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Abstract

The stability radius for finitely many interconnected linear exponentially stable
well-posed systems with respect to static perturbations is studied. If the output
space of each system is finite-dimensional, then a lower bound for the stability
radius in terms of the norm of the corresponding transfer functions is given.
Moreover, for regular linear systems with zero feedthrough operator and finite-
dimensional output spaces a formula for the stability radius is developed.
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1. Introduction

This paper is concerned with a finite number of exponentially stable well-posed
linear systems ¥;, ¢ = 1,..., N, which are interconnected by a given structure.
For the notion of well-posed linear system we refer the reader to Section [4] Let
Y = diag(Xy,...,Xy), which is again an exponentially stable well-posed lin-
ear system. Clearly, 3 represents the uncoupled system. We assume that the
magnitudes of the couplings between the systems X; are uncertain. The matrix
E = (eij) € RVXN describes the structure and the strength of the interconnec-
tion of the systems, that is, the entry e;; of £ can be interpreted as the strength
of the connection of the output of system ¥; to the input of system X;. If
e;; = 0, then the output of 3; does not influence ;. We denote the input and
output of the system X; by u; and y;, respectively, and consider interconnections
of the form

N
wit) = Asjeijy;(t).
j=1

*corresponding author
Email addresses: bjacob@uni-wuppertal.de (Birgit Jacob),
smoeller@uni-wuppertal.de (Sebastian Méoller), wyss@math.uni-wuppertal.de (Christian
Wyss)



where A;; are unknown linear, bounded operators, describing the magnitude of
the coupling. For short we write A = (A;;) and we denote the interconnected
system by S4°F,

It is easy to see, that for operators A which are small in some norm, the in-
terconnected system Y2°¢ is again an exponentially stable well-posed linear
system. In applications it is natural to ask for the largest bound r > 0 such
that exponential stability is preserved for all magnitudes of the coupling A of
norm strictly less than r in a given normed perturbation set. This largest bound
r > 0 is called the stability radius.

The stability radius was introduced in 1986 by Hinrichsen and Pritchard [2], 3]
for finite-dimensional time-invariant systems. We note that for a fixed system
the stability radius may depend on the normed set of perturbations and on
the notion of stability. For finite-dimensional time-invariant systems there are
formulas available for the stability radius with respect to different classes of
perturbations, see [4] for a comprehensive survey. Pritchard and Townley intro-
duced the stability radii for infinite-dimensional systems [9, [10]. The concept
of the stability radius for interconnected systems was introduced by Hinrichsen
and Pritchard in [5] for the finite-dimensional case. In this paper we consider
interconnected infinite-dimensional systems and characterize the stability radius
r(%, &), which is given by

r(3,€) =sup{r > 0] Ao& is an admissible feed-

back and ©4°¢ is exponentially stable
for all A with ||A|| < 7}.

Here the notion of an admissible feedback guarantees that Y4°¢ is again a
well-posed linear system, see Section[d Moreover, the perturbation class under
consideration (in particular the choice for the norm of A) will be introduced in
Section

The main result of this paper is as follows. Let
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where p(-) denotes the spectral radius and G; is the transfer function of system
.
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Theorem 1.1. If ¥ is an exponentially stable well-posed linear system and each
system ¥; has a finite-dimensional output space, then

1
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r(7)—®7

If additionally % is a reqular linear system with feedthrough operator 0, then the
stability radius satisfies

1

r(%,€) = Y



This theorem comprises the results of Theorems [5.3|and We note that The-
orem is even new in the finite-dimensional setting as we study the stability
radius also for a norm that is different to the one in [5]. Further, Theorem |1.1
generalizes the main result of [9] slightly as in [9] by assumption system X has
feedthrough operator 0.

We proceed as follows. In Section [2] we summarize some known facts on positive
matrices and Hardy spaces. The spectrum of multiplication operators are stud-
ied in Section[3] A short introduction to well-posed linear and regular systems is
given in[d] The main results of this paper are formulated and proved in Sections

Bl and [6

2. Preliminaries

In this section we give a short summary of results concerning the spectrum
and the spectral radius for non-negative matrices as well as operator matrices
which are useful for the proof of the main results of this paper. Moreover, we
summarize some results on Hardy spaces.

