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Abstract

In some applications, one is interested in having a state-space realization with
nonnegative matrices (positive realization) of a given transfer function and it is
known that such a realization may have a dimension strictly larger than the order
of the transfer function itself. The aim of this letter is to provide a lower bound on
the minimum dimension of a positive realization taking into account some spectral

properties of nonnegative matrices.
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1 Introduction

A positive linear system is a dynamical system in which states and outputs take non-
negative values for any nonnegative input and nonnegative initial state. Hence, positive
systems are used to model phenomena in which the variables assume only nonnegative
values, due to the nature of the phenomenon itself. They frequently emerge as models of
networks of reservoirs or industrial processes involving chemical reactors, heat exchangers
and distillation columns, models of age structured population dynamics, models of wa-
ter or atmospheric pollution propagation, models of stochastic processes, and models of
many other processes commonly used in economy and sociology. Several examples with
the related references can be found in [§].

For discrete time, linear and time-invariant (LTI) systems, the nonnegativity con-
straints on state and output sequences are equivalent to nonnegativity constraints on the
entries of the matrices {A, b, ¢} defining the system [23]. The impulse response h(k) of a
single—input single—output (SISO) positive system is obviously a nonnegative sequence.
The Positive Realization Problem (PRP) consists of the converse question: given a discrete
time LTI SISO system (or a transfer function H(z) =Y -, h(k)z~") with a nonnegative
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impulse response h(k), find necessary and sufficient conditions for the existence of a pos-
itive system realizing it. Such a positive system is called a positive state space realization
of the given impulse response (or transfer function). Necessary and sufficient conditions
for the existence of a positive realization have been given in [1] and [12] in 1996. The
PRP is of interest, for example, to compartmental analysis [24], digital filter design using
optical fibers [7] or charge-coupled devices (CCDs) [3, 15] and identifiability in Hidden
Markov Models (HMMs) [2]. As discussed below, the main question in these applications
is the characterization of minimality for the positive realizations.

Compartmental systems are effectively used in an impressive number of different ap-
plicative fields of mathematical modeling, ranging from tracer kinetics to population dy-
namics. They are composed of a finite number of subsystems, called compartments,
interacting by exchanging material. Since the state variables represent the amount of
material contained in each compartment, they are bounded to be nonnegative over time.
Then, compartmental systems belong to the class of positive systems. One of the most
important problem in the analysis of compartmental systems is the determination of the
internal structure of the systems - specifically the number of compartments - from the
impulse response obtained through an input—output experiment [24]. In other words, the
number of compartments to be extracted from the measured data is not fixed a priori and
only the compartmental nature of the model is assumed. An immediate application of
this problem in clinical medicine, and specifically in tracer kinetics, is the determination
of the number of organs involved in some tracer experiment.

CCDs offer the possibility of achieving digital signal processing on a MOS integrated
circuit chip with the advantage of lighter weight, smaller size, lower power consumption
and improved reliability with respect to an equivalent standard implementation. They are
based on a family of functional solid-state electronic devices that under the application
of a sequence of clock pulses move quantities of electrical charge in a controlled manner
across a semiconductor substrate. In particular, the devices consist of several locations
on the substrate where packets of charge can be stored and maintained isolated from the
others, and of a specific sequence of operations - periodically repeating - involving the
packets of charge stored in these locations. In this case, the state variables represent the
quantities of electric charge in the locations and are bounded to be nonnegative over time.
Then a CCD implementation of a given transfer function calls for a positive realization of
it. Obviously, when implementing a filter with this technology, one wishes to reduce space
occupation and power consumption so that the minimal number of locations is required.

Finally, the PRP is related to the identifiability problem for hidden Markov models
(HMMs), that is the problem of realizing an HMM given the collection of probabilities of
output strings. This problem is a complication of the positive realization problem since it
is a multivariable problem with some additional constraints. Nevertheless, the technique

used to construct a solution for the positive realization problem can be built on for solving



the realization problem for HMMSs [2]. Even in this case, an interesting problem is that of
determining the minimum number of states needed to realize the collection of probabilities
(31].

These considerations alone justify an effort in finding positive realizations of minimum
dimension.

