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Abstract

This paper proposes a fast decentralized algorithm for solving a consensus optimization problem
defined in a directed networked multi-agent system, where the local objective functions have the
smooth+nonsmooth composite form, and are possibly nonconver. Examples of such problems
include decentralized compressed sensing and constrained quadratic programming problems,
as well as many decentralized regularization problems. We extend the existing algorithms PG-
EXTRA and ExtraPush to a new algorithm PG-FExtraPush for composite consensus optimization
over a directed network. This algorithm takes advantage of the proximity operator like in PG-
EXTRA to deal with the nonsmooth term, and employs the push-sum protocol like in ExtraPush
to tackle the bias introduced by the directed network. With a proper step size, we show that PG-
ExtraPush converges to an optimal solution at a linear rate under some regular assumptions.
We conduct a series of numerical experiments to show the effectiveness of the proposed algorithm.
Specifically, with a proper step size, PG-ExtraPush performs linear rates in most of cases, even
in some nonconvex cases, and is significantly faster than Subgradient-Push, even if the latter
uses a hand-optimized step size. The established theoretical results are also verified by the

numerical results.
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Tn this paper, we use the notion of R-linear rate, i.e., a sequence {z'} converging to z* at an R-linear rate
means that ||z* — 2*|| < Cp® for some constants C > 0 and p € (0,1).
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1. Introduction

We consider the following consensus optimization problem defined on a directed, strongly

connected network of n agents:

z€RP

minimize f(x) £ Z fi(z),
=1

where  f;(z) = s;(z) 4+ ri(z), (1.1)

and for every agent ¢, f; is a proper, coercive and possibly nonconvex function only known to
the agent, s; is a smooth function, r; is generally nonsmooth and possibly nonconvex. We say
that the objective has the smooth+nonsmooth composite structure.

The smooth+nonsmooth structure of the local objective arises in a large number of signal
processing, statistical inference, and machine learning problems. Specific examples include: (i)
the geometric median problem in which s; vanishes and r; is the fo-norm [5]; (ii) the compressed
sensing problem, where s; is the data-fidelity term, which is often differentiable, and r; is a
sparsity-promoting regularizer such as the ¢, (quasi)-norm with 0 < ¢ <1 [6], [8]; (iii) optimiza-
tion problems with per-agent constraints, where s; is a differentiable objective function of agent
i and 7; is the indicator function of the constraint set of agent ¢, that is, r;(z) = 0 if = satisfies
the constraint and oo otherwise [3], [7].

For a stationary network with bi-directional communication, the existing algorithms include
the primal-dual domain methods such as the decentralized alternating direction method of multi-
pliers (DADMM) [13,[14], and the primal domain methods including the distributed subgradient
method (DSM) [9]. Both algorithms do not take advantage of the smooth-+nonsmooth struc-
ture. While the algorithms that consider smooth+nonsmooth objectives in the form of (1)
include the following primal-domain methods: the (fast) distributed proximal gradient method
(DPGM) [2], the proximal decentralized gradient descent method (Prox-DGD) [23], the dis-
tributed iterative soft thresholding algorithm (DISTA) [12], proximal gradient exact first-order
algorithm (PG-EXTRA) [16]. All these primal-domain methods consist of a gradient step for
the smooth part and a proximal step for the nonsmooth part. Different from DPGM, Prox-
DGD and DISTA, PG-EXTRA as an extension of EXTRA [15] has two interlaced sequences
of iterates, whereas the proximal-gradient method just inherits the sequence of iterates in the
gradient method.

This paper focuses on a directed network with directional communication, which is pio-

neered by the works [17, [18, [19]. When communication is bi-directional, algorithms can use a



symmetric and doubly-stochastic mixing matrix to obtain a consensual solution; however, once
the communication is directional, the mixing matrix becomes generally asymmetric and only
column-stochastic. In the column-stochastic setting, the push-sum protocol [4] can be used to
obtain a stationary distribution for the mixing matrix. Some recent decentralized algorithms
over a directed network include Subgradient-Push [10], ExtraPush [22] (also called DEXTRA
n |20]) and Push-DIGing |11]. The best rate of Subgradient-Push in the general convex case
is O(Int/\/t), where t is the iteration number, and both ExtraPush and Push-DIGing perform
linearly convergent in the strongly convex case. However, all of these algorithms do not consider
the smooth+nonsmooth structure as well as the nonconvex case as defined in problem (L.T]).

In this paper, we extend the algorithms PG-EXTRA and ExtraPush to the composite consen-
sus optimization problem with the smooth+nonsmooth structure, and establish the convergence
and linear convergence rate of the proposed PG-ExtraPush algorithm. At each iteration, each
agent locally computes a gradient of the smooth part of its objective and a proximal map of the
nonsmooth part, and exchanges information with its neighbors, then uses the push-sum protocol
[4] to achieve the consensus. When the network is undirected, the proposed PG-ExtraPush re-
duces to PG-EXTRA, and when r; = 0, PG-ExtraPush reduces to ExtraPush [22]. If the smooth
part of objective is Lipschitz differentiable and quasi-strongly convex and the nonsmooth part
is convex with bounded subgradient (see Assumption [3)), we prove that with a proper step size,
the proposed algorithm converges to an optimal solution at a linear rate. We provide a series
of numerical experiments including three convex cases and one nonconvex case, to show the
effectiveness of the proposed algorithm. Specifically, when applied to the convex cases, PG-
ExtraPush performs the linear rates, and is significantly faster than Subgradient-Push, even if
the latter uses a hand-optimized step size. While when applied to the nonconvex decentralized
¢, regularized least squares regression problems with 0 < ¢ < 1, it can be observed that the pro-
posed algorithm performs an eventual linear convergence rate, that is, PG-ExtraPush performs
a linear decay starting from a few iterations but not the initial iteration. This means that if
we can fortunately get a good initial guess, the proposed algorithm PG-ExtraPush might decay
linearly even in these nonconvex cases.

