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Abstract

This paper considers a class of neutral-type stochastic functional differential equations with
infinite delay (IDNSFDEs) and highly nonlinear coefficients (i.e., coefficients do not satisfy
the linear growth condition). These systems are often unstable. Main aim of this paper is
to design a delay feedback control to make them become stable with general decay rate. This
general decay stability contains the exponential stability and the polynomial stability. Finally, to
illustrate our results more clearly, as examples, this paper also introduces unstable scalar neutral-
type stochastic integro-differential equations and discusses their exponential and polynomial
stabilisation by delay feedback controls, respectively.
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1 Introduction

It is well recognized that the functional differential equations can describe systems whose changes
depend not only on the present state but also on some of their past states. It has also been well
recognized that such systems provide more realistic models for many applications in non-instant
transmission phenomena, for example, high velocity fields in wind funnel experiments, or other
memory processes, or biological applications such as species’ growth or incubating time on disease
models among many others; see, for example, [1-3]. However, in many real world applications such
as science and engineering, specially in the chemical engineering and the theory of aero-elasticity,

the future development of the system depends not only on the present and the past states, but
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also their derivatives with delays, these systems are often described by neutral-type functional
differential equations [4]. Moreover, when a system has different delay intervals while a unified
model is required (such as the pantograph equation in physics) or a complete influence of the whole
past of the state, it is necessary to consider systems with infinite delay [5,6]. Theory of functional
differential equations with infinite delay and its applications were developed in the 1970s and 1980s;
see [7] and references therein. Since many real world applications are inherently random, neutral
stochastic functional differential equations with finite delay or infinite delay have received growing
attention; see, for instance, [8-17].
This paper will consider the IDNSFDE

dlz(t) — D(ze,t)] = f(ae, t)dt + g(ze, t)dB(t), (1.1)

where D : BC((—o0,0]; R™) x Ry — R™ is a continuous functional, f : BC'((—o0,0]; R™) xRy — R™
and g : BC((—00,0];R™) x Ry — R™ ™ are Borel measurable. This system may be unstable (the
instability of stochastic systems could be verified by applying the known criteria [18, Theorem
3.5, P123] or numerical simulations). To make this system become stable, this paper introduces a

feedback control u(z(t — 7),t) such that the controlled system
d[z(t) — D(x¢,t)] = [f(ze, t) + u(x(t — 7),t)]dt + g(xt, t)dB(t) (1.2)

is stable, where 7 > 0 is a constant that stands for the time lag between the time when the
observation of the state is made and the time when the feedback control reaches the system, the
control function u : R® x Ry — R"™ is Borel measurable.

Since Mao and his co-authors [19] examined the stabilisation problem for stochastic systems
by delay feedback controls, theory of stabilisation has been developed very quickly; for example,
[9,20,21] for the stabilisation by delay feedback controls, [22-24] for the stabilisation by discrete-
time feedback control. However, for the stabilisation problem of neutral stochastic differential
equations by delay feedback controls, the aforementioned papers only concern neutral stochastic
functional differential equations with finite delay (FDNSFDEs); for instance, [21] for a class of
linear and nonlinear FDNSFDEs, [9] for a class of nonlinear FDNSFDEs. It is therefore interesting
to consider the stabilisation problem for a class of IDNSFEDs by delay feedback controls.

Moreover, stability is one of the important issues for stochastic systems disturbed by uncertain-
ties and delays. According to the convergence speeds, stability includes exponential stability [25,26],
and polynomial stability [13,14,27] and so on. Existing results mainly concern the exponential sta-
bilization [20, 26]. However, some systems, such as the following Eq. (1.4), can only be stabilised
with a polynomial rate. In other words, these systems cannot be stabilised by using the tradition-
al stabilisation method with exponential speed. This paper hopes to introduce a delay feedback
control to stabilize IDNSFDEs with a general decay rate.

The key contribution of this paper are highlighted below:

e introducing the neutral term;

e considering infinite delay;
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e examining a more general decay rate.

In addition, in order to clarify our results clearly, as examples, we illustrate that our designed
controller can achieve not only the exponential stabilisation of the following scalar IDNSFDE with

exponential kernel function (the example in the final section shows that it is unstable):

d[ (t)—/o (t +6) 10"d9} — f(zy, t)dt +
x x e Ty, g(z, t)dB(t), (1.3)

—00

where
0

F@nt) = —525(8) + 0.52(t) / (t+ 0)edh + x(t)

0
o t) :0.5|a:(t)|3/2—|—0.5/ ot + 0)[3/2e0dp,

—00
but also the polynomial stabilisation of the following scalar IDNSFDE with polynomial kernel

function (the example in the final section shows that it is unstable):

0
d[z(t) —/ z(t+0)(1 — 9)*11d9] = f(xs,t)dt + g(xs, t)dB(t), (1.4)
where
0
Flont) = —5a3(1) + 5x(t)/ 2+ 0)(1 — 0)~1Nd0 + (1)

0
9(@e,t) = 0.5l () + 5/ J(t + 0)[/2(1 — )" 11dp.

2 Notation and standing hypotheses

Let us introduce some notations and assumptions that will be used. Let {Q,F, (F)i>0,P} be
a complete probability space with a filtration {F;};>0 satisfying the usual conditions (i.e., it is
increasing, right continuous and Fy contains all P-null sets). Let B(t) = (Bi(t),..., Bm(t))T be
an m—dimensional Brownian motion defined on this probability space. If z(t) is an R"—valued
stochastic process on t € R, define x; = z4(0) = {z(t +6) : —oo < 6 < 0} for t > 0 and let
Z(t) = z(t) — D(xy, ).

Let |z| be the Euclidean norm in R™. Denote by C((—o0,0]; R™) the family of continuous func-
tions from (—o0, 0] to R™. Similarly, denote by BC'((—o0,0]; R™) the family of bounded continuous
functions from (—o0,0] to R™ with the norm ||¢|| = supy<q|¢(f)| < oo, which forms a Banach
space. Let LP((—o0,0];R™) denote all functions h : (—oo, 0] — R™ such that ff)oo |h(s)[Pds < oo. If
A is a vector or a matrix, its transpose is denoted by A”. For a matrix A, denote its trace norm
by |A| = \/trace(AT A) and operator norm by ||A| = supjy|—1 |Av|. Let Ry = [0,00) and 7 > 0.
If both a and b are real numbers, then a A b := min{a, b}, a Vb := max{a,b} and ay := a V0.
Throughout the paper, C denotes a generic positive constant, whose value may change for different
usage. Similarly, denote by C(«) the generic positive constant depending on parameter a.