The minimal state space realization problem for positive linear systems is that of
determining a positive state space realization with the size of the system matrix A as
small as possible. Although the problem of finding a finite-dimensional positive state
space realization has been solved, the characterization of minimality for positive systems
is still an open problem. For example, when considering general linear systems, a minimal
state space realization is both controllable and observable and its dimension corresponds
to the rank of the Hankel matrix. A minimal positive realization, in contrast, may not
be controllable and observable so that its dimension may be larger than the order of the
transfer function of the system. In [5, 27| examples are provided in which the minimal
dimension of a positive realization of a transfer function is much “larger” than the order
of the transfer function itself. Moreover, the nonnegative rank of the Hankel matrix! [10]
is only a lower bound for the dimension of a minimal positive realization, and, as shown
in [4], there are systems for which the dimension of any minimal positive realization
is larger than the nonnegative rank of the Hankel matrix. A characterization of the
minimality of a positive realization in terms of the nonnegative rank of the Hankel matrix
has been proposed in [18] but a procedure to evaluate the minimal order of a positive
realization is not available so far. Conditions for a positive realization to be minimal have
been given only for special classes of positive systems such as the tree compartmental
systems considered in [24] and the positive reachable systems in [13]. Results for more
specific classes of positive systems are given in [17, 28]. Moreover, in [6, 9] necessary
and sufficient conditions for a third order transfer functions with real poles to have a
third-order (minimal) positive realization are given.

In general, only lower and upper bounds for the dimension of a minimal positive
realization have been given to date. Some of these bounds can be found in [16, 17, 27]. In
more detail, a lower bound for generic transfer functions and an upper bound for transfer
functions with distinct real poles are provided in [16]. This latter bound is improved in
[17] while in [27] a lower bound is given for a special class of transfer functions, i.e. those
for which there exists a time instant at which the nonnegative impulse response is 0 and
is strictly positive from that instant onwards. This bound is obtained by using diagraph
techniques and extends a previous result provided in [5] by using convex cone analysis.

The aim of this letter is to provide a novel lower bound on the dimension of minimal

positive realizations of impulse responses of discrete-time LTI systems by refining the
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result provided in [16]. To this end, some properties of the dominant eigenvalues of
nonnegative matrices are considered thus providing a possibly stricter bound with respect
to that of Theorem 2 in [16].

2 Preliminary results and definitions

First note that nonnegativity of the impulse response h(k) is clearly a necessary condition
for the existence of a positive realization. As shown in [8], this implies that one of the
dominant poles of the corresponding transfer function H(z) = Y 77, h(k)z~", that is the
poles of maximum modulus, must be positive real and must have maximal multiplicity
among all the dominant poles. In fact, if not, the long—term behavior of the impulse
response would be oscillating thus contradicting nonnegativity assumption. Moreover,
since the poles of the transfer function are a subset of the eigenvalues of the matrix A
of any of its positive realization, then they must be a subset of the eigenvalues of some
nonnegative real matrix. In addition, as shown in Theorem 3.2 in [1], the positive real
dominant pole of the transfer function must coincide with the spectral radius of the matrix
A of any minimal positive realization of the transfer function itself. Then, a lower bound
to the dimension of a minimal positive realization of a transfer function is given by the
minimum size of a nonnegative real matrix having all the poles of the transfer function
among its spectrum and with spectral radius equal to the positive real dominant pole of
the transfer function itself. This size is very difficult to determine since the nonnegativity
constraints on the entries of the matrix A impose involved limitations on the location of its
eigenvalues. The problem of characterizing these limitations is known as the Nonnegative
Inverse Eigenvalue Problem (NIEP) and is a long standing problem that is very difficult
and, perhaps, the most prominent problem in matrix analysis [19]. In fact, a complete
characterization of these limitations is known only for matrices of size n < 4 [22, 25, 30]. In
this letter, a lower bound on this size is provided and to this end, the following definitions
are needed.

A multiset? M will be denoted as M = (S, m) where S is the set of the distinct
elements in M and m : § — Z, is the function giving the multiplicity of each element
s € § in the multiset M as the number m(s). The cardinality of a given multiset M,

which is the number of its elements (counting repetitions), is then

(M= m(s)

seS

2A multiset is a generalization of the concept of a set. It is a collection of unordered elements, where
every element occurs a finite number of times. The difference between sets and multisets is in how they
address multiples: a set includes any element at most once, while a multiset allows for multiple instances

of the same element.