It should be pointed out that the extension from ExtraPush [22] to PG-ExtraPush is non-
trivial. The main differences between the proposed algorithm PG-ExtraPush and ExtraPush

[22] can be summarized as follows:

1. On algorithm development. Clearly, PG-ExtraPush extends ExtraPush to handle



nonsmooth objective terms. This extension is not the same as the extension from the
gradient method to the proximal-gradient method, as well as the extension from EXTRA
[15] to PG-EXTRA [16]. As the reader will see, PG-ExtraPush will have three interlaced
sequences of iterates, whereas the proximal-gradient method just inherits of the sequence of
iterates in the gradient method; and PG-ExtraPush uses the proximal maps of a sequence
of transformed functions of r; associated with a positive weight sequence {w'} essentially
introduced by the directed graph, while PG-EXTRA utilizes the proximity operator of ;.
2. On convergence analysis. Although the convergence analysis of this paper is motivated
by the existing analysis in [22], there are several new proof techniques. The convergence of
many existing algorithms like ExtraPush [22] is established based on a similar inequality
of ([A9) as presented in Theorem [Bl However, we can not directly prove that such an
inequality holds for all iterations of PG-ExtraPush. Instead, we can only establish the
inequality (4.9) for a fixed iteration of PG-ExtraPush under the boundedness assumption
of the previous two iterates. In order to establish the key inequality for all iterations, an
induction technique is used as shown in the proof of Theorem Bl Moreover, the linear
convergence rate of the proposed algorithm is established from the key inequality (£.9]) via

a recursive way. All of these are different from the convergence analysis in [22].

The rest of paper is organized as follows. Section 2] introduces the problem setup. Section
[Bl develops the proposed algorithm. Section Ml establishes its convergence and convergence rate.
Section [{] presents our numerical results. We conclude this paper in Section [Gl

Notation: Let I, denote an identity matrix with the size n x n. We use 1,, € R™ as a
vector of all 1’s. For any vector z, we let z; denote its ith component and diag(z) denote the
diagonal matrix generated by z. For any matrix X, X7 denotes its transpose, X;; denotes its
(i,§)th component, and | X| £ 1/(X, X) = > XZ?]- denotes its Frobenius norm. The largest
and smallest eigenvalues of matrix X are denoted as Apax(X) and Apin(X), respectively. For
any matrix B € R™*" null(B) £ {x € R"|Bx = 0} is the null space of B. Given a matrix
B € R™*", by Z € null(B), we mean that each column of Z lies in null(B). The smallest
nonzero eigenvalue of a symmetric positive semidefinite matrix X # 0 is denoted as S\min(X ),
which is strictly positive. For any positive semidefinite matrix G € R™*™ (not necessarily

symmetric in this paper), we use the notion || X||% £ (X,GX) for a matrix X € R"*P.
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Figure 1: A directed graph G (left) and its mixing matrix A (right) [22].
2. Problem reformulation

2.1. Network

Consider a directed network G = {V, E}, where V is the vertex set and E is the edge set.
Any edge (i,7) € E represents a directed arc from node ¢ to node j. The sets of in-neighbors

and out-neighbors of node i are
N £ ()« (.0) € BYU{i}, NP £ {5 (i,j) € E}U{i},

respectively. Let d; £ V2" be the out-degree of node i. In G, each node i can only send
information to its out-neighbors, not vice versa.
To illustrate a mixing matrix for a directed network, consider A € R™*" where
Aij >0, ifje _/\/iin

(2.1)
A;j; =0, otherwise.

The entries A;; satisfy that, for each node j, ;. Aij = 1. An example is the following mixing
matrix

1/d;j, ifj e N™

0, otherwise
i,j = 1,...,n, which is used in the Subgradient-Push method [10]. See Fig. [l for a directed

graph G and an example of its mixing matrix A. The matrix A is column stochastic and

asymmetric in general.
Assumption 1. The graph G is strongly connected.

Property 1. Under Assumption [, the following hold (parts (i) and (iv) are results in [10,
Corollary 2], while parts (ii) and (iii) are results in [22, Property 1])



¢
e N
(i) Let A =Ax A--- A for any t € N. Then

Al — <;51£ geometrically fast as ¢ — oo, (2.3)

for some stationary distribution vector ¢, i.e., ¢; > 0 and ;" ¢; = 1. More specifically,
for alli € {1,...,n}, the entries (A');; and ¢;, there holds

[(AY; — @il < CH', Vi€ {L,...,n},

where C =4 and v =1 — 2.

n’!L

(ii) null(I, — $17) = null(I,, — A).
(iii) Ad = ¢.
(iv) The quantity & £ inf; minj<;<, (A1,); > n—ln > 0.
Letting,
Do 2 ndiag(¢), D'#2 diag(A'1,), (2.4)
and
d" £ max{|[D"[}, d~ = mfx{ll(Dt)_IHL A, £ | Dsll, do 2 IIDLM- (2.5)

Thus, by Property [l there hold

D" — Dol < nCH, (2.6)

I(DY) ™ = (Do) ™Ml = (D)™ (Deo — D')(Doc) ™| < d”donC, (2.7)
for any t € N.

2.2. Problem with matriz notation

Let z(; € RP denote the local copy of x at node i, and x%i) denote its value at the t-th
iteration. Throughout the note, we use the following equivalent form of the problem (I.I]) using

local copies of the variable x:
minimizey 1£f(x) = Z fi(z@))s
i=1

subject to z;) = x(;), V(i,j) € E, (2.8)



where 1,, € R™ denotes the vector with all its entries equal to 1, x € R"*P, f(x) € R", s(x) € R”

and r(x) € R™ with

— afy — filzay) s1(z()) ri(z))
— zh, — x so(x ro(x
A ® TR f2(.(2)) s 2 2('(2)) RN 2(7(2))
Tl fn(@@w)) $n(T(n)) n(Z(n))
In addition, the gradient of s(x) is
- Vsl(:n(l))T -
—  Vsy(z)T —
Vs(x) £ 2(' @) € RMP,
— Vsn(a:(n))T -
and a subgradient of r(x) is
- @Tl(x(l))T —
- — Vry(ze)T —
VI‘(X) A 2(' (2)) c R™XP.
— @rn(:n(n))T —

The ith rows of the above matrices x, Vs(x) and Vr(x), and vector s(x), correspond to agent
1. For simplicity, one can treat p = 1 throughout this paper. To deal with the nonsmooth part,
given a parameter o > 0, we introduce the proximity operator prox,, associated with r; as

follows

— aremin d v — 213
prox,, (z) = argmin § r;(u) + ———= 5. (2.9)
‘ u€RP 20

For any z € R"*P, define
Proxe,, (2(1))
ProX, (2(2))

Prox,,(z) =

Proxg,,, (Z(n) )
3. Development of Algorithm

3.1. Proposed Algorithm: PG-FExtraPush
The proposed algorithm PG-ExtraPush extends PG-EXTRA and ExtraPush to compos-

ite (smooth+nonsmooth) consensus optimization problem. Given a sequence of n-dimensional



positive vectors {w!};cn, we define a sequence of functions

rl(x) £ diag(w')r(diag(w')"'x), V x € R"*P| ¢t € N.

