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Abstract—Stability criteria for neutral stochastic differential delay
equations (NSDDEs) have been studied intensively for the past several
decades. Most of these criteria can only be applied to NSDDEs where
their coefficients are either linear or nonlinear but bounded by linear
functions. This paper is concerned with the stability of hybrid NSDDEs
without the linear growth condition, to which we will refer as highly
nonlinear ones. The stability criteria established in this paper will be
dependent on delays.

Index Terms—Neutral stochastic differential delay equation; Nonlinear
growth condition; Asymptotic stability; Delay dependent; Markovian
switching

1. INTRODUCTION

Many stochastic dynamical systems do not only depend on present
and past states but also involve derivatives with delays. Neutral
stochastic differential delay equations (NSDDEs) are often used to
model such systems. NSDDEs with Markovian switching (also known
as hybrid NSDDEs) form an important class of hybrid dynamical
systems. They have been successfully applied in practice, such as
in traffic control, switching power converters, neural networks, and
so on (see, e.g., [1-5]). The research on the stability of NSDDEs
with Markovian switching has received considerable attention for the
past several decades (see, e.g., [6-9]). The stability criteria are in
general classified into two categories: delay-dependent and delay-
independent stability criteria. The delay-dependent stability criteria
take into account the size of delays and hence are generally less
conservative than the delay-independent ones which work for any
size of delays.

A common feature of the existing delay-dependent stability criteria
is that most of them can only be applied to delay systems where
their coefficients are either linear or nonlinear but bounded by linear
functions (see, e.g., [10-12]). However, the linear growth condition
is usually violated in many practical applications. Recently, there are
some progress on stability for highly nonlinear stochastic delay sys-
tems. For example, the stability and boundedness of nonlinear hybrid
SDDEs were studied in [13], the robust stability and boundedness of
SDDEs without the linear growth condition were studied in [14], the
stability of neutral stochastic differential equations with unbounded
delay and Markovian switching was studied in [15]. But those results
are all delay independent. [16] is the first to establish delay-dependent
criteria for highly nonlinear hybrid SDDEs . However, to the best of
our knowledge, there is so far no delay-dependent stability criteria
for highly nonlinear hybrid NSDDEs. Motivated by [16], the key
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aim of this paper is to establish the delay-dependent stability criteria
for hybrid NSDDEs with the polynomial growth condition instead of
the linear growth condition. To explain our aim more clearly, let us
consider the scalar highly nonlinear hybrid NSDDE

dlz(t) — D(z(t — 7)) =f(z(t),z(t — 7),7r(¢), t)dt
+g(z(t), z(t —7),7r(t),t)dB(t), (1.1)
where z(t) € R is the state, 7 stands for time delay, B(t) is a

scalar Brownian motion, 7(t) is a Markov chain on the state space
S = {1, 2} with its generator

r= (;1 52) (1.2)
and the coefficients are defined by
fla,y,1,0) = —y —4a®,  f(z,y,2,t) = —y — 5z,
9(z,y,1,t) = gz, y,2,t) = 0.5y%,
D(z(t—7)) =0.1z(t — 7). (1.3)

This nonlinear hybrid NSDDE can be regarded as that it operates in
two modes and it obeys

dz(t) — 0.1z (t — 7)) =[—z(t — 7) — 42° (t)]dt
+0.52° (t — 7)dB(t),

dlz(t) — 01z(t — 7)) =[—z(t — 7) — 52> (t)]dt
+0.52%(t — 7)dB(t)

in mode 1 and 2, respectively. The system will switch from one mode
to the other according to the probability law of the Markov chain.
If 7 = 0.01, the computer simulation shows that the hybrid NSDDE
is asymptotically stable. If the time-delay is large, say 7 = 2, the
computer simulation shows that the hybrid NSDDE is unstable. In
other words, whether the hybrid NSDDE is stable or not depends on
how small or large the time-delay is. On the other hand, both drift
and diffusion coefficients of the hybrid NSDDE are highly nonlinear.
Unfortunately, there is so far no delay-dependent criterion which can
be applied to this NSDDE to derive a sufficient bound on the time-
delay 7 for the NSDDE to be stable. Our aim here is to establish
delay-dependent criteria for such highly nonlinear hybrid NSDDEs.

