes the first index » such
that A funr+r = Ak, 4+ and has constant dimension lo-
cally around x;. Finally, a flag is introduced which
points out whether checking condition (¢) on 4, en-
sures that it is satisfied on 4y, 4, for any i > 0 or not.
In this case k. is modified appropriately.
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Table 1

The left-hand side indicates the integrators to be added on each
input channel. At each step an integrator is added/eliminated s.t.
each row has the same number of elements of the first row

o— 10t
gr |- ad; gy | ad’}fgl
ad/ g,\‘1
0 F) ks — 18]
C [y . S m
& . i Im adf Im
s g

AS

3.1. The algorithm

Suppose that the system is locally controllable
around u =0, i.e. dim %,_; = n, and let k be the first
integer such that dim %, = n and dim %;_, < n.

Step 0: Set ,u? =...=u% =0, kg = k and consider
AR, =span{g, ..., adl}) g}. By construction A satisfies
Proposition 1 since it has constant dimension 7.

Step s +1: Let 0 = pj < --- < 5, be the prolon-
gation indices computed at Step s and let the corre-
sponding distribution (represented in Table 1) be

- k=it k=t
+Zspan{adf ”’”+'/gl,...,adf " +Jg,-w.}.

j=1
Phase 1. Consider now 4; | which satisfies

% =4} _; + span {adﬁi_”‘gl,...,ad;_‘”g;,

km<@<mH}

Let Zliq_l be the involutive closure of Af{v_l and
set pgy1 = dim A_fcvq — dim Aiﬁr Then there exist
Ps+1 vector fields, 01,...,0‘1,3,“, linear combi-
nation of elements of A, s.t. A_;g—l =4 +
span{ay -0, } C 45 .

Let j, with / = j > ps.1, and » = 0, be the small-

‘ull ..
I

est integers such that A; | + span {ad

ks—u;.
ad ; 1 glf} has constant dimension dim(4; ;) + j

locally around x, and
s K ks — l‘;l ks—ug j
M1 S Ay +spansad, g ---ad, g,

1S — 48
Ak,-flJrr = AkjflJrr

s ,u,] +r

ks ,u, +r
+ span {ad g, - adf g;/} .
Set k, = k, + r and

s+1 . 4s
A = Ay |+ span

—N

kg—1t ks — i
ad g, eead ’g;}}.

CIfr =0, 45 s the

ky— s+1
involutive closure of 4; After apossible reordermg

of the inputs

By construction 43" = A%

wh

A | =M, + Zspan {ad g

j=1
. ,adl;s-ﬂ_ﬂinﬂ-’_jgirl.j}
-
with the new prolongation indices 1*',..., u5+!.

Phase 2. If p5! > kS*1, let ¢ be the greatest index
such that g5 — ™' # @S, — 18 and set p = kg, —
,uin“ | (st — ps™)/2]. If such ¢ does not exist or
W < kyyq, set p=0. For any two indices (¢, /) such
that # < [ check condition (c) of Proposition 1.

Case A: Condition (c) is satisfied. If p = 0 go to
Step s + 2, else set k;H k¢+1 — p. Rename ks+1 as
ks+1 and go back to Phase 2 of Step s + 1.

Case B: Condition (¢) is not satisfied, i.e. there exist

y pairs (lp7 tp), S.t.

[ad;jﬂgzp,ad;’.ﬂ g,p] € 45, while
[ad;[”glpaad;"gt,,} 4 Af{jj, for p=1,...,7.

Let 7 = y be the smallest integer such that

{{adf[”g;p,ad;”g,p] ,p=1,..., } Asﬁ

ks— 15 ks =105
—|—span {adf Hjy gi&/l e adf Jj gij,/,-} .
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Update Table 1 of A”l by adding the elements

ks — ﬂ,l ks — H
ad; g, ---ad,; g, and the prolongation

indices accordingly. Iterate Case B with respect to
the new prolongation indices until condition (c) of
Proposition 1 is satisfied.

Let ,1?1“ &+ be the new prolongation indices,
and
as+1 _ gs+1
A kg1 ks
ks—“j] kg_u}"ﬁwl
pan {ad.f Gy -ady isiyen [ -

Let r be the first index such that
S l’t o
ad'vad , " 9i,,;, € A;{jlﬁr, Pl ys1]

Set 1€S+ 1= IEH | + 7, rename lésH as ky.1 and go back
to Phase 2, Step s + 1.

