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Abstract

In this paper we study affine and bilinear systems on Lie groups. We show that there is an intrinsic
connection between the solutions of both systems. Such relation allows us to obtain some preliminary con-
trollability results of affine systems on compact and solvable Lie groups. We also show that the controllability
property of bilinear systems is very restricted and may only be achieved if the state space G is an Euclidean
space.
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1 Introduction

An affine system on a connected Lie group G is a family

m

(1) = FO(a(t) + ) wi(t)F (x(t)),

j=1

of ordinary differential equations, where w := (w1,...,wm) € U is a piecewise constant function and
FO Fl . . F™ are affine vector fields.

The class of affine systems are in fact quite large since it contains the classical linear and bilinear systems on
the Euclidean space R? and more generally the invariant, linear and bilinear systems on G (see [2], [6], [13]
and [I8]). Therefore, the dynamic involved here is really much more complicated than those of the mentioned
systems.

In the present paper we exploit the intrinsic connection between affine and bilinear systems in order to obtain
controllability results for affine systems. One example where one can see how strong is such connection is given
for G = R™ by Jurdevic and Sallet in [IT]. There the authors showed that an affine system is controllable as
soon as it has no singularities and its associated bilinear system is controllable in R\ {0}. However, any other
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class of Lie groups contains nontrivial proper subsets that are naturally invariant by automorphisms implying
that controllability of any bilinear system on G \ {e} can only be expected when G is isomorphic to R™ (see
Theorem B4 ahead). Therefore, generalizations of the result of Jurdevic and Sallet for more general Lie groups
are not possible.

The above forces us to look at affine systems in a more geometric way by using the above invariant subsets as
done in [I] and [5] for linear systems. In order to do that we first prove that there is an intrinsic connection
between the solutions of any affine system and its associated bilinear system. More accurate, the solutions of
an affine system are given by left translation of the solutions of their associated bilinear system. Using such
formula we are able to generalize some results from [5] allowing us to prove controllability results for affine
systems on compact and solvable Lie groups under the assumption of local controllability around the identity.

This paper is structured as follows. In Section 2 we introduce the basic concepts about control systems and
affine vector fields. In Section 3 we analyze bilinear systems on Lie groups. We give an explicity formula for
the solutions of such systems and show that the controllability of bilinear systems in only to be expected in
Euclidean spaces. Section 4 is devoted to the understanding of affine systems. We show that the solution of
an affine system is given by left translation of the solution of its associated bilinear system. Such expression
allow us to prove prove some results concerning the controllability of affine systems on compact and solvable
Lie groups.

2 Preliminaries

In this section, we introduce basic concepts that will be needed through the paper.

2.1 Notations

By a smooth manifold we undertand a finite-dimensional, connected, second-countable, Hausdorff manifold
endowed with a C*°-differentiable structure. If f : M — N is a differentiable map between smooth manifolds,
we write (df ), : ToM — TN for its derivative at x € M, where T, M is the tangent space at + € M and
Tf(z)N the tangent space at f(x) € N. When we do not need to specify the point € M we say only that f.
is the derivative of f.

A Lie group G will be a group endowed with the structure of a smooth manifold. If G is a Lie group, we write
Aut(G) for the groups of automorphisms of G and X(G) for the set of C* vector fields on G. By e we denote
the identity element of G’ and by 4 the inversion of G, that maps g € G into its inverse g~ € G. For any given
g € G we denote by Ly, Ry and Cj the left translation, right translation and the conjugation by g, respectively.
The image of the exponential map exp : g — G is denoted by exp(X) or by eX. The Lie algebra g of G will
always be identified with the set of right invariant vector fields on G.

2.2 Control systems

A control system on a smooth manifold M is given by the family

() = @) + Y _wi(O)f (@), w=(wi,...wm) €U, (%)
j=1
of ordinary differential equations. Here f°, f!,..., f™ are smooth vector fields on M. £ is called the drift

vector field and f!,... f™ the control vector fields. The set of admissible control functions U is given by the
set of piecewise constant functions w : R — R™.