Let A £ AZI". Specifically, the proposed algorithm can be described as follows: for all

(2
w} = 2?21 Aijwj, z(i) = ProX,,! (z(li/)z), a:%l.) = w_il' Fort =1,2..., perform

agents i = 1,...,n, set arbitrary z() ERP, wf = 1 a;(l) = 2(2 22 = =iy Ay (] —aVsi(z (2))

t+1/2 t—1/2

=251 Aij (] 2

t—i—l
Z] 1 A,jwj,

t+1
= pr X .
) ptfl (e
t+1 _ Z@)
SIS

Z] 1 Azyz(j) a(Vsi(x (Z)) - Vsi(ajii_)l)),

e (3.1)

)

The matrix form of the algorithm can be described as follows: set arbitrary z° € R"*P,
w' =1, x0 = 2% 22 = 420 — aVs(2°), w! = AW, 2! = Prox,.1(z'/?), x! = diag(wl)_lzl.
Fort =1,2,..., perform

7

22 = Agl 4 28712 — Azt — o(Vs(x!) — Vs(x' 1)),
1= Awt,
2"t = Prox, i1 (2111/2),

t+1 _ diag(wt“)_lzt“.

\

By the definition of the proximal operator and the definition of function r!, the PG-ExtraPush
iteration (B.2]) implies

= Azt + A(z' — 271 — a(Vs(x!) — Vs(x! 1)) — a(Vr(xth) — Vr(x))), (3.3)

fort=1,2,....

3.2. Special Cases: PG-EXTRA, ExtraPush and P-ExtraPush

When the network is undirected, then the weight sequence w' = 1,,, thus, the function
r’ = r and the sequence x' = z'!. Therefore, PG-ExtraPush reduces to PG-EXTRA [16], a
recent algorithm for composite consensus optimization over undirected networks.

When the possibly-nondifferentiable term r = 0, we have z! = z'/2, and thus, z! = Az° —

aVs(z°). In the third update of [32), z'*! = z'*1/2, and thus

B — Azl 4 2t — Az — a(Vs(x!) — Vs(x'1)). (3.4)



With these, in this case, PG-ExtraPush reduces to ExtraPush [22], a recent algorithm for
decentralized differentiable optimization over directed networks.

When the differentiable term s = 0, PG-ExtraPush reduces to P-ExtraPush by removing all
gradient computation, which is given as follows: set arbitrary z° € R™*?, w° = 1,,, x¥ = 2°;

z'/?2 = Az°, w' = Aw?, z! = Prox, (21/2), x! = diag(wl)_lzl. Fort=1,2,..., perform

22 — Agt 4 gt1/2 _ Jgt—1
witl = AWt,

t+1 _ t41/2

2"t = Prox, 1 (2111/2),

i+l — diag(wt—l-l)—lzt—i-l'

4. Convergence Analysis

In this section, we analyze the convergence of the proposed algorithm.

4.1. Assumptions

In this subsection, we presents the main assumptions. Besides the strongly connected as-

sumption on the directed graph, we still need the following assumptions.

Assumption 2. (existence of solution) Let X* be the optimal solution set of problem (I.1J),
and assume that X* is nonempty.

Assumption 3. For each agent i, its objective functions s; and r; satisfy the following:

(i) (Lipschitz differentiability) s; is differentiable, and its gradient Vs; is L;-Lipschitz
continuous, i.e., [|[Vs;(x) — Vs;(y)|| < Lil|lz — y||,Vz,y € RP;

(ii) (quasi-strong convexity) s; is quasi-strongly convez, and there exists a positive constant
wi such that p;||lz* — yl|?> < (Vsi(z*) — Vsi(y), x* — y) for any y € RP and some optimal
value x* € X*.

(iii) (bounded subgradient) r; is convexr and Vri(x) is uniformly bounded by some constant
B,,, i.e., |Vri(z)|| < By, for any x € RP.

Following Assumption B there hold for any x,y € R™*? and some x* = 1,,(z*)”

[Vs(x) = Vs(y)|| < Ls|x =y, (4.1)
pslx* = ylI> < (Vs(x*) = Vs(y),x" —y), (4.2)
IVr(x)|| < By, (4.3)

where the constants L, £ max; L;, s £ min, Wi, and B, = Z?:l B,,. The Lipschitz differen-

tiable and strongly convex assumptions (Assumption [3(i), (ii)) are generally necessary to derive



the linear convergence of decentralized algorithms such as in [15, [22]. While the bounded sub-
gradient assumption (Assumption [B(iii)) is a regular assumption in the convergence analysis of
decentralized algorithms like in [2,|9]. There are many functions satisfy Assumption [3|(iii) such
as the /1 norm and Huber function, which are widely used in machine learning and compressed
sensing. Actually, according to the latter proof of Theorem Bl the requirement of the uniformly

bounded subgradient of r; can be relaxed to the boundedness of {Vr;(x})}ien.

Assumption 4. (positive definiteness) D 'A + ATDZ! = 0.

By noticing Dgolfl—l—ATDgol = D;,l/z (D;,l/zleééz+D¥2ATD;,1/2)D0_01/2, we can guarantee
the positive definiteness of D! A+ AT DZ! by ensuring the matrix A+ AT to be positive definite.
Note that A;; > > ki flij for each i, which means that A is strictly column-diagonal dominant.
To ensure the positive definiteness of A+ AT, each node j can be “selfish” and take a sufficiently

large A;;.