A matrix A = (aj); jeq1,.. N} € RVXN N € N, is called non-negative (we briefly

yeeey

write A € RQOXN ), if a;; > 0 for every entry a;; of A. Further, A is called positive

(Ae RgOXN)_if ai; > 0 for every entry a;; of A. Similarly, we define non-negative
(resp. positive) vectors and denote the set of such vectors by RY(resp. RYy).
For a matrix A € RV*N | the spectrum o(A) is defined by o(A) = {A € C| A
is an eigenvalue of A} and p(A) := C\ o(A) denotes the resolvent set of A.
Further, we denote the spectral radius by p(A) = sup{|A\| | A € o(A)}.

Lemma 2.1 (Perron-Frobenius [7, Chapter 8]). Suppose that A, B € RY}N.
Then the following results hold: B

(i) p(A) € o(A) and there exists a non-negative eigenvector z of A corre-
sponding to the eigenvalue p(A). The vector z is called Perron vector.

(ii) If there exists « > 0 and z € RY, 2 # 0, such that Az > «z, then
p(A) = a. B

(iii) If there exists B> 0 and z € RY, such that Az < Bz, then p(A) < S.

(iv) IfA < B, i.e. ;5 < bij fori,j S {1, .. .,N} with A = (aij) and B = (bij),
then p(A) < p(B).

For A, B € RV*N the Hadamard product o of A and B is defined by

ail N aiN b11 e blN
AoB= : : o
ani ... QNN le bNN
ai - b1 .. a1N -bin
ani - b1 .. ann -bnNn



as the componentwise multiplication of the entries of both matrices. For A o A
we briefly write A°2.

Let X and Y be complex Banach spaces. We denote the set of all bounded
linear operators from X to Y by £(X,Y). The operator norm of an operator
A€ L(X,Y) is denoted by || - ||. In the case of X =Y we briefly write £(X)
for £(X,X). For an operator A € L(X) we denote its spectrum by o(A), its
approximate point spectrum by o,pp(A), its resolvent by o(A) and its spectral
radius by p(A).

Suppose that X1,..., Xy and Y7,...,Yy are complex Banach spaces and A =
(Ai); jeqrny € LXY) with X = @Y, X;, ¥V = @,V and 4y €
L(X;,Y;). A matrix of this form is called an operator matriz.

Let & = (e;;) € RY; N and A an operator matrix. The Hadamard product of A
with £, denoted by o, is defined via

0: L(X,Y) x REN = L(X,Y)

e11dn ... eandin
Aol = : :
en1Ant ... ennNANN

Let H be a complex separable Hilbert space and Z a Banach space. For w € R
let C,, = {s € C | Re(s) > w}. We define the Hardy spaces H*>(H) and H>®(Z)
by

H*(H):={f:Co— H | f is holomorphic and

1 [ .
1913 =sup o= [5G+ i)l < o0)
>0 4T J _ o
and

H*>(C,;Z):={G:C, — Z | G is holomorphic

and sup |G(s)]| < oo}
Re(s)>w

Lemma 2.2 ([§]). H2(H) has the following properties:
e For each f € H?(H) there exists a unique function f € L? ((—ioco,icc); H)
such that ~
Jim f(2 + iw) = f(iw)
for almost all w € R,
o limyo | f(z+-) - f('))”m((—ioo,mo);H) =0

o The mapping f — [ is linear, injective and satisfies

||f\\%=%/ || (iw)||2dw.



e H2(H) is a Hilbert space with the inner product

)= | " (i), §(iw))de.

T o o

o Let f € H2(H) be a function different from the zero function. Then fis
non-zero almost everywhere on the imaginary axis.

For a function f € L2([0,00); H) the Laplace transform is a function f defined
by

f(S) = /000 f(t)e stdt, s e Cy.

Theorem 2.3 (Paley-Wiener theorem [12]). The Laplace transform is an iso-
metric isomorphism from L?([0,00); H) to H*(H).

3. The spectrum of a multiplication operator

Let (X,%, ) be a o-finite measure space and ¢ : X — CV*¥ a measurable

matrix-valued function. The operator A, on L?(X;CY), defined by A, : f +— qf,
ie.

(Agf) (s) = q(s)f(s), se€X,
for f € D(A,) = {f € L*(X;CN) | ¢f € L?(X;CN)} is called a matrix multi-
plication operator. We have the following relation between the spectrum of the
multiplication operator A, and the pointwise computed spectra of the function

q.