2. NOTATION AND ASSUMPTION

Throughout this paper, unless otherwise specified, we use the
following notation. If A is a vector or matrix, its transpose is denoted
by AT, If x € R", then |z| is its Euclidean norm. For a matrix A,
it’s trace norm is denoted by |A| = \/trace(ATA) . For 7 > 0,
denote by C([—7,0];R™) the family of continuous functions ¢
from [—7,0] — R™ with the norm ||| = sup_,, <o |e(w)].
Let (Q,F,{F:}+>0,P) be a complete probability space with a
filtration {F;}¢>0 satisfying the usual conditions (i.e. it is in-
creasing and right continuous while Fo contains all P-null sets).
Let B(t) = (Bi(t), -, Bm(t))T be an m-dimensional Brownian
motion defined on the probability space. Let r(t), ¢ > 0, be a right-
continuous Markov chain on the probability space taking values in a
finite state space S = {1,2,---, N} with generator I' = (5 )nx N,



Here ~;; > 0 is the transition rate from ¢ to j if ¢ # j while
Yii = — ;2 Yij- We assume that the Markov chain r(-) is
independent of the Brownian motion B(-). Let

fiR"XR"xSx Ry —R",
g:R"xR"xSxRy =R, D:R"—R"

be Borel measurable functions. Consider an n-dimensional hybrid
NSDDE

dlz(t) — D(z(t — 1)) = f(x@),z(t — 7),7(t), t)dt
+g(z(t),z(t —7),7(t),t)dB(t) 2.1

on t > 0 with initial data

ig € S.

{z(t): =7 <t<0}=necC(-1

;0 R™), r(0) = 2.2

The well-known conditions imposed for the existence and unique-
ness of the global solution are the local Lipschitz condition and the
linear growth condition (see, e.g., [4, 9, 17]). In this paper, we need
the local Lipschitz condition. However, we impose the polynomial
growth condition instead of the linear growth condition. Let us state
these conditions as an assumption for the use of this paper.

Assumption 2.1. Assume that for any h > 0, there exists a positive
constant K such that
|f(m7y77'at)7]“(j g )|\/‘g(flj y7lvt) g(:i?galat)‘
SEKn(lz =2 +ly—y) (23
for all z,y,Z,5 € R"™ with |z| V |y| V |Z| V |g] < h and all (i,t) €
S x R+. Assume also that there exist three constants K > 0, ¢1 > 1
and g2 > 1 such that

f (@5, )] < K(1+ |2 +[y]™),
l9(z,y,4, )| < K(1+ |2|™ + [y[*?) 24)
for all (z,y,1,t) € R™ xR™ xS x Ry. Assume moreover that there
is a constant k € (0, g) such that

|D(u) —

D)| < klu —v| (2.5)

for all u,v € R, and D(0) =

Of course, if g1 = g2 = 1, then condition (2.4) is the familiar
linear growth condition. However, we emphasise once again that we
are here interested in highly nonlinear NSDDEs which have either
q1 > 1 or g2 > 1. We will refer to condition (2.4) as the polynomial
growth condition. Of course, without the linear growth condition, the
solution of the NSDDE (2.1) may explode to infinity at a finite time.
To avoid such a possible explosion, we need to impose an additional
condition in terms of Lyapunov functions. For this purpose, we need
more notation. Let C**(R™ x S x R4;R4) denote the family of
non-negative functions U (z, i,t) defined on (z,,t) € R" xSx Ry
which are continuously twice differentiable in x and once in t. We
now state another assumption.

Assumption 2.2. Assume that there exists a pair of functions U €
C*'(R™ x S x R4;Ry) and G € C(R™ x [—7,00); Ry ), as well
as positive numbers ¢1, ¢z, c3 and ¢ > 2(q1 V g2), such that

es<ca fal! <U(x,4,t) < Gz, ),

V(z,i,t) € R" xS x Ry, and
LU(;E -D y)vyaiat) :

=Ui(z — D(y),i,t) + Us(z — D(y),4,t) f(x,y,4,t)

+ tracely” (@, 9,1, 00ua(e — D), i, )g(x,y,1,0)
N —

+ Y viU(z — D(y), j:t)
j=1

< e — Gz, t) + 3Gy, t — 7),
V(z,y,i,t) € R" x R" xS x Ry.
We now cite a result from [15] as a lemma for the use of this
paper.

Lemma 2.3. Under Assumptions 2.1 and 2.2, the NSDDE (2.1) with
the initial data (2.2) has the unique global solution z(¢) on t > —7
and the solution has the property that sup_, ., ., E|z(t)|? < oo.

