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Abstract

In this paper, we study a new type of stochastic functional differential equations
which is called hybrid pantograph stochastic functional differential equations. We
investigate several moment properties and sample properties of the solutions to the
equations by using the method of multiple Lyapunov functions, such as the moment
exponential stability, almost sure exponential stability and almost sure polynomial
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1 Introduction

Stochastic differential equations (SDEs) are widely used to model stochastic systems in
different branches of science and industry. Stability and boundedness of the solution are the
most popular topics in the area of stochastic systems and control. We refer the reader to
[2, 7, B] and references therein. Dynamic systems may not only depend on present states
but also the past states. Stochastic delay differential equations (SDDEs) and pantograph
stochastic delay differential equations (PSDDESs) are often used to model these systems,
whose systems depend on the past state z(t — 7) and x(6t) respectively. The form of these
equations are as follows:

da(t) = f(a(t), 2t — 1), 8)dt + g(a(t), x(t — ), )AB(2),
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and
dz(t) = f(x(t), x(0t),t)dt + g(x(t), x(6t),t)dB(t),

where 7,0 are two constants satisfying 7 > 0,0 < # < 1. We here only mention [4, [15] 10, [16],
17], to name a few. However, there are many practical systems whose future state depends on
the states over the whole time interval [t — 7,¢] rather than at times ¢ — 7 and t. Stochastic
functional differential equations (SFDEs) have therefore been developed to describe such
systems. Generally speaking, SFDEs have the form:

d'r(t) = f(xht)dt + g('xht)dB(t)?t S [t(]a OO)? Tyy = gu

where z; = {z(t—0),0 <0 < 1)}, 7 > 0is a constant. As is well known, many scholars real-
ized that numerous system in our real world may experience abrupt changes in their structure
and parameters caused by phenomena such as component failures or repairs, changing sub-
system interconnections and abrupt environmental disturbances. Hybrid systems driven by
continuous-time Markov chains have been used to cope with such situation. Markov chains
play the role of stabilizing factor in the stability of hybrid systems. That means, when some
subsystems are unstable, but others are stable, then the overall system could be stable be-
cause of switching between the subsystems. Since then, the literature on the topic of stability
for stochastic differential equations with Markovian switching (SDEswMS) bloomed, both in
the direction of obtaining qualitative and quantitative results for the generalized emerging
equations and on developing applications which aim to population ecology, network, heat
exchanges, etc. For example, [I] studied the stability of semi-linear SDEswMS, and [14]
investigated the following general nonlinear SDEswMS:

dz(t) = f(z(t),t,r(t))dt + g(z(t),t,r(t))dB(t),

where r(t) is a Markov chain taking values in S = {1,2,---  N}. Moreover, [9] applied
SDEswMS to solving a control problems, [22] investigated some complex-valued coupled
oscillators, [27] studied the stability of regime-switching jump diffusion systems, [24] ana-
lyzed asymptotic stability in distribution for such type of equations. Later, the study of
stochastic functional differential equations with Markovian switching (SFDEswMS) (includ-
ing stochastic delay differential equations with Markovian switching) and PSDDEs with
Markovian switching have been also developed rapidly. Many scholars have enthusiastically
studied the stability of such equations and given some applications. For example, [21] investi-
gated the exponential stability of highly nonlinear neutral pantograph stochastic differential
equations, [25] built Razumikhin-type theorems on neutral SFDEs, [12] studied stability of
neutral SFDEswMS driven by G-Brownian motion, [6] analyzed asymptotic stability and
boundedness of SFDESwMS. More related work can be seen in [5, [8, [IT], 19} 20, 17, 23] 26].

To the best of our knowledge, so far there is little study on hybrid pantograph stochastic
functional differential equations (HPSFDEs), in which the 6 changes in interval (0,1], while
the 6 is a constant in pantograph stochastic delay differential equations. Inspired by the
works of the above articles, we aim in this paper to study several moment properties and
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sample properties of the solutions such as the moment exponential stability, almost surely
exponential stability and almost sure polynomial stability, etc. for HPSFDEs.

We close this part by giving our organization in this article. In Section 2, we introduce
some necessary notations. In Section 3, we give our main results on the moment properties
and sample properties of analytical solution. Several examples are also given to illustrate
the theory.

