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Abstract

We consider nonlinear model predictive control (MPC) with multiple competing
cost functions. This leads to the formulation of multiobjective optimal control prob-
lems (MO OCPs). Since the design of MPC algorithms for directly solving multi-
objective problems is rather complicated, particularly if terminal conditions shall be
avoided, we use an indirect approach via a weighted sum formulation for solving these
MO OCPs. This way, for each set of weights we obtain an optimal control problem
with a single objective. In economic MPC it is known that strict dissipativity is the
key assumption for concluding performance and stability results. We thus investi-
gate under which conditions a convex combination of strictly dissipative stage costs
again yields a stage cost for which the system is strictly dissipative. We first give
conditions for problems with linear dynamics and then move on to consider fully non-
linear optimal control problems. We derive both necessary and sufficient conditions
on the individual cost functions and on the weights to conclude strict dissipativity and
illustrate our findings with numerical examples.

Keywords: Strict Dissipativity, Multiobjective Optimal Control, Model Predictive
Control, Weighted Sum Approach

1 Introduction

Model predictive control (MPC) is a common and popular method to solve optimal control
problems on finite and infinite horizons. In MPC, at each sampling instant a finite-horizon
optimal control problem is solved and the first part of the optimal input sequence is
applied to the system, before the procedure is repeated at the next sampling instant.
Using such a receding horizon approach, one can generate closed-loop trajectories that are
approximately optimal on infinite time horizons, see, e.g., [6,/11]. Together with the fact
that hard input and state constraints can be directly specified in the controller design,
this makes MPC a very attractive control method that has found widespread application
in many industrial fields, see, e.g., [21] and the references therein. While in classical
stabilizing MPC, cost functions are used that are positive definite with respect to some
desired setpoint to be stabilized (or, more general, trajectory to be tracked), more recent
economic MPC approaches consider more general control objectives that might be related
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to some economic performance criteria and that do not need to satisfy such a definiteness
condition [6,/11].

Most of the existing MPC literature considers the case where one given cost function
shall be minimised. However, in many practical applications as in [9}|17,(19}[23}[24], it
is desirable to consider not only a single but several cost criteria. This leads to the
formulation of a multiobjective optimal control problem (MO OCP). In recent research,
different approaches to solve MO OCPs with MPC algorithms were given, see [12/2527,28].
They all have in common that it is not easy to find an appropriate way to formulate a
multiobjective MPC (MO MPC) scheme for MO OCPs without terminal conditions, see
for instance [25, Chapter 5]. A possibility to avoid these problems is to use the weighted
sum approach, see [5], as done for example in [23]. In this approach, the individual cost
functions ¢4, ..., ¢,, are combined into one function via the sum

{= iﬂlgl (1.1)
=1

with weights p; € [0,1] and Y, p; = 1. Thus, we can use the theory and properties
of MPC based on single criterion optimal control problems without terminal conditions,
see [11}/13].

In economic MPC, it is known that strict dissipativity is the key ingredient for asymp-
totic stability as well as for averaged and transient (approximate) optimality of the closed
loop, see, e.g., [6] or |11} Section 7]. Motivated by MO MPC applications, the theoretical
question we thus study in this paper is: if the system is strictly dissipative for the m > 2
stage costs ¢;, 1 = 1,2...,m, is it also strictly dissipative for the convex weighted sum

b, = Zm&, where p; € [0,1] and Zm =1
i=1

=1

of these costs?

This question is interesting because optimal control and MPC with the cost ¢, and
varying p yields a possibility to compute efficient solutions (also known as Pareto-optimal
solutions) to the multiobjective optimal control problem. While the weighted-sum ap-
proach does not parametrise all efficient solutions, it parametrises many of them and yields
a particularly simple approach to multiobjective optimisation, see for instance [5, Chapter
3]. We illustrate this well-known fact in Example below.

Summarizing, our findings provide a basis for a better understanding of the behaviour
of economic MO OCPs. With the assumptions derived in this paper we can conclude
strict dissipativity for convexly combined stage costs, which in turn allows to conclude
approximate optimality of the corresponding MO MPC scheme. In order to keep the
exposition focused and self-contained, we refrain from discussing concrete MPC schemes
or performing MPC simulations in this paper. For these we refer to, e.g., [6] and the
references therein.

In order to render our presentation in this paper less technical, we have decided to write
all results and proofs for only two cost functions ¢; and {3, in which case the weighted
sum specializes to

0= ply + (1 —p)la, pelol].

After each main result we provide a remark that explains how the assumptions and asser-
tions extend to the general setting .

The paper is organised as follows: In Section [2| we introduce the problem class that
we are considering along with basic definitions of dissipativity and convexity as well as
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properties of the Karush-Kuhn-Tucker (KKT) and Lagrange multiplier theory. In Section
[B] we start our analysis with linear system dynamics and shed light on the question of when
the convex combination of stage costs for which the system is strictly dissipative yields a
stage cost for which the system is again strictly dissipative. We move on, in Section [4]
giving a necessary condition for the continuous dependence of the optimal equilibrium on p
in case strict dissipativity holds and a sufficient condition under which strict dissipativity
is preserved for small changes in u. Further, we provide two sufficient conditions which
ensure local and global strict dissipativity for all x € [0,1]. We illustrate our theoretical
findings by numerical examples in each section. Section [5| concludes this paper.

Notation

In the following we denote the natural numbers, the real numbers, and the non-negative
real numbers by N, R, and R>¢, respectively. The symbol R" with n € N denotes the
n-dimensional Euclidean space. Moreover, with B.(zg) C R"™ we denote the open ball with
radius € > 0 around zg. With intY and clY we denote the interior and the closure of a
set Y C R", respectively. Further, ||-|| is an arbitrary norm in R™ and |[|(-,-)|| denotes a
norm where two vectors are composed.

2 Setting and preliminaries

We consider discrete time nonlinear systems of the form
z(k+1) = f(z(k),u(k)), x(0)=uxo (2.1)

with f : R” x R™ — R” continuous. We denote the solution of system for a control
sequence u = (u(0),...,u(N — 1)) € (R™)" and initial value z9 € R™ by zyu(-,z0), or
briefly by z(-) if there is no ambiguity about the respective control sequence and the
initial value. Conceptually, the analysis in this paper should also be feasible in continuous
time as in [7], however, additional regularity assumptions such as smoothness of the storage
function may be required, which we avoid in the discrete-time setting of this paper.
We impose a non-empty combined state and input constraint set Y C R"™ x R™
and we define the induced state and input constraint sets X := {z € R"| thereis u €
™ with (z,u) € Y} and U := {u € R™| there is z € R" with (z,u) € Y}. For some
results we need that Y is of the form

Y ={(z,u) e R" x R™ | g(x,u) < 0} (2.2)

for a function g : R™ x R™ — RP, where “<” in RP is understood componentwise.