3. DELAY-DEPENDENT ASYMPTOTIC STABILITY

In this section, we will use the method of Lyapunov functionals to
investigate the delay-dependent asymptotic stability. We define two
segments T := {z(t+s) : =27 < s < 0} and 7 := {r(t + s) :
—27 < s < 0} for t > 0. For T+ and 7; to be well defined for
0 <t <27, wesetz(s) =n(—7) for s € [-27,—7) and r(s) = ro
for s € [—27,0). The Lyapunov functional used in this paper was
defined by

V (&, 7e,t) = U(z(t) — D(z(t — 1)),7(t),t)

0/ / 7| f(z(v), z(v — 7), r(v),v)]?
—7 Jt+s

+g(e(v), 2(v 1), r(v),v)|2]dvds
for t > 0, where U € C**(R™ x S x R4; R4) such that

lim [ inf
|z|—o0 "(t,i)€ER4 XS

U(z,r,t)] = oo, 3.1

and 0 is a positive number to be determined later while we set

f(z,y,i,s) = f(z,9,4,0),

for (z,y,1,s) € R"xR"xSx[—27,0). Applying the generalized It6
formula (see, e.g..[5, Theorem 1.45 on page 48]) to U(x(t),r(t),t),
we get

9(z,y,14,5) = g(x,9,4,0)

dU (a(t) = D(a(t = 7)), 7(t), 1))
= (Uia(t) = D(a(t = 7). 7(),)
+ Un(a(t) = D(a(t = 7)), r(0), ) (2(), 2(t = 7), 7(2), )

D(z )
+ %trace[g (z(t),z(t — 7),r(t),t)
X Uza(2(t) — D(x(t — 7)), 7(t),t)g(x(t),

N
+ Z%(ﬁ),jU z(t
=1

for t > 0, where M (t) is a continuous local martingale with M (0) =
0 (see, e.g.,[5, Theorem 1.45 on page 48]). Rearranging terms gives

dU (z(t) — D(z(t — 7)), r(t),t)
= (Ua(a(t) = D(a(t = 7)), 7(1), 1)
X [f@(t),x(t = 7),r(t), 1) = f(x(t), 2(t), (1), )]
+ LU (t) = D(w(t = 7)), (t = 7),7(1), 1)) + dM(2),

a(t —7),7(t),1)]

— D(x(t — 7)), (1), t))dt +dM(1),



where the function LU : R” x R"™ x S x R4+ — R is defined by
= Ut(m - D(y),l,t) + UJC(‘T - D(y)7i7t)f(x7$7i7t)

1
+ gtracelg” (2,94, )Usa (@ — D(y), 4, )g(@, .5, )]

N
+> U —
=1

Lemma 3.1. With the notation above, V (Z:, 7,t) is an Itd process
on t > 0 with its Itd differential

AV (2,71, t) = LV (T4, 71, t)dt + dM (L),

D(y), 4,1t). (3.2)

where M (t) is a continuous local martingale with M (0) = 0 and
LV (Zy,7,t) = Ug(2(t) — D(z(t — 71)),7(t),t)

X [f(z(t),x(t —7),r(t), 1) — f(z(t),z(t), r(t),1)]

+ LU(z(t) — D(z(t — 7)),z — 7),7(t),t)

+0r [Tlf(x(t) 2t =), r(8), O + |g(@(t), 2t = 7),7(8), )]

— 9/ T|f(z
+|g(z(v), z(v — 7),7(v), U)|2]dv

To study the delay-dependent asymptotic stability of the NSDDE
(2.1), we need to impose a couple of new assumptions.

(v =7),7(v),0)]*

Assumption 3.2. Assume that there are functions U € C*'(R™ x
SxRi;R4), Uy € CR™ x [—7,00); Ry), W € C(R™; R+), and
positive numbers oy, (k = 1,2) and 3; (j = 1,2, 3) such that

oz < o1 (3.3)
and
LU(z — D(y),y,i,t) + f1|Us(z — D(y), 4, )|
+ Balf (2, .4, O + Bslg(w, y, 4, )
< —aqUi(z,t) + aUi(y,t — 1) — W(x — D(y)), 3.4)

for all (z,y,i,t) € R™ x R" x S x Ry. Furthermore W has the
property
W(z)=0

Assumption 3.3. Assume that there exists a positive number (4 such
that

if and only if x = 0. (3.5)

[f(@,2,4,t) — flz,y,4, )| < Balz — ] (3.6)
for all (z,y,7,t) € R® x R® x S x R+.
We can see (3.4) also implies
LU(z — D(y),vy,1,t)
< —aqUi(z,t) + axUi(y,t — 7) — W(z — D(y)).