Let us first introduce the general decay function (¢—type function) and stability with the general
decay rate (¢—type stability), also see [13].
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Definition 2.1. The function ¢ : R — (0,00) is said to be the {—type function if this function

satisfies the following conditions:
(1) it is continuous and nondecreasing in R and differentiable in Ry ;
(2) ¥(0) = 1 and $(o0) = o0
(3) ¢ = supy[v' (1) /9 (t)] < oo;
(4) for any t,s > 0,9(t) < P(s)Y(t —s).

It is obvious that functions ¥(t) = e, ¢ (t) = (1 + t4)* for any o > 0 are 1)—type functions
since they satisfy the above four conditions.

Definition 2.2. System (1.2) is said to be ¥—type stable in d—th moment if there exists a pair of
positive constants ¢ and & such that for any initial data ¢ € BC((—o0,0];R™) N L((—o0,0];R™),

i mElz(t)] _
msup ————~— —(q.
t%oop hl’l,/)(t) =1

When § = 2, it is said to be Y —type stable in mean square.

Definition 2.3. System (1.2) is said to be almost surely )—type stable if there exists a pair of
positive constants q and § such that for any initial data ¢ € BC((—o0,0];R™) N L°((—o0,0]; R™),

|
lim sup n |z (t)

< — a.s..
t—o00 lnﬂ)(t) - 1

Clearly, the 1—type stability implies the exponential stability and polynomial stability when
P(t) = e and (t) = (1 +t4)* for any « > 0, respectively.

Remark 2.1. Compared to the traditional stability, the ¢)—type stability is a class of more general
stability, which includes the ordinary exponential stability and polynomial stability. In the example
behind, it can be observed that by the i—type stability, we can not only obtain the exponential
stability of the system (4.4), but also the polynomial stability of the system (4.6). In other words,

the different stability for different system can be examined simultaneously.

Lemma 2.2. Let ¢ € BC((—o0,0];R™) N LP((—00,0];R™) for some p > 0. Then for any q > p,
¢ € BC((_OOa O]an) N Lq((_oo7 O]aRn)

This lemma can be found in [14]. Denote by M the set of probability measures on (—oo,0]. For a
given 1 which satisfies Definition 2.1, let us further define M. for each € > 0, the subset of M, by

Me={emo e = [ wicoman <o

Lemma 2.3. Fiz eg > 0. If p € M,, then for any € € (0,€p), pe is continuously nondecreasing
and satisfies e, > e > po = 1.
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This lemma can be found in [13]. Let us impose the following assumptions:

Assumption 2.1. Assume for each integer h > 1, there exists a positive constant ky, such that

1f&8) = f(m, D)V 1g(& 1) — g, )] < Eall€ —nll (2.1)

for all &,m € BC((—00,0];R™) with ||&]| V ||| < h and all t € Ry. Assume there exist positive
constants K, 1 > 1, g2 > 1 and probability measures pj € M, (j = 1,2) for some given ey > 0
such that for (&,t) € BC((—o0,0];R™) x R4,

rem=w( [

—00

stel < k([

—00

0

€O (@) + O + [ €Ol (a8) + O], -
0 .

O™ na(a8) + O + [ [eO)lna(as) + £(0)).

—0o0

This assumption implies that f(0,¢) = ¢(0,t) = 0.
Assumption 2.2. For ey given in Assumption 2.1, and there exists Ly € (0,1) such that
{a-D[A-L)+L]+2}5 L
(@1 + 1)(1 — L) @=2)+ (1 — p{a-Drhy 2
then there exist a probability measure us € M, and a constant L € (0, L*) such that

0
!D@w—MmWSL/ €(0) — 17(0) | 3(dB) (23)

for (&,n,t) € BC((—00,0];R™) x BC((—00,0];R™) x Ry. For the purpose of stability, assume that
D(0,t) = 0.

<1,

These two assumptions imply that Eq. (1.1) admits a trivial solution.

Assumption 2.3. For u; (j =1,2,3) and L in Assumptions 2.1, 2.2, there exist positive constants
Bi (1<j<4), kj (1<j<4)andp>2with(q1+1)V(2¢2—aq1 +1) <p and

(g1 = 1)((1=L)* P~ + L) +pl(B1+ B2+ B3) < (p+q1 — 1)(1 — L) 021+ (1 — L@ =DM g, (2.4)
such that for (&,t) € BC((—o0,0]; R™) x R4,

£(0) = D(E&, OV F(,8) + TlalE. DI
3
<30 [ eoran - w§w+2k/ 0)Pui(d6) + ki) (25)
Remark 2.4. Tt is easily observed from (2.4) and (2.5) that 81 + 82 + f3 < 84 and

[€(0) = D& O F(&,1) + Ig(&t)!2

) -
3
}j / 0)[P1;(d0) — Bal£(0 w+§yg/ 0)[2u;(d0) + al€(0) 2

By using a standard argument as in the proofs of [26, Theorem 2.5] and [13, Theorem 3.2], we can
prove that under Assumptions 2.1-2.3, Eq. (1.1) has a unique global solution for any given initial
data ¢ € BC((—o0,0];R™) N L?((—o00, 0]; R™).
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Before presenting the following Theorem 2.6, we prepare a lemma first.

Lemma 2.5. Let Assumption 2.2 holds. Then for any (£,t) € BC((—o0,0]; R™) x Ry,

mm—D@Mqu—LW1”0wML4Mﬂ/L«m%wMﬁ,q>a

0
r«m—D@wWSu—Lﬂqwmq+L/ £(0)|%13(d6), g1

Proof. Recall the elementary inequality: for ¢ > 1, 0 > 0, a,b € R, |a + b7 < (1 + 0)? (|a|? +
0'79|b]9) (see [18, Lemma 4.1, page211]). Setting o = L/(1 — L) gives

la +b|7 < (1 — L)9al? + L=9p|e. (2.6)

Applying the Holder inequality gives

0

€0 -DEDI < [O1+L [ 1O)uan)
0
< @-DOF L[ ) uaas) (2.7)
While for 0 < g <1,
la+bJ7 < Ja]? + b1, (2.8)

Combining (2.6) and (2.8) yields that for any ¢ > 0,
la+b|? < (1 — L)~ @ D+|q|? 4 L=@D+|p|a,
which implies for any ¢ > 0,

€O)* = 1£(0) = D(&, 1) + D(&, )|

0
< @-1 e - Do+ L [ eOmalan)]'
Hence, .
€0) = DE DI = (1= 1) (160 - 2] [ c(Oatat)|”). (29)
Then the desired assertion follows from (2.7) and (2.9) immediately. O

Theorem 2.6. Let Assumptions 2.1-2.3 hold. For any given initial data ¢ € BC((—o0,0;R") N
L8+ ((—00,0]; R™), the solution of Eq. (1.1) satisfies supg<,<7 E|z(£)| ™! < oo for all T' > 0.