For each w € U, the corresponding differential equation 3 has a unique solution (¢, z,u) with initial value
x = ¢(0,2,u). The systems considered in this paper all have globally defined solutions, which give rise to a
map

C:RXMxU—M, (t,z,w)— o(t,z,w),



called the transition map of the system. We also use the notation ¢y, for the map ¢y, : M — M given by
T+ @1 o(z) = p(t,z,w). Since fO, f1,..., f™ are smooth, the map ¢, is also smooth. The transition map ¢
is a cocycle over the shift flow

0:RxU—-U,(tw)— Ow=w(-+1),

i.e., it satisfies p(t + s,z,w) = (s, o(t,z,w),Ow) for all t,s € R,z € M and w € U. Moreover, it holds that
<p;ul) = Y_t,0,0 and, for all ¢1,25 > 0 and wy,we € U

wi(7) for 7 € [0, s
Pt ot z,wa),w1) = @(t +5,2,0),  where  w(T) = { wa(T 1_(5)) for 7 € [[s t]+ s

For x € M and 7 > 0 we write

R<r(z) :={pt,z,w); t € [0,7] and w e U} and R(x):= U R<r(z).
>0

for the set of points reachable from x € M up to time T and the reachable set from x, respectively. Analogously,
we define the set of points controllable to x within time T and the controllable set of x respectively by

() ={ye M;3t€[0,7],w €U with ¢(t,y,w) =} and R*(x):= U R (x).
>0

The system X is said to be locally controllable at x if x € int R(x). In the analytic case, it follows from Theorem
3.1 of [14] that X is locally controllable at z if 2 € int R(x) Nint R*(z). In particular, that is the case for the
systems on Lie groups under consideration in this paper. The system ¥ is said to be controllable in X C M if
for all z,y € X there exists 7 > 0 and w € U such that y = ¢(7, z,w). Equivalently, the system is controllable
in X ¢ Mif X CR(x)NR*(z) for some (and hence for all) z € X.

2.1 Remark: It is worth to mention that the problem or characterizing local controllability was studied by
many authors (see for instance Hermes [7], [8] Sussmann [15], [16], [I7] Bianchini and Stefani [3]). Necessary
and sufficient conditions for local controllability are expressible in terms of X € £, where £ = L(f°, f1,..., f™)
denote the smallest Lie algebra of vector fields on M containing f9, f,..., f™. Indeed all the papers above
given sufficient conditions for local reachability.

2.2 Remark: The choice of the set of admissible control functions being piecewise constant is not restrictive.
In fact, most of the usual choices of admissible functions are such that the solutions of ¥ can be approximated
by using piecewise constant ones.

2.3 Affine and linear vector fields

In this section we define affine and linear vector fields and state their main properties. For the proof of the
assertions in this section the reader can consult [2], [9] and [10].

Let G be a connected Lie group with Lie algebra g. Following [2], the normalizer of g is the set
n:={Fe X(G); forallY €g, [F.Y]€ g}.

A vector field F on G is said to be affine if it belongs to n. If F' € n and F(e) = 0 the vector field F is said
to be linear. Any affine vector field F is uniquely decomposed as F' = X 4+ Y where X is linear and Y is right
invariant. Moreover, any F' € 7 is complete, any linear vector field A" is an infinitesimal automorphism, that is,
its flow in 1-parameter subgroup of Aut(G), and if {a;}ier and {¢;}rer stand, respectively, for the flow of F
and X, where F'= X 4+ Y, we have that

at(g) = Lat(e) (1/%(9))7 for all g€ G. (1)

The next technical lemma shows that expression () can be generalized for finite composition of flows of affine
vector fields. Such result will be needed ahead.