2 Preliminaries

2.1 Notations

Throughout this paper, Let (2, .7, {.%, }+>0, P) be a complete probability space satisfying the
usual conditions(i.e., it is increasing and right continuous with .%, contains all P-null sets)
taking along a standard d-Brownian motion process B(t). For x,y € R", we use |x| to denote
the Euclidean norm of z, and use (x,y) or 7y to denote the Euclidean inner product. If A
is a matrix, AT is the transpose of A and |A| represents /Tr(AAT). Let |a] be the integer
parts of a. Moreover, for 0 < § < 1, denote by & := €([0, 1]; R™) the family of all continuous
R"—valued functions ¢ defined on [0, 1] with the norm || = supyc;<; |¢(t)]. Let to > 0
and h : [tg,00) — R” be a continuous function, for t > ¢, denote hy(f) = h(6t),0 < 6 < 1.
One can see that hy(-) € €. Let r(t) be a continuous-time Markov chain taking values in
S =1{1,2,---, N} with the generator I' = (v;;) nxn such that

. . 7ij5+0(5)7 27&]7

P{r(t+9) = jlr(t) =i} {1 bt old), i
where 0 > 0. Here v;; is the transition rates from i to j and v;; > 0 if ¢ # j while v; =
— > iz Yij- 1t is well know that almost every sample path of r(t) is a right-continuous step
functions with finite number of sample jumps in any finite subinterval of R, = [0, 00).
Assume that Markov chain r(t) is independent of Brownian motion.

Denote by C12([tg, +00) x R" x S; [0, +00)) the family of all continuous nonnegative func-
tions V (¢, z,4) defined on [tg, +00) X R™ x S, such that for each i € S, they are continuously
once differentiable in ¢ and twice in x.

3 Main Results

Consider the following HPSFDE:

(3.1)

da(t) = fag, t,r(t)dt + gz, t,r(2))dB(t), t € [to, 00),
z(t) = &(t),t € [Oto, o],

where x; = {z(0t),0 <0 < 1)} and 0 < § < 1 is a constant. We would like to point out that
x; € € is a segment process and x,(0) = x(6t) while x(t) € R™ is a point.
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Given V € CY(R™ X [tg, +00) x S;[0,+0)),¢ € €,i € S, we define an operator
LV : € X [tg,o0) x S — R by

LV (,t,) = Vilol1),£,0) + Vil (1), ) 1,1) +3tracels” (5, 1,1) Vi o(1), 1, )90, )

N
+Y vV ip(1),t,0),
=1
where
[0V (x,t,i) \ [0V (x,t,i) oV (z,t,1)
Vi(z,t,i) = ( Y ) , Vi(z, t,i) = ( or. 7 ow.
and

L [(OPV(x,t,0)
bt = (T

We have the following the corresponding It6’s formula for hybrid system (3.1)):

V(z(t),t,r(t)) = V(x(0),0,r(0)) —i—/ LV (zg,s,7r(s))ds

to

+/ Vi(x(s),s,7(8))g(xs, s,7(s))dB(s).

to

The following assumptions are needed.

(H1) For any ¢, ¢’ € C([0,1]; R™) satisfying ||| V ||¢'|| < R, there exists a positive constant
Cr such that

|f(p,t,0) — f(@' 1, 0)] V ]g(p,t,i) — g(¢'s t,0)] < Crlle — ¢|.

(H2) There exist functions V' € C*1(R" x [ty,00) x S; R, ), Uy, Uy € C*H(R™ x [ty, 00); Ry),
and probability measures v, on [#,1], and non-negative constants ag, ay, by, k =
1,2,--- . M,1=1,2,---,l; such that

lim inf Up(x,t) = oo, (3.2)

|| —00 to<t<oco

Uo(x,t) < V(x,t,i) < Uy(x,t),V(x,t,i) € R" x RT x S, (3.3)

1
3 b / e BN (1), UL (p(0), 00dn(0) [, (3.4)

where function A(-,-) : [6,1] x Ry — Ry satisfying info<s<oo A(f,5) > B(1 — 6) and
ay, B are constants satisfying 0 < ay; < 1,0 < 8 < a;.
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3.1 Existence and Uniqueness

In the same way as in [I8], we can show that (B3.1]) has a unique local solution z(t),t € [ty, 00o)
under (H1), where o, is the explosion time. The following condition (H2") will guarantee a
global solution to (B.1]), that is

(H2’) Assume that (H2) holds, but (3.4)) is replaced by

LV(pti)<ag+ Y { — axUx(p(1),1)
k=1

+3 b [ U1, 00 (o(6), ) (6)|. (3.5)
=1

1
0
where 0 < ay; < 1 are constants .