By applying the It6 formula and Lemma 2.5, we first reveals supg<;<p E|Z(t)|" 1 < C. Then
the desired result follows easily. To keep the flow of the presentation, this proof is deferred to part
A1 in Section Appendix.
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3 Stabilisation with general decay rate

The system (1.1) may be unstable. The main aim of this section is to design a delay feedback
control u(xz(t — 7),t) by which the controlled system (1.2) is stable with general decay rate. Before

presenting the main results, we give the following assumptions on the control function.

Assumption 3.1. There exists a positive number k > 0 such that

lu(z,t) —u(y, t)| < klz —y|
for all x,y € R™ and all t > 0. Moreover, assume that u(0,t) = 0.

Under Assumptions 2.1-2.3 and 3.1, the controlled system (1.2) admits a unique global solution
and the solution satisfies supg<;<7 E|z()|%*! < oo for all T > 0, which can be proved by the same

methods as Theorem 2.6, so the proof is omitted.
Assumption 3.2. For L, p; (1 < j <3) and B; (1 < j <4) given in Assumptions 2.1-2.3, there

exist positive constants o, ¢, Bj (1<j<4) withag > 264, o <285 (=1,2,3) and

{ (= D[~ L) + L] +2) B+ o+ i) < (qa + (1~ L)2+(1 — Lo-DA)3,
a1+ Qo + a3z < ay.

(3.1)
such that for (&,t) € BCO((—o0,0]; R™) x R4,

2[5()— D(EOITTf(E 1) +u(€(0),6)] + |g(&, t>r2
<Zaj / 0)15(d6) — aal£(0 ruzaj / 2u(d8) — Gul€O)F  (3.2)

and

50) = D(EDITIF(&,6) + u(€(0), )] + T g8, )
3 ~
Z / ) P1;(d6) — Bal€ (0 \p+§jﬁ] / 0)2u;(d6) — Bul (). (3.3)

It should be pointed out that there is a rich class of control functions which satisfy Assumptions

3.1 and 3.2 under Assumptions 2.1- 2.3. For example, choose a symmetric matrix A such that

|A| =1 and

-1 1-— L* —q1 L* D) Ly )
)\m = )\mm(A) > )\* = {((h )[( ) + ] + i - . £
(QI + 1)(1 — L*)(q1—2)+(1 o LS(ql— )/\1) 9

Design u(z,t) = —kAx for k > 0. Then u(z,t) satisfies Assumption 3.1 clearly. We will now
show that it satisfies Assumption 3.2 provided « is sufficiently large. In fact, for any (£,t) €
BO((—00, 0] R") x Ry,

(60) ~ D(E0) w(E©),) < —(whm ~ Vg + 2 [ je0)Ppstan)
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It then follows from (2.5) that
2[¢(0 )— D& )] [£(&,1) +u(€(0),1)] + g(&, 1)

< 22@ / 0)1P115(d6) — 264/€(0) |P+2Zk / ) 2115(d6)

0
2o+ L) [ 1600)Pra(d6) — (20 — L~ 20 €(0)

—00

and

5(0) = D(E DI IF(&,8) + u(€(0), )] + Tlg(&, 1)

3
<36 [ IO Pua9) - 5ile(0 \p+2k / 0)2115(d0)
j=1 I
K 0 K
(it 50) [ 1OPa(d0) — (= 57— )P

hold for (§,t) € BC((—o00,0];R™) x Ry. Since L € (0, L*) and A, > \«, we can always choose k
large enough such that

((q1 -D[Q-L)y "+ L]+ 2) (k1 + ko + k3) + (g1 + 1)(1 — L)@ =2+ (1 — L@ DAk,
< {(q1 +1)(1 = L)@ =D+ (1 — L=ty (,, — Ly — <(q1 ~D[1-L)y 4+ L]+ 2)%}&,
k1+k2+k3+k4 < ()\m—L)I{,

which is equivalent to

(= D[ = D) + L] +2) (ky + o Ky + 1)
< (@ +1)(1 = D)2 (1 = LoD (), — B — ky)), (3.4)
2k1 + 2ko + (2ks + LK) < 26\, — Lk — 2ky.

This shows that the control function w satisfies Assumption 3.2.
Define L1V : BC((—o0,0;R™) x R — R by

LiV(gt) = 2(€(0) = D& D] [£(E1) +u(€(0), )] +|g(& t)* + (1 + 1)[€(0) — D(&, )|~
<{[£0) = D& IF(&, 1) + u(€(0), D] + Tlg (&, 1) 2. (3.5)

The following lemma will plays an important role in this paper.

Lemma 3.1. Let Assumptions 2.1-2.3 and 3.1-3.2 hold. Then there exist positive constants p1—peg,
Vi, Yis V5, Vi (U =1,2,3) and € € (0, €] such that

LaV(€,8) + p1(20(0) = D(E 1) + (g1 + D)IEO) = D(ED|™)* + pal (€, 8)]* + pslg (&, )2

3

—pal€(0)[2 = psl€(0)[ 1 — pgl(0) [T 1+Z%H’”+‘“l Z HIT
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3 3
+ D TH e+ Y AH
j=1 j=1

where H.. = [0 |6(0)[*11;(d6) — pjes €(0)[.

This proof is deferred to part A2 in Section Appendix. In the following, we will prove the
controlled system (1.2) is 1)—type stable with the help of Lemma 3.1. Define LV : BC((—o0, 0]; R™) x
R+ — R by

V() = 2[€0) = DE O IFE ) +uE(=7), )] + g€, 1)
+(q + 1]E0) — D& 1)1 HEO) — DE O If(E 1) + u(€(—T), )]

+ 8 e(0) - De e gl 1)
.ﬁm+% “Dig(0) - Die, )3 ig(0) - Die, o) g (6,0 (3.6)

Recalling the definition of L1V and ¢; > 1, it is obvious that

V(&) < 2060) - DEDITIFE D) + ulE(-T), ¢ H+M@tW
+( + 1)[£(0) = D(&, )" [0) = DIEDITIFE 1) + ule(=7). )] + Tl 1)}
= LiV(§0) + {24 (@ + DIE0) — D&, 1)}
X [£(0) = D& ) Tu(€(=7).8) = u(€(0), 1)) (3.7)

Theorem 3.2. Let conditions in Lemma 3.1 hold. For p1 — py and € in Lemma 3.1, if T > 0

satisfies

1-L)/pips (1-1L 1—L)/pip2  (1-L)?