2.3 Lemma: Let {F;};en be a family of affine vector fields with decomposition F; = X;+Y;. Where X; is linear
and Y; is right-invariant, for any i € N. Denote by {a!},cr and {9} };cr the flows of F; and X; respectively. For
any i1, ...,in € N and any real numbers 7y, --- , T, it holds that

%

a0 00 = Lot (1l (¢))-) O WH 0 0 UL (2)

Proof: Our proof is by induction. For n = 1 such equation coincides with ({l) and the result holds. Let us
consider iy, ...,ip41 € N, 7, -+, 7,41 and by the hypothesis of induction assume that

o, 000 = Loy (o (ath o)) O YR 00U

holds. Hence,

ol oal o 00k = a0 Ly (4n ). 0 ¥ 00Ul

= Laznin o 0¥V © Loty (- (alh (0)-) O ¥ra 00 ¥n

1n+1

However, for any f € Aut(G) and g € G it follows that fo Ly = Ly, o f . So, we get

L a " tl(e) © 1/’72111 ain (...(aill @)-) =1L a " 1(e) © L 1n+1(am (- (o/fll ©)-)) © TZE

1n+1 1n+1 w"n+1 ™n

= - X X Gn41 - ; G 41
= Lottt (0 (e ©)-)) © Vs = Lalt (atn (+ (e 9)-)) © ¥

1n+1
which implies that

atioar o oal = Lojrriein (- (ot @) ) OV o¥m oo

ending the proof. g

We finish this section by commenting on the special connection between g-derivation and linear vector fields.
Let X be a linear vector field on G. Associate to X there is a g-derivation D : g — g given by

DY = —[X,Y], forall Y € g.
The flow of X is related to D by

(dip)e = €'P and consequently 1) (expY) = exp(e!PY), forany t e R,Y € g. (3)

A special case is when the derivation D is inner, that is, there is X € g such that D = ad(X). Following [10],
when this happens the linear vector field decomposes as X' = Y + i, Y and its flow satisfies ¢; = Cuix. In
particular, when G is a semisimple Lie group any linear vector field is of this form since any g-derivation is
inner.

For compact Lie groups, Theorem 4.29 of [I2] implies that G = GsZ(G)o where Z(G)o is the connected
component of the center of G and G is a semisimple connected subgroup of G with Lie algebra [g, g]. Since
these subgroups are invariant by automorphisms, we have that the flow {¢;}icr of any linear vector field X
restricts to automorphisms of both, G and Z(G). Moreover, since Z(G)o is a torus we have that Aut(Z(G))
is discrete which by continuity implies that v¥¢|;(g), = idz(g),- On the other hand, since G is semisimple, we
have that ¥;|g.. = e!X for some X € [g, g]. Therefore, if d is a bi-invariant metric d on G we have that v, is an
isometry of G, for any t € R.

We will finish this section with some examples of affine and linear vector fields.

2.4 Example: Let G to be the connected component of the identity of Gl(n,R), the group of the invertible
n X n-matrices.Its Lie algebra g is given by gl(n,R), the set of all n x n-matrices.

For any A € g, the vector field X4(g) :== Ag — gA, g € G is linear vector. Its associated flow is given by
©t(g) = Caia(g) showing that the associated derivation is inner and given by D = —ad(A4). If B is another



element in g and we consider the left invariant vector field B(g) = gB, we have that F = X4 4+ B is an affine
vector field. Moreover, it holds that

F(g)=Xa(g)+ B(g) = Ag—gA+gB=Ag—gC, where C=A-B.
Reciprocally, any affine vector field F' whose associated linear vector field has inner derivation is of the form

F(g) = Ag — gB for matrices A, B € g.

Following Theorem 2.2 of [2], for simple connected Lie groups any linear vector field is determined by its
derivation. Therefore, one cannot expect that all the affine vector fields of the previous example to be of the
form F(g) = Ag — gB. The next example gives an example of a linear vector field whose associated derivation
is not inner.