Rearranging hybrid NSDDE (2.1) as

dfa(t) — D(x(t — 7))]
= f(x(t),2(t),r(t),t)dt + g(x(t), x(t — 7),7(t),t)dB(?)
+ (@), 2(t = 7),r(1),8) — f(@(t), 2(t), (1), )] dt,

we see that NSDDE (2.1) is a perturbed system of the stable NSDDE
d[X(t) = D(X(t —7))]
= f(X (), X(#),rt), t)dt + g(X (), X(t — 7),7(t),t)dB(2).
If the time delay is not too large, then the difference f(x(t),z(t —

7),r(t),t)— f(x(t), z(t),r(t),t) would be small so that z:(¢) should
be close to X ().

Theorem 3.4. Let Assumptions 2.1, 2.2, 3.2 and 3.3 hold. Assume
also that

< (1 — 2KZ )ﬂlﬁ;g (1 — 2%2)[3152
- /84 54 '

Then for any given initial data (2.2), the solution of the NSDDE (2.1)
has the properties that

/C><J EU; (z(t),t)dt < oo,

(3.7)

(3.8)

sup EU(z(t) —

0<t<oo

D(z(t —7)),r(t),t) < co. 3.9

Proof: Fix the initial data € C([—7,0;R") and 70 € S
arbitrarily. Let kg > 0 be a sufficiently large integer such that
Inll == sup_,<,<on(s) < ko. For each integer k > ko, define

the stopping time
or =1inf{t > 0: |z(t) — D(z(t — 7))| > k},

where throughout this paper we set inf () = co (as usual ) denotes
the empty set). It is easy to see that o is increasing as k — oo and
limy_, o 0 = 00 a.s. By the generalized 1t6 formula we obtain from
Lemma 3.1 that

]EV(Q_L't/\o-k ) Ft/\ak , t A O'k)

tAoy
= V(Zo,70,0) + IE/ LV (zs,7s,s)ds (3.10)
0

forany t > 0 and k > ko. Let @ = 33 /(81(1—2x%)). By Assumption
3.2, it is easy to see that
Us(a(t) = D(x(t — 7)), (1), 1)
X [f(a(t),z(t —7),7(t),t) — f(2(t),x(t),r(t), 1)]
< BilUs(2(t) = D((t — 7)), v(t),t)|* + %\x(t) —a(t—7)*
By condition (3.7), we also have
07> < By and 67 < fs.

It then follows from Lemma 3.1 that

LV (Zs,7s,8) < LU(x(s) — D(z(s — 7)), x(s — 7),7r(s), s)
+ B1|Us(2(s) — D(x(s — 7)), 7(s), s)|?
+ Balf((s), 2(s — 7),7(s), 5) [
+ Bslg(z(s), = (S-T)W(S),S)|2+ﬁlw(8) z(s — 1)

7,31(%22&2)/i [ |f(z(v),z(v — 1), T(U),v)|2

+lg(a(v), 2(v = 7),7(v),0) | do.
By Assumption 3.2, we then have
LV (zs,7s,s) < —a1Ui(z(s), s) + axUi(z(s — 7),s — T)

D(a(s — 7)) + 4’; ja(s) —

- ﬁ / [l ). 2(0 = 7). r(0), )

+lg(@ (), 2(v = 7),7(v), v)|do.

Substituting this into (3.10) implies

2

— Wixz(s) —

(s —7)|

]E‘/(jt/\o')C 7Ft/\crk ) LA Uk)

< V(%o,70,0) + Hi — Ho + Hs — Hy,  (3.11)



where
H, = E/O " [— arUi(z(s),s) + asUr(z(s — 1), s 7')]ds7
Ho— IE/ " W (a(s) - D(a(s — 7)))ds,

IﬁlglfWM@—m—ﬂW&

Hi=73 17%2 E/OWk/ [ (v =7),r),v)f
+ lg(z(v), z(v — 7),7(v), v)|2] duds.