For an initial value zy € X, the set of admissible control sequences up to time N € N
is defined by

UV (x9) := {u € UV | (wy(k, z0), u(k)) € Y
VEkE=0,...,N —1, x2u(N,z9) € X}.

Given a stage cost function £ : Y — R, the cost functional for MPC-horizon N € N> is
given by

N-1
N(zg,u Z Uxy(k,x0),u(k)).
k=0
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With this functional, following the standard notation, see [11], we can formulate the
optimal control problem

JVE:l

m}\ifn xo, € xu ]{? .7;‘0 (k))

ucl (aco) k=0 (2.3)
st. x(k+1) = fe(k),ulk)), k=0,...,N—1

z(0) = xo,

where we minimize the cost functional over all trajectories of the system starting in xg.

Further, a pair (z¢,u¢) € Y is called an equilibrium if ¢ = f(2¢ u®) holds. Note that
all equilibria we consider in this paper are assumed to be admissible, i.e., to lie in Y. We
say that an equilibrium (z¢, u) is a strictly globally optimal equilibrium if

(¢ u®) < l(x,u)

holds for all equilibria (z,u) € Y with = # 2°.
In the following we will make use of comparison-functions defined by

K :={a:R>p — R>g | a is continuous and
strictly increasing with «(0) = 0},
Koo :={a:R>9p = R>g | a € K, «a is unbounded},
L:={6:R>p— R>¢ | 0 is continuous and
strictly decreasing with lim 6(¢) = 0}.

t—o0

In this paper we focus on the question if and when the weighted sum of strictly dis-
sipative stage costs is again strictly dissipative. To this end, we recall the definition of
strict dissipativity, see for instance [11]. In addition, we make use of the notion of strict
pre-dissipativity, see |10], and of the notion of strict (x,u)-dissipativity.
Definition 2.1 (Strict (pre-)dissipativity): (i) System is called strictly pre-dissipative
w.r.t. the supply rate s(x,u) at an equilibrium (z¢, u¢) if there exists a storage function
A : X — R, bounded on bounded subsets of X, and a function a € K, such that for all
(z,u) € Y with f(x,u) € X the inequality

s(z,u) + Ax) = A(f(z,u)) = af(lz — =) (2.4)

holds.

(ii) The system is called strictly dissipative if it is strictly pre-dissipative and the
storage function A : X — R is bounded from below on X.

(iii) The system is called strictly (x,u)-dissipative if the same holds with the inequality

s(@,u) + Mx) = A(f (2, u) = a(lle — 2 u — uf]),

(iv) The system is called locally strictly (pre/(x,w))-dissipative, if there exists a neigh-
bourhood N of (z¢,u¢) such that (i), (ii), or (iii), respectively, hold with Y = cl .

(v) If the supply rate is of the form s(z,u) = ¢(x,u) — ¢(x°, u®), with stage cost £ from
the optimal control problem , then we say that the system is strictly dissipative
(pre-dissipative, ...) for the stage cost ¢ and call

g(x, u) =Lz, u) — (2% u®) + NMx) — A(f(z,u)) (2.5)

the rotated stage cost.
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Remark 2.2: The notion of strict pre-dissipativity we used above is quite similar to the
notion of cyclo-dissipativity, see for instance [15,26]. Yet, there are also certain differences.
For instance, cyclo-dissipativity allows that the storage function is unbounded on bounded
sets. Further, cyclo-dissipativity requires controllability and detectability to ensure the
existence of a storage function in each x. Since we assume the existence of such a storage
function in the following, pre-dissipativity is the more suitable property for us to work
with in this paper.
The following standard definition will be used in various contexts in this paper.

Definition 2.3: (i) A set D C R" is called conwvez, if for all z1,z2 € D and p € [0, 1] the
relation px; + (1 — p)xe € D holds.
(ii) A scalar valued function h : D — R, D C R™ convex, is called convez if

h(pzr + (1 — p)rz) < ph(zr) + (1 — p)h(zs)

holds for all p € [0,1] and strictly convez if this inequality is strict for all p € (0,1). A

vector valued function h = (hy,...,hy)T : D — RP? is called (strictly) convex if all its
component functions h; : D — R, i =1,...,p, are (strictly) convex.
(iii) For functions h; : D — R, i =1,...,m, we call

m m
> pihi for pi € 0,1], > pi=1
i=1 i=1
their convex combination. For two functions hq, ho : D — R, this simplifies to
phi + (1 — p)he for pe0,1].

It is easily seen that whenever £ is strictly convex, its minimiser is an equilibrium, and
either Y is bounded or ¢ grows unboundedly for ||z| — oo, then we can conclude that
strict dissipativity holds even with A = 0.

We now provide a couple of preliminary results on strict (pre-) dissipativity, which
will be needed in the remainder of the paper. It is immediate from the definition of strict
(pre-)dissipativity that (¢ u¢) is a globally optimal equilibrium w.r.t. the stage cost, i.e.,
it satisfies £(x¢, u®) < (&, u) for all other equilibria (#,@). This means that (z¢,u®) is a
minimiser of the optimisation problem

min {(z,u)
(z,u)eY (26)
st. © — f(z,u) =0.

If the minimiser (x¢ u°) lies in the interior int Y of Y, then it is also a local minimum of
the problem

min  {(x,u)
(z,u)eR™ xR™ (27)

st. x— f(z,u) =0.

If ¢ and f are C!, then this implies that there exists a Lagrange multiplier ¢ € R such
that (z¢,u®) and v° satisfy the necessary optimality or KKT conditions
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for the Lagrange function
L(z,u,v) = £(z,u) + v (x — f(z,u)). (2.9)
The next two results apply to optimal control problems with linear dynamics
r" = Az + Bu (2.10)

with A € R™"™ and B € R™*™. As already stated after Definition strict dissipativity
holds for convex stage costs if the minimiser is an equilibrium. The following two results
generalise this fact. The first shows that under appropriate technical conditions the same
is true also if the minimiser of ¢ is not necessarily an equilibrium.