2.5 Example: Let

1 a b
G = 0 1 ¢ |, (abec)eR?
0 0 1
be the Heisenberg group. Its Lie algebra g is generated by
0 1 0 0 0 0 0 0 1
X=1000], Y=(0 01 and Z=11 0 0 0 |,
0 0 0 0 0 0 0 0 0

where [X,Y] = Z and [X, Z] = [V, Z] = 0. By denoting the elements of G and g only by its coordinates on the
basis {X,Y, Z} we have that the vector field X (a,b,c) = (a,b,2¢) is linear. In fact, a simple calculation shows
that its flow is given by ¢y (a, b, c) = (aet, bet, ce?*) and also that
@i((a1,b1,c1)(az, bz, c2)) = @(ar + az, by + b2, c1 + c2 + a1b)
= ((a1 + az)el, (b1 + ba)et, (c1 + co + arbo)e®) = (are’, biel, cre?*)(age’, bae, coe®’) =
= p¢(a1, b1, c1)pi(ag, ba, ca)
showing that {¢;}er is a one-parameter group of automorphisms and hence that X is linear.

The derivation associated with X’ on the above basis is given by D(a, b, ¢) = (a,b, 2¢) and is therefore not inner,
since ad(W)Z = 0 for any W € g while DZ = D(0,0,1) = (0,0, 2).

3 Bilinear systems on Lie groups

Bilinear systems on Euclidean spaces are well studied in the literature (see for instance [4] and [6]). In this
section we extend the definition of such systems to connected Lie groups and establish their main properties.
In particular we show that controllability of bilinear system on Lie groups are a quite rare condition and can
only be expected in Euclidean spaces.

A bilinear system on a Lie group G is given by

g(t) = X%(g(t)) + ng'(t)?fj (9(t)); )

where X9 X', ..., X™ are linear vector fields on G. The transition map of X will be denoted by ¢ and
the diffeomorphism g € G — pB(t, g,w) by cptffw, where t € R and w € U. Moreover, we denote by D’ the
g-derivation associated with the linear vector field X7, for j = 0,...,m.

Our intention in what follows is to obtain an expression for the solutions of ¥ 5. In order to do that we consider,
for any u = (uq,...,un,) € R™, the linear vector field

X, =X+ Zquj with associated flow  {¢{}ier C Aut(G).

Jj=1



It is straightforward to see that the associated derivation D, is given by D, = D° + 37| u;D7.

The next result gives an expression for the solutions of X5 in terms of concatenation of linear flows.

3.1 Theorem: Let ¥p be a bilinear control system on G and consider w € U. For a given T' > 0 write

i—1 i
w(t) =w; for andt e th,th ,
j=0  j=0

where t1,...,t, >to=0,T =3 " t; and wy,...,w, € R™. Then,

j=1"%

i—1 [
@B(tang):wfi_zi—lt ( :l;l(("/}ﬁl(g))))v t e thuztj . (4)
=0  j=0

Moreover, the solutions of Y are complete and o, € Aut(G) for any t € R and w € U.

Proof: Let us consider a(t) as the curve define by the right hand side of equation (@), that is,

1—1 7
alt) =9 g, (W5 C (W) ) te [ Dot Dt
a j=0  j=0

J J

We know that «(0) = 2 and « is continuous since it is given by the concatenations of linear flows. By the very
definition of flow

diw;‘” (h) = X, (W¥i(h)), for any h € G, s € R.
s

By considering

h= i W W ) )

i
we get

K2

(1) = s (h) = 2, () = Xy 00 e (.34
j=0 =0

which shows that «(t) is in fact the solution of ¥ 5 associated with the control w and starting at g € G . From
the uniqueness of the solution we get a(t) = ¢ (t, g,w) proving the equality in equation (@).

-1
The assertion about the completeness of the X g-solutions follows directly from the relation gof"tyw = (@E@,tw) .

Finally, gpfw € Aut(@), for any t € R and w € U since it is the concatenation of G-automorphisms. O
3.2 Remark: It is not hard to show that a similar expression is also possible for the negative time solutions.