( )2 pps, L) o AZDVee ( Z PP (3.8)
2K 4\/5,4 \/5,1{ K

then there exists ¢* € (0, ¢*] such that for any initial data ¢ € BC((—o00,0]; R™) N L2((—o0, 0]; R™),

the solution of the controlled system (1.2) satisfies

T <

o0
]E/ z/)q* (s)|x(s)|Pds < C, Vpe2,p+q — 1] (3.9)
0
e 2(0)F
InE|x(t)|P
i el ik VAN h . .
hgigp o) =7 Vp € [2,q1 + 1] (3.10)

The proof follows the idea in the proof of Theorem 3.6 in [26] by using the method of the
Lyapunov functionals. It is deferred to part A3 in Section Appendix.

Theorem 3.3. Let conditions of Theorem 3.2 hold. Then the controlled system (1.2) is almost
surely w—type stable.

The key is t0 E(supgc;cqo ¥4 (¢)|z(t)|?) < co by the It formula and inequality (3.9). Then the
desired result then follows easily. We defer the proof to part A4 in Section Appendix.
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Remark 3.4. The main aim of this paper is to examine the 1—type stability, which shows the
general convergence speed. Compared to the conventional exponential stabilisation in [20,26], the
results in Theorems 3.2 and 3.3 are more general results. Theorem 3.2 shows that the neutral term
has effect on the bound of 7 by the parameter L. The smaller L will lead to the bigger 7. In this
paper, the stability conditions are imposed on the non-delay control in Assumption 3.2. To obtain
the stability results by the delay feedback control, in Lemma 3.1, p1, p2 and ps3 represent stability
costs. The results in Theorem 3.2 also show that the bigger p1, p2 and ps will lead to the bigger 7.

Remark 3.5. By virtue of the continuous semimartingale convergence theory, [13] established the
almost sure —type stability of IDNSFDEs. In this paper, suppose that the given IDNSFDE is
unstable, and we are required to design a delay feedback control in the drift part so that the given
equation become Y—-type stable in moment and almost surely 1—type stable. In this paper, since
the stability conditions are imposed on the non-delay control in Assumption 3.2, the continuous
semimartingale convergence theorem cannot be applied to obtain the almost sure ¥—type stability
of the delay controlled system, directly. To overcome this difficulty, new techniques are developed

to prove (3.9), which makes the almost sure ¢)—type stabilisation possible.

Remark 3.6. The results of this paper are neither simple generalisations of the results in [9] from
finite delay to infinite delay, nor simply a case of adding a neutral item in [26]. In [9], only the
moment stabilisation is proved. This paper also examines the almost sure stabilisation possible
due to (3.9). Moreover, this paper also reveals the rate at which the solution tends to zero. In
addition, exponential stabilisation is only considered in [26]. Due to the coexistence of neutral term
and infinite delay, the method of Theorem 3.8 in [26] cannot be applied to obtain the almost sure
—type stability. In order to overcome this difficulty, more delicate estimates and more complex

computations are needed.

4 Example

Many real phenomenon can be modeled by neutral functional or delay differential equations, for
instance, [28] examined a coupled oscillator-pendulum system. In particular, [29] discussed the

collision problem in electrodynamics by the neutral delay differential equation

a(t) = fi(z(t), (5())) + falx(t), 2(5(2)))2(5()),

where §(t) < t. These systems can be generalized to the following neutral functional differential
equation

dla(t) — D(ws, )] = f(as, D).

Taking into account stochastic perturbations leads to the neutral stochastic functional differential
equation

dlz(t) — D(ze,t)] = f(ae, t)dt + g(xe, t)dB(t). (4.1)

10



Stabilisation with general decay rate by delay feedback control for nonlinear neutral stochastic functional differential equations with infinite delay

In the following, as examples, two special cases will be discussed.
Case 1 : exponential kernel function. Let p1(df) = po(df) = €%df, us(df) = 10e'%%d6 for
0 € (—o0,0] and

f(xg,t) = =5a3(t) + 0.52(t) /0 x(t 4 0) 1 (df) + z(t)
gz, t) = 0.5]z()[*? + 0.5 /0 |2 (t + 0)>/2 1o (dO)

0 —0o0
D(xy,t) = 0.1/_ x(t 4 0)us(do).

In this case, Eq. (4.1) can be rewritten as Eq. (1.3). Choosing €y = 0.9 and (t) = €', it is easy to
see that

0
Hieg = / e—eogdee = 10,

-0
which implies that uy € Myg. Similarly, us, us € Myg. Clearly, Assumption 2.1 holds with ¢; = 3,
g2 = 1.5, K = 5 and Assumption 2.2 holds with L = 0.1. It can be found Assumption 2.3 holds
with p = 4, 81 = 0.0125, B2 = 0.375, B3 = 0.1375, B4 = 4, k1 = 0.25, ko = 0.375, k3 = 0.05,
ks = 1.45. Let the initial value

5001 _5e1 if t e (—100,0],
p(t) = : (4.2)
0, if te (—oo,—100].
By Remark 2.4 and Theorem 2.6, Eq. (1.3) has a unique solution with supg<,;<7 E|z(t)|* < oo for

any 1" > 0. The simulation (Figure 1(a)) shows the system (1.3) is not stable.
Let us now introduce a delay feedback control to stabilize the system (1.3). We take the control

function v : R x Ry — R as follows:

u(z,t) = —6x. (4.3)
Obviously, Assumption 3.1 is satisfied with x = 6 and the controlled system
0
d[x(t) - / 2(t+ 9)610%9} = [f(ze,t) + u(z(t — 1), )]dt + g(ar, )dB(t) (4.4)

has a unique global solution. Moreover, using the Cauchy inequality and the Young inequality gives

[(t) = D(we, O [f (20, 1) + u(z(t), )] + 1.5|g (e, t) |
< @t (O (we t) +ul@(t), )] + [D(e, )| f (e, 1)) + |D (e, )| Ju(z (), 8)] + 1.5]g(ae, 1)

0 0
(t + 0)[4110.(d8) + 0.375 / 2 (t + 0)[411(d0)

—Oo0

< —4lz(@))* + 0.0125/

0 0
+0.1375/ |x(t—|—9)]4,u3(d9)—4.25|:E(t)\2+0.25/ lz(t + 0)21(d6)

0 0
+0.375/ |x(t+0)|2,u2(d0)+0.35/ 2(t + 60)|* uz(df)

—00 —00

and
202(t) = D(we, )] [f (w1, 1) + u(@(t),1)] + [g(x, 1)]?

11
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m
10
0.8

%zj: \\“\w% o \w’“"v‘\,/’w‘*w»/"’ o m W%J\MM

0.2

T
t
(a) The computer simulation of the sample path of the solution to E-

q. (1.3) using the Euler-Maruyama method with step size 10™%.