Theorem 3.1. Assume that (H1) and (H2’) hold. If

I I
1
—ag + E bklakl —+ E bkl§<1 — Oékl) S 0, k = 1,2, s ,M, (36)
=1

=1

then the equation (B.1)) has a unique global solution.

Proof. Let x(t),t € [to,05) be the unique local solution and o, = inf{t > ¢, : |z(t)| > a}.
Using It0’s formula and taking the expectation, we have

E[V(z(t Nog),t Ao, r(t A\ og))] =E[V(z(t), to, r(to))] + E/ " LV (xs,s,7(s))ds

to

< B[V (2(to), to, r(to))] + E /M {ao + é [ — aUi(2(s), 5)

to

+) by /e 1 Uk (x(s), s) UL (z(0s), Gs)duk(ﬁ)} }ds

< E[V(x(to), to, r(ts))] + E /m {ao 4 i [ — aU(a(s), s)

to

+ Zk bklaklUk(:p(s), S) + Z bkl(l - Ozkl) /9 Uk({L‘(QS), Qs)dyk(é’)] }ds (37)
=1 v



Noting that

/t«t/\aa/ U (0(05), 85} (0 ds_/ /t/\ffa s),0s)dsdvy(6)

1 Gt/\Ua
< = / / ,s)dsdu(6)
Q 0 Oto
1 t/\Ua
< = / / s)dsdvy(0)
Q 9 Oto
1 t/\o’a
g—// s)dsduy (0 // Uk(z(s), s)dsdvg(0)
Q 0 Oto

< [ ”“Uk< (5) >ds+;/ Uila(s) 5)ds.

Z Jtg etO

and (B3.6]), one can see that
E[V(x(t Noo),t Ao, T(tAoq))]

< E[V (x(to), to, 7(t0))] + E " {ao + Z [ — arU(z(s), s)

k=1
lk lk
1
+ b Uk (x(s), s) + bri=(1 — ag)Up(x(s), s ds
> buenl(a(5).) + 3 g1~ aw)Uu(a() >]}
M 1 to
FID by (1 - akl)/ Un(a(s), s)ds
k=1 1=1 = Oto

< E[V(z(to), to, 7(t0))]

tAOq M Iy, g
-+ E/ {ao + Z ( — Qf + Z bklOékl + Z bkl%<1 — Oékl)) Uk(.T(S), 8)}d8
. =1 k=1
+ Z Z bkl 1 — g / EUk<§<S), S)dS

k=1 1=1  —
< ¢o + aot, (3.8)

where o = B[V (x(to), to, 7(to))] + Yaey S0ty bug (1 — awa) [, BUK(E(s), s)ds.
Setting f1a = inf|z>at9<t<co Uo(, t), we then have

E[Us(x(t AN 0a), t N oa)] = ElUo(2(04), 04)le,<t] = paP(oq < 1).

This immediately implies

E|U tAo,),t Ao, ' "
P(ow <t) = lim P(o, <t) < lim [Uo(x(t Aoa),t Noa] _ iy a0t
a—r o0 a—r o0 [,La a—r o0 Ma
Therefore, 0o, = 00, a.s., and there exists unique global solution z(t) on [ty, c0). [
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3.2 Exponential Stability

In this subsection, we will investigate several moment properties and sample properties of the
solutions to the equations such as the moment exponential stability, almost sure exponential
stability, etc. Before studying the stability of the solution to E.q.([31]), we present a semi-
martingale convergence theorem which can be found in [13].