Proposition 3.1 ([6, Prop. 1]). For X =R, pu the Lebesgue-measure and q a
continuous and bounded matriz-valued function on X, we have

a(4y) = | o(q(iw)).
weR

Let now g € H®(C_s;CV*N) where 6§ > 0, and let Y = CVN. Let A, be
the multiplication operator on L?(iR;Y’), defined as above. Note that A, €
L(L2(iR;Y)) since ¢ is bounded. Let A, € L(H?(Y)) be the operator of multi-
plication by ¢ on H2(Y), i.e.

(A4)(s) = a(s)f(s), s € Co,
for f € H?(Y). Then the following result holds.
Lemma 3.2. 0.,,(4,) C 0(4,).

Proof. Consider the mapping j : H2(Y) — L2(iR;Y), jf = f introduced in
Lemma Note that |7 f[|z2¢r;yv) = V27| f[l2. The diagram



1Y) — s 12(y)

L2(iR;Y) —205 L2(iR;Y)

is commutative since for f € H2(Y)
(44 (iw) = q(iw) B, f(r + iw)
= }1{% q(r + iw) f(r + iw)
= (jAqf) ().

Let A € 0app(A4y). Then there exists a sequence (f,) C H?(Y) such that

neN =

I falla = 1 for n € N and [|(A = A) full2 = 0 for n — co. Then g, = =i/
satisfies [|gn | £2(ir;y) = 1 and
1 .
||(/\ - AQ)gn||L2(iR;Y) = \/T—FH()\ - Aq)]anLz(iR;Y)
1 =
= EHJ/V" — jAqfullL2ry)
= |Mn — Agfallz =3 0.
Hence A € oapp(Ay) C o(Ay). O

4. On well-posed and regular systems

In this section we provide a brief review of well-posed linear as well as regular
linear systems. For more results we refer the reader to [I1} [13]. Let Z be a Ba-
nach space. For two functions u,v € L?([0, 00); Z) we define the 7-concatenation
o by

uov = Po,u + S-v,

where P, denotes the truncation of the function u € L?([0,00); Z) to the
interval [0, 7] while S, denotes the operator of right shift by .

Definition 4.1 (Well-posed linear system). Let X, U and Y be Banach spaces.
A well-posed linear system ¥ = (T,®,¥,L) on (X,U,Y) is a family of op-
erators, where T = (T(t));>, s a Co-semigroup on X, ® = (P4)¢>0 with
®; € L(L*([0,00);U), X) such that

D yi(uov) =T#)Pru+ D



for u,v € L2([0,00);U), t, 7 > 0, ¥ = (U;);>0 with ¥, € L(X,L?([0,00);Y))
such that
\I’T+t],‘ = \1’7—1' < \I’tT(T)]J

forxe X, t, 7> 0,9y =0, and
L = (Lt)ezo with Ly € L(L?([0,00); U), L*([0,00);Y)) satisfying

Lirr(uov) =Lruo (U®Pru+ L)

for u,v € L%([0,00); U),t, 7 > 0,Lo = 0.

We call X the state space, U the input space and Y the output space of X.
The operators ®; are called input operators, the operators ¥, are called output
operators whereas the operators L; are called input-output operators. Given an
initial state zo € X and an input u € L2 _([0,00);U) the state and output

trajectories x : [0,00) = X and y : [0,00) — Y of ¥ are defined by

] = et g
with . {T(t) <I>t} |
U, L,

Let X be the space D(A) equipped with norm ||z||; = ||(8] — A)z||, where A is
the generator of the Cy-semigroup (T'(t))s>0 and 8 € o(A) fixed. The space X_1
denotes the completion of X with respect to the norm ||x||_1 = ||(8I — A)~1z].
Then X; € X C X_; are continuous dense embedded. Note that different
B yield equivalent norms || - ||; and || - ||-1. Each operator T'(t), ¢ > 0, can
be uniquely extended to a linear bounded operator on X_;. We denote this
extension by 7_;(¢) and we note that T_; = (T_1(t)),~, is a Cp-semigroup on
X _1. The generator A_; of T_; has domain D(A_;) = X and is an extension
of A to X_l.