Step k*: Suppose that the algorithm ends with pro-
longation indices 0 = ,u’f* < --- < p& . Consider the
extended system obtained by adding the dynamic com-
pensator (2) with g, =", i=1,...,m. If ,, <2 stop
else apply the algorithm on the new system.

Let us note that at Step s + 1—Phase 1, the number
j of elements added to 4y, _; is in general greater than
Ps+1 = dim A_ks,l — dim 4;,_; moreover the choice
of the elements to be added may not be unique though
the number of possible choices is finite. This problem
can be overcome if a more general compensator is
considered, which uses static state feedback also. In
this case a recombination of the input channels permits
to get the p,. desired directions. As for Phase 2, note
that condition (c¢) of Proposition 1 is trivially satisfied
whenever p; — u; < 1, which happens for example at
Step 1. The flag p is needed to determine if checking
condition (c¢) on A,i:ll is sufficient.

Next result, proven in the Appendix, shows that
at the generic step s + 1 the algorithm computes
a partition of the inputs and prolongation indices
(.. 1) wart. which the associated distribu-
tions 45! for i > k1 satisfy Proposition 1. If the
algorithm ends and p,, < 2 then these conditions are
also sufficient and the dynamic controller defined by
the given prolongation indices solves the problem.
Else if u, > 2 one must iterate the procedure on the
extended system. In this case the final controller may
have py # 0.

Theorem 3. Suppose that Step s + 1 ends with pro-
1 1

longation indices (pii"', ..., 1), ThenVi > 045 i

is involutive and satisfies the condltlons of

Proposition 1.

Next example consists of a system dynamic feed-
back linearizable with prolongation indices u; = 0,
1 =3, which does not satisfy Theorem 2 [7]. We will
show how the proposed algorithm computes the above
prolongation indices.

Example. Consider the system

X1 =Xy +X3up, X2 =Xx3+ XUy,

X3 =uy + XU, X4 = Up.

Step 0: Set 1) =19=0 and compute the distributions
A3,..., 43 which are

A = span ixi—kxieri—ki
0=S5P oy 36x| léxz 2 >

0 0 0
A9 = A9 X — + —
0 + span { ax2 i ax] * 6x3 X3} ’

A9 = A9 = R*.

Locally around the origin dim(49) = 4, while
dim(49)=3 in the origin and dim(4%(x))=4 as soon
as x; # 0, i.e. the origin is a singular point for 4.
Step 1: [Phase 1] [g1, 92] :adi_-gl, so that A9 is not
involutive and we must compute 49, which is given by

- 0
A?:A?—i-span{a }
O0X1

3 1

g1|ad rg1|ad;g1 u; =0,
= Al 7 with 4

= ||92]ad rg2

Step 2: [Phase 1] Consider now 41={g1, g2, ad ;g1 }.
One thus gets that

- 0
A% = A% —|—Span{aXI}

e gi|ad g1 |ad7g: {ﬂ%=0,
2 o | @
szz o |92 u§:2.
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[Phase 2] p =1 > 0. We must now check condi-
tion (¢) of Proposition 1, i.e. if [ad g2, g1] € 43. Since
lad ;92,911 = g1 € A3, we can go to the next step.

Step 3: [Phase 1] Compute 4% = {g1,ad rg;} and
its involutive closure

Zl%_A%—span{a 6}

ox 0y

g1|ad rg 1
= A, {
U

Nw —w
I
N o

Py
9]
0021

5

|
Iy
)
[N

[Phase 2] p=0. In this case condition (c) of Propo-
sition 1 is not satisfied, since [¢2,91] & 43 whereas
[92,91] € 47 + span{ad’ g1 }. Set

~ 0

) 0
0023 | 0022 | 0L21

9]
9]

g1|ad rg1|ad’g, {ﬂ? =0,
=3

Condition (c¢) of Proposition 1 is satisfied for the new
distribution j%, with the new prolongation indices. In
fact r; +r, =0 and [g2,91] € 43.

According to the algorithm we must compute the
first index r: ad’;[g2,g1] = ad}“gl EA%H.. In the
present case, » =1 since ad;gl =0. We thus set k3 =2

and 43 = A3. The new distribution A3 is characterized
by p = 0 and satisfies condition (c) so that we go to
next step.

Step 4: [Phase 1] Compute 43 = {gi,ad ;g:} and
its involutive closure

0x3 axz
p g1|ad rgi {M?ZO,
=41 bl 0
0023 | 0022 /"‘2‘ =3.

[Phase 2] p = 0. Since condition (c) of Proposition
1 is trivially satisfied, we can go to next step.