Lemma 3.2. Let Ai(t), As(t) be two continuous adapted increasing processes on t > 0 with
A;(0) = 0,A42(0) = 0, a.s., M(t) a real-valued continuous local martingale with M(0) = 0,
a.s., & a nonnegative Fy—measurable random variable such that E[(] < oo. Set X(t) =
E4+ Ai(t) — As(t) + M(t),t > 0. If X(t) is nonnegative , then we have the following results:

{lim A;(t) < oo} C {lim As(t) < oo} N{lim X (¢) < o0}, a.s.,

t—o0 t—o0 t—o0
where C' C D, a.s. means P(C' N D) = 0. In particular, if lim;_,., A;(t) < oo, a.s., then,
with probability one,

lim As(t) < oo, lim X () < 0o, —oo < lim M(t) < o0, a.s.
t—00 t—00 t—o0

Theorem 3.3. Assume that (H1) — (H2) hold with

I I
1
—ay, +Zbklakl + Zbkl5<1 — Oékl) < O,k = 1,27 Ce 7M_
=1

1=1
We then have the following results:
(i) limsup, . E[Uo(z(to,t,&,10),t)] < 2, where 0 < e < 3 is a constant satisfying

ll ll
1
ap — & — E buo — E bllg(l - 0‘11) > 0.
=1 =1 =

1 t
lim sup — / E[Uk($(t0, S, 67 iO)? S)]dS
t—o0 t to
Qo

<
> 1 81— l —B(1— ’
ap, — Yk bue Db ayy — 38 byge P1=Dh (1 — ayy)

k=1,2,--- M.

(iii) If ag = 0, then the global solution x(ty,t,&, 1) is exponentially stable in moment and
almost surely exponential stable, i.e.

1
lim sSup ; lOg(]E[Uo(fL'(to, t 67 iO)? t)]) < —e. (39)
t—»00
. 1 :
lim sup n log(Up(z(to,t,&,10), 1)) < —¢, a.s., (3.10)
t—r00

where € satisfies the condition in (i).



Proof. (i) Using Ito’s formula to eV (x(t),t,r(t)), we have

E[ef )V (2(t A o), t A oa,7(E A 0g))]
= E[eV (z(to), to, r(t0))] + E/ " e (eV(xs, s,7(8)) + LV (x5, 5,7(5)))ds

< E[eV (x(to), to, 7(to))]

tAoq
+E/ 688{(1,0 ((1,1 —€)U1 |: Za,kUk
to

+ Z Z bl / e o AGu)dugrart (g(s), )UL~* (2(0s), Qs)dl/k(e)] }ds.

k=1 =1

(3.11)

Now, we compute

tAoq
bkz/ / =s=Jo MO, TR (1(s), s) UL (x(6s), 0s)dvg (0)ds
tAoq
< bklam/ / I MO (1(s), 5)dug(0)ds
tAoq s
+ b (1 — Oékl)/ / =5 Jo AOWdUTT (4:(05), 05)dug (0)ds
t (2]

1 tNoq
< bklakl/ 65(19)t°d1/k(9)/ e Ug(z(s), s)ds
0

to

tAoq 1
+ b (1 — ) / / =5 Jo XOWAdugy, (1:(0s), Bs5)dy(0)ds
0

tAoq tAoq
< bklOékl/ e Ug(x(s), 5)ds + b (1 — Oékl)/ / 5o ’\(e’u)d“Uk(a:(Gs), 0s)dsdy(0)

to

tAoq tAoq s
< bklOékl/ e Up(x(s), s)ds + bkl (1—ap / / o5’ )‘(e’u)d”Uk(:c(s), s)dsdvg(0)
¢ ot
Ot/\oa tAoq
< bklozkl/ e Uy(x(s), s)ds + bklé(l — am)/ e Uy(z(s), s)ds
¢ v ¢
1 0 to 0
+ bkl§(1 — ) / e Uy(z(s), s)ds. (3.12)
0 )