Proposition 2.4: Consider the optimal control problem with linear dynamics ,
strictly convex stage cost ¢, and constraint set Y defined via with a convex function
g. Assume that problem has a global minimum (z¢ u¢) and satisfies the following
Slater condition: There exists a pair (Z,4) € R™ x R™ with

g(#,4) <0 and & — A% — B =0.

Then, there exists a vector v € R™ such that the system is strictly pre-dissipative for the

stage cost £ and \(z) = vTz.

For a proof of this proposition see [4, Proposition 4.3]. Note that the Slater condition
is satisfied with (z,4) = (¢, u®) if (¢, u®) € int Y.

The second result shows that strict dissipativity also holds if the stage cost is not itself
convex, but can be appropriately bounded by a convex function.
Proposition 2.5: Consider the optimal control problem with linear dynamics
and constraint set Y defined via with a convex function g. Assume there is a strictly
convex function ¢ with ¢ < ¢ and ¢(z¢ u®) = £(z° u®) for the strictly globally optimal
equilibrium (z¢ u¢) € Y of 7, and that the Slater condition from Proposition holds.
Then the system is strictly pre-dissipative for the stage cost £ with linear storage function.

Proof. From Proposition 2.4 it follows that there exists a linear, hence continuous storage
function A for the stage cost £. For this storage function we thus obtain

A(f(z,u))
< Ma) + w,u) = £a®,u®) = o ||z — )
< A@) + Lz, u) — 02, uf) — oz — 2°)

for all (x,u) € Y. This proves strict pre-dissipativity for the stage cost . O

We note that both Proposition [2.4] and Proposition [2.5] yield strict dissipativity if Y is
compact, since then X is compact, too, and the linear storage function is bounded from
below on X.

The final result of this section shows that if (z¢, u¢) € int Y, then the linear part of the
storage function, i.e., its gradient, always coincides with the Lagrange multiplier v from
the necessary optimality conditions . Here no linearity assumption on f is needed.

Proposition 2.6: Consider the optimal control problem and assume that the system
is strictly dissipative for the stage cost at an equilibrium (z¢,u€) € int Y. Assume that f,
¢ and X\ are C'. Then there exists a Lagrange multiplier v¢ satisfying such that the
identity

VA (z€) =1v°

holds.
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This result has first been used in the proof of [20, Theorem 5] and has also been proven
in [8, Theorem 3].

3 Results for linear dynamics

We now turn to the investigation of strict dissipativity of optimal control problems with
convexly combined stage costs. We start our consideration with the case of linear dynamics
(2.10)).

3.1 Linear dynamics with quadratic costs

In the case of linear dynamics, a common choice of stage costs are quadratic costs
Ci(z,u) = 2T Qi + v Ryu + sTw +vlu, i=1,2 (3.1)

with Q; € R™"™, R; € R™*™ g, € R"™ and v; € R™. Here we assume that (); and R; are
symmetric, Q; is positive semidefinite and R; is positive definite. These stage costs are
also called generalised quadratic costs, as they also contain linear terms. In this setting,
dissipativity characterisations and storage functions can be explicitly computed using the
techniques from [10]. This leads to the following theorem.

Theorem 3.1: Consider the optimal control problem with linear dynamics
and quadratic costs £ and £ . We assume that the constraint set Y is either convex
and compact or Y = R™ x R™, i.e., there are no constraints, and that the system
is strictly dissipative for both ¢; and ¢3. In case Y is compact, we assume that the
global optimal equilibria (zf,,u},) minimising for £ = £, := ply + (1 — p)lo satisfy

(zf,uj;) € intY for all 4 € [0,1]. Then the system is strictly dissipative at (zf,,u],) for

cost function ¢, for all p € [0, 1].

Proof. By [10, Lemma 4.1], since (z{,u;,) € intY for p = 0 and p = 1, strict pre-
dissipativity for ¢;, ¢ = 1,2 holds if and only if there is a symmetric solution P; of the
matrix inequality

Qi+ P, — ATPA >0, (3.2)

with @; from (3.1]) being symmetric and positive semidefinite.
In this case, the storage function can be chosen to be of the linear-quadratic form

Ai(z) =a" P+ pl o

for an appropriate vector p; € R™ (see the discussion after this proof). In case Y = R" xR™
the matrix P, must be positive semidefinite for \; to be bounded from below. Then,
however, we may choose P; to be positive definite, because when a positive semidefinite
matrix P; satisfies , then for sufficiently small € > 0 the positive definite matrix P;+el
also satisfies .

Thus, the assumptions of the theorem imply that we can find symmetric solutions
P, P, of for ¢ = 1,2, respectively, which we can choose to be positive definite
if Y = R™ x R™. It is then easily seen that P, = pPy + (1 — p)P> solves for
Qu = pQ1 + (1 — p)Q2. Hence, since (z,uy) € intY, by [10, Lemma 4.1] strict pre-
dissipativity for the cost £,, follows.

If Y =R™ x R™, P, is positive definite and thus boundedness from below of A, (z) =
xTPMx + pgac holds (regardless of what p,, is). If Y is compact, A, is bounded from below
on X by its continuity. Thus, in both cases A, is bounded from below on X, which together
with strict pre-dissipativity implies strict dissipativity. ]
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Remark 3.2: 1. Theorem[3.I]and its proof immediately generalise to m cost functions
l1,. .., 4y of the form (3.1), since it is easy to check that P, =, u; P; solves (3.2

for Q, = >, 11iQ; if each P; for i =1,...,m solves (3.2)) for Q;.

2. In this generalised proof of Theorem the requirement ), p; = 1 is not necessary.
Assuming the weights to satisfy p; > 0 for all ¢+ and p; > 0 for at least one
would suffice. The same is true for the m-cost variants of all subsequent results in
this paper. Yet, since this paper is motivated by the weighted sum approach, we
formulate all our results with convex combinations, i.e. with the assumption that
ZZ‘ pi = 1.

The construction in the proof implies that the matrix P, in the quadratic storage
function X, for ¢, is a weighted sum P, = puP; + (1 — p) P of the matrices P; and P>
in the storage functions for ¢; and ¢3. Moreover, it follows from Proposition [2.6] that
the vector p, is the Lagrange multiplier v, = v of the optimisation problem with
¢ = {,. In contrast to the matrix P, this vector p, can in general not be chosen as a
convex combination p, = up1 + (1 — p)p2. Likewise, the optimal equilibrium (zf,uy,) is
in general not a weighted sum of (zf,u{) and (2§, u5). The following one-dimensional
example illustrates this fact.