Step 5: [Phase 1] compute A3 and its involutive
closure which is given by

- 0
Ay = A = span {ax}}
= A, ~

g1 {ufzoa
a4923 :ug =3.

[Phase 2] p = 0. Condition (c) of Proposition 1 is
trivially satisfied. The algorithm ends with p; = =0
and pp = 15 = 3, which are the searched prolongation
indices.

For the extended system (1)—(2) the linearizing out-
put functions are y; =x4 and y, =x; —x2{»1, or, equiv-
alently, the flat outputs for system (1) are y; =x4 and
)N/ 2 = X1 — XoUp. |

4. Conclusions

In this work we have proposed an algorithm
for computing a dynamic controller, based on pro-
longations, which renders a given system lineariz-
able via regular static feedback. The algorithm is
based on geometric necessary conditions which
are sufficient if the prolongation indices are at most
equal to 2.
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Appendix A.

Proof of Proposition 1. Since the %¢’s satisfy the
conditions of Theorem 1 they must have constant
dimension around (xg, {o) = (xo, 0), which implies ac-
cording to (7)—(8) the necessity of (a). Condition (b)
is a controllability condition and thus clearly neces-
sary. As for (c), due to the involutivity of %, for any
Jij2 <i, and any 1,z € [1,m), [ad} G1,ad? G/] € 9¢.
Recall that

G = (-1Y) L forji <L

01, (u—jr)
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~

dpG, = (~ 1! 2 for jy > .
adp Gy = (=1) o ora =
Consider now ¢ < / and such that i > ;. Then for
J2Z W, and 0 < jyp < gy — 1
(-1 [ad) Gy, ad); G,]

d (2= ) . D

O, (=) ox

Setting s = j, — y; and k =
(zi(x,0)) ©

ag[ k Ox

— Jj1, let us note that

=0 fors <k,
whereas for s >

STk -1+
> (0

>ad’ [9:,ad’,” - ’gz]*
=0

k one gets from (7)

+ p(x, C) Gfﬁe

with y(x,0) = 0. Since this relation must be satisfied
for any (x, ) in a neighborhood of (x¢,0), it must be
satisfied for { = 0. As a consequence

e VAN i
Z F ad';lgr,ad ;" " g:] € 4.
J=0 -

Set kmin = max{(y; — i),1}, and fix (s — k)€
[max{(i — Hit1 )7 0}7 i— :ui—k]' Then for k € [kmil”n .ul]n
one gets the set of independent relations

k-1 »
k _1 [glaadiyf gl]
o F Ve slonad’ " g/]
k—1 ‘
s—1 o
+oF P ad’;"[g1,9:] € 4

in the unknowns ad’ [g,,ad SThg,], with j =

0,...,5 — k. Due to the 1nV01ut1V1ty of A;, for
0<j<i—m. ad/[gad;" g€ 4,

which can be proven by using the Jacobi identity. For

s—kéi—,uﬁ—t'ulz'utJ

one thus gets j < u; — knin independent equations in
j < j unknowns. As a consequence for

ot \‘/Hz#tJ,

each term [ad'}g;,ad'}g,] € 4; even though ad’;g
does not, thus proving (c). Finally, the sufficiency of
these conditions if u,, <2 can be easily proven by
noting that in this case (c) implies condition (iii) of
Theorem 2. [

n+rn=i—w+1,...,i

Proof of Theorem 3. The proofis iterative. At step 0,
w=-=ud=0and A,eo has by assumption constant
dimension n locally around Xy, so that Proposition 1 is
satisfied for any A9 ko i» With 7 = 0. Tteratively, suppose
that at step s, for any i > 0, 4; ,; satisfies Proposition
1. Let the prolongation indices be 0 = uj < --- < ),
and go to Step s + 1. We must show that the opera-
tions which modify the prolongation indices preserve
properties (a) and (c¢) of Proposition 1 on the new dis-
tributions A ., for any i > 0.

ks+i°
Phase 1. Consider

—u fes—uj,
Aitll Ar _, +span {ad gy - ~ad Y g;j}
J— AS I
By constructlon each added element
kg — 115 .
ad Hirg, e Ay +span{oii=1--pen},
te[l,j],

where ¢; = [t1[- - [Tr—1,Ts] -+ ] -

By assumption 47 is involutive (ks

ad ;o; = Z[n[~~

ks NI,

] and 7, € 47
> ky), so that

71'

lad il [tr—1,70] - -

s Af{
Consequently ad I, € 4% +span{oi, ad so;, i=

I,.. ,ps+1} - AY ,foranyte[l jl,and foranyi > 0,

ks — u +i+1 s s
ad] gi, EAk +1_Ak +i’

which proves, Vi > 0, the involutivity and constant

dimensionality of A;{“ .j» since
s+1

— A8
ki — Aks—l—o—i
s u11+1 ks*llzl.Jfl
+ span {ad gi, ~-~adf g,

B ©)
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Phase 2. According to the algorithm, three situations
are possible. Case A: Condition (c) is satisfied for
A;{ti and p > 0. Iteratively, suppose it satisfied for

A5 j = kyp1. Assume first

s+1 s+l
ju§“+V’ - J>0.