Gto



This, together with (B.11)), yields that

E[ee(t/\aa){/(x(t AN Oa), t N\ og, T(t A Ua))]

tAo, 1 I1
a 1
§E+E/ ees{a—<a — & — byoaq; — by=(1 —a )U x(s), s
0 0 1 IEZI uoy ;:1 uQ( u) |Ui(z(s), s)

to

M Iy Uk
1
+ E (—ak+ E bklakl+ E bkl@(l —C‘ékl))Uk<SL’(S),S)}dS
k=2 =1 =1 -

_ Qo
S Co + _eata
£

(3.13)

where & = E[e0V (z(to), to, 7(t0))] + Sonr, Zé Ef é k(1 — o) Uk (&(s), s)ds. Letting
a — 00, it leads to

E[e*Us(z(t), t,7(t))] < & + feet

The assertion (i) follows by letting t — oo.
(i) Similar to the proofs of (B.8) and (8.12)), we can show that

E[V(z(t Noy),t ANog,r(t ANo,))] = E[V(z(ty), te, r(to))] + E/ " LV (zs,s,r(s))ds

to

< B[V (2(to), to, r(to))] + ]E/M {ao 4 i { — aU(2(s), )

to

Ik 1
# 3 b [ B a(s), 0 05,0510 (0)] b
=1

< E[V(z(to), to, (to))]

tACa M Ui
E/ {ao + Z ( —ag + Z bkle_ﬁ(l_g)toakl
to k=1 =1

Uk
1
# 3 buge 01— ) ) Ui, ) s

(3.14)

+

k=1 =
M lk 1 tO
DD buge™ (1 — any) / U(&(s), s)ds
k=1 I=1 = Oto
S co + (lot.

Letting a — oo, we obtain

t
Z (ak—mee AU-Dto gy, — Zbkl 676(1 Do Oékl))E/ Uk(x(s),s)ds

k=1 to
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S Cco + (lot. (315)

This means that assertion (ii) holds.
(iii) Since ag = 0, we derive from (B.I3)) that

Ele*Up(z(t),t Aa,r(t))] < .

This implies that (39) holds.
Using the similar method in (i) without taking the expectation, we can show that

e Uy(x(t),t) < o + M(t), (3.16)
where M (t) = fot eV (x(s), s,7(s))g(xs, t,r(s))dB(s). Due to Lemma 3.2, it follows that

lim sup ' Up(z(t),t) < o0, a.s.

t—o00

Thus, there exists a finite positive random variable 7 such that

sup eUy(x(t),t) <n, a.s.

to<t<oo
Thus, the proof of (3I0) is complete. O
We now illustrate the theoretical results in Theorem [3.3] by the following example.

Example 3.4. Let v(-) be a probability measure on [0, 1]. Set S = {1,2},5=0.5,\(0,t) =
0.5(1—0),0 =0.5, d=1. Let r(t) be a Markov chain with generator

r:(—21 _12).

dz(t) = flag, t,r(t)dt + g(xg, t,r(t)dB(t), t € [tg, o0)

Consider the following equation:

x(t) = £(1), t € [Oto, 1], (3.17)
where for p € €
L )+ B0 + 1) 05 [ e O (0) dv(o),i = 1
Tt =10 050(1) + 0,05 [} €030-015(6) du(6), i = 2

and

[0 S 1) Plo@) (o), i = 1,
HEED =N 02 [ e050-01 ()| dv(6), = 2.
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Define

When i = 1, it follows that

LV (p,1,1) = 20(1) (0, t, 1) + lg(p, . DP + D31,V (0(1), 8, 5)

j=1

< 2¢(1)[=5(¢(1) + ¢*(1) + ¢"(1)] + (1) / e 4300 (6)|dv(0)

=

+ 0-25[ ™o () [Hp(O) Pdu(9) — [o(1)” + 2(Je(1)]* + (D)%)

2

< =9p(1)]* = 10[p(1)[* = 8lp(1)[* + (1) | e ™ p()]dr(0)

MN
>,

1025 / 050005 (1)] | (6) 2 (9).