4.2. Main Results

In this subsection, we first develop the first-order optimality conditions for the problem (2.8])
and then establish the convergence and convergence rate of PG-ExtraPush under the above

assumptions.

Theorem 1 (first-order optimality conditions). Let Assumption [ hold. Then x* is con-

sensual and a:’(kl) = x’(kz) =...= x’(kn) is an optimal solution of (I1l) if and only if, for some

a >0, there exist z* € null(I, — A) and y* € null(1l) such that the following conditions hold

{ y* + a(Vs(x*) + Vr(x*)) = 0, (4.4)

* —1,%*
x*=Dx z*.

(We let L* denote the set of triples (z*,y*,x*) satisfying the above conditions.)

Theorem [Tl gives some equivalent conditions to characterize the optimal solution of the orig-
inal optimization problem (I.IJ). Based on Theorem [, we give the following subsequence con-

vergence of PG-ExtraPush under the boundedness assumption of sequence {z'}.

Theorem 2 (subsequence convergence under boundedness assumption). Let Assump-
tion [, Assumption[d, and Assumption[3(i), (iii) hold. Let {(z',x!,w')} be any sequence gener-
ated by PG-ExtraPush B2). Define y' £ 31 _(A— A)z". Suppose that {z} is bounded. Then,
there exists a convergent subsequence of {(z',y',x")}, and any limit point of {(z',y*,x")}, de-
noted by (z*,y*,x*), satisfies the optimality conditions ({{-4)).

10



From Theorem [ if {z'} is bounded, then both {x!} and {y’} are also bounded, and thus,
there exists a convergent subsequence, and any limit point is an optimal solution of the original
consensus optimization problem. However, it is generally difficult to verify the boundedness of
{z'}. To guarantee this, we may need more assumptions on the objective functions such as the
strong convexity of the smooth term. In the following, we present the convergence and linear
convergence rate of PG-ExtraPush under these additional assumptions. Before presenting the
main result, we introduce the following notations. For each ¢, introducing uf = Z};:O z", then

similar to (£12), the PG-ExtraPush iteration ([B.2]) reduces to

Azttt = Az — aVr(x*t) — aVE(x!) — (4 — A)u't!
ut+1 — ut + Zt—‘rl (45)

Xt+1 — (Dt-l-l)—lzt-i-l'

Let (z*,y*,x*) € L*, where x* has been specified in (£2]). Let u* be any matrix that satisfies
(A — A)u* = y*. For simplicity, we introduce
z! z* NT o 0 M

vl = , Vi = , G= , S = , (4.6)
u’ u* 0 M -MT 0

_ . DN (Vr(x ) + VE(x!
where N = D 'A, M = DZ1(A — A). Let e £ w (Vr(x) ) . By (@0) and
0

([&6), the PG-ExtraPush iteration implies
? p
G? (v - vl = —Sv? L ael. (4.7)

According to [22], both M +M7" and G+G7 are positive semidefinite, and the following property
holds

1
Il = 2l pgr 20, vz e R

Amax (MMT A (MM _
Let ¢ = W, c2 = W, and 037: Anax(NNT) 4+ 3c1 Amax (NTN). Let L =
dd™Ls. Let Ay = (i — g)z —6¢; L%, and Ay = % —3c1L%0(c30 — Amin(NT + N)) for some

appropriate tunable parameters 77 and . Then we describe our main result as follows.

Theorem 3 (linear convergence rate). Let Assumptions[l{] hold. If the step size parameter
« satisfies

_ A _ 7 L2 SR
'u_g_\/A_l<oz<min A3t VAL Ta VA (4.8)
3¢ L20 3c1L20 ' 3c¢1L2%c '

11



for some appropriate 7 and o as specified in [@E3T) and (A38), respectively, then the sequence
{v'} defined in @8] satisfies

IV =G = 1+ 0) v = vIE = Tov', (4.9)

for 6 > 0 obeying

14 (i Da— e L20a? Amin(B5H) — 97 — Lo iclLQUO‘Q} (4.10)

)\max(N—i_TNT) + 3cpa?L? ’ 3c2(Amax(NTN) + a2L2)

0<5§min{

and a constant Tg as specified in (XAQ). Furthermore, [EQ) implies that the sequence {x'}
converges to an optimal solution xX* at a linear rate, i.e.,

Ix" = x*[| <T(v/p)", (4.11)

for some max{ﬁlé,v} < p <1, where T is specified in (L53).

From this theorem, the sequence {x'} converges to x* at a linear rate. By the definition of
v* in (40), v* is indeed defined by some optimal value (z*,y*,x*). Roughly speaking, bigger

0 means faster convergence rate. As specified in Theorem [3] § is affected by many factors.

Generally, § decreases with respect to both )\max(N+2NT) and A\pax (N N ), which potentially
implies that if all nodes are more “selfish”, that is, they hold more information for themselves
than sending to their out-neighbors. Consequently, the information mixing speed of the network
will get smaller, and thus the convergence of PG-ExtraPush becomes slower. Therefore, we
suggest a more democratic rule (such as the matrix A specified in (2.2))) for faster convergence
in practice. To ensure § > 0, it requires that the step size « lie in an appropriate interval.
It should be pointed out that the condition (L&) on « is sufficiently, not necessary, for the
linear convergence of PG-ExtraPush. In fact, in the next section, it can be observed that PG-
ExtraPush algorithm converges under small values of a. In general, a smaller o implies a slower
rate of convergence. According to the definition of Ay and the condition ([@38]) on o, the upper

bound of step size « in (L8] implies that

7.2 —
—57 VA2 BeoOunVT V) —s0)L _ [Aun(NT + N) —eso
301L20' B 3610’L2

i =

3010’
It can be observed from the above relation that the upper bound of step size is inversely pro-
portional to the Lipschitz constant of Vs, which is a regular condition for the convergence of a

proximal-type algorithm.