For a well-posed linear system X there exists a unique operator B € L(U, X_1),
the control operator of ¥, such that for every ¢ > 0 the operator ®; can be
represented via

Du = /0 T_1(t — s)Bu(s)ds. (2)

We remark that the integration in is in X_4, but the value of the integral
is an element of X. Moreover, we obtain the existence of a unique operator
Vo : X = L2 _([0,00);Y), the extended output operator, with Py Ve = ¥, for

every t > 0. It can be shown that there exists a unique operator C' € L(X1,Y)
such that

(\Ilooxo)(t) = CT(t)SC(), Xo € Xl.

Similarly, there exists a uniquely determined operator Lo, : L2 ([0,00);U) —

L7 .([0,00);Y), the extended input-output operator, such that Py yLo = LiPyg



for t > 0. Using the Laplace transform we are able to represent L, by the trans-
fer function G of ¥. Let w > wo(T), where wy(T) denotes the growth bound
of the Cy-semigroup T and L2 ([0,00);U) = e,L*([0,00);U) with (e,)v(t) =

wt

e“*v(t) and [leyv|L2 = ||[v||L2. G is a bounded analytic £(U,Y)-valued function
on C,,. For s € C, (1) and u € L2([0,00); U) the Laplace-integral of Loou at s
converges absolutely and

—

(Loou)(s) = G(s)a(s)
for Re(s) > w. Furthermore, for a, 8 € C,(r) the transfer function G satisfies
G(a) - G(B)
=(B-a)C(BI - A1) (al —A1)"'B
=C ((Oé] — A_l)_l — (ﬁ[ — A_l)_l) B.

If the Cp-semigroup (T'(t))¢>0 is exponentially stable, i.e. wo(T) < 0, then
Vo € L(X,L3([0,00);Y)) and Loy € L(L?([0,00);U), L*([0,0);Y)) with

[Loc || = sup [|G(iw)] (3)
w€eR

using the Paley-Wiener theorem and the maximum modulus principle.

Remark 4.2. Under the assumption that the Cy-semigroup of the well-posed
linear system is exponentially stable, the operator
D L2 ([0,00);U) — L2 _([0,00); X), defined by

* “loc loc
(Do) (t) := Dy,

satisfies
Doe € L(L2([0,00);U), L*([0, 00); X)).

Indeed, considering X(T,®, ¥, L) with an exponentially stable Cy-semigroup it
is, as mentioned above, true that Lo, € L(L*([0,00),U), L?([0,00),Y)).

Defining the new well-posed system Y = (T,@, (Iv/,[) with T and ® as in the

original system, ¥ replaced by
(\T/tm)(T) = Lio,y(7)T(7)2,

and L replaced by B
(Lew)(7) := Lo, (7)Pru,

we get oy = Lo € L(L2([0,00),U), L2([0, 50), X)).

A well-posed linear system together with a feedback law v = Ky + v, where
K € L(Y,U), defines a closed loop system %% see Figure



K

Figure 1: Closed-loop system S

K is called admissible if the closed-loop system XX is also well-posed. If K is
admissible, the closed-loop system

st [0 ]
\Ijt Lt

fulfills (see [14])
zf{ztzt[g Io(]zf, t>0. (4)

For explicit formulas for TX & WK and LX we refer to [IT, Thm. 7.1.2.].

We note that if the semigroup of ¥ is exponentially stable and the operator
I — LK is bijective on L?([0,00);Y) then K is admissible ([II, Thm.7.1.8]).
Here, the operator K in I — L, K acts as the multiplication operator induced
by K.

A special case of well-posed linear systems are regular linear systems. We call
a well-posed linear system regular, if for every v € U the limit

T

Dv := lim 1 (Lo (1[0,00)0)) (5)ds

T—=0 T 0

exists. Then D € L(U,Y) and this operator is called the feedthrough operator
of the system ..
For a well-posed linear system, we define the Lebesque extension Cp, of C €

L(X1,Y) by
1 T
Crx = lim C’f/ T(s)xds
™0 T Jo
with domain D(CL) defined as the set of all x € X for which the limit exists in
Y. We note that D(C) C D(Cy).

Theorem 4.3 ([11, Thm. 5.6.5]). If ¥ is regular, then the output of ¥ is given
by
y(t) = Cra(t) + Du(t). (5)

Thus a regular linear system with generating operators A, B,C and D is com-
pletely determined by

() = A_12(t) + Bu(t)



y(t) = Cra(t) + Du(t)

Accordingly, we also denote the system by ¥ = (A4, B,C, D). For a € Cy ()
the transfer function G satisfies

G(a)=Cr(al —A_)"'B+ D,

in particular (el — A)™'Bu € D(Cy) for u € U.