When i = 2, we have

LV (¢,1,2) = (4p(1) + 12¢°(1)) f (2, £, 2) + 0.02(4 + 60, (1)) /l e 300 o(9) | *dw(9)

£ 3V ().t
< 0204 +0.61p(DI° +02¢(1) [ ¢ 0% o(6)]av(6)

1 0.66°(1) / 05002 o(6) [d(8) + 0.08 / 05000 () 2w (9)

1
2 2

+1.2 / &0 (0) o (8) P () + 20 (1) — 4(1e (1) + o ()]°)
< —18Jp(1)]? - 3-4|90(1)\6

1 0.20(1) / e300 5(0)|dw(6) + 0.65°(1) / e300 () (6)

NI

2

0,08 / 05000 () 2w (6) + 1.2 / 05000 (1) [ o (6) Pl (6)

2 2

< —18Jp(1)]* = 3.4]p(1)[°
1

" / e 050000 9o (1)) (o (8)[2) () + / e300 6|0 (1)[%)F (0(8)]) s du(6)
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1

+ / e=030-010,08|,5(6) 2dw(6) + / e 0300 2o (1)) (| p(0)]

1

2 2

< —1.8)p(1)]? = 3.4|p(1)|°

+ / e~ 021=00.2(|p(1)[2) 2 (| (0)[%)2 + 0.08]0(6)[*]dv(6)

1
2

N[

+ / e 0002[0.6(|ip(1)[%) (|i0(0) %)

2

Then, we have

LV (p,t,1) < —1.8|(1)]* = 3.4]p(1)[°

1
2

+ / e~ 051=0t10.6(|o(1)[9)¢ (|0 (8)%)s + 1.2(|p(1)[%)

Obviously, we can choose

U()(.CL’,t) = |.T‘2, Ul('rvt) = ‘SL’|2,U2<.CL’,t) = ‘x|67a0 = 0,&1
az = 3.4,,b11 = 1,012 = 0.08,b21 = 0.6, b2y = 1.2.

From Theorem 3.3, we could know that the following results hold.

(i)
lim sup E[|z(to, t, &, i0)|*] = 0,
t—00
(i)
. 1 [ 2
lim sup — E[|x<t07 S, 57 ZO)| ]dS = 07
t—o00 t to
: 1 [ - \(6
hmsup_ E[|x(t0757€720)| ]dS = 07
too L to
(iii)

1
lim sup p log(E[|z(to, t, €, i0)]?]) < —0.05.

t—o0

1
lim sup ;10g(|:p(t0,t,§,io)|2) < —0.05, a.s.

t—o0

Now, we give the second example.

12

6)8 dv(6)

+1.2(J(1)]%)3 (|2(6) ) 51 dw (9).

4 [0S Pp(O))} -+ 0.0810(6) v 6)

(Ie(9)I°)

— 1.8,

2
6

|dv(8).



Example 3.5. Let () be a probability measure on [#,1] and v5(-) = 01(+). Set S =
{1,2},8 = 0.6,A(0,t) = 0.6(1 —0),0 = 0.7,d = 1. Let r(t) be a Markov chain with

generator
(-1 1
n 3 -3/

dz(t) = flag, t,r(t))dt + g(xg, t,r(t))dB(t),t € [tg, 00)
w(t) = £(t), ¢ € [Oto. to), (3.18)

Consider the following equation:

where for p € €

ot i) = § B+ (1)+90 )+ Jor e Do (0)dn ()1 = 1,
7 0.04p(1) +0.04 [ =000t 0a(0)duy(8), i = 2;

and

L Jos —0619>t|so< >|2|go<e>|2du1<>z'=1,
g(w’“)_{Mfo 0600 5 (0)duy (0), i =

From above equation, when r(¢) = 2, by the definition of v, the equation becomes

dx(t)
(t) =

Obviously, the solution of the above equation will blow up. But in the following, we will
show that the overall system is stable. Set

)dt + 0.1z(t)dB(t), t € [to, o0)

0.082(t
§(t),t € [Bto, to], (3.19)

22,0 =1,
222 4+ 3280 = 2.

V(z,t,i) = {

When i = 1, it follows that

LV(p,t,1) = 20(1) f(p, t, 1) + g, t, )]* + Z’mV(sO(l), t,5)

< 20(1)[=6(2(1) + *(1) + 9" (1)] + 2le0(1)] . =0(6)]drva (9)
+0-25/076 o) le(0)*dri(6) = (1) + 2l (D) + 3l (1)*

1
< —1e()]” = 12" = (1) +2lp(1)] [ e o (6)|dv (6)
0.7
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1
1025 / S0 ()] i ().