4.8. Proofs

In this subsection, we provide the proofs of Theorems [ [2 and Bl

12



4.3.1. Proof of Theorem [

Proof. Assume that x* is consensual and :17?1) = xz‘z) =... = xz‘n) is optimal. Let z* =
ndiag(¢)x* = n(gbxz‘;f)) Then ¢p17z* = gbl:,fngbxz‘;f) = nquz‘;f) = z*. It implies that z* € null(I —
¢11). By Property[l(ii), it follows that z* € null(I,, — A). Moreover, letting y* = —a/(Vs(x*) +
Vr(x*)), it holds that 17y* = —a1T (Vs(x*) + Vr(x*)) = 0, that is, y* € null(17).

On the other hand, assume (@4) holds. By Property [ii), it follows that z* = ¢1.z*.
Plugging x* = D3 'z* gives x* = %lnlgz*, which implies that x* is consensual. Moreover, by
y* +a(Vs(x*) + Vr(x*)) = 0 and y* € null(17), it holds 17 (Vs(x*) + Vr(x*)) = —11Ty* = 0,

which implies that x* is optimal. U

4.3.2. Proof of Theorem [2
Proof. We first establish the following recursion (£12]) of PG-ExtraPush, i.e.,
Az = Azt — aVr(x't!) — aVs(x!) -yt
yi+l =yt 4 (A — A)zt*!,
witl = Awt,

Xt+1 — diag(WH—l)_lZH_l,

(4.12)

and then prove this theorem via exploiting (£I2]).
1) establishing (@I2): By the definitions of r'*! and Prox,,:+1 and the x-update in (3.2)),

it follows
2712 = 27 4 aVr(x), vt e N (4.13)
Then the first update of ([B.2]) implies
27 = Az' 4 A(z' — 27 — a(Vs(x') — Vs(x' 1)) — a(Vr(x) — Vr(x!)), (4.14)
for t =1,2,.... Moreover, observe that
z' = Az° — aVs(x®) — aVr(x}).
Summing these subgradient recursions over times 1 through t 4+ 1, we get

t
2T = A" +) (A A)zF — aVs(x') — aVr(x't).
k=0

Furthermore, adding (A — A)z‘*! into both sides of the above equation and noting A +1,, = 24,

we get

Az = Az — aVr(x) — aVs(x!) -y (4.15)

13



Thus, based on ([3.2) and (£I3]), we have (£12).

2) proving subsequence convergence: By Property [l {w'} is bounded. By the last
update of (@I2) and the boundedness of both {z'} and {w'}, {x'} is bounded. By the first
update of @I2) and the boundedness of {z'}, {x'} and {Vr(x))}, {y'} is bounded. Hence,
there exists a convergent subsequence {(z,y, w,x)% }]O‘;l Let (z*,y*, w*,x*) be its limit. By
23], we know that w* = n¢ and thus that x* = D'z*. Letting t — oo in the second equation
of (A12) gives z* = Az*, or equivalently z* € null(I,, — A). Similarly, letting ¢ — oo in the
first equation of @I2) yields y* + a(Vs(x*) + Vr(x*)) = 0. Moreover, from the definition
of y* and the facts that both A and A are column stochastic, it follows that 11y* = 0 and
17(Vs(x*) 4+ Vr(x*)) = 0. Therefore, (z*,y*,x*) satisfies the optimality conditions @4). O

4.3.83. Proof of Theorem

The sketch of the proof is as follows: we first establish the inequality (4.9]) holds for some
fixed iteration ¢ under the bounded assumption of v, and then prove that the inequality (Z9)
and the boundedness of v! hold for any ¢+ € N via an inductive way, and latter give the linear
convergence rate based on (£9]) via a recursive way.

To prove Theorem B, we need the following lemmas.

Lemma 1. For any (z*,y*,x*) € L*, let u* satisfy (A — A)u* =y*. Then there hold

Mz* =0,, (4.16)
MTz* =o0,, (4.17)
Sv* + ae* =0, (4.18)

where &* 2 ( DM (Vr(x*) + VE(x")) > |

0
The proof of this lemma is similar to that of [22, Lemma 1]. Thus, we omit it here.
Lemma 2. For anyt € N, it holds

N(Zt—H . Zt) _ _M(ut+1 . u*) N OéDgol(@I'(Xt—H) + VS(Xt) _ VI‘(X*) _ Vs(x*)) (4.19)

This lemma follows from (@3] and the fact Mu* + aD}(Vr(x*) + Vs(x*)) = 0 in Theorem

@ In the following lemma, we will claim that z‘*! is bounded if z'~! and z* are bounded.

Lemma 3. Let Assumption[dl and Assumption[3(i) and (iii) hold. If |z*=1|| < B and ||z!|| < B
for some constant B, < B < oo, and some t € N_ (2 N\ {0}), then ||z!T!| < C1B, where
Cy 23+ 2a(d” Ls+ 1), and B, is specified in ([E3).
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Proof. According to ([3.3) and by Property [II it follows

124 < 202 + (27| + aLs|x" — x| + 20B, < (3+ 20d” L, + 20) B.

The following lemma presents some basic relations that will be frequently used in the latter
analysis.

Lemma 4. Let Assumptions 0 and 2 hold. If ||zt|| < B for some constant B, < B < oo and
some t € N, then

(i) %+ = x| < d- (24— 2] + (d)PrCB(L+ )
(ii) [ = x| < d” 21 = 2] 4 d nC " |91+
(i) 121 = 2°]| < d* = x| + nCoyx

Proof. (i) Note that

||Xt+1 _ XtH _ H(Dt-i-l)—l(Dt-l-l)(Xt—i-l _ Xt)H
§ H(Dt-i-l)—lu . ||Zt+1 _ Zt + (Dt _ Dt+1)(Dt)_1DtXt||
<d |2 = 2" + (d)*(| D' = Dool| + || Doo — D*1|))|")]
<d |z — 2| + (d7)’nCB(1 + ), (4.20)

where the last inequality holds for (2.6]). Similar to the proof of (i), we can easily prove (ii).