We must verify that
Vi, 200 i =t 2, =+
N 'u;Jrl _ 'uerl
2
[ad’} g,,ad’} gi] € A1) (10)

It is sufficient to check that the previous relation is

satisfied if p§™' — 1™ > 1, and since
s+1 s+1

A D 4]

s+1 s+l
for 7y + 7 =j — W™ + 1+ {WJ,

-t 42

Set 7, = j — ! + 2, consequently
s+1 s+l
r‘lzvl K J—l.
2

Recall that for

s+1 s+1
I )

0<i< { 3 J , [adf;g—ig,,adf}'(z+i—lgl] € A;‘_ﬂ,

so that by construction

A7) 5 adslad’} Mg, ad 7 g)]

=lad} "' g,ad " g)]
+ [ad)~gr.ad g ) (an

s+1

Iteratively, for i =0,..., ;" — ,uf“/ZJ, assume that

[ad} =g, ad P gl e A

(true for i = 0) then due to (11),

lad} g, ad? gl € AT .

Assume now that for some (¢, /), with

s+ s+1
f<1, ks+1_ui+l+\"[‘lsz<0’
then we will first show that necessarily p' — i+ =
u; — 7. In fact by assumption p > 0 so that ot —

Wl =u, — . Moreover 15,1 > uf“ > ko1 = 0,50

that g1 — "' = g, — 1§ and consequently pi ! —
= — p and
W =k =1 (12)

Consider now 4, j > k.. For

' uH—l _ lus+1 -
j<u;+1{[ P - =/

condition (c) is trivially satisfied. According to the
above discussion, it is then sufficient to verify (10)

s+1 _  s+1
Vi >0 4 =1— V’z“’J .0,

ie [g9,9/]€ Ajfl for

s+1 s+l
- szﬂJ <o

Recall that u§™" — k1 = uj — ks + 1. Moreover,

s+l — g5 :

due to (9), Af =4 k1 and by assumption
A%
i1

verifies Proposition 1, for any i > 0, so that
K — g5+l :
lgr.91€ 4 -, | = 45", which ends the proof

since ky — kg1 — 1 +j < 0 whereas

Case A: Condition (¢) is satisfied but p < 0. In this
case 5t — it £ w8, — 1, and checking condition

¢) on A5t does not guarantee that it is satisfied also
ks+l g
by AHI

kspr1+i°
(c), the algorithm must check it on Af;}_ p which is

for any i > 0. In order to verify condition

zilready involutive. It thus sets ]€S+1 =k,.1—p, renames
ksi1 as kg1 and goes back to Phase 2 of Step s + 1.
Case B: Condition (c) is not satisfied, i.e. there

exist y pairs of indices (/,,1,), s.t.

[ad;l-" gi,.ad)’ gtp] e A,

k:+l ’

while [ad;p gzl,,ad;l-p gzp] ¢ AT

for p=1,...,7.
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The algorithm computes the smallest set of elements
such that

{ [ad;'-”gz,,,ad;’-"gt,,} , P= 1,---,“/} et

v+l

k‘_ujl

‘ ks— 5
+span yad, g, ---ad; g oo

Table 1 of A”l is updated by adding the new elements,
as well as the prolongatlon indices. This operation is
iterated until condition (c) is satisfied with respect to
the new prolongation indices, ,us“ s

Since involutivity is not guaranteed anymore for the
new distribution

s ks — 115
Ts+1_ s+1 Ty T
A i A |, Tspan {ad 9, ad. ’ g,ws+l},

1

the algorithm computes the smallest integer » such

that Atlﬁ = A’ﬂ .- The algorithm sets Ksr1 =kopa

+ r, renames ks+1 as kg and goes back to Phase 2,
since the new added vector fields change the prolon-
gation indices but not the involutivity and constant di-
mensionality properties of AS+1 .1 proved above, nor

those of ASH!

A foranyz/O. O
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