As in the well-posed case we are interested in the closed loop system generated
by an admissible feedback operator K € L(Y,U). If K is admissible, then
the semigroup corresponding to the closed-loop system is generated by AK :
D(AF) C X — X with

AKz = (A_, + BK(I — DK)~'Cy) z, = € D(AX),

D(AX) ={z € D(C}) |
(A +BK(I - DK)~'Cp)z € X}.

5. Stability radius for well-posed systems

Let X1,...,XnN, U1,...,Un, Y1,..., YN be Hilbert spaces. Furthermore, we
assume that ¥; = (T;,®;,¥;,L;), ¢ = 1,..., N, are well-posed, exponentially
stable linear systems, i.e. for i =1,..., N, 3; is a well-posed linear system and
T, is exponentially stable. We will now investigate the stability of interconnec-
tions of these systems. Let

N N N
X:@Xi, Y:@Yi and U:@Ui (6)

equipped with the norms

N N N
lzll? = > llall?, lll® = D lyall®, ull = ma flus]).
i=1 i=1

It is easy to see that ¥ := (T, ®, ¥, L), defined by

(diag(T;), diag(®;), diag(¥;), diag(L;)) is an exponentially stable well-posed lin-
ear system as well.

We consider interconnections of the form

N
wilt) =Y Aijesy; (t).
j=1

with A;; € L(Y;,U;) and e;; > 0. Setting £ = (eij)
Y1
and y = [ :

YN

A = (Alj) S

i,j=1,....,N’ j

LY, U), u= [“1

UN

] this leads to u = (A o &) y and hence to the

10



closed-loop system Y4°¢ as described in Figure [1|with K = Ao €.

The matrix £ describes the structure and the strength of the interconnection
of the systems. More precisely, the entry e;; of £ can be interpreted as the
strength of the connection of the output of system ¥; to the input of system
Y;. If e;; = 0, then the output of 3; does not influence ¥;.

Example 5.1 (construction of £). Consider four subsystems with an intercon-
nection structure given by Figure [3

g

Yy — X

| <]

X3 Xy

Figure 2: Example of an interconnection structure

Then the matriz £ is given by

ern ez 0 eny
_|€é21 0 0 €24
€31 €32 0 0

0 0 €43 0

When determining the stability of the interconnected systems we regard £ and
i, t=1,...,N as fixed, while A is unknown. Clearly, for A = 0 the system
$A°€ is exponentially stable and one may expect that this remains true if A is
small.

We are interested in the largest r such that is exponentially stable for all
A of norm smaller than r. This leads to the concept of the stability radius; for
finite-dimensional interconnected systems it was introduced by Hinrichsen and
Pritchard in [5].

We consider the stability radius for two different norms of A: The first is the
operator norm ||Al|, which is induced by the chosen norms on U and Y and
satisfies

EAOS

N
) = i A

where ||A;| is the operator norm of the ith row A; = [As1,...,Ainv] € LY, U;)
of A. The second norm is given by

Nl=

1A

N
_ . 2
e = uix [ A5 | 7)
j=1
Note that both norms are related by [|A]| < [|All2,00-

11



Definition 5.2. Let
¥ = (diag(T;), diag(®;), diag(¥;), diag(L;))

be a well-posed, exponentially stable linear system and € = (e;;) € RJ;[OXN. Then
the stability radius (X, E) with respect to the operator norm ||Al| is defined by

r(E,€) =sup{r > 0] Ao is admissible and

$2°€ s exponentially stable

for all A € L(Y,U) with |A]| < r}.
The stability radius r2,00(2,E) is defined in the same way with respect to the
norm || All2,c0-
It is easy to see that

r(%,€) <719,00(%,E).

Theorem 5.3. If ¥ = (diag(T;), diag(®,), diag(\V;), diag(L;)) is a well-posed
exponentially stable linear system and Y is finite-dimensional, then the stability
radii satisfy

1
TQ,OO(Evg) Z ’I’(E,g) 2 67
where
1G4 (i) |2 0 2
O = |supp £°2
wer 0 G ()2

and Gy denotes the transfer function of X.