Noting that

/OMGk Ui(z(s —7),8 — T)ds < /“\”k Ui(z(v),v)dv,

-7

we have

0 tAo
H; < ag/ Ui(n(s), s)ds — agE/ Ui(z(s), s)ds,
-7 0

where a3 = a1 — a2 > 0 by condition (3.3). Substituting this into
(3.11) yields

tAo)
Oég]E/ Ul(a:(s)7 s)ds < Ci1— Hs+ Hs — Hy, (3.12)
0
where C is a constant defined by

0
Cy = V (70, 70, 0) + aQ/ Ui (n(s), 5)ds.

Applying the classical Fatou lemma and let & — oo in (3.12) to
obtain

OCSE/ U1 d8<C1 H2+H3—H4, (3.13)
where

= E/t W(z(s) — D(z(s — 7)))ds,
H; = fglIE/t lz(s) — (s — 7)|*ds,
Hi= gt [ )=o),

+ lg(z(v)

Noting that W € C(R"; R4), (3.13) implies

z(v—71),7r(v), v)|2] dvds.

t
Oz;gE/ Ui (z(s),s)ds < Cy + Hsz — Hy. (3.14)
0

By the well-known Fubini theorem, we have

2 t
Hs = 467541/0 Elz(s) — (s — 7)|°ds.
For ¢t € [0, 7], we have
2 T
s < 2%41/0 (Elz(s)|? + Elz(s — 7)|?)ds

7'/34% 2
< — =:
__ﬂl(fiﬁgﬁmwn) Ca,

where, as usual, =: means ‘denoted by’. For ¢ > 7, we have

i

Hy < Co+ - 15

E|x(s) —x(s — 7)|*ds.

Noting that

|2(s) = x(s — 7)| < |[x(s) — D(x(s — 7))]
D(a(s —27)]| + |D(z(s — 7)) —

< klz(s—71)—z(s—27) |+\/ fx(u),z(u—71),r(u),u)du

—[z(s—7) — D(z(s — 27))]

[ gt stu= ). r),0dB).
Therefore, we have

Elz(s) — (s — 7)|* < 2k°Ela(s — 7) — (s — 27)|°

+m/f
+/_QWWLMufﬂwwxwﬂ%wf
< 2k%Elz(s — 1) — x(s — 27)|°
+4IE/ (7] f (@(u), x(u— 7),7(u),u)[*
) du

(u—7),7r(u),u)du

+lg(@(w), 2(u = 7), 7(w),

which shows
/:Epc( ) — a(s — 7)[2ds < 267 /tE|x(s — 1) — w(s — 27)ds
w48 [ [ rife, s ..
+ lg(@(u), 2(u — 7),7(u),
< 252/ Ela(s) — a(s — 7)[*ds

+4IE/ / ISt

+ lg(a(u),

u)|?]duds

Ja(u—7),r(u),u)?

z(u —7),r(u),

Noting that 0 < & < Y2 it follows that

w)|?|duds.

2k2

/T E|z(s) — z(s — 7)|°ds < T—a2 /T E|z(s) — z(s — 7)|°ds

zzfljw

sa(u—7),r(u),u)?

+lg(@(u), 2(u — 7),7(uw), u)*|duds.
Hence
= 2k27 32 -
Hs <Co+ ———— E H.
2SOt gy Sup Bl +
= C5 + Hy, (3.15)
where C3 = C2 + % sup r<v<r E|z(v)|?. Substituting this
into (3.14) yields a3k fo Ui(z(s),s)ds < C1+ Cs. Letting t — oo
gives
e 1
IE/ Ui(z(s), s)ds < a—(C’l + Cs). (3.16)
0 3
Similarly, we see from (3.11) that
EU(x(t Nog)—D(z(t Aok —7)),r(t ANor),t A O'k)
< Ci— H2+ Hs — Hy. (3.17)

Letting kK — oo we get

EU (z(t) — D(z(t — 7)), r(t),t) < C1 + C3 < o0,



which shows

sup EU(z(t)—D(z(t — 7)), 7(t),t) < co.

0<t<©

(3.18)

Thus the proof is complete. O

We have established delay-dependent stability criteria for highly
nonlinear NSDDEs even though the condition given by (3.7) is
sufficient rather than necessary. The following corollary gives a
criterion on H . -stability.

Corollary 3.5. Let the conditions of Theorem 3.4 hold. If there
moreover exists a pair of positive constants ¢ and p such that

clzl? < Ui(z,t), V(z,t) € R" x Ry,

then for any given initial data (2.2), the solution of the NSDDE (2.1)
satisfies

/00 E|z(¢)|"dt < oo. (3.19)
0

That is, the NSDDE (2.1) is H-stable in LP.