Given a multiset M of complex numbers, its spectral radius is defined as
p(M) = max{|s| : s € S}

Any number in the multiset M with modulus equal to its spectral radius p(M) will
be called a dominant number of the multiset and the maximal multiplicity among all
the dominant numbers of M will be called the dominant multiplicity of the multiset and
denoted as m(M), i.e.

m(M) = max{m(s) : s € S and |s| = p(M)}

The set of all k-th roots of unity will be denoted as R and that of all the primitive
ones® as P;. Every k-th root of unity z is a primitive h-th root of unity for some h < k,
which is the smallest positive integer h such that z* = 1. In this case, h is a positive

divisor of k. Hence, the set R}, is a disjoint union of the sets Py, i.e.

Ri=JPn
hlk

where, as usual, the notation h|k means that h goes through all the positive divisors of

k, including 1 and k.

3 Main results

Consider a discrete-time LTT SISO system with a nonnegative impulse response h(k) and
assume that the reduced transfer function H(z) = > .-, h(k)z~* has poles at location

D1, - - - Pp With multiplicity myq, ..., m,,, respectively. The multiset of the poles is then
M= (S,m)

with & = {p1,...,p,} and m(p;) = m; for i = 1,...,n. Since the coefficients of the
transfer function are real numbers, then M is closed under complex conjugation, i.e. if
pi € S then p; € S and m(p;) = m(p;). Moreover, from nonnegativity of the impulse
response, it follows that M contains its spectral radius p(M) with dominant multiplicity,
ie. p(M) € S and m(p(M)) = m(M).

A lower bound to the dimension of a minimal positive realization of a given transfer
function H(z) is provided by the minimum size of any nonnegative real matrix A with
spectral radius p(A) = p(M) and having all the numbers of the multiset M among its

eigenvalues. The next theorem provides a lower bound to the size of such a matrix A:

3A k-th root of unity z is said to be primitive if it is not an h-th root of unity for some h smaller
than k , that isif 2¥ =1l and 2" #1for h=1,2,...,k — 1.



Theorem 1 Let M = (§,m) be a multiset of complex numbers that is closed under
complex conjugation and contains its spectral radius with dominant multiplicity. Then M
is a subset of the spectrum of a N—dimensional nonnegative real matriz A with spectral
radius p(A) = p(M) if and only if the dominant numbers of the multiset are among the
r-th roots of p(M)" for some positive integer r. Moreover, in this case, the following
holds:

N > Zhwmgh —l—Zm(p,») + ¢

h|r PiE€ES
|pi|<p(M)

where mg, is recursively defined, for hlr, as follows*

mg, = mp,, mg, = max{0, mp, —Z mg,}, for h<r
e
with
M. — 0 if fpi€S:pi/p(M) e Py
P max{m(p;) : p; € S and p;/p(M) € P} otherwise
and
)
{—Z pi/p(M) -m(p;) — mr, | if Y pi-m(p) + p(M)-mg, <0
pi€S piES
¢ = Ipil<p(M) [pil<p(M)

0 otherwise

\

Proof. Necessity of the condition on the existence of a nonnegative real matrix A imme-
diately follows from the Perron-Frobenius Theorem [14, 29]. This theorem, which holds
for irreducible nonnegative matrices, can be in fact used to determine some limitations on
the location of the dominant eigenvalues of generic (reducible) nonnegative matrices. To
this end, note that a reducible nonnegative matrix can be transformed, by a permutation
matrix, in a nonnegative upper—triangular block matrix with irreducible or zero diagonal
blocks. Since the spectrum of such a matrix is the union of the spectra of the diagonal
blocks, then the dominant eigenvalues of a nonnegative real matrix A of size n and with
spectral radius p(A), are all the roots of \¥ = p(A)* for some (possibly more than one)
values of &k < n.