Remark 5.4. We use the convention 1/0 = oo here. In particular, if © = 0
then we obtain r(X,E) = oo, i.e., the system remains stable for every A €
L(Y,U). We note that © = 0 holds if the graph corresponding to & does not
contain any cycles [5, Remark 4.6].

Proof of Theorem[5.3 As a first step we show that for [|A|| < & the operator
I—Lo(Ao€) is invertible in £ (L2([0, 00);Y)). By the Paley-Wiener theorem
this is equivalent to the fact that I — G(-)(Ao&), with G = diag(Gq,...,Gy) is
invertible in £ (H?(Y')). Consider A, = G(-)(Ao&) as a multiplication operator
on H3(Y) and 4, = G(-)(A o £) as a multiplication operator on L%(iR;Y).
By Lemma Oapp(Ay) € o(A,). Using the assumption that Y is finite-
dimensional, we can then apply Proposition to obtain

oapp(Ag) € | 0(Gliw)(A 0 E)).

weR

To prove the invertibility of I — G(-)(A o &), it is now sufficient to show

U o (Giw)(a o) € B, (0) (8)

w€eR

12



for some r < 1, where B,.(0) denotes the ball around zero with radius 7. Indeed,
since A, is bounded and the boundary of the spectrum is contained in the

approximate point spectrum, this implies 0(A,) C B,-(0) and hence 1 € p(A4,).
Solet A€ |J o (G(iw)(Ao&)). Then there exist w € R and y # 0 such that
weR

Ay = G(iw)(A o &)y.

Componentwise this implies for k =1,..., N

N

IAPllyl® = 1Gw(iw) D enj Argy;lI?
j=1

€k1Y1 )
<fGw)?|ar | : ||

ELNYN

N
< NGr() PN AR D llewsy;lI?
j=1

N
< NAPIGRE)I Y eiyllys 1

j=1

With z = (|lyxl|?),_, it follows that

APz < A diag(l| Gk (iw) %) €°22.

Lemma [2.1| now implies
A
1A%

Thus, |A] < ||A||© and hence (8) holds with r = ||A||© < 1.

Therefore I — Lo (A o &) is invertible. In particular, it follows that A o £ is an

admissible feedback operator. Moreover, the exponential stability of (T'(t)):>0
implies ¥, € L£(X, L*([0,00);Y)). Thus for every zo € X the equation

y=Voxo +Loc(A0 &)y (9)

< p (diag(| G(iw)|P)E?) < ©7.

has a unique solution y = y,, € L?([0,00);Y) that fulfills

1Yol < M|z (10)
for some M > 0, M independent of zy. Thanks to 7 we have

y:vo = \Ilvoong

for every mo € X. Since ©4°¢ is well-posed, the Co-semigroup (T2°¢(t));>¢ of
NAE satisfies, see (4)),

T2% (1) = T(t)o + By((A 0 )W 1)

13



=T(t)zo + P¢((A 0 E)yay)

t>0, zg € X.
Since T is exponentially stable, Datko’s theorem (cf. [1, Thm.V.5.8.]) yields a
constant My > 0 such that

| 1wl < Molool? (1)
0
for every zo € X. Now inequality , Remark and inequality imply
o0

|1 o)

0

<2 [Tl [ oA o)) P

0 0
ﬂ%MWH/WM@MMNWﬁ
0

gm%%mm/n%w%
0
< 2(Mo + M M?) [l .

By Datko’s theorem, it follows that (T2°¢(t));>0 is exponentially stable. Thus
r(S,8) > 5. O

6. Stability radius for regular systems

In this section we give an upper bound for the stability radius of N well-
posed linear systems under the additional assumption that every subsystem
(T;, ®;,¥;,L;) is a regular linear system with feedthrough operator D; = 0.
More precisely, we consider N regular linear systems X, = (A4;,B;,C;,0),
j=1...,N, of the form

j(t) = Aja;(t) + Bju,(t), (12)
y;(t) = (Cj)r;(t)
and assume that A; generates an exponentially stable Co-semigroup (75(t)),
on X, Bj € L(Uj,(X;)-1) and C;j € L(D(A;),Y;). Clearly, N

Ay 0
A:

N
. WDM%{BMMQX%X
0 AN =1
generates an exponentially stable Cop-semigroup (7'(t)),~, on X, where X is
defined by (). Additionally we define -

B 0
B= - e L(U,X_),
0 By
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c=| . |ecmayy),