Using the relation between the linear flow and it associated derivation we are able to give an expression for the
differential of the solutions of Xp in terms of exponential of matrices, as follows:

3.3 Corollary: In the conditions of Theorem[3.1] for any X € g and t € (Z;;E tj, Z;':o tj} it holds that
gpfw (exp(X)) = exp (e(t_23:1 tj)Dwi etiflpwz’fl .. .etIle X) ,
where D,,, is the g-derivation induced by the linear vector field X,,,, for i =1,...,n. Moreover,

(d¢fw>eX = e(t*Z;:1 tj)Dwi eti—lpwi71 . etlpwl X.



Proof: The first equation follows directly from equation (@) in Theorem 3.1 and by the commutative relation
given in ([B]) applied to ¢¥*i and D,,,.

Therefore, for t € (Z;;E tj, Z;:o tj}, we obtain

d
dof,)eX = —
( Sot.,u)) dS

d
ds
— e(t_ =1 ) Dw; etiflpwz’fl .. .et1DW1X

exp (e“f j=1t3)Pe; etiflp‘%fl .. .et1DW1 SX)
s=0

exp s (e(t—Z§:1 t]')Dwi eti,lquFl . etlpwl X)
s=0

proving the second equation and concluding the proof. O

Before stating and proving the main result of this section let us consider the special case of bilinear systems
whose associated derivations are inner. Let X g be a bilinear system on GG and assume that, for any j = 0,1, ..., m,
there is Y7 € g such that the g-derivation D7 associated with X7 is given by D/ = ad(Y7). As discussed at the
end of Section 2, when this is the case we get that X7 = Y7 +i,Y7 and consequently the bilinear system ¥p
can be decomposed as

Xy (9(8)) = Yo (9(8)) + i (Yoo (9(8)))

where Y,,4+)(g(t)) is the right-invariant control system on G defined by
9(t) = Yo (9(1) = YO(g(t) + Y wilt)Y?(g(t)), (Z1)-
j=1

Since for any u = (u1,..., uy,) the flow {¢}'},p of X, is given by ¥j(g) = Cerva (g), for ¥, = Y0 + Z;il u; Y7,
we get that
cpfw = Cg,{,w(e) foranyte R,w el

where ¢f ,(e) = ¢ (t,e,w) is the solution of X starting at e € G.

Now we are able to enunciate and prove the main result concerning the controllability of bilinear systems.

3.4 Theorem: Let ¥Xp a bilinear system on G. If G is not a simply connected Abelian Lie group, then Y5
cannot be controllable on G \ {e}.

Proof: Let us divide the proof in cases:

1. G is an Abelian compact Lie group: As commented in the end of Section 2, the flow of any linear vector
field is trivial. Since the solutions of ¥ is given by concatenations of flows of linear vector fields we must
have that o, = idg for any t € R and w € Y. Therefore ¥ cannot be controllable in G'\ {e}.

2. G is a solvable Lie group: For this case, the derivative subgroup G’ C G is a nontrivial proper subgroup
of G. Since G’ is invariant by automorphisms and ‘wa € Aut(G) for any ¢t € R and w € U we must have

that of,,(G') = G’ and therefore ¥ p cannot be controllable in G\ {e}.

3. G is a semisimple Lie group: Since derivations of semisimple Lie algebras are always inner, we have by
the previous discussion that
gofw =Cy1 (¢, forallt e Rwel.

Therefore, if we prove that the conjugation does not acts transitively on G \ {e} the bilinear system X p
cannot be controllable in G \ {e}. We have then two possibilities:

3.1 G is a compact semisimple Lie group: In this case, G admits a bi-invariant metric. In particular,
any sphere centered at e € G is invariant by conjugation, showing that the conjugation cannot be transitive.

3.2. G is a noncompact semisimple Lie group: In this situation, there exist g, h € G such that Ad(g)
is orthogonal and Ad(h) is symmetric for some inner product in g (see Chapter VI of [12]). Therefore,
Ad(z) and Ad(y) cannot be conjugated, which implies that the conjugation cannot be transitive on G.