Example 3.3: Consider the one-dimensional dynamics 27 = ax + bu with Y = R x R
and the costs of the form
Uiz, u) = q;@® + ru® + s+ viu

with ¢, 7, s5,v; > 0, 1 € {1,2}, and a,b € R. Since ¢; > 0, the stage costs ¢; are both
strictly convex function. Moreover, P; = 0 solves the one-dimensional matrix inequal-
ity for Q; = ¢; and A = a, thus we do not need a quadratic part in the storage
function. We do, however, in general need a linear part, which we compute as described
above via the Lagrange multiplier of the optimisation problem

min {;(z,u) = ¢iz? + riu® 4 sz + viu
(z,u)eY

s.t. x = ax + bu.
For this purpose we define the Lagrange function
Li(z,u,p;) = 4i(z,u) + vi(x — ax — bu)

and calculate the corresponding derivatives

L;

a@x (z,u,v;) = 2q;x + s; + vi(1 — a) (3.3)
L;

88u (x,u,v;) = 2rju + v; — v;b (3.4)
L;

gp- (z,u,v;) = x — ax — bu. (3.5)

Solving the system — yields
e (I —=a+0bb(=bs;i—(1—a)v;))  b(—bs; — (1 —a)v)
T (1—a+b)(2¢:b% +2(1 —a)?ry)  2(gb?+ (1 —a)?r;)’
e — (1 —a)(=bs; — (1 —a)v;)
! 2(qib2 + (1 - a)2ri)
1 (=bs; — (1 — a)vy)(ri(1 — a) — bg;)

Vizl_a+b< G + (1 — a)’r; +U7j_$i>

qivib — (1 — a)r;s;

gb?+ (1 —a)’r;

(3.6)
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According to Proposition the system is strictly dissipative for both scalar stage costs

at (zf,uf) with storage function \;(x) = v;z.

Next, we consider the combined stage cost
Culw,u) = ply () + (1 — ), u), (3.7)

which is again strictly convex for all p € [0, 1], since a convex combination of strictly
convex functions is strictly convex. As above, we define the Lagrange function

L(xz,u,v,) =L (x,u) + vu(x — ax — bu),

and solve
oL
O (0 w.p) = 12+ 50) + (1= )2+ 92) + vu(1 — @) = 0 (35
OL
%(:L‘,u,pu) = p2riu+v1) + (1 — p)(2rou+ v2) — b =0 (3.9)
gf(x,u,p“) =z —azr—bu =0. (3.10)
w

The solution is given by

go — oplbs1 + (1 —ajuy) + (1 — p)(bsa + (1 — a)vs))

BT (01 + (1 — a)2r) + (1 — p)(B2gs + (1 — a)%r2)) (3:11)
o — (L= a)blus + (1= p)so) + (1 — @)’ (pon + (1 — p)va)) (3.12)
a 2(u(q1 + (1 —a)?ry) + (1 — p)(b%q2 + (1 — a)?ry)) '

vy = b(pgr + (1 = p)gz)(por + (1 = p)vz2) = (1 = a)(pr1 + (1 = p)ra2)(us1 + (1 — p)s2) (3.13)

b2 (ugr + (1 — p)gz) + (1 — a)?(ur1 + (1 — w)r2)

A simple numerical example using the system x+ = 2z + 4u with stage costs
(1(z,u) = 0122 + 10u® + 62 +7u  and  lo(x,u) = 42? + 3u® + 3z + Su (3.14)

shows that v, does indeed not depend linearly on p, cf. Figure
In order to find out whether there are cases in which v, depends linearly on p we
consider
vy — vy — (1 — p)ve = 0. (3.15)

It turns out—by straightforward calculations—that sufficient conditions for this equation
to hold for all € [0,1] are @ = 1 or gi172 = gor1. This illustrates that only in very special
cases equality (3.15)) holds for arbitrary u € (0, 1).

3.2 Linear dynamics with non-quadratic cost

In this subsection we continue considering linear dynamics but now with not nec-
essarily quadratic costs. Instead, we assume that the occurring cost functions are convex
or strictly convex. Then we can make use of Proposition to show strict dissipativity
for the combined stage costs.

Theorem 3.4: Consider the optimal control problem with linear dynamics
and convex stage costs ¢1 and {9, where at least one of the functions ¢; and /s is also
strictly convex. Assume that the constraint set Y is convex and compact and that the
Slater condition from Proposition 2.4]is satisfied. Then the system is strictly dissipative at
the optimal equilibrium (7, ug,) for the cost function £, = ply +(1—pu)¢2 for all p € (0,1).
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Lagrange multiplier v,

— v, calculated
—y,=un + (1 —pr,

0O 02 04 06 08 1
L

Figure 3.1: Lagrange multiplier v, depending on p (blue) and convex combination uvy +

(1 — p)ve (red) for costs from ([3.14])

Proof. One easily checks that strict convexity of either ¢; or {5 together with convexity of
the other stage cost implies strict convexity of £, = 1l + (1 — p)lo for all 4 € (0,1). With
this observation, the claim follows from Proposition [2.4 O

Remark 3.5: Obviously, when the assumptions of the theorem hold and both ¢; and ¢
are strictly convex, then we obtain strict dissipativity for all u in the closed interval [0, 1].
Theorem generalises easily to m convex cost functions of which at least one is strictly
convex, provided at least one p; corresponding to a strictly convex ¢; is not zero.

4 Results for nonlinear dynamics

In this section we turn to the analysis of problems with general nonlinear dynamics ([2.1])
and not necessarily convex stage costs. We start by presenting a necessary condition and
continue with the derivation of several sufficient conditions for strict dissipativity of £,, for
e (0,1).

4.1 A necessary condition

The following theorem identifies a property of the optimal equilibrium in case strict dissi-
pativity holds. Since strict disspativity of the convexly combined stage cost may not hold
for all weights p € [0, 1] we state the next theorem for arbitrary compact subintervals.

Theorem 4.1: Assume that the system ([2.1)) is strictly dissipative for the cost function
by = ply 4 (1 — p)lo for all p € [p, 7] € [0,1] and assume that the corresponding optimal
equilibria (z,,uy,) are contained in a compact set Y C Y. Then the map

W T,
is continuous on [y, f].