0 Cn
where U and Y are defined by (). Note, that X_; = @ﬁvzl(Xi),l. Then
¥ = (A,B,C,0) is a regular linear system. With A, £ and the couplings of

the systems defined as in Section [5| the entire interconnected system can be
represented via

@(t) = A%Fa(t) = (A1 + B(A0 &) Op)a(t) (13)
with CL = diag ((Cl)Lu ey (CN)L)

Theorem 6.1. If ¥ = (A, B,C,0) is a reqular exponentially stable linear sys-
tem, then the stability radii satisfy

1
@ )
with © defined as in Theorem[5.3 If additionally, Y is finite-dimensional, then

r(X,€) <100(X,€) <

1
r(E,8) =r,00(%,E) = o

Proof. By the definition of the stability radii it suffices to show that for every
§ € (0,0) there exists A € L(Y,U) with [|All2,c < g=5 such that either Ao &
is not an admissible feedback or A*°¢ does not generate an exponentially stable
Cp-semigroup.

Let & € (0,0) be arbitrary. Choose a € (0,1) with =% < ©. By the definition
of © there exist wg € R such that

|G 1 (iwo) ||? 0
A= P 502
0 G (o)1

(°2)
> )
a
In particular A > 0. By Lemma there exists a vector z € RY,z # 0, such
that B

|G (o) |12 0
E%2%2 = )z
0 IG v (iwo) ||
Componentwise this reads
N
Gk (iwo) I efrzr = Az (14)

=1
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Now for every k € {1,...,N} we choose u; € Uy such that |Gy (iwo)uk| >
|G (iwo) |[|luk]l and set yr = Gy (iwo)uk. If zi # 0 then also |Gy (iwo)|| # O
by , and we can choose the norm of uy, such that z;, = ||y ||?. If 2, = 0 then
we set up =y = 0.
For k,l € {1,..., N} we define
ukerr (Y1) : N 2 2
Ay — { PSBERITATE if 3750 eisllysll* # 0, (15)
otherwise.

Z1

Next we set x; = (iwol — (Ak),l)fl Bruy and x = Note that x;, €

TN
D((Ck)r) and (Ck)rzr = Gg(iwo)ur = yr. Hence xp # 0 if 2z, # 0 and thus
x #0.

Now we show that

N
(Ak)-12k + B > exlii (C1) w1 = iwoak (16)
=1

for all k € {1,...,N}. It S €2 [ly;[|> # 0, then indeed

N
(Ap)-12% + By Z extAp (Cr) p m
=1
N

uger ||yl
= (Ap)ze+ B Y en—y
=1 Zj:l eijllyjHQ

= (Ay)_17k + Brup = iwoTg-

If E 6;€]||y]||2 =0, then Ay; =0 foralll € {1,...,N}. Moreover z;, = 0 by
, Wthh in turn implies z = 0 by constructlon Hence . holds too. We
have thus shown that

(A_1+ B(A o &)CL)x = iwp. (17)

Since iwpx € X it follows that x € D(A%°€). If A o & is admissible, equation
implies that A2°¢ does not generate an exponentially stable Cy-semigroup.
It remains to show that [|[All2.c0 < g-5.

If 2z, # 0, then yields Zl]il et lluill> # 0 and ||Gg(iwo)| # 0, and we
compute

ZHA s (Mmllyzll>

=1 Z] 1 k]||y]||2

_Z Jur ]| - eally?
(S el 2)
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1
N
>t einyjHQ
|G (o un ||

< - N
?|| G (iwo)[I? 20521 €352

2
= - N
a?||Gy(iwo) 2 32521 €357
L1
a2\ T (©@—6)2

If z; = 0, then uy = 0 and therefore Ay =0 forl € {1,...,N},
ie. YN | Awl? = 0. Consequently,

N

IA]

N
1
= 2
200 = AN <zz; | Akl ) < 55

The statement for finite-dimensional output spaces Y now follows from Theorem
O

7. Conclusion

In this paper we studied the stability radius for finitely many interconnected
linear exponentially stable well-posed systems with respect to static perturba-
tions. If the output space of each system is finite-dimensional, then we were
able to show a sharp lower bound. Moreover, for regular linear systems with
zero feedthrough operator and finite-dimensional output spaces a formula for
the stability radius has been developed. An interesting problem for future re-
search is the characterization of the real stability radius and the stability radius
with respect to dynamic perturbations.
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