0.5 L s s s s s s s s s
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
t
(b) The computer simulation of the sample path of the solution to E-

q. (4.4) using the Euler-Maruyama method with step size 10™%.

Figure 1: with exponential kernel functions

0 0

< —8.5]z(t)[* + 0.025/ lz(t + 0)|* 11 (d6) + 0.25/ |z(t 4 0)[* o (dB)

. —00 . —o0
+0.275/ 2 (t + 0)[4115(d0) —9|:U(t)|2+0.5/ 2t + 0)[211(d0)

—0o0 —00

+0.25/0 ]a:(t+9)\2u2(d9)+0.7/0 lz(t + 0) ] uz(df).

Hence, Assumption 3.2 holds with 81 = 0.25, B2 = 0.375, 83 = 0.35, 84 = 4.25, oy = 0.025,

ag = 0.25, ag = 0.275, ay = 8.5, &1 = 0.5, & = 0.25, &3 = 0.7 and &4 = 9. Let € = 0.1,
V(E(t) = |2(#)]? + |2(t)]*, p1 = 0.1, pg = 0.05 and p3 = 8. We can check that

LyV (e, 1) + p1 (212(8)] + (g1 + DIZ0)] ") + pal f (e, ) + pslg(ar, )2
< 0.0404HY + 1.2111HS + 1.3229HS + 0.6306 H{ + 3.1583H3 + 2.0828 H + 0.5188H?
+ 2.2500H2 4 0.7080H2 — 1.0894|z(t)|® — 14.7581|x(t)|* — 4.4207|x(t)|?,

where fNI]a = fEOO |z (t + 0)|*1;(dO) — pjer|x(¢)|*. This implies Lemma 3.1 holds with v; = 0.0404,
vo = 1.2111, 73 = 1.3229, 41 + 41 = 0.6036, Y2 + 42 = 3.1583, 43 + 43 = 2.0828, 41 = 0.5188,
Ao = 2.2500, 75 = 1.0894, py = 4.4207, ps = 14.7581 and pg = 1.0894. Accordingly, condition (3.8)
implies 7 < 0.0075. Theorem 3.3 shows the controlled system (4.4) is almost surely exponentially
stable provided 7 < 0.0075. When we choose 7 = 0.007 and initial data (4.2), the simulation can
support our theoretical results, which is shown in Figure 1(b).

12
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n ,

.l A
o4 M Y me W :

I I I I
0 1 2 3 4 5 6 7 8 9 10
t

(a) The computer simulation of the sample path of the solution to Eq. (1.4) using the
Euler-Maruyama method with step size 10™%.

o

0.5 I I I I I I I I I

x(t

(b) The computer simulation of the sample path of the solution to Eq. (4.6) using the
Euler-Maruyama method with step size 1074 .

Figure 2: with polynomial kernel functions

Case 2 : polynomial kernel function. Let pq(df) = uz(df) = (1 — 0)72d0, ps(df) =
10(1 — 0)~dh for 6 € (—o0,0] and

f(xg,t) = —5a3(t) + 0.5z(t) /0 x(t 4 0) 1 (dO) + z(t)
(@) = 0.5|2(8)*/2 + 0.5 /0 ot + 0)[3/2 ()

. —00
D(xy,t) = 0.1/_ x(t 4 0)us(do).

In this case, Eq. (4.1) can be rewritten as Eq. (1.4). Choosing ¢y = 0.9 and () = 1+ ¢, it is easy
to see that

0
ey = / (1—6)°(1 — 0)~2df = 10,

—00

which implies that p; € Myg. Similarly, pe, us € Mpg. Let the initial value

(p:{ 2(1-0.01t), if te (-100,0], (45)

0, if te (—o0,—100].

The computer simulation (Figure 2(a)) shows Eq. (1.4) is not stable.
Letting ¢ = 0.1, V(Z(t)) = |2(¢)|*> + |#(t)|* and p; = 0.1, po = 0.05, p3 = 8, by a similar
argument as Case 1, it is easy to show from Theorem 3.2 that the controlled system

0
d[x(t) —/ 2(t+0)(1 —0)*11d6] = [f(ze,t) +u(z(t — 1), 8)]dt + g(we, )dB(t) (4.6)

—0o0

13
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with control function (4.3) is almost surely polynomially stable provided 7 < 0.0075. The simulation
with 7 = 0.007 and initial data (4.5) can support our theoretical results, which is shown in Figure
2(b).

Remark 4.1. The above examples shows the exponential stabilisation and polynomial stabilisation
simultaneously. We also see from the example that the control function (4.3) can stabilize not only
Eq. (1.3) with a exponential rate and Eq. (1.4) with a polynomial rate. In other words, the controlled
system (4.4) converges to zero exponentially while the controlled system (4.6) converges to zero
polynomially. Accordingly, it can be observed from Figure 1(b) and Figure 2(b) that the controlled
system (4.4) tends to zero much faster than the controlled system (4.6). These two examples also
show that some systems can only be stabilised with the lower decay rate, for example, Eq. (1.4)
can only be stabilised under a polynomial rate. In other words, this class of the system cannot be

stabilised by using the traditional stabilisation method with exponential speed.

5 Conclusion

In this paper, we consider a class of IDNSFDEs with highly nonlinear coefficients. These systems are
often unstable. Under suitable conditions, we prove that a delay feedback control can be designed
to stabilize these systems with general convergence rate. More precisely, we consider IDNSFDE
system (1.1) under Assumptions 2.1-2.3. Introducing a delay feedback control function satisfying
Assumptions 3.1 and 3.2, we prove that the corresponding controlled system (1.2) can be ¥—type
stable in moment as well as in probability one. The use of our theory depends on the design of the
control function u(z,t). We does not only show that there is a rich class of control functions which
satisfy Assumptions 3.1 and 3.2 but also explicitly explain how they can be designed.

Our Theorem 3.2 shows that for each control function satisfying Assumptions 3.1 and 3.2, there
is a pair of positive numbers 7 and ¢* for (3.10) to hold. Note that ¢* is the indicator of the control
gain while 7 is the tolerable delay in the feedback control. It is therefore more desired to have both
of them as larger as possible. However, our Lemma 3.1 could only show the existence of positive
numbers p; — p4 and €* but we still do not know how to determine them wisely so that we can have
the optimal 7 and ¢*. It is even more challenged to find a better control function among the rich

class so that we could have larger 7 and ¢*. We will tackle these open problems in the future.