This corollary follows from Theorem 3.4 obviously. However, it
does not follow from (3.19) that lim; o E|z(t)|? = 0.

Theorem 3.6. Let the conditions of Corollary 3.5 hold. If, moreover,
P+a—-1)V(p+2e-2)<g,
then the solution of the NSDDE (2.1) satisfies

p>2 and

: P _
tliglol[‘:h:(tﬂ =0

for any initial data (2.2). That is, the NSDDE (2.1) is asymptotically
stable in LP.

Proof: Again, fix the initial data (2.2) arbitrarily. For any 0 < ¢; <
to < 0o, by the Itd formula, we get

Elz(ta) — D(x(ts — 7))|" — Elz(t1) — D(x(ts — 7))[”

—E [ (bla(t) -~ Dlalt = )P (a(0) ~ Dlat ~ )"

x f(z(t),2(t = 7),7(t), 1)
+ glx(t) = D(a(t = 1))|" gz (t), a(t — 7),7(t), )

p(p—2)

T

|(t) = D(@(t = ))I"~*|(z(t) — D(a(t —7)))"

x g(z(t), x(t — T),r(t),t)\Q)dt,
This implies
IE|2(t2) — D(a(ts — 7)” — Ela(ts) — D(a(tr — 7)[7|
sk / (plo(t) = DGt = )P I f (@ (), 2(t = 7),7(2), )]

+ POV ja)  Dlatt — )P lge(t), alt — 7). (), ) ) de

We can obtain

|E|z(t2) — D(z(t2 — 7))[P=Elz(t1) — D(z(t: —7))|"|
< Cy(t2 — 1),

where

Ci=2"""pK +3p(p — NK*/2)(1+ sup Elz(t)|") < cc.

—7<t<oo

Thus we have E|z(¢t) — D(x(t — 7))|P is uniformly continuous in ¢
on R.. By (3.19) we have

/OO Elo(t) — D(a(t — 7)) Pdt

0

< /OOO 2 E (la(0) + w7lalt — 7| )de

<14 mf’)/ Elo(t)|dt + 22 kP ]| < oo,
0

so we obtain lim_, o E|z(t) — D(z(t — 7)) = 0. Applying the
inequalities (2.5) and
(a+0b)” < (1+€e)P ' (a” + " 7Pb),Ya,b > 0,p > 1,¢ > 0,

we have

Elz(®)|” < E[lz(t) = D(z(t — 7)) + |D((t — 7))[]"
SE[(1+e" (|l2(t) = D(a(t = 1) + € Frla(t — 7)),

Setting € = x/(1 — k), we have

1

Bl < (;—

)P Elz(t) — D(a(t — )" + KE|z(t — 1),

letting t — oo, we have
lim supE|z(¢)|” < & lim supE|z(¢)|” a.s.
t—o0 t—o0

This, together with the Lemma 2.3, yields lim¢— o E|z(¢)|? = 0.
Thus the proof is complete. O

Remark 3.7. In order to obtain the assertion lim;_, . E|z(t)|? = 0,
some new mathematical techniques have been applied compared with
[16]. In general it is not possible to imply lim; oo Ui(z(t),t) =
0 a.s. from (3.8) and hence get lim; o |z(t)] = 0 a.s. To make
this possible, we need some additional conditions as described in the
following theorem. It should be pointed out that there is no such a
result in [16].

Theorem 3.8. Let the conditions of Theorem 3.4 hold. If there
moreover exists pair of positive constants ¢ and p such that

clel? < Ui(z,t) and (@1 +1)V (2q2) <p. (3.20)

Then for any given initial date n in (2.2), the solution obeys that

lim z(t) =0 a.s. (3.21)
t— oo

t2
1
<E / (pK 2 (t) = D(a(t = )P [L+ [2(0)]" + |2t =TI proof: Again fix the initial data 7 in (2.2) arbitrarily. From (3.13)

3p(p — K>
2
X [L+[a(@)P® + o(t — )] ) dt.