4. G is an arbitrary Lie group: If the solvable radical R of GG is nontrivial, the system cannot be controllable
in G\ {e} since R is invariant by automorphisms. If R = {e} the group is semisimple and such case was
considered above.

O

The previous theorem shows that controllability of bilinear systems on connected Lie groups can only be expected
for the classical bilinear systems on R™. Actually, since in this particular case the group and the algebra can be
identified, and the normalizer coincides with the product between R™ and the Lie algebra gl(n,R), any linear
vector field X = XP on R” can be directly associated with its linear map D. Thus, we obtain the classical
bilinear system

i(t) = DO(2(t)) + Zwi(t)Dj (z(t)), weU.

On the other hand, the class of bilinear systems plays a relevant role in the controllability property of affine
systems as we will see in the forthcoming section.

4 Affine systems on Lie groups

The present section is devoted to analyze the general class of affine systems on Lie groups. As a matter of
fact, we show that there exists an intrinsic relation between the solutions of an affine system and its associated
bilinear system. This relationship allows us to obtain some preliminary controllability properties for the class
of affine systems.

An affine system on a Lie group G is determined by the family of ordinary differential equations
(1) = FO(g(1)) + D w; () F (g(t)), (Z4).
j=1

Here, FO, F', ..., F™ € 7 are affine vector fields on G. We denote the transition map of ¥4 by ¢* and, for any
w €U and t € R, we denote by go{f}w the diffeomorphism g € G+ ¢4(t, g, w) € G.

Associate with any affine system X4 there is a bilinear system defined as: For any j = 0,1,...,m let us consider
the decomposition FV = X7 + Y7 with X7 linear and Y7 right-invariant. We say that the bilinear system ¥ p
defined by the linear vector fields X°, X1,..., X™ is the bilinear system induce by 4.

The next result gives us an expression for the solutions of an affine system ¥4 on G and show that they are
intrinsically connected with the solutions of the bilinear system ¥ p associated to ¥ 4.

4.1 Theorem: Let w € U be a piecewise constant control function and consider ti,...,t, > tg = 0 and
W1, ..., wy € R™ such that w(t) = w; for (Z;;B tjs > im0 tj} . If {a }1er stands for the flow of the affine vector
field F,, := Fy + E;n:l F; then

2

@@ @) ), e (St (5)
N Jj=0 J

P

et z,w) = o

Moreover, the solutions of ¥4 are complete and it holds that

(p?,w = L«pf (e) © SDEM (6)

yw

Proof: The proof of the formula [l and the assertion on the completeness of the solution of ¥4 are similar to
those in the proof of Theorem Bl Then, we will omit it. Let us prove equation ().



From (B, for any t € (Z;lo t;, Z;:O tj| we obtain

However, Lemma 23] implies that
w; wi—1 w1

e i1, oo lo--coalt =
t— ;':1 tj it !
L o, wiii o ¥ a o u)i—lo'.'o w1
0 it (O o)) Ve ity © Vit Vi

On the other hand, by Theorem [ we get

B ) wi Wiq—1 wq
Sot,w_wtl_zi—lt Oy, o"'odjtl'

j=14J
Therefore,
A wi Wi—1 w1 __
Crow = ia, o000l =
j=1"7
L o, wi—1 wi ot ., o) Tro. ot
@, 123;% ” (O‘ti71 ("'(O‘tl (€))++)) t _Z;:l t; ti—1 t1
Finally,
_ B
Ptw = L«péw(e) O Pt w
as we wanted to prove. O

Controllability of affine systems

Here we show that affine systems that are locally controllable at the identity are controllable if G is a compact
Lie group or solvable Lie group and the derivations associated with the induced bilinear system are inner and
nilpotent.

For a given affine system ¥4 on a Lie group G let us denote by R and R* its reachable set from the identity
and its controllable set of the identity, respectively. Consider the bilinear system X p associate to 4. We will
say that a subset W C G is @P-invariant if o (W) =W for any t € R and w € U, where ©? is the transition
map of Xp.