Appendix: Technical complements

A1l. Proof of Theorem 2.6.
By the It6 formula,

dz(t) — D(zy, t)| 9T = LV (24, t)dt + dM (1), (A1.1)
where M (t) is a local martingale with M (0) = 0, while LV (4,t) is defined by

LV(zet) = (qu+1)]a(t) = Dy, )" [z(t) = D(ar, )] f (@, 1)

14
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+1 _
+ = ((t) = Dlwe, )" g e, 1)

+(Q1 + 1)2(Q1 —1)

() = D, )| (t) — Dae, )] g ar, )]
It is obvious that
LV (1,t) < (g1 + Dla(t) = Dar, )| H{[o(t) = Dlan O] Flae,t) + Tlglan D] (AL2)

Substituting (2.5) into (A1.2) yields

LV(x,t) < (@ +Dfe(t) - D(ent)"" 1{2@ [ et + 0 Psan) - e

+Zk / 2t + 0)[21;(d0) + kala(t)] }

3 0
= Y (@ + DBalt)  Dlan " [ fal +6)Prat)
J=1 -0
~(ar + )Bufe(t) D, O ()
3 0
+ Y0+ Dile(t) = Dl ) [ late+ 0)Prstan)

+(q1 + Dkyla(t) — D(e, t)| " a(t)?
=: FEy—FEy+ E3+ Ej4. (Alg)

The Young inequality and the Holder inequality yield

0

() —D(xt,t)!’“l/ |(t + 0)[P1;(db)

—0o0

g1 —1 -1 p 0 1
< ———x(t) — D(ay,t pta —I—/ xz(t + 0)[Pra (dO Al4
A a(0) — D) Tre—y | P e (ALY

and

q—1

s [ :x(t+9)u3(d9)

0
p — qQ — ptrq1—1
T |z(4) Pt 4 paT— ‘ / x(t + 6)p;(db)
P jagpret B / U et 0y (). (AL5)
Tpt+tq—1 p+aqa—1/_«

It then follows from (A1.4) and Lemma 2.5 that

3 0
By < Qu(Bi+Ba+ B3)lz(t) — Dz, )PP 1+ Q2 ) B, / | (t + 0)[PF 1~ 1 (df)
= -

o0

0

< Qi1 = L7 (B + By + B3)|x()PT T + QuL(B1 + B2 + Bs) / |z(t 4 6) P g (db)

—00

15
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%Zﬁ] / 2t + )7Ly (dB),

where )
—1 1
o= =D g g, = PatD
p+aq—1 p+aq—1
In light of Lemma 2.5 and (A1.5), we arrive at

_E2

IN

0 -1
—(@+ 11 - L) D gy [!:r(lt)!q“1 — L@ / a(t + 9)u3<d9)) ug(de)} ()P
—(q1 4+ 1)(1 = L) @D+ 8 |z(t) Pra—1 + Qy(1 — L) @D+ L= g, () a1

+Q:1(1— )q1 2)+ 1 (@— 1)/\15 / t+9)’p+q1 1 113(d6).

IA

Similar to estimation of Fq, we derive
B+ By < cz/ 2(t + 0)|% 5 (d8) + Cla (1) .
Substituting Fy, E2, F3 + Ej into (A1.3) gives

LV (zp,t) < ZC/ 2t + 0) [+ 15 (dB) +C’Z/ [t + 6)| 9 1y (d)

~QuleOP 4 el

< ZC [/ |z (t 4 @) [Pra—1 A(dg)_|x(t)‘p+qu}
g+l — g ($)|tT .
+C; [/ 2t + 0)[7+ p15(d0) — (O] + Qu, (AL.6)

where

Cr=Qb1, Co=Qafs, C3=Qafs+QL(B1+ o+ fs) +Qi(1 — L) w2+ @-DAlg,
Qs = (@1 +1)(1 = L) 9728y — Qo1 — L) 2+ L=DMB) — Qy(1— L)* P9 (B + B2 + Bs),

Q4 = sup{—(Q3 — C — Cy — C3)uPT1~1 4 Oy 1Y,
u>0

According to (2.4), we have
Q3—C1—02—03>0.
which implies Q4 < co. Let ko be a sufficiently large integer such that ||¢|| < ko. For each integer
k > ko, we define the stopping time
o =inf{t > 0: |z(t)| > k}. (A1.7)

It then follows (A1l.1) that

3

0

=1 —o0

tAok
E|#(t A oy)|nt! < ]:E(O)|‘Y1+1+E/ {
0

16
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0

+Cjz;[/

—00

(s + 0)["+ 1y (d0) — ()| + Qu }ds. (A1.8)

Note that ¢ € BC((—0o0,0];R") N LA ((—o00,0];R?). Lemma 2.2 shows ¢ € BC((—oc0,0]; R™) N
LPra=1((—o00,0];R™). Using the Fubini theorem and a substitution technique gives

/Ot/\o'k [/0 (s + 0) P =1y (d9) — Iﬂ:(S)|p+ql_1]dS

0 tACK+0 tACy
= [ i) [ P tas— [ jaoprre-tas
—00 [ 0
tAok tAok
S/ ]w(s)|p+q1_1ds—/ ‘x(s)‘mql—lds
—00 0

0
:/ o (s)[Prlds < C.

Similarly,
tAoL 0
/ [/ 2(s 4+ 0)| 1 i (d) — |z(s)| 2T ds < C.
0

—00

It then follows from (A1.8) that

sup E|Z(t A op)| 2T < C(T) < 0.
0<t<T

Note that o — o0 as k — oo. Letting k£ — oo yields

sup E|Z(t)|2H < C(T).
0<t<T

Moreover, applying (2.6) gives

sup _Ela(t)+!
—oo<t<T

< (el ) v [ sup Bla(t) — Diae,t) + Diar, 1) 4]
0<t<T

0
< (el v [ =) sup B+ L [ ( sup Blalt +6)[")a(a)]

0<t<T oo 0<t<T

0
<l ™+ + (1 = L)™" sup Elz(t)|"" +L/ ( sup Ez(t)[ ") ps(do)

0<t<T —co<t<T
= [l ™t + (1 - L)~ sup E[E(t) """ +L sup Elax(t)"",
0<t<T —0o<t<T

which implies

sup  Elz(t)| 2T < (1— L) |2 + (1 - L)~@ ") sup EJa(t)| 2.
—0o<t<T 0<t<T

Noting that ¢ € BC((—00,0]; R") and supg< ;<7 E|Z(£)|7 T < C(T), we have supg< ;<7 Elz(t)| T <
C(T) < 0o. The desired conclusion follows immediately.