The sufficiency part of the proof is constructive. By assumption, all the dominant
numbers in M are among the r-th roots of p(M)" for some positive integer r and have

maximal multiplicity equal to m(M). Let C, denote the basic circulant matrix of dimen-

1 0

4The notation h|k|r means that k goes through all the positive divisors of r that are multiples of h.

sion 7, i.e.
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Then, the nonnegative real matrix

m(M) CT
A= @D pM)-C, = p(M)- |
=1 CT

has all the dominant numbers of the multiset M among its eigenvalues.
Moreover, any non-dominant nonnegative real number p; € S, if any, is the eigenvalue
of the nonnegative real matrix A’ = p; and any non-dominant negative real number p; € S,

if any, is among the eigenvalues of the nonnegative real matrix

L [ PM)+p; p(M) —p;
2\ pM) —p; p(M)+p;

Finally, any pair (pg,p,) of non-dominant conjugate complex numbers in S, if any, is

such that py/p(M) lies in some Karpelevi¢ region®

. Hence, there exists a nonnegative
real matrix A’ with spectral radius p(M) and having the pair of numbers among its
eigenvalues. Then, the direct sum of all the above nonnegative realizing matrices A’ is
a nonnegative matrix A with spectral radius p(M) and having all the numbers of the
multiset M among its eigenvalues.

A lower bound to the minimum dimension N of the nonnegative real matrix A can be
derived taking into consideration some spectral properties of nonnegative real matrices.
The first property is related to the dominant eigenvalues. In fact, as above discussed,
the dominant eigenvalues of a nonnegative real matrix A, with spectral radius p(A), are
all the roots of \¥ = p(A)¥ for some, possibly more than one, values k € Z*. Taking
into account this property, it is possible to compute the minimum number of dominant
eigenvalues that a nonnegative real matrix must have in order to have all the dominant
numbers of the multiset M among its spectrum. To this end note that, since all the
dominant numbers in M are among the r-th roots of p(M)", then each dominant number

belongs to one (and only one) set

pM) - Pp={p(M)-z:2 € Pp}

5A simpler problem than NIEP was posed by Kolmogorov in 1937 [21] and it was that of determining
which single complex numbers belong to the spectrum of some row stochastic matrix of dimension n.
This problem was solved by Dmitriev and Dynkin [11] in 1946, for n = 2,...,5, and later by Karpelevi¢
[20] for all n > 2. They completely characterized the regions ©,, of the complex plane consisting of those
points which can serve as characteristic roots of n-dimensional row stochastic matrices. Moreover, it can
be shown [26] that the spectral properties for nonnegative matrices do not differ much from those of
row stochastic matrices. For example, the eigenvalues of an n-dimensional nonnegative matrix A with

positive real dominant eigenvalue p belong to the region

p-0,={pz:2€0,}



where h is a positive divisor of r. Hence, if there are some dominant numbers p; €
p(M) - P,, then the matrix A must necessarily have all the r—th roots of p(M)" among
its eigenvalues. Moreover, the multiplicity mg, of these eigenvalues must necessarily be

at least equal to the maximum multiplicity of these dominant numbers in M, that is
mg, = max{m(p;) : p; € S and p;/p(M) € P, }

The same argument holds when considering dominant numbers p; € p(M) - P}, with h
being a positive proper divisor of r. However, in this case, one has to consider the fact that
such dominant numbers may possibly be already among the eigenvalues of the matrix A if
its spectrum contains the k—th roots of p(M)¥ for some integer k& multiple of h. Hence, in
this case, the matrix A must necessarily have as eigenvalues all the h-th roots of p(M)"

with multiplicity mg, given by

mr, = maX{O’ mp, _E : mRk}
h|k|r

ke>h
where
mp, = max{m(p;) : p; € S and p;/p(M) € Py}

In conclusion, the matrix A must have as eigenvalues at least all the h—th roots of p(M)"

with multiplicity mg, , for all the positive divisors h of r. The total number of these

Zh'mnh

h|r

eigenvalues is equal to

and their sum is equal to
In fact, the sum of all the h-th roots of p(M)" is equal to zero when h > 1.