Controllability of affine systems compact Lie groups

For compact Lie groups, the next result shows that affine systems are controllable as soon as they are locally
controllable at the identity.

4.2 Theorem: An affine system ¥4 on a compact Lie group G is controllable if and only if it is locally
controllable at the identity.

Proof: Let us fix a bi-invariant metric d on G. By assuming that the system is locally controllable at the
identity, there exists & > 0 such that W := B(e,e) C int R Nint R*. Moreover, for any ¢t € R and w € U,
the maps cpfw are isometries, it holds that W is a ¢®-invariant subset. Let us denote by Sy the semigroup
generated by W.

Claim: It holds that Sy C int R Nint R*.

Since any element in Sy is a finite product of elements in W, it is enough to show that W™ C int RNint R* for
any n € N which we will do by induction. Since the case n = 1 holds true, let us assume that W C int RNint R*.
For any g € W™ there exists 71,72 > 0 and wq,ws € U such that g = cpfhwl (e) = goﬁ‘mw (e) and therefore

gW =2 (W =2 | (e)pl , (W)=¢2 (W) Cp2 , (ntR)CintR



and
gW = L(@W =02 ()’ (W)=, ,(W)Ce? . (ntR)C R

Since g € W™ was arbitrary we have that W"*! C int R Nint R* and consequently Sy C intR N int R* as
stated.

Since G is compact and int Sy # () we must have that Sy = G and therefore G = R N'R* showing that ¥4 is
controllable. 0

4.3 Remark: Using the same idea of the above proof, one can actually show that controllability on compact
Lie group holds on the slightly weaker assumption that int R admits a compact @Z-invariant subset.

Controllability of affine systems on solvable Lie groups

In this section, we analyze the controllability of affine systems on solvable Lie groups. In order to do that we
generalize some of the results from [5] (see also [I]).

4.4 Lemma: Let g € R and assume that ¢f,,(g) € R for all t € R and w € U. Then
R-gCR.

Proof: Let h = goﬁw (e) € R. By hypothesis we have that cpf‘TﬂTw(g) € R. Hence, by Theorem [.1] we get

hg=Lya () 9= (L@gw@) o sﬂf,w) (0% 6.09) =92, (¥%,0..09) €2, (R)CR

as stated. O

The next result assures that a pB-invariant subgroup is contained in R if the the exponential of elements of its
Lie algebra is in R.

4.5 Proposition: Let H be a connected @B-invariant Lie subgroup with Lie algebra by. It holds that

exp(X) € R forany X elh = HCR.

Proof: From Corollary B3] for any X € h and w € U we know that
<PEW(GXP(X)) = exp (e(t “Xjm1t)Puygli-1Puiy L gl Dy X) , for every t € R.
However, since H is ¥ p-invariant we have that
gafw(exp(X)) € H, for every t € R

and therefore,
e(t _Z;‘:1 tj)Du, etiflpwz’fl .. .etIleX c f)

By the assumption we obtain

‘wa(eXp(X)) = exp (e(ti j=1t3)Pei gl Doy -etID“IX) € R forany t € R,w € Y and X € h.

Moreover, the connectedness of H implies that any x € H can be written as
x=exp(Xy) --exp(X,), for Xi,....X,€h
which by Lemma [4] implies that
x € R-exp(Xy) - exp(Xa)---exp(X,) C--- CR-exp(X,) CR

concluding the proof. O
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4.6 Proposition: Let N C H C G two connected Lie subgroups with Lie subalgebras n C ) C g, respectively.
Assume that n is an ideal of b and that D’ (h) C n, for any j = 0,1,...,m. If the systems is locally controllable
at the identity, then

NCR = HCTR.