Proof. 1t follows directly from strict dissipativity that

ﬁu(:rz,uli) <ly(z,u) (4.1)



MULTIOBJECTIVE STRICT DISSIPATIVITY 11

for all equilibria (z,u) € Y with @ # z7,. Now assume that y — zf, is discontinuous
at some p* € [p,71]. Then, there is a sequence pn, — p* in [, 7], such that (xf, ,uf, )
converges to (&7, u5,.) with 2. # xf.. Since f(x, ,uy ) = x, , by continuity of f we
have that f (:i‘e*,ﬁz*) = &}, le., the limit is an equilibrium. Using continuity of ¢, and
inequality (4.1) for 4 = p,, and (z,u) = (2}« uf.), for this equilibrium it holds that

e ~e T e e
Cpr (28 e, ) = Jgn;ofun(x#n,u

) < T (0 ) = e (e 05),

/,l/*
This, however, means that inequality (4.1)) does not hold at p = p*, which yields a
contradiction. O

Remark 4.2: The reasoning in the proof immediately carries over to higher dimensional
= (u1,... ,pm)T. Thus, if the system is strictly dissipative for stage cost £, = ), pil;
for all p from a subset Q C {p € [0,1]™ | >, s = 1}, then p+— xy, is continuous on Q.

The theorem in particularly implies that if the globally optimal equilibria zj, change
discontinuously with p, then strict dissipativity cannot hold. While the theorem is valid
for general nonlinear dynamics, discontinuity of zj, can occur even in the case of linear
dynamics, as the following example shows.

Example 4.3: Consider the dynamics 7 = 2 + u and the cost functions

1 1 3
f(ru)=Got = 0® a4+ Jw b and bo(e,u) = (@ - )P4+

see Figure with compact constraint set Y = [—~10, 10]%.

£(z,0)
—4i(z,0)
—4(,0)
| N~ rz
-1 0 1 z

Figure 4.1: Graphs of cost functions x — ¢1(z,0) (red) and x +— f2(z,0)
(blue)

The cost £; can be bounded from below by the convex cost /1(z) = (z +1)2/10 — 1 +
u? and the global minimum (—1,0) of ¢; and ¢ coincides and is an equilibrium of the
dynamics. Hence, the system is strictly dissipative for stage cost 1 by Proposition [2.5
Since the cost #5 is convex, the system is strictly dissipative for stage cost £2 by Proposition
Since every x € R is an equilibrium of the dynamics and the corresponding equilibrium
control v = 0 minimises ¢; with respect to u, the globally optimal equilibrium (z,, uj,)
for cost €, = puly + (1 — p)ly + u? coincides with the global minimum of ¢,. This global
minimum, however, changes discontinuously at p* = 32/41, as Figure shows.

We note that choosing the cost 1 non-convex is crucial in this example, since for linear
dynamics, convex cost ¢1 and strictly convex cost £, Theorem [3.4]shows strict dissipativity
for all £, p € [0,1), which by Theorem implies continuity of zf, on [0,1 — €] for all
e > 0 and thus on [0,1).
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u=31/41 = 32/41 = 33/41
0.81 =0 0.814®0 0.8 1 =0
0.6 0.6 0.6
0.4 0.4 0.4
VECVAY:
-1.0 0 1.0 = . . BN 0 1.0 =
-0.2 -0.2 -0.2

Figure 4.2: Graphs of cost functions x — ¢,(x,0) for u = 33/41, 32/41, 31/41 (left to
right)

4.2 A sufficient condition for small changes in u

In the previous section we have seen that the optimal equilibria depend continuously on
w1 in case strict dissipativity holds. In this section we will see that strict dissipativity also
depends—in a certain sense—continuously on u. More precisely, we will give conditions
under which strict dissipativity in p* € (0, 1) implies strict dissipativity for small variations
of p*, i.e. for p € (u* —e, u*+¢). For this purpose, we assume that the constraint set Y is
defined in terms of inequality constraints . Further, we observe that if the system is
strictly (z,u)-dissipative at some equilibrium (z¢, u¢), then this equilibrium is the unique
minimiser of the constrained optimisation problem and the unique minimiser of the
rotated cost £. This is because from the strict (x, u)-dissipativity we can conclude that the
rotated stage cost is bounded from below by #(z, 1) > a(||z — z¢,u — u€||) for all (z,u) € Y
and, thus
0=0(z¢,u®) = min l(z,u) < {(x,u)
(z,u)€Y

for all (z,u) € Y with (x,u) # (2¢ u®). Further, we briefly recall some definitions from
nonlinear programming, see for instance [2, Chapter 3]. Namely, considering the con-
strained optimisation problem with Y of the form we call a point (z*,u*) sat-
isfying h(z*,u*) = 0 regular if Vhy(z*,u*),..., Vhy(z*,u*) are linearly independent with
h(z,u) := z— f(z,u). For the second order sufficiency conditions we refer to |2, Proposition
3.3.2] and for the strong second order sufficiency conditions see, for instance, [16,22].

Theorem 4.4: Assume that
(i) the functions f, /1, ¢s, g are twice continuously differentiable and Y is bounded.

(ii) the system is strictly (x,u)-dissipative for the cost function £,» = p*¢; + (1 —

1)z at the equilibrium (27, uj,«) for some p* € [0, 1] and the corresponding storage
function A~ is twice continuously differentiable.

(iii) the equilibrium (ZL'Z*, uz*) is a regular point of problem and satisfies the stron%
second order sufficiency conditions for problem , with £ = £+ and for min, ,)ey £+
with Y, respectively, defined as in .

Then there exists € > 0 such that for all p € (u* — e, u* +¢) N[0, 1], there exists an
equilibrium (zf,, uj;) such that the system is strictly (z,u)-dissipative for stage cost
by = ply + (1 — p)la.

This theorem is similar to other theorems in the literature, such as |20, Theorem 5],
where small changes in the constraints are considered and [14, Theorem 8.2], where small
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changes in the discount factor are considered. As explained in [20, Remark 8], the proof
of Theorem follows by a slight modification of the proof of |20, Theorem 5]. Hence,
we omit it here.

Remark 4.5: Since the reasoning used in these proofs was already used for multi-dimen-
sional parameters in [20, Theorem 5], the result extends readily to more than two cost
functions.

4.3 Sufficient conditions for all x € [0, 1]

In this section we give sufficient conditions under which we can ensure strict dissipativity
for all u € [0, 1] provided we have strict dissipativity for 4 = 0 and p = 1. We start with
a theorem that shows that this is always true if the optimal equilibrium does not depend
on fi.

Theorem 4.6: Assume that the system is strictly dissipative for the cost functions
¢1 and ¢o at the same equilibrium z¢. Then the system is strictly dissipative for the cost
function £, = ply + (1 — p)¢s for all p € [0, 1].