When i = 2, we have

1

LV (p,t,2) = (4p(1) + 240" (1)) f (@, t,2) + 0.005(4 4+ 168¢5(1)) / e~ 00— 5 (9) 2wy (0)

0.7
2
+ 272jv(90(1)7t,j)
j=1

0.08(dp(1) + 24¢7(1))p(1) + 0.01(2 + 84¢°(1)) [p(1)* + 3¢*(1) — 3(20*(1) + 3¢°(1))
—2.64|p(1)|* — 6.24|¢(1)|®.

Then, we have

LV (p,t,1) < =2.66|p(1)[* — 6.24|p(1)[®

<
<

1

1

T 20(1) / 0500t (9)|dun (6) + 0.25 / e 050t (1) 4] o(6) ' (6)
0.7 0.7

< —2.64]p(1) — 6.24]p(1) "

+/o ~080-0t9(|5(1)[2)3 ([ip(6)[2) 3y (6)

7

" / 080010 25| o (1] (| (6)[*) b (0).

7
Obviously, we can choose

Up(z,t) = |z, Uy (2, t) = |2, Us(a,t) = |2|% a9 = 0, a; = 2.64,
a9 = 624, s b11 == 2, b21 = 0.25.

From Theorem 3.3, we have the following results:

(i)
lim sup E[|x(to, t, &, i0)|*] = 0,
t—00
(i)
: I N2
hmsup_ E[|x(t0757€720)| ]dS = 07
t—o0 t to
: 1 [ 8
hmsup_ E[|x(t0757€720)| ]dS = 07
t—o0 t to
(iii)

1
hm sup ; IOg<E[|x<t07 tu ga ZO)P]) S _01

t—o00

1
lim sup glog(|x(t0,t,§,io)|2) < —-0.1, a.s.

t—o00
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3.3 Polynomial Stability

In this subsection, we will investigate the polynomial stability of the solution for HPSFEDs

B.1).
Theorem 3.6. Assume (H1), and let (H2’) hold with ay = 0. If

1
—ay + Z bklozkl + Z bkl 1 — akl) < O k= 1 2 M, (320)

=1

then the global solution x(to,t,&, i) has almost surely polynomial stability, i.e.

) log Up(x(t),t)
1 D8R o 3.21
P g1+ 1) (321

where € is a positive constant satisfying

k Uk
—ar+ Y bwow + > bl (1 — o) <0,k =2,3,-+, M,
=1 =1

and

E—a+ Z bllOéu —+ Z b1 1+€ Oéu) < 0.

Proof. Define o, = inf{t > t¢ : |x(t)| > a} as before. Set

M(t) = / (14 5)°V(x(s),s,7(5))g(xs, s,7(s))dB(s).

to

Using It0’s formula and taking the expectation, we have
(L4t A0 ) V(x(tAoy), t ANog,r(t A ay))]

= (1 + 1)V (x(to), to, r(to)) + / " e(1+8) 'V (x,,s,7(s))ds

to

tAoq
+/ (14 s)°LV(xs,s,7r(s))ds + M(t A o,)

< (1 + )V (w(to), to, (o)) + /t:ma(l+s>€v<xs,s,r<s»ds
+/Moa(1+s)€{ao+§; [—akUk(x@),s)
+Zbkl /e U (x(s), S)U,i_a“(a:(es),Gs)duk(ﬁ)}}d3+M(t/\aa)

15



< (1 +t)°V (x(to), to, r(to)) + / " e(1+ s)°V (s, s,7(s))ds

to

+/t0ma (1+5) {a0+2[—akUk ,5)
+Zbkl / U2k (x(s), s) UL (x(@s),@s)duk(ﬁ)] }ds+M(t/\o—a)

< (1T +1t)°V(x(to), to, r(to)) + / " e(1+ )V (s, s,7(s))ds

to

+/tomoa (1+s) {a0+z {—akUk +ZbklaklUk< (s),5)