Next, we prove (iii). Notice that

||Zt+1 _ Z*H — HZt+1 _ Dt+lx* + Dt+lx* _ Z*H
< dF | — x| 4 D — Deof[Ix*|

< AT = x|+ nCx [y (4.21)

Thus, we end the proof. [J
As shown in Lemmal[3] it requires that ||z'~!|| and ||z!|| are bounded by the same constant B.
The following lemma gives a specific representation of B under the boundedness of ||v! — v*||2.

Lemma 5. Let Assumptions[d, @ and[g hold. If |[vt —v*||% is bounded by some constant B for
some t, i.e., ||Vl —v*||% < B, then ||2|| is bounded by some constant B specified as follows

B N
)\min( p) )

Proof. By the definitions of matrix G and sequence {v'}, it is obvious that

o IV =VIE < B,
2

2" — 2%

15



which implies

B

2" —2*|| <\ | 7T
)\min(N—i_QNT)

Thus, we can easily claim ([£22]). O
To establish the key inequality (4.9]), we need to develop an important inequality under the
boundedness of ||[v! — v*|| as shown in the following lemma.

Lemma 6. Let Assumptions [I{]] hold. Let {v'} be a sequence generated by the iteration (AT
and v* be defined in [@B). If |[vi™t —v*|| < B and ||[vl — v*|| < B for some constant B, and
some t € N, then the following holds

I e T [ e e L [ [

+ ut — wt % + aCoy* 4+ aCsry'. (4.23)

where P 2 |14 o (Mefte - phen )1, Q 2 GNNT 4 a2 ler, R 2 MMT, Cp 2
« 2
s (%) , O3 2 dd nCB[d Ly(1+7)(CLB + ||z*||) + 2C1 By], B is specified in [@22),

o >0 and n > 0 are two tunable parameters.

Proof. Note that

IV = vHIE = IV = VG = VT = VG v = VLG - V)

+ (v = vITL GT (vt — viT)). (4.24)
In the following, we analyze the two inner-product terms:

(V* _ Vt+1, G(Vt _ Vt+1)> — (Z* _ Zt+1,NT(Zt _ Zt+1)> + <MT(11* _ ut—}—l)’ ut — ut+1>

(. @EIB), Mz* = 0) = (z* — 2™, NT (2! — 2!T1)) + (MT (u* — ul™t), 2" — 2'T1)
o

o
< Z
- 2

1
5 ”Zt o Zt—}—lH?VNT + ;HZ* - Zt+1”2 +

Jut — a B (4.25)
where o > 0 is a tunable parameter, and

(v — v GT (vt — vith)) = (v* — vt SviTL 1 qel) (- ([@6)
W VLS ) el — ) (- @TH)
( S = —ST) — alv* t+1

v — vt el —e*)

z* — 2 DN (Vr(xTh) — Vr(x*) + Vs(x!) — Vs(x*)))

oo

I
Q
—~ —~ —~

1(Z* _ Zt+1), @r(xt-l-l) _ ?I‘(X*»

+a(D (z* — 2, Vs(x') — Vs(x*)) (2 a(Ty +Ty)). (4.26)
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Next, we give upper bounds of T and T5, respectively.

T = <X* o Xt—i-l’ @r(xt—l-l) - @I‘(X*» + <((Dt+1)—1 _ DO_OI)ZH_I, ﬁr(xt—i-l) . ?I‘(X*»

IN

(DY~ — DIHzt Vr(xth) — Vr(x*)) (. r is convex)
< 2d~dnCC B*4'™ (- @7), Assumption Bl(iii), Lemma [3), (4.27)

and

Ty = <Dgol(z* — zt+1), Vs(xt+1) — Vs(x¥)) + (Do_ol(z* — zt+1), Vs(x") — Vs(le))
< —p X = x| - d |2 — 2| - L[ xt —x (- @2), @5), @&DD). (4.28)
By Lemma [J(iii), it follows

12 — 2|2 < 2(d7)? " — x| + 2(nCy X)),

which implies

th—i—l _ X*H2 >

* 2
HZt+1 _ Z*”2 _ <7”LC’7||X ||> 72t- (4'29)

2(d+)2 d+

By Lemma [)i), it shows

”Zt+1 Xt+1”

—z"||[Ix" -
<d |2 = 2|[|l2 = 2| + (d7)*nC B+ )2 — 27|

d- . B _ .
< 7(?7|!Zt+1 — 2P+ 072 = 2')?) + (d7)*nCB(1 +4)(C1B + [|l2*| )7, (4.30)

where 17 > 0 is a tunable parameter. Substituting (£.29]) and ([€30) into (£.28]), then we have

ndd~Lg s 41 w2 dood™ Ls 41q )2
T, < - - —=— = -
:= ( > 2(d+)2> LA

Cyllx*[|\? o .
b (ML) s @ pLacsa @B sy

Plugging (A.27) and (4.31)) into (4.26), it becomes

<V* _ Vt—l—l, GT(Vt _ Vt+1)>

ndd™ Ls Ihs 1 €112 dood™ Ls 419 )2
o LA R e P

Cylx* 2
+ o (%ﬂx”) 4 aded nOB [d Ly(1 +7)(CLB + |2 ]) + 2 BA] A, (4.32)

Substituting (£.25) and (£32) into (4£.24]), we can conclude (£.23]). O

Based on Lemma [0l we can establish (£9]) for some 6 > 0 and some t € N under some

assumptions as shown in the following lemma.
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Lemma 7. Under conditions of Theorem 1, if |[vi=! —v*|| < B and ||vt — v*|| < B for some
constant B and some t € N, then the inequality (£9) holds for some constants 6 and T'y.