Proof. For /1 and /5 there are storage functions A1, Ao as well as Ky functions aq, ag
such that we have the inequalities

M(f@w) < M)+ e, ) — 6 u) — ar(flz - 2°))
No(few) < o) + bola,u) — faa®,u”) — as([lz — 2°])).

Adding p-times the first equation and (1 — u)-times the second equation yields

pA(f (@, u) + (1 =)Ao (f (2, u))

< pAr(z) + (1= p)Ae(z) + pli(z,u) + (1 — p)la(z, u)
— pla(zuf) = (1= p)la(z°,u)

— par(flz = 2°)) — (1 = pazg((le — =)

Defining A\, = pA1 + (1 — p)A2 and o, = pop + (1 — p)ag one thus obtains

Au(f (2, u)) < Ap() + £ (@, u) — £ (2, u") — ap(flz — 2°)).

Since one easily checks that A\, is bounded from below (since both A\; and Ay are) and that
ay € Ko for all i € [0, 1], this shows the desired inequality (2.4]) for all these p. O

Remark 4.7: The proof remains completely identical for more than two cost functions,
hence the statement holds accordingly in this case.

When (a:‘;, ui) depends on u, the situation becomes more complicated. The construc-
tion we present in the remainder of this section is motivated by the linear quadratic result
from Theorem This theorem shows that the storage function for ¢, can be obtained
by adding a linear term to the convex combination of the storage functions for ¢; and /5.
It follows from Proposition that this linear correction must be such that the gradient
of the resulting storage function at (l‘z, ui) equals the Lagrange multiplier of the optimal
equilibrium problem

min_ gty (z,0) + (1 - 1) (z, u)
(zu)eY (4.2)
st. = f(x,u),

which we denote by v, and which satisfies the necessary optimality conditions (2.9)) for
¢ = {,. This idea was used before in [20, Theorem 5]. We provide the following theorem in
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two versions. Theorem [4.8| yields only local strict dissipativity (cf. Part (iv) of Definition
2.1]), while Theorem yields standard (i.e., not only local) strict dissipativity, yet under
stronger assumptions.

Theorem 4.8: Assume that the system is strictly dissipative for cost functions ¢;
and fy. Suppose that ¢; and ¢ as well as the corresponding storage functions A; and Ao
are twice continuously differentiable. Furthermore, assume that for each p € [0, 1] the
optimal equilibrium satisfies (z7,uf) € intY and that there exist ma(u) > mi(p) > 0
such that

Vs (1 () + (1= p)a(afy ) ) = ma() (4.3)
for ¢; from (2.4) and

V2, (AL ut) ) < ma(u) (4.4)

for all p € [0, 1], where

Ap =V — uV A (7)) — (1= p) V() € R™ (4.5)

and v, is the Lagrange multiplicator for (4.2]). Then, the system is locally strictly dissi-
pative for cost function ¢, for all p € [0, 1] with storage function

Ma(@) = pda (@) + (1= p)da(z) + ALz (4.6)

Proof. Define

Ly(z,u) ==Ly (z,u) — Eu(xz,ufb) + () = Au(f(z,u)) (4.7)

with A, from (4.6). In the following, we show that (7, uf) is a strict local minimiser of

£,,, implying local strict dissipativity of the system for cost function ¢,,. This will be done
by showing that V(, )¢, (2, uy,) = 0 and V%w’u)@(xz, ug,) > 0.
First, we define h(x,u) = . — f(z,u) and Ay (z,u) = A, (z) — Au(f(x, w)) and note that

V @y M@ ) = Ve Au(@) = V@ Au(f (2, w,)
= 0" Vadua§, — Vg f (@6, u) VX (f (26, us,))
= (I 0" = Viuf(@,u) Veru(as)
= Vizuyh(@y, u,)Vadu(z),),

where the second equation follows from the chain rule and the third follows from the
equilibrium property of (zf,,uy,). Further, by using the definitions of A, and A, in equa-
tions (4.6) and (4.5)), respectively, we obtain the derivative of the storage function

Vadu(2) = Va(phi (25) + (1 — p)da(2) + N a5)
= uVaAi(z6) + (1 — ) Vada(z) + Ay
= pVai(zy) + (1= p)Vade(zy) + v — pVai(zy,)
— (1 = w)Varo(zy,)

=y
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Using the two equations above we get that

v(z,u)gu(xe ue) = v(w,u)gu(l‘ y U ) + v(m,u)Au(x/ejn ue)

W /i ft H
= Vi lu (@6, u8) + Vi wy h(a6, ul) Ve (26)
= Ve lu(ry, up,) + Vi uh(z), UZ)TI/#

=0.

Here, the last equality follows since it corresponds to the KKT conditions of problem (4.2)),
similar as in the proof of Proposition [2.6
Furthermore, we obtain

v%:p,u) g/i (SZZZ, U’Z)

- V%xvu)g'“(:sle“ u/ei) + v%z,u)AH(:EZ’ UZ)

= V2, bl ) + V2, (1 (2) + (1= ko) + AL,
= Vi (I @) + (L= X (F () + AL f (2, )
= Vi (B0 (@) + (0= ol us) ) + V2, g Noa, = VM )
= V2 (B0 (a5u) + (1= wa(afy, ug) ) = V3, ) M f (e, us)
> (ma(p) —ma(p))I >0,
which finishes the proof of the theorem. O

Remark 4.9: The assumption (zf,u},) € intY in Theorem can be omitted if we
assume that the second order sufficiency conditions hold for problem (4.2). Then, we
have to use similar assumptions as in Theorem and the corresponding proof of |20,

Theorem 5].

Remark 4.10: The assertion and proof of Theorem [4.§] can be extended to m cost func-
tions 1, ..., Ly, if all convex combinations with two functions (uly + (1 — p)lo, pVzA1 +
(1 — w)VaAa, pA1 + (1 — p)Ag, ete.) in the assumptions and in the proof are replaced by
the respective convex combinations of m cost functions ), ,uig,;, > iV, ete.
Remark 4.11: It follows from Proposition that if a storage function of the form
convex combination of A1 and Ao plus linear correction exists for a given value of u, then
it must be of the form . However, as the following example shows, this construction
may fail to produce a valid storage function.

Example 4.12: Consider
et = fz,u) =22 — 2® +u+u® +u?
with cost functions
O1(x,u) =222 +0.0001u®  and  fy(x,u) = 222 + 0.9999u? + 2u.