+ |z(t) — D(z(t — 7-))\1?_2
By inequalities
|x(t) — D(a(t — )" <277 (J2(t)[” + |D(x(t — 7))")
<2 (Je(t)? + wla(t — TI),
|x(t)‘P*1‘x(t _ T)|q1 < |x(t)|p+q1fl + |:E(t _ 7_)|p+q171’

(@) <1+ |z (1)),

we can show that
/00 EW (z(t) — D(z(t — 7)))dt < oo.
0
By the Fubini theorem we have
Cs = E/Ooo W (z(t) — D(z(t — 7)))dt < oo, (3.22)
which implies

/000 W(z(t) — D(z(t — 7)))dt < 0o a.s. (3.23)



Setting z(t) = z(t) — D(z(t — 7)) for ¢ > 0 with oy, := inf{t >

0:|z(t)] = k}. We observe from (3.23) that
tlim inf W(z(t)) =0 a.s. (3.24)
—00

By Corollary 3.5, we have Cs := [~ E|z(t)[Pdt < co. Moreover,
in the same way as Theorem 3.6 was proved, we can show that

E|z(T A ok)|P < Cr 4 Cs /OO E|z(t)|Pdt
=Cr+ CGCZ =C, VT >0,
where C7 = 227 1xP||n||, Cs = 2P~ (1 + xP). This implies
KPP(or, <T) < C.
Letting T" — oo yields
EPP(o), < o0) < C. (3.25)

We now claim that

lim W(z(t)) =0 a.s.

t—o0

(3.26)

In fact, if this is false, then we can find a number € € (0,1/4) such
that

P(Q1) > 4e, (3.27)

where 1 = {lim;—, oo sup W(z(t)) > 2¢}. Recalling (3.25), we can
find an integer m sufficiently large for P(o., < co) < e. This means
that
P(Q2)>1—¢, (3.28)
where Qs := {|z(¢)| < m for Vt > —7}. By (3.27) and (3.28) we
get
P( NQ2) > P(Q1) — P(Q3) > 3¢, (3.29)

where 25 is the complement of (5. Let us now define the stopped
process ((t) = z(t Aom) for t > —7. Clearly, ((¢) is a bounded It6
process with its differential

dC(t) = G(t)dt + ¢ (t)dB(t), (3.30)

where
o(t) = f(2(t),z(t — 1), t,7(t) Lj0,0,) (1),
1/1(15) = g(x(t)v m(t - T)7 t, r(t))I[O,Um)(t)'
For 0 <t < om, by (2.5) we have
le(t)] < |e(t) = D(e(t — )] + [D(a(t — 7)| < m + Kla(t - 7)],
which shows

()]

sup

lz()] <m+klnll ++ sup
0<t<om 0

<t<om

Therefore, we have

1
supJa(0)] < (2 (m e+l ) VIl 63D

—7<t<om

Recalling the polynomial growth condition (2.4), from (3.31) we see
that ¢(¢) and v (t) are bounded processes, say

lo@)] Vv [ (B)] < Co

for all ¢ > 0 and some C9 > 0. Moreover, we also observe that
[¢(t)| < m for all ¢ > —7. Define a sequence of stopping times

p1 =inf{t > 0: W(((t)) > 2},
W(C(t) < e},
W(((t) = 2¢},

a.s.

(3.32)

p2; = inf{t > pa;_1 : i=12

p2j+1:inf{t2p2jt j=12---.

Note from (3.24) and the definition of €2; and 23, we have

2N C {om =00} (m;-”;l {p; < oo}). (3.33)
We also note that for all w € 21 N2, and 57 > 1,
W(C(p2j-1)) = W(((p2;)) =¢ and
W(C(t)) >e whente€ [p2j717 pzj]. (3.34)

Since W (-) is uniformly continuous in the close ball S;, = {z €
R™ : |z| < m}. We can choose § = §(g) > 0 small sufficiently for
which

W (1) — W(C)| <e,Ci,Ce € Sm, with |G — (2| < 6. (3.35)

We highlight that for w € 1 Ny, if |<(p2j71 +u) — C(p2j71)| <d
for all w € [0, \] and some A > 0, then pa; — p2;—1 > A. Choose
a sufficiently small positive number A and then a sufficiently large
positive integer jo such that

205 A(A+4) < e6® and Cs < £>\jo. (3.36)

By (3.29) and (3.33), we can further choose a sufficiently large
number 1" for

P(p2jo <T) > 2e. (3.37)

In particular, if p2;, < T, then |((p2;,)| < m, and hence p2j, < om

by the definition of (t). We hence have

C(t,w) = 2(t,w) for all 0 < ¢ < pajy and w € {p2j, < T}.
(3.38)
By the Holder inequality and the Burkholder-Davis-Gundy inequality
(see, e.g.,[4, Theorem 1.7.3 on page 40]), we can have that, for 1 <
J < Jo,
E( sup [C(p2j—1 AT +1) = C(p2j—1 A T)|2)
<X

0<t<
p2j—1 AT+ 5 p2j—1 AT+ 9
§2/\1E/ 16(5)| ds+8E/ W (s)] ds)
p2j—1NT p2j—1NT
<2C3A(\ +4).