Proof. In order to establish (£.9) for some § > 0 and I'y, in light of Lemmal@] it is sufficient
to show that the right-hand side of (£23]) is no more than —4||v!™ —v*||%,4+ o7, which implies

2 =, + 24— 2, = ! — (1.53)

aCovy? + aCsyt < Ty, (4.34)

where P = (aji — G — 2)T, — 08 Q) = M5 — e NNT — oL' 1, and Ry = gMMT +

T, _ o = _
S(MEM ) i = %g, n=dyd Lsnand L =d_d Ls.
_ = 5 2 T
Let ¢4 2 (ﬂ—g)‘f‘*/A , C5 £ %_27 6 L 20465—2?1201L27 e vy )\min(i\cfs +N)7 s AL CL(C7+2)—(2—C7)
for some positive constant a € (0,1), Ag £ 2. (NT + N) — 4czcs. According to the similar

proof of |22, Theorem 4], we can claim that if the following conditions hold

2—67

1 4.35
2+C7<a< ’ ( )
i (oo 1 J1-ap (4.36)
H 1—a? ¢ 6c1 ’ '
412 412 6c1 -
il1—/1-—= | <f<mina(l+4/1 - —),2(a — L 4,
i o | <1< min B+ cgﬂQ), (B =\ 1=l ¢ (4.37)
Amin(NT + N) — VA Amin(NT + N) + VA
( "22 ) 3 < g < Qmin ;Lc )+ 2 (4.38)
3 3

o3 - VA i- g+ VA 5 VA

I
_ <a< _ _ 4.39
361 L2O' “ — { 301 L2O' ’ 301 L2O' }7 ( )
then ([£33) holds for some positive constant ¢ as specified in (EI0]).
Taking
I'y= 04(02 + Cg), (4.40)

where Cy and Cj5 are specified in Lemma [0 we can easily establish the inequality (d.34]). Thus,
the proof of this lemma, is completed. [J

According to Lemma [1 the key inequality (49) holds for some fixed iteration ¢ if v is
bounded. In the following lemma, we will show that when ¢ is sufficiently large, v**! is also

bounded if v! is bounded and the relation (9) holds at the ¢-th iteration.
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Lemma 8. Let Assumptions[{ hold. If at the t-th iteration, ||v! —v*|| < B for some constant
B, and the relation |[vt —v*||% > (14 68) ||Vt —v*||Z —Ton* holds for some constants §,Tg > 0,
then it holds

IV v < B (4.41)
for all t > T with
. 6B
T = {logﬁ/ F_J +1, (4.42)

where [b] denotes the integer no less than b for any b € R.

Proof. By the definition of ([&42]), it implies
L'oy' <68 (4.43)

for any t > T™. This together with the relation

vt — v*||2 oB
v - vl

t+1 *2<
v vilie = 5 1+0

yvield [[viT —v*||Z4 < B. O
With these lemmas, we can prove our main theorem.

vt — v*||4, where T* is specified in (£.42]).

(Proof for Theorem [3]): Let B = maxo<< 7
By Lemma [7] the inequality (£3) holds for some fixed ¢ under the boundedness of ||[v! — v*||
and other conditions. In the following, we show that the inequality (43 and the boundedness
of |[vt — v*|| hold for any t.

We first prove these for the first T iterates. By the definition of B, it is obvious that
[vt —v*||Z < B when t € {0,...,T*}. Moreover, by Lemma [7] the relation (3] also holds for
any t € {0,...,T*}.

Next, we prove the inequality (£3) and the boundedness of ||[v! — v*|| hold for any ¢ > T*

via an inductive way.

(a) Base step: when ¢t = T™*, we have the following relations:

IV - viE < B, (4.44)
IV = v*lE < B, (4.45)
VT = vIE > (1 8)lIvT = vIE — Tor ™ (4.46)
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(b) Hypothesis step: We assume that the induction hypothesis is true at the ¢t-th iteration
for some t > T, i.e

)

Hvt—l _

V& < B, (4.47)
Iv' —v*|I& < B, (4.48)
IV = v = 1+ 0) v = V(|G — Tor". (4.49)
(¢) Inductive step: We then show that the above relations hold for the (¢ + 1)-th iteration
By (@48) and Lemma [, it holds [vi*!
||Vt+1
iteration, i.e

v*||4 < B. Based on the boundedness of
v*||z and [|[v! —v*||g, and by Lemmal[7, the inequality (4.9]) holds for the (t+1)-th

IV = v G = L+ 8)IvT2 = v — To.
By induction, we conclude that these relations hold for all ¢

In the following, we establish the linear rate of the sequence {x'} based on ([@9). Let
7 = max{ 35,7} From (€3), for any ¢, there holds

1 t—l
t o *x2 < t—1 T
Iv' = v I < o5 IV = VI + Do
STHVt—l_ *

v ”%; +FOTt

< 7V — v ||E DT
Taking a p € (7,1). Let £ = 7 ( 7y- Then for any ¢ € N, it holds
t 1
(2) > =
T 3
As a consequence, we have

v -

viIE < plv? —

. t
-ty
*I& + (Tot) AW
(V" = v*[I& +To€)p! (4.50)
By the definitions of G and sequence {v'} (see, (&8])), [&50) implies
2" —

2"} NenT S IV =i <

(v = v*[[& + To€)p".
By Assumption ], the matrix N + N7 is positive definite. Thus, (&51I) implies

0 r
o< \/ Iv - ]ﬂth) (/B

(4.51)

(4.52)
20



Furthermore, by Lemma [(ii), (£52]) implies

vO—v¥||3 + T .
% — 7] < d” <\/” ]'JfNT % (V) + nCllx W)

mln )
VO — v*[[3 + Lo§ N
<d <\/ ) (B
where the second inequality holds for v <7 < p < ,/p < 1. Let
VO — v*[[& + Log N
N <\/ -~ NfNT) +nC|x*|| ], (4.53)

then we get (4.I1)). Thus, we end the proof. O

5. Numerical Experiments

In this section, we provide a series of numerical experiments to show the effectiveness of the
proposed algorithms via comparing to Subgradient-Push algorithm. In these experiments, the

connected network and its corresponding mixing matrix A are generated randomly.

5.1. Decentralized Geometric Median

Consider a decentralized geometric median problem. FEach agent ¢ € {1,--- ,n} holds a
vector b(;) € RP, and all the agents collaboratively calculate the geometric median = € R? of all
b(iy- This task can be formulated as solving the following minimization problem:

" < argmin T — by 5.1
g f (2) ZH ol (5.1

The geometric median problem is solved by P-ExtraPush over directed networks. The prox-

imity operator prox,, has an explicit solution, for any u € R?,
ProX,,, (u) = by — ﬁmax{\\b(i) —ull2 — o, 0}.