For the purpose of illustrating the connection to multiobjective optimal control, we con-
sider an optimal control problem of the form with stage cost £, = ply + (1 — p)lo,
N =10, and zg = 1. We can solve this problem numerically by choosing a finite set of
weights from the interval [0, 1], for more details see [5]. By plotting the two objectives
against each other for the resulting minimisers (where ¢1, ¢5 correspond to Ji, Ja, respec-
tively) we get the nondominated set (also known as Pareto-front), which is illustrated in
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Nondominated Set
1
0
%\1 -1
-2
) 3 llllllllllllllll MW
; 2.5 ’
J1

Figure 4.3: Nondominated set of the corresponding optimal control problem

Figure [£.3] We like to remark here that the weighted sum approach does not parametrise
all of the efficient solution, as already mentioned in the introduction. This may also be
reason for the small gap on the left side of the nondominated set.
For both cost functions, strict dissipativity holds locally with storage functions and
optimal equilibrium
)\1(33‘) =0, ($§,U‘i) = (Oa 0)

for /1 and
Ao(x) = 2.1986096x, (z5,u5) = (0.2618259, —0.2357480)

for ¢ (all values are rounded to 6 or 7 digits). For ¢; this is obvious since the function is
strictly convex, hence strict dissipativity holds even globally, while for ¢5 one checks that
the rotated cost f has a positive definite second derivative in (5, u$).

For 1 = 0.5 one computes the Lagrange multiplier of as vg5 = 1.111667. The
corresponding optimal equilibrium is
(x5, uf5) = (0.1786289,—0.1709482). This means that if a linear storage function Ao s
exists, then it must be of the form M\g5 = 1.111667x, and this is the storage function
constructed in equation given that A1 and Ao are linear. For the rotated cost

50‘5(1‘, u) = 222 + 0.5u® + u + vy 52 — vo5f (2, u)

one computes that 9%/u?ly5(x§ 5, u§ ) = —0.306538, implying that £y 5 is not convex in
(x§.5, u§ 5), which would be a necessary condition for local strict dissipativity.

We now proceed to a non-local version of Theorem [£.8] which is achieved by extending
the convexity assumptions from Theorem 4.8/ to all (z,u) € Y.

Theorem 4.13: Assume that the system ([2.1)) is strictly dissipative for cost functions ¢4
and f5. Suppose that ¢1 and ¢5 as well as the corresponding storage functions A; and Ay are
twice continuously differentiable. Furthermore, assume that for each p € [0, 1] the optimal
equilibrium satisfies (zf,uj;) € intY and that there exist mo(x,u, ) > mi(z,u,pu) > 0
such that

Vi (Mgl (z,u) + (1 - u)@(fﬂ,U)) > mo(x, u, 1)1 (4.8)
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and
v%m,u) (ng(ﬂf, u)) <my (.T, u, M)I (49)

for all (z,u) € Y, pu € [0, 1], where

A = v — pV A (7,) — (1 — p)Vada(z]) € R” (4.10)

and v, is the Lagrange multiplicator for (4.2]). Then, the system is strictly dissipative for
cost function ¢, for all p € [0, 1] with storage function

Au(@) = pA1(@) + (1= p)do(z) + Az, (4.11)
Proof. To show that (:):z, uZ) is a minimiser we proceed exactly as in the proof of Theorem
In order to conclude that (xf,uf,) is the strict minimiser we show that the function

¢, is strictly convex by considering the second derivative for all (z,u) € Y. With the same
computation as in the proof of Theorem [4.8| for the second derivative but now for all (z,u)

instead of only for (zf,uf,), we obtain

Vsl w) = Vi, (ul(2,0) + (1= o, 0)) = V3, ML ()
2 (mg(ac,u,u) - ml(x>uau))1 > 07

for all (z,u) € Y and p € [0, 1]. Hence, 57“ is strictly convex and continuous and together

with EM(CUZ, ug,) = 0 positive definite. Thus, we can conclude, that 1 . is radially unbounded,

see 1], and therefore, see 18, Lemma 4.3], that there exists a Ko, —function o such that
ly(x, ) Za(Hx—meH). O

We note that Remark applies accordingly to Theorem |4.13
Remark 4.14: We can relax inequality (4.8) by assuming that both ?1 and ly are lower

bounded by functions ¢; and fy such that f;(z6,us,) = €i(z,us) for all p € [0,1].

Then inequality (14.8) only needs to hold with @_in place of l;, ie., we require that
V(x,uzﬁﬂ(xi,uz) = V(Lu)ﬁy(a@i,u;) = 0 and V%miu)ﬁ(xz,u;) > 0. Together with the fact
that £, is a lower bound for ¢, and ;(zf,, u,) = £;(xf,, ug,) for all u € [0, 1], this yields the
desired result.

In the following, we illustrate Theorem [£.13] with an economic example originally in-
troduced in [3] and adapted to our setting.

Example 4.15: Consider the nonlinear system
xT :x3—2x2+u,
and the two convex economic stage costs

(1(x,u) = In(523 — u),
lo(x,u) = In(32%2 — ),
which were originally given in [3]. Further, we impose state and control constraint sets

X =[0,10] and U = [0.1, 5]. For each stage cost ¢;, we determine the optimal equilibrium
each given by

(x7,uf) = (0.6214,1.1537) and (x5, u5) = (0.2507,0.3607).
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The system is strictly dissipative for stage costs ¢; at their corresponding equilibria (xf, u)
with storage functions

A1(x) =0.3226x and  Aa(z) = 0.5223z
and rotated stage costs

01 (z,u) = In(52%3* — w) + 1.1312 + 0.32262 — 0.3226(z> — 222 + u),
lo(x,u) = In(32%2 — u) + 0.6493 4 0.5223z — 0.5223 (> — 222 + u).

It is easy to see that all occurring functions are twice continuously differentiable and,
thus, we can check numerically the first conditions of Theorem For each p € [0,1]
the optimal equilibrium lies in the interior of Y, i.e. (xf,u;) € int (X x U). Moreover,
we can set mao(x, u, ) = 5.9 by using the minimum of all calculated second derivatives of
uly 4+ (1 — p)ly with g € [0,1]. Next, we have to check the condition on the correction
term. To this end, we calculate the Lagrange multiplier of problem as well as the first
derivatives of the storage functions V;A1(zf,) and VAz(xy). Doing so, we can estimate
mi(z,u, ) = —2.1699 - 1071 ~ 0. We can therefore conclude, that the system is strictly
dissipative for stage cost pl; + (1 — p)l2 at the corresponding equilibrium (mz, ug,) for all

w € [0, 1] with storage function
Au(@) = pA1(z) + (1= p)do(z) + Az,

with A, € (0,0.0144).