+ Zk bkl(l - akl) / Uk(x(es), Hs)dz/k(ﬁ)] }ds + M(t N O'a)
=1 0

tAoq
<o+ / e(1+ s)°V(xs,s,7(s))ds

to

+/t:/\aa(1+s)5{i [—akUk( +ZbkzaklUk( (s),s)
+Zbk (1 — ) Up(e(s), )]}ds+M(t/\aa)
<G+ /0: klellelbkl@ (1 — ap)Ui(E(s), 5)ds
+/t:ma(1 + 5) (5—@1 +Zbuau +Zb119 (o) Oéu)) Ur(z(s), s)
+ /t:/\aa<1 + 5)5{ i ( —ay + Z brio + Z bklﬁf(lﬁ)(l — Ozkl)) Uk(z(s), s)}ds
<G+ M(tAoy), - - - (3.22)

where ¢y = (14 t9)°V (x(to), to, 7(t0)) + f;:o SV b (1 — ) Ur(€(s), s)ds.
By virtue of the conditions in the theorem, we have

(1+8)Uo(x(t), 1) < o+ M(2).

limsup(1 + ¢)°Up(z(t),t) < oo.

t—o00

This implies the required assertion (B.21) immediately. O
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The following example illustrates the theory of polynomial stability.

Example 3.7. Let () be a probability measure on [#, 1] and v»(-) = 01(+). Set S =
{1,2},0 =0.75,d = 1. Let r(t) be a Markov chain with generator

(L)

da(t) = f(ag, t,r()dt + gz, t,r(£))dB(), t € [to, 00)
x(t) = &(t),t € [Oto, to), (3.23)

Consider the following HPSFDE:

where for ¢ € €

Fpt i) = {—6(s0(1) + @ (1) +¢7(1) + 0.5 [ 9(0)dva(0),r(t) = 1,
T 0.04¢(1) +0.03 [ p(0)dws(8),r(t) = 2;

and

o2 [ e e(0)[FAdm (), r(t) = 1,
9lp t,0) = {0.1 T o(0)|dva(6), (1) = 2.

From above equation, when r(t) = 2, we can see that the equation is

dz(t) = 0.07z(t)dt + 0.1z(t)dB(t), t € [ty, 00)
x(t) = &(t),t € [Oto, o], (3.24)

obviously, the solution of the above equation will blow up. But in the following, we will
show that the overall system is polynomial stable. Set

4 :1
V(az,t,i):{x’l ’

224 4 3219 i = 2.

When i = 1, it follows that

LV (p,t,1) = 4¢%(1) f(p, 1, 1) + 0.240%(1)[g(p, £, 1)|* + Z 1,V ((1),, )

< 49 (1)[=6(2(1) + *(1) + 9" (1)] +2¢°(1) /075 |#(0)|dw (6)

+ 0-24/075 (Pl (@) (0) — ()" + 2l (1) + (1)

S—%W®ﬁ—%wmﬁ—ﬂWOwhﬁwmﬁA%W@Mm@
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+0.24 /0 ) ()P |0 (0)Pduy (6).

When i = 2, we have
1

LV (p,t,2) = (80*(1) + 309"(1)) f (10,2, 2) + 0.005(240%(1) + 2700°(1)) / |0(6)[*d(0)

0.75
2
+ Z Y23V (2(1), 1, 7)
j=1

< (8¢ (1) 4 300%(1))0.07¢(1) + 0.01(12¢%(1) 4+ 135¢%(1))p?(1)
+ 40 (1) — 420" (1) + 30™(1))
< —3.32|p(1)|* — 8.55]|¢(1)|*™.

Then, we have

LV (p,t,1) < —3.32|¢(1)[* — 8.55|p(1)[*°
1 1

2l / o) (6) + 024 / NECHECRA0
< —3.32|p(1)]* — 8.25]p(1)®

n / 2o (WY (1o(0)*)rdun (6)

.75

+/0 0.24(|ip(1)]")2 (|ip(6)[°) 2o (6)

.75

Obviously, we can choose

Us(z,t) = |z|*, Up(z,t) = |z|*, Up(a,t) = |2|* ag = 0,a; = 3.32,
a9 = 855, s b11 = 2, b21 = 0.24.

From Theorem 3.6, we conclude that the overall system is polynomial stable.  Obuviously,
this example is similar to example 3.5, but f,qg in this example satisfy (H2) while f,g in
example 3.5 satisfy (H2). This difference leads to different stable properties of the solution.
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