We set n = 10 and p = 256, that is, each point b;) € RP. Data b;) are generated following
the i.i.d. Gaussian distribution. The algorithm starts from z( )= = b(;), Vi. We use three different
step sizes a to show the effect of the step size. The numerical results are reported in Fig.
Bl From Fig. @ P-ExtraPush can adopt a large range of step size. More specifically, with a
proper step size (say, a = 10), P-ExtraPush converges linearly and is significantly faster than

Subgradient-Push algorithm even with the hand-optimized step size.
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Figure 3: Experiment results for decentralized ¢; regularized least squares regression. Trends
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5.2. Decentralized {1 Regularized Least Squares Regression

We consider the following decentralized #1 regularized least squares regression problem, i.e.,

ISING

x* 4 argmin f(z) = Z fi(z), (5.2)
i=1

where fi(z) = %HB(Z-)QS — b(i)”% + )\iH$||1,B(i) € RmiXp,b(i) € R™ for i = 1,...,n, ||z|1 =

P, |xi|l. In this experiment, we take n = 10, p = 256, and m; = 150 for ¢ = 1,...,n. In this
case, the proximity operator of /1-norm is the soft shrinkage function. The experiment result
is illustrated in Fig. Bl From Fig. Bl a = 0.038 is a critical value of step size in the sense
that the algorithm will diverge once « is bigger than this value, and with this proper step size,

PG-ExtraPush converges linearly and is faster than Subgradient-Push. Moreover, a smaller step

size generally implies a slower convergence rate.
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5.3. Decentralized Quadratic Programming

We use decentralized quadratic programming as an example to show that how PG-ExtraPush
solves a constrained optimization problem. FEach agent i € {1,---,n} has a local quadratic
objective %xTQi:E + h;frx and a local linear constraint a;fa; < b;, where the symmetric positive
semidefinite matrix @); € RP*P, the vectors h; € RP and a; € RP, and the scalar b; € R are stored
at agent ¢. The agents collaboratively minimize the average of the local objectives subject to all

local constraints. The quadratic program is:

n
1
min, Z (ExTQi:E + h;fpx), s.t. a;TF:E <b,i=1,...,n.
i=1
We recast it as

n

1
ming Z (§a:TQix + 0z +I(alz - b)), (5.3)
i=1
where
0, if ¢c<O,
I(c) =

400, otherwise,
is an indicator function. Setting s;(z) = $27Q;z + hl z and r;(z) = Z(al2z —b;), it has the form
of (LI) and can be solved by PG-ExtraPush. The proximity operator prox,,, has an explicit
solution
u, if aiTu < <0,

ProxXy,, (u) = (bi—aTu)a;

u + ——*t=—, otherwise.
lla:ll3

Consider n = 10 and p = 256. For any agent i, (); is a positive semidefinite symmetric
matrix, h;, a; and b; are generated from i.i.d. Gaussian distribution. Four different step sizes
are used to show the effect of the step size. The experiment result is presented in Fig. @ Since
Subgradient-Push is not appropriately used to solve this problem, so we show the performance
of PG-ExtraPush only without any comparison in this case. As show in Fig. @ PG-ExtraPush
can also adopt a large range of the step size parameter and o = 5.5 is a critical value in this
case in the sense that PG-ExtraPush may diverge if a larger step size is adopted. With a proper
step size (say, o = 4), PG-ExtraPush performs the similar linear convergence rate when all Q);

are positive semidefinite.
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Figure 4: Experiment results for decentralized quadratic programming with symmetric positive

semidefinite Q’s. Trends of ||x' — x*||p, where x* is the limitation of x*, which is taken as the
iterate at ¢ = 10000.

5.4. Nonconvex Decentralized £,(0 < g < 1) Regularization

We apply the proposed algorithm to solve the following nonconvex decentralized ¢, (0 < ¢ <
1) regularized least squares regression problem, i.e.,

x* <+ argmin f(z) = Z fi(x), (5.4)
TERP i—1
where fi(z) = %HB(Z)J} — b(z)H% + )\ZHl‘Hg,B(l) € RmiXp,b(i) € R™ for i

L...,n, ||=|2
>P |zi|? for 0 < ¢ < 1, and when g = 0, ||z||7 denotes the number of nonzero components of

x. Similar to Subsection 4.2, we take n = 10, p = 256, and m; = 150 for ¢ = 1,...,n. We take

different ¢ = 0,1/2,2/3 since their proximity operators have explicit forms and can be easily
computed. In all cases, A\; = 0.5 for each agent ¢ and four different step sizes are used. The
experiment results are illustrated in Fig. Bl
By Fig. B the optimal step sizes for ¢ = 0,1/2 and 2/3 are 0.035,0.012 and 0.04, respectively.
With these proper step sizes, when ¢ = 0, PG-ExtraPush performs linearly convergent, while
for both ¢ = 1/2 and 2/3, PG-ExtraPush decays sublinearly at the first several iterations, and

then performs linearly. For these nonconvex cases, smaller step sizes generally imply the slower
convergence.

6. Conclusion

In this paper, we propose a decentralized algorithm called PG-ExtraPush, for solving de-
centralized composite consensus optimization problems over directed networks. The algorithm

uses a fixed step size and the proximal map of the nonsmooth part. We show that with an
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appropriate step size, PG-ExtraPush converges to an optimal solution at a linear rate under
some regular assumptions. The effectiveness of PG-ExtraPush is also demonstrated by a series
of numerical experiments. Specifically, PG-ExtraPush converges linearly and is significantly
faster than Subgradient-Push, even the latter uses a hand-optimized step size. Moreover, we
can observe from the numerical results that P-ExtraPush can generally accept a larger range
of step size than PG-ExtraPush. Similar phenomenon between P-EXTRA and PG-EXTRA is
also observed and verified in [16]. Moreover, we show the potential of PG-ExtraPush for solv-
ing the decentralized nonconvex regularized optimization problems. In such nonconvex cases,
PG-ExtraPush performs an eventual linear rate, i.e., the algorithm decays linearly starting from
several iterations but not the initial iteration. However, its convergence as well as the rate of

convergence in the general convex and nonconvex cases have not been studied in this paper, and

we will investigate them in the future.
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