17
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A2. Proof of Lemma 3.1.
Let

W(Et) = LiV(E 1)+ pi(2€0) = DE 1) + (a1 + 1IE0) = D& )[*)*
+p2l F(E& 1) + p3lg(€, 1) (A2.1)

Hence it suffices to prove

3
W(Et) < —pal€(0)2 = psl€(0)|+! — pgle(0)Pra— 1+Z%H§’;q“ Z GHIH

3 3
+> WHY .+ A H - (A2.2)
j=1 j=1

We divide the following proof into two steps.
Step 1: Estimation of L;V. Applying (3.2), (3.3) and (3.5) gives

LiV(ED) Z%/ )17 115(d6) — (0 |p+2ag/ 0)2115(d6) — sl (0)?
Han+ DIE(0) — D 1{2@ [ eorwan - sicor

3
Y [P - o). (A23)

Similar to the estimation of (A1.6), we have for any € € (0, €],

3 0
(@ + DI = D& { Y55 [ IO Pus(a0) - pulgo)”
j=1 =
3 0
+20 [ 0P - fusor}
3 ~
<Zo [ ety + +30 [ @@ - @ - Qo

=ZOjH§’:‘“ 1+Zc HE — Q€)= — Qs,le(0)[ @+,

where Q3 and C; (j = 1,2, 3) come from the proof of Theorem 2.6 and
Cy =2B1, Cy=2p,
Cs =233+ (g1 — VL(B1 + B2 + B3) + (1 — 1)(1 — L)@ =2+ L(@-DALG,
Qs = (@ +1)(1 = L)W =243, —2(1 — L)@+ L=DMB, — (g — 1)(1 = L) " (B1 + B2 + Ba),
Q11 = Q3 — Cru1e — Copige — C3puze,

18
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Qo = Q3 - élﬂle - C’2M25 — C’g,uge.

It then follows from (A2.3) that for any e € (0, €],

3 3 3
LV (€, 1) Zc HYFOTL N CHET Y T HY 4+ 6 H;
j=1 j=1 j=1
—Quli(())l’)““‘1 — Q5[£(0)|F! — Q531€(0) [P — Q14l€(0)[%, (A2.4)

where Q%3 = a4 — aii1e — aofioe — azpze and Qfy = by — &1 fi1e — Gofloe — Q3[43e.
Step 2: Estimation of W(¢,t). Employing Lemma 2.5 gives

p1(2[€(0) — D(E, )] + (a1 + DIE(0) — D(&,1)|™)?
< 8p1/£(0) — D(&, 1) + 2p1(q1 + 1)2[€(0) — D(&, )"

0
g&muwr%wW+&w/ 1€(60)[2p13(d0)

0
+2p1(qr + 1)*(1 = L)' *RE0)" + 2p1(q1 + 1)2L/ [€(0)*7 3 (d0),

—0o0

and from (2.2),

p2|f(§7t)‘2 + p3|g(§,t)‘2

0 0
<ipk?| [ 16OPn@0) + €O + [ 1€0)Puas) +1€0)F]

— 00

0
+4ps K [/

—00

0
€O na(d8) + P + [ 16(0)Ppa(ad) + O],

Recalling that (g1 +1) V (2g2 — g1 + 1) < p and (|£(0)[*7 V [£(0)[7%) < [£(0)[* + [£(0) P9~ we
have

pL(2IE(0) — D) + (1 + DIEO) — DED™) + pal FE D + pslglE. )
0 0
gmﬁ[mwwﬂmw+%ﬁ/MWWHmw

0
+%mm+n%/'\<WWIMAw>

8o K7 / 0) 201 (d6) + Sps K / ) [2ua(d6)
0
H%w+%um+ﬁm/;K@ﬁMM)

+(2p1(qr + 1)3(1 = L)' 4 4py K2 + 4ps K2)|€(0)[PTa—t
+(8p1(L = L) +2p1(qn + 1)*(1 = L)' 720 + 8pa K% + 8p3K%)[€(0)[*.

Substituting this and (A2.4) into (A2.1) yields that for any e € (0, €],

W(Et) < (CL+A4pp K HYEU ™ 4 (Co+ 4ps KA HEE ™Y 4 (Cs + 2p1(qu + 1) L) HEH0
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3
Z CyHI + Z a;H? 4 (a1 + 8pa K2 HE, + (G + 8p3 K2 H2,
Jj=

+(as+8pL+ 2,01((11 +1) L)Hg’e
—[Q11 — Q5] IE(O) [P — Q5,[€(0)| 7 — Q55l€(0))” — [Qh — Qie] 1€(0)[*(A2.5)

where

QS = 4p2 K2 p1e + 4ps K2 pioe + 2p1(q1 + 1) Lptse + 2p1 (g1 + 1)2(1 — L) 29 4 4po K2 + 4p3 K2,
Qs = 8p2 K p11c + 8p3 K o + (8p1L + 2p1(q1 + 1)2L) pge +8p1 (1 — L)~}
+201(q1 + 1)*(1 — L)} 20 £ 8py K2 + 8p3 K2

By (2.4) and (3.1), we have
Q3—01—02—03>0, Q3—01—02—03>0 and ay — a1 —ag —az > 0.

Recalling & + Go + &3 < éu, by Lemma 2.3, there exists € € (0, o] sufficiently small such that for
any € € (0, €,

Q11 = Q3 — Crp1e — Copige — C3puze > 0,
Q% = Qg - Ol,ule - C’zl@e - és#se > 0,
Q53 = a4 — a1 fi1e — Qapize — azfize > 0,

Qi = G4 — a1 fine — Gofioe — Gzpize > 0.
We can choose appropriate positive constants p; (1 < j < 3) sufficiently small such that

8p2K* + 8p3 K +2p1(q1 + 1)°L + 2p1 (g1 + 1)%(1 — L)' 2 < 0.5Q1;,
16p2 K2 + 16p3 K2 + (8p1L + 2p1(q1 + 1)°L) + 8p1(1 — L)™' + 2p1 (g1 + 1)*(1 — L)' 728 < 0.5Q,

then there exists € € (0, ¢o] sufficiently small such that Qf; < 0.5Q%; and Qf; < 0.5Q9, for any
€ (0,€]. It then follows from (A2.5) that there exists €* € (0, € A €] such that

W(t) < (01 + 4P2K2)Hft*ql '+ (Co 4+ Aps K HE TP 4 (Cs + 2p1(qn + 1)*L)HE
—i—ZC’ quH + Zaj o+ (41 + 8p2 K?)HY o+ (G2 + 8p3K2)H2€
+(a3 +8p1L+ 2p1<q1 +1’L) H e — 05Q11[E0)1 " — Qgle(0)1 !
~0.5Q5,/(0) .

This implies (A2.2) holds with 71 = Cy + 4p2K?, 79 = Co + 4p2K?, v3 = C3 + 2p1(q1 + 1)%L,
3, =C;(j =1,2,3), 3; = aj for 5 = 1,2,3, 1 = é1 + 8p2 K2, 32 = G + 8p3 K2, 43 = é3 + 8p1 L +
2p1(q1 + 1)2L, py = 0.5Q%,, ps = QS5 and pg = 0.5Q¢;. This completes the proof.