Moreover, the matrix A must have also as eigenvalues all the non dominant numbers

of M. Hence, it must have at least an additional number of eigenvalues equal to

Z m(pi)

PiE€ES
Ipil<p(M)

The sum of these last eigenvalues is equal to
S pi-mipy) 2)

PiES
[pil<p(M)

Finally, as in Theorem 2 in [16], some properties of nonnegative matrices can be used
in order to tighten the bound on the size of the matrix A. In particular, since the trace

of a nonnegative matrix is nonnegative, then the sum of all the eigenvalues of the matrix



A, which is equal to the trace of the matrix itself, has to be nonnegative. If the sum
of the already considered eigenvalues, that is the sum of the values given in (1) and (2),
is nonnegative, then the matrix A could need no additional eigenvalues. Conversely, the
matrix A must necessarily have some additional eigenvalues in order to make the sum of
all its eigenvalues nonnegative. Since the maximum modulus of each eigenvalue has to be

not greater than p(M), then a number of additional eigenvalues at least equal to

=S pilpM) - mips) — m, (3)
\Pif)éizs/\/l)

must be considered. This concludes the proof. =
Remark 1 If the multiset M has a single (possibly multiple) dominant number, which is

equal to p(M), then the bound given in Theorem 1 reduces to that provided in Theorem 2
in [16]. In fact, if this is the case, r =1 and

N >mg, +>_ mp) +¢=m(pM)+ > mp)+¢ =D mp:) = M| +¢
PiES Pi€ES PiES
[pil<p(M) [pil<p(M)

where | M| is equal to n in Theorem 2 in [16]. Moreover, since

Z Di - pz P MR, = Z Di- z

piES piES
Ipil<p(M)

then

- Zpi/p( pz Zf sz z

C — Pi€ES PiES

0 otherwise

so that ¢ is equal to & in Theorem 2 in [16]. The same argument holds when the dominant
numbers of the multiset M are all the roots of \¥ = p(A)*¥ for some (possibly more than
one) values of k. In fact, if this is the case,

Zh MR, = Z m(Pz)

h|7‘ piES
Ipi|[=p(M)

so that the bounds given in Theorem 1 of this letter and in Theorem 2 in [16] turn out to

be the same.

In general, Theorem 1 provides a stricter bound with respect to that of Theorem 2 in

[16]. This is illustrated in the following example.



Example 1 Consider the multiset M = (S, m) with

S={1,-1le's,e's % e '3 et e e "1, -07-04}

and
m=492,1,1,1,2,2,2,2,1,1,1,1}

The location and multiplicity of the numbers of the multiset in the complex plane is de-
picted on the left of Figure 1.

A

Re

Figure 1: Location and multiplicity of the numbers of the multiset M with respect to the
unit disk in the complex plane (left), partition of the set Ro4 in the sets Py (), P (A),
Ps (m), Py (0), Ps (@), Pg (0), Pia (%) and Pyy (©) (right).

The cardinality of the multiset is | M| = 17 and p(M) = 1 with m(M) = 2. The sum
of all the numbers of the multiset is equal to

> piom(p) =0314>0

DiES

so that the lower bound provided by Theorem 2 in [16] is N > 17. Let us compute now
the bound provided by Theorem 1. In this case, r = 24 and the partition of the set Ry in
the sets Py, for h|24, is depicted on the right of Figure 1. Hence, the following hold:

mpy, = Mp, = 0, mpg = 2, mpg = 1, mp, = 0, mp, = 2, mp, = 1, mp, = 2.
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and the values of the mg, s can be computed as follows:

MRy = Mipyy = 0

MR, = HlaX{O, mp,, — mR24} = maX{O? O} = O;

MRg = maX{O,m’PS — m'R24} = maX{O, 2} = 2,

Mg, = max{0, mp; — mg,, — Mr,, } = max{0,1} = 1;

mg, = max{0, mp, — Mp, — Mgy, — Mr,, } = max{0, —2} = 0;

mg, = max{0, mp, — Mg, — Mg,, — Mgy, } = max{0,1} = 1;

MR, = maX{O, mpy, — MRy —MRg — MRg — TMRyy — mR24} = max{O, _2} = 0;

mgr, = max{0,mp, — Mg, — Mr, — Mpr, — MRy — MRy — MRy, — MRy, } = 0.

Consequently, a nonnegative real matriz with spectral radius p(M) =1 and having all

the dominant numbers of M as eigenvalues must have a dimension at least equal to

h|24

Moreover, the nonnegative real matrix A must have also the two non—dominant numbers
of M, i.e. —0.7 and —0.4, as eigenvalues. In fact,

Zm(pi) =2

Pi€ES
lpil<1

Finally, in this case,

> pi-mp) + pM)-mg, =—1.1
PiES
Ipi|<1

so that ( = 2. In conclusion, a nonnegative real matriz A with p(A) = p(M) =1 and
having all the 17 numbers of M as eigenvalues must have a dimension N at least equal
to 29.