This, together with (3.36) and Markov inequality, we can obtain that

IP( sup [C(p2j—1 AT +1) = ((p2-1 AT)| = 5) <e.
<A

o<t

Noting that pa;_1 < T if poj, < T, we can derive from (3.37) and
the above inequality that

]P<{P2jo <T}n { .20, IC(p25—1 + 1) — C(p2-1)] < 5})

=P(p2j, <T)

- IP({/)2J'0 <T}n { sup [C(p2j—1 +1) — ((p2j-1)| > 5})
0<t<A

> P(p2jo <T) - IP( sup IC(p2j—1 +t) = C(p2j—1) = 5) > €.

0<t<

This, together with (3.35) , implies easily that

]P({szo STy {p2 — p2j—1 > A}) >e.
By (3.22), (3.38) and (3.39), we derive

Jo p2;
Co2 > B(lpyen [ Wst)at)
j=1

P2j—1

(3.39)

Jo
e ZE(I{pszST}(P% - P2j71))

Jj=1

Jo
>en) ]P({szo STy {p2j — p2j—1 2 A}) > &% Xjo.
j=1



This contradicts the second inequality in (3.36). Thus (3.26) must
hold.

We now claim lim; o 2(t) = 0 a.s. If this were not true, then
e1 = P(Q3) > 0, where Q3 = {limsup,_, . |2(¢)| > 0}. On the
other hand, by (3.25), we can find a positive integer mg large enough
for P(om, < 00) < 0.5¢e1. Let Q4 = {om, = 0o}. Then

IP(Qg N Q4) > P(Qg) — IP(QZ) > 0.5¢1.

For any w € Q3 N 4, (¢, w) is bounded on ¢ € R. We can then
find a sequence {¢;};>1 such that t; — oo and z(¢;,w) — Z(w) # 0
as j — oo. This, together with the continuity of W, implies

lim W(z(tj,w)) = W(zZ(w)) > 0.
j—o0
Consequently, we have

limsup W (z(t,w)) > 0 for all w € Q3 N Q4.

t—o0

But this contradicts (3.26). We therefore must have the assertion
lim; o0 2(t) = 0 a.s. Hence we obtain

sup |z(t)| < o0 a.s.
0<t<0

(3.40)

Finally, let us show our assertion (3.21). By (2.5), we have

lz()| < |2(t) — D(z —7)| + [D(z — 7)]

< |z(t)] + klz(t = T)| a.s.

(3.41)
This implies, for any 7" > 0,

sup [z(t)| < sup [z(t)|+ k|l + £ sup |z(t)] a.s.
0<t<T 0<t<T 0<t<T

Hence we deduce

sup [x(t)] <

(sup [z +Alnll) a.s.
0<t<T 0<t<T

1—k
Letting 7" — oo and using (3.40) we obtain that

sup |z(t)| < oo a.s.
0<t<oco

(3.42)

By (3.41), letting ¢ — oo, using lim;— oo 2(t) = 0 a.s., we obtain
that

limsup |2(t)| < klimsup |z(t)| a.s.

t— o0 t— o0
For k € (0, g) together with (3.42), we must have
113130 lz(t)] =0 a.s.
which is the required assertion (3.21). The proof is complete. O

Remark 3.9. Although the adopted methods and skills borrow from
[16], the existence of the neutral term D (z(t—7)) essentially changes
the problem, and a significant amount of new mathematics has been
developed to deal with the difficulties due to the neutral term.

4. CONCLUSION

Stability of NSDDESs have been studied for many years, most of the
results in this area require that the coefficients of equations are linear
or nonlinear but bounded by linear functions. In this paper, without
the linear growth condition, we have established delay-dependent
stability criteria for highly nonlinear NSDDEs by the method of
Lyapunov function. The Hoo stability in L, asymptotic stability in
LP? and almost surely asymptotic stability are discussed in this paper.
Although the condition imposed in (3.6) covers many NSDDE:s, this
condition may exclude some highly nonlinear hybrid NSDDEs, in
our future work we will remove this restrictive condition and give a
generalised result to include a much wider class of hybrid NSDDEs.
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