Proof: For any X € h, t € R and u = (uq,...,uy) € R™ it holds that
. — ;
P X =X+ —Di(X), where D, = DO+ Dl
neN Jj=1
By the hypothesis on every D7, j =0,1,...,m we get that
tn
—Dy(X)en = X € X +n foranyteR,ucR™
neN v
Inductively, for any 71,...,7, € R, u',...,u” € R™ and X € h we obtain

TnDyn eTnflpunfl R eTlD“IX c X + n.

e
which by Corollary [3.3] implies that
op,(expX) € exp(X +n), forany X €h, foranytecR,well.

However, since N is a normal subgroup of H we have by Lemma 3.1 of [19] that exp(X + n) C exp(X)N for
any X € b implying that

gpfw(epr)Eexp(X)N, forany X €bh, teR and well. (7)
Let W = exp(U) be a connected neighborhood of e € H. By hypothesis, R is an open neighborhood of the
identity, so W can be chosen such that W C R N H. Since H is a connected subgroup, to finish the proof it is
enough to show that W™ C R for any n € N. We prove it by induction. For n = 1 the neighborhood W is a

subset of R by construction. Let then g = exp(X) € W and h € W"~1. By the induction hypothesis we have
that h = @2, (e) for some 7 > 0 and w € Y. Moreover, from equation ([@) ¢Z(g) = gl with | € N. Therefore,

hg = L«pf’w(e) (Sﬁ’f,w(g)) l_l = (pf,w(g) l_l'

Since by construction g = <pf,7w,(e) for some 7/ > 0 and w’ € U we get that wﬁw(g) = gpf+T,7w,,(e), where W’ € U
is the concatenation of the control w and w’. By the ¢P-invariance of N and the fact that N C R we obtain

B -1
@—T—T’,®T+7/w” (l ) €ER
which gives us

h . g = LSOA , //(e) (l_l) = LS"A , //(e) o @54,7./7“,// (<p§777,167+7—’w” (l_l))

T4+1/ W T+7hw

A — A
= Prgrr W (90€7'77",(~)T+7_/w” (l 1)) € Prtr w! (R) CR
completing the proof. O

The above result applies directly to solvable Lie groups as follows:

4.7 Corollary: Let G be a solvable Lie group and assume the system is locally controllable at the identity. If
N C G is the nilradical of G then N C R implies G = R.

Proof: In fact, if g is a solvable Lie algebra and n its nilradical then D(g) C n for any derivation D of g. The
result follows from Proposition G above. O

Now we are able to prove our main result concerning the controllability of affine systems on solvable Lie groups.
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4.8 Theorem: Let ¥4 be an affine system on a solvable Lie group G. For j = 0,1,...,m let us assume that the
g-derivations D7 induced by the associated bilinear system ¥ p are inner and nilpotent. Then X 4 is controllable
if and only if it is locally controllable at the identity.

Proof: By the above corollary, it is enough for us to show that N C R, where N is the nilradical of G. Let

n=mn; Dng D...Dng Dk = {0},

be the lower central series of n, where for i = 2,...,k, we have that n; = [n,n;_1] are ideals of n. Since D7 is
inner and nilpotent we have that D/ = ad(X7) for X/ € n, j = 0,1,...,m implying that D’(n;) C n;y, for
i =1,...,n. Therefore, if IV; is the connected Lie group with Lie algebra n;, i =1,...,k, it turns out

N=N;DN3;D...D N D Niy1={e}

is the lower central series on the group level. But, Ngy1 = {e} C R which by Proposition we get G, C R.
Again we can apply Proposition to get that Gp_1 C R. By repeating the same k-times, we get that
G = G1 C R. Since ¥4 is analytic we have also that e € int R* and we can analogously show that G = R*
implying that X 4 is controllable. O

In particular, for nilpotent Lie groups we have the following:

4.9 Corollary: Let ¥4 be an affine system on a nilpotent Lie group G. For j = 0,1,...,m let us assume that
the g-derivations D? induced by the associated bilinear system Y p are inner. Then Y 4 is controllable if and
only if it is locally controllable at the identity.
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