5 Conclusion

For optimal control problems we have investigated strict dissipativity for stage costs given
by convex combinations of cost functions for which strict dissipativity holds. For linear
quadratic problems, strict dissipativity for the weighted stage costs follows under mild
regularity conditions. For nonlinear problems, general statements require quite restrictive
assumptions, such as independence of the optimal equilibrium of the weight parameters,
while less restrictive assumptions turned out to be quite technical. Nevertheless, our
paper provides a set of tools that could be valuable and useful particularly in the context
of multiobjective MPC.

References

[1] J. BAKER, Strong convezity does not imply radial unboundedness, The American
Mathematical Monthly, 123 (2016), p. 185.

[2] D. P. BERTSEKAS, Nonlinear Programming, Athena Scientific, 2nd ed., 1999.

[3] W. A. BRoCK AND L. J. MIRMAN, Optimal economic growth and uncertainty: The
no discounting case, International Economic Review, 14 (1973), p. 560.

[4] T. Damm, L. GRUNE, M. STIELER, AND K. WORTHMANN, An ezponential turn-

pike theorem for dissipative discrete time optimal control problems, STAM J. Control
Optim., 52 (2014), pp. 1935-1957.

[5] M. EHRGOTT, Multicriteria Optimization, Springer-Verlag, 2005.



MULTIOBJECTIVE STRICT DISSIPATIVITY 19

[6]

[7]

[15]

[16]

T. FAULWASSER, L. GRUNE, AND M. A. MULLER, Fconomic nonlinear model pre-
dictive control, Foundations and Trends® in Systems and Control, 5 (2018), pp. 1-98.

T. FAULWASSER, M. KoOrDA, C. N. JONES, AND D. BONVIN, On turnpike and

dissipativity properties of continuous-time optimal control problems, Automatica, 81
(2017), pp. 297-304.

T. FAULWASSER AND M. ZANON, Asymptotic Stability of economic NMPC: The
importance of adjoints, IFAC-PapersOnLine, 51 (2018), pp. 157-168.

K. FLASSKAMP, S. OBER-BLOBAUM, AND S. PEITZ, Symmetry in Optimal Control:
A Multiobjective Model Predictive Control Approach, in Advances in Dynamics, Op-
timization and Computation, Springer International Publishing, 2020, pp. 209-237.

L. GRUNE AND R. GUGLIELMI, Turnpike properties and strict dissipativity for dis-
crete time linear quadratic optimal control problems, STAM J. Cont. Optim., 56 (2018),
pp- 1282-1302.

L. GRUNE AND J. PANNEK, Nonlinear Model Predictive Control. Theory and Algo-
rithms, Springer-Verlag, London, 2nd ed., 2017.

L. GRUNE, , AND M. STIELER, Multiobjective model predictive control for stabilizing
cost criteria, Discrete & Continuous Dynamical Systems - B, 24 (2019), pp. 3905
3928.

L. GRUNE, FEconomic receding horizon control without terminal constraints, Auto-
matica, 49 (2013), pp. 725-734.

L. GRUNE, M. A. MULLER, C. M. KELLETT, AND S. R. WELLER, Strict dissipa-
tivity for discrete time discounted optimal control problems, Mathematical Control &
Related Fields, 11 (2021), p. 771.

D. J. HiLL AND P. J. MOYLAN, Dissipative Dynamical Systems: Basic Input-Output
and State Properties, Journal of the Franklin Institute, 309 (1980), pp. 327-357.

K. JITTORNTRUM, Solution point differentiability without strict complementarity in
nonlinear programming, in Sensitivity, Stability and Parametric Analysis, Springer
Berlin Heidelberg, 1984, pp. 127-138.

M. U. KAJGAARD, J. MOGENSEN, A. WITTENDORFF, A. T. VERESS, AND
B. BIEGEL, Model predictive control of domestic heat pump, in 2013 American control
conference, IEEE, 2013.

H. K. KHALIL, Nonlinear Systems, PRENTICE HALL, 2001.

F. LocisT, B. HOUskA, M. DIEHL, AND J. V. IMPE, Fast pareto set generation for
nonlinear optimal control problems with multiple objectives, Structural and Multidis-
ciplinary Optimization, 42 (2010), pp. 591-603.

M. A. MULLER, D. ANGELI, AND F. ALLGOWER, On necessity and robustness of

dissipativity in economic model predictive control, IEEE Transactions on Automatic
Control, 60 (2015), pp. 1671-1676.

S. V. RAKOVIC AND W. S. LEVINE, Handbook of Model Predictive Control, Springer
International Publishing, 2019.



20

[22]

23]

LARS GRUNE, LISA KRUGEL, MATTHIAS A. MULLER

S. M. ROBINSON, Strongly Regular Generalized Equations, Mathematics of Opera-
tions Research, 5 (1980), pp. 43-62.

P. SAUERTEIG AND K. WORTHMANN, Towards multiobjective optimization and con-
trol of smart grids, Optimal Control Applications and Methods, 41 (2019), pp. 128
145.

T. ScaMmiTT, T. RODEMANN, AND J. ADAMY, Multi-objective model predictive con-
trol for microgrids, at - Automatisierungstechnik, 68 (2020), pp. 687-702.

M. STIELER, Performance Estimates for Scalar and Multiobjective Model Predictive
Control Schemes, PhD thesis, Universitat Bayreuth, Bayreuth, 2018.

A. VAN DER SCHAFT, Cyclo-dissipativity revisited, IEEE Transactions on Automatic
Control, 66 (2021), pp. 2920-2924.

V. M. ZAVALA, A multiobjective optimization perspective on the stability of economic
MPC, IFAC-PapersOnLine, 48 (2015), pp. 974-980.

V. M. ZAavAaLA AND A. FLORES-TLACUAHUAC, Stability of multiobjective predictive
control: A utopia-tracking approach, Automatica, 48 (2012), pp. 2627-2632.



	1 Introduction
	2 Setting and preliminaries
	3 Results for linear dynamics
	3.1 Linear dynamics with quadratic costs
	3.2 Linear dynamics with non-quadratic cost

	4 Results for nonlinear dynamics
	4.1 A necessary condition
	4.2 A sufficient condition for small changes in 
	4.3 Sufficient conditions for all [0,1]

	5 Conclusion