Note that the upper bounds on the minimal dimension of a positive realization pro-
vided in [16] and [17] are valid for transfer functions with distinct real poles. For such
transfer functions, as discussed in Remark 1, the lower bound given in Theorem 1 coin-
cides with that of Theorem 2 in [16] and hence the result here provided does not reduce
the gap between these lower and upper bounds.

Moreover, as reported in the introduction, the lower bound given in [27] is developed
for a very special class of transfer functions. The bound is expected to be less conservative
than the one proposed in this letter since it takes into account nonnegativity constraints
on the entries not only of the dynamic matrix A but of the vectors b and ¢ also. This seems
to be true for transfer functions with distinct real poles, as for the examples provided in
[27]. Nevertheless, as the following example makes clear, this is not always the case when

transfer functions with dominant complex poles are considered.
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Example 2 Consider the fifth order transfer function

1 N 0.045+/2 ot
2—0.9 22-09/224+081 2—-08 z-0.7

H(z) =
whose impulse response is
h(k) = 0.9 +0.1-0.9"  sin[(k — 1)z /4] —r (0.8 —0.7%" 1), k>0
Ifr=97/(10- (85 — 7%)) ~ 3.31, then h(k) is nonnegative, h(7) = 0 and h(k) > 0 for all
k > 7. The impulse response h(k) is depicted in Figure 2. Hence the transfer function
1
0.9 -

0.8

0.7

0.6 -
0.5
0.4
0.3
0.2

ol M
0 L L 1 L 1 L 1 589

0 5 7 10 15 20 25 30 35 40 45 50

Figure 2: The impulse response h(k) considered in Example 2.

belongs to the class considered in [27]. In this case, however, the lower bound given there
results in a value N = 4 (i.e. the minimum value of N such that N* — 2N +2 > 7) that
is actually lesser than the order of the transfer function itself.

Let us compute the bound provided by Theorem 1. The multiset of the poles of the
transfer function is M = (S, m) with

S=1{0.9,09-¢%,09-¢1,0.8,0.7}

and m(p;) =1 for alli. In this case, p(M) = 0.9, r =8 and mp, = 1, mp, = mp, =0,

mp, = 1. Consequently, the values of the mg, ’s can be computed, for h|8, as:

Mrg = Mpg = 1
mg, = max{0, mp, — mp, } = max{0,—1} = 0;
mg, = max{0, mp, — mg, — mg,} = max{0, —1} = 0;

mg, = max{0,mp, — mg, — mg, — Mpr,} = max{0,0} = 0.

12



Moreover, the nonnegative real matrix A must have also the two non—dominant num-
bers of M, i.e. 0.8 and 0.7, as eigenvalues. Finally, in this case, ( = 0 so that a
nonnegative real matriz A with p(A) = p(M) = 0.9 and having all the 5 numbers of M

as eigenvalues must have a size N not less than 10.

As a final consideration, an interesting question to investigate is whether and how this
result can be extended to multi-input multi-output (MIMO) systems. To this aim, it is
first necessary to note that the proof of Theorem 3.2 in [1] can be easily extended to the
case of MIMO systems. Hence, the spectral radius of the matrix A of a minimal positive
realization of a given transfer function matrix H(z) must coincide with the positive real
dominant pole of the transfer function matrix itself. Then, Theorem 1 can be used to
provide a lower bound to a minimal positive realization taking into consideration that, in
the MIMO case, the multiplicity of a pole is defined as its multiplicity as a root in the
characteristic polynomial of a minimal realization of H(z), which is the least common

multiple of the denominators of all possible minors in H(z).

4 Conclusion

In this letter, a lower bound on the dimension of minimal positive realizations of transfer
functions of discrete—time LTT systems is provided. This bound is a refinement of a result
provided in [16] and, in general, it is less conservative. The bound depends on the location
of the poles of the transfer function and exploits the spectral properties of nonnegative
matrices. It would be interesting to extend the upper bound presented in [16] and [17]
to the case of more general transfer function but this task seems to be difficult since also

nonnegativity of vectors ¢ and b must be considered.
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