A3. Proof of Theorem 3.2.
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Let V(2(t)) = |2(t)]? + |2(¢)|1* T and

Uz, t) = +)\/ / v)dvds, t >0, (A3.1)
—7 Jit+s

where J(t) = [7|f(z¢,t) +u(x(t —7),1)|? + |g(xs, t)[?] and ) is a positive constant to be determined
later. Let us also define

LU (z¢,t) = LiV(xye,t) + {2 + (g1 + D|z(t) "~ 1} x(t —71),t) —u(x(t),t)]
+ATJ(t) — )\/t J(v)dv. (A3.2)

In the following, let us divide this proof into three steps.
Step 1 : Estimation of LU (x4, t). Applying the It6 formula to V(Z(t)) yields

AV (3(t)) = LV (a, )dt + dM (2), (A3.3)

where LV comes from (3.6) and M(t) is a continuous local martingale with M (0) = 0. On the

other hand,
t
/ / dvds ()\TJ(t)—)\ / J(v)dv)dt. (A3.4)
—7 Jit+s t—7

It then follows from (A3.1)—(A3.4) that
dU (z4,1) = (L‘,V(xt, £) + ATJ(t) — A /t tT J(v)dv) dt + dM(t),
that is, U(xy,t) is an It6 process as claimed. It then follows from (3.7) and (A3.2) that
dU (x4, t) < LU (m, t)dt + dM ().
Recalling |u(z(t),t)| < k|z(t)] and 27y < |z||y|, we get

2+ (qu + D22 [z0)] [u(z(t - 7). t) — u(xz(t), )]

< (22@O]+ (@ + DI ) slo(t — 7) — 2(t)]
2

< pr (2020 + (1 + D)) + A

— T\t —T 2. .
4p1\$(t) (t =) (A3.5)

Let A = k?/p1(1 — L)%. From (3.8), 2A7% < py and A7 < p3. It then follows from Lemma 3.1 that

2

LU t) < LiV(wt) + o1 (2180)] + (o + DIED)|)” +

2
o lalt) = a(t=7)

t
+pa| f (e, 1)) + 227K (t — )P + palg(as, 1) — A J(v)dv
t—1
4724

(o1 o= ) O = sl ()
3 3 3

3 H )+ DDA E )+ D H () + YA H ()
j=1 i=1

=1

IN

|q1+1 |p+q1—1

— pe|z(t)
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K2

L)Q/tTJ(v)dv, (A3.6)

K2 7244
( ! 2)|l'(t)_l’(t—7')|2_p1(1_

ST A
4p1  p1(1—L)

where F2(t) = [°__[a(t + 0)|1;(d0) — el (D]
Step 2 : Estimation of Ey4(t A 0i)U(2trg, .t A o). For oy given in (A1.7) and any ¢q € (0, €*],
applying the It6 formula yields

Ey9(t A o )U(xipey t A ok) < U(zo,0) + IE/M% »(s)[qoU (x4, s) + LU (x4, s)]ds,
0

where ¢ = supszo[wl(s)/w(s)] < oc0. Note that (3.8) shows py > %. Let a = (pg — %) A
p5. We deduce from the definition of U and (A3.6) that

qu(t VAN Uk)U(xt/\ok,t A o)

< U(wo,O) —I-E/O Tk ¢q(8)|:_ a(|x(s)\2 + |x(s)’¢h+1) . p6|x(s)|p+Q1_1

a0 ([#(s) + [#(5)|" )] ds + By + Ry + Ra — Ra, (A3.7)
where

I<L2 tAok 0 s

R—qE/ qs/ J(v)dvdlds
! ¢Pl(1 _L)2 0 v ( ) —7 J s+l ( )
tACy 3 ~ 3 ~ 3 B 3 -
R2 :E/ wq(s){ZfYJHf+Q1_1(S)+Z’3"7H‘;11+1(8)+27] f(S)—i—ZNJ ?(S)}dS
0 =1 j=1 =1 =1
K2 4724

Ro= (o)), et —sts s

Iﬂ?2

" E /0 Y as) / : J(v)duds.

It is obvious that

Ry =

2

tAog s
pl(lﬁ—L)QE/o Pa(s)T /_ J(v)dvds = qpTRy. (A3.8)

Note that ¢ € BC((—o00,0];R") N L?((—o0,0];R™). Lemma 2.2 shows ¢ € BC((—o0,0];R™) N
LPta—1((—o0,0]; R"). Using the Fubini theorem and a substitution technique gives

R <q9¢

tAoL
/ $1(s) P (5)ds
0

t/\ok 0 1 1
= [ e[ et 0y @) e e s
tAoL

0 tAog

_ / 115(d8) / W00 (s + 0)|x(s + O)P T ds — pjee / $9(s) 2 (s) P ds

—0 0 0
tAog

0 or+0
S/_w¢q(—9)uj(d0)/etA + wq(s)\m(S)’qu—lds—uﬁ*/0 ¢q(8)\x(8)]p+q1_1ds

t/\ak 1 t/\ok 1
< Hig / Y(s) |z ()T ds — pjee /0 PI(s)|x ()T ds

—00
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0 0
< pjex / PI(s)|(s)PT0 " ds < prjer / lp(s)[PH—tds < C.

—00

Similarly,

tAo} 1 tAo _ tAo — 9
/0 @bq(s)Hj‘?l (s)ds < C, /0 wq(s)Hf(s)ds < C, /0 Yi(s)Hj (s)ds < C,
which implies
Ry < C. (A3.9)

Moreover, applying Lemma 2.5 and the Fubini theorem yields

2

o) o= 1P < o] [ Ulew) +uato—noldo+ [ glen)dB)
0

+L/_ 2(s +0) — x(s — 7+ 0)>u3(db)
and

tAog 0
/ W(S)/ (s + 0) — (s — 7 + 0)Pus(d6)ds
0

—00

0 tAoL+0
-/ /6 ¥(s = 0)[a(s) — a(s — 7)Pdspz (d9)

0 0
< / 1(~0) s (do) / $1(s)]a(s) — x(s — 7)[2ds

0 tAok
+ / () (d6) /0 $1(s)|a(s) — x(s — 7)[2ds
e Us)|x(s) — z(s — 7)|%ds

gcwgq/o $1(s)|a(s) — (s — 7)2ds.

Noting that pz0 = 1 and L € (0, L*), by Lemma 2.3, we always can choose ¢! € (0, ¢*] sufficiently
small such that Lyg,a) < 1. Using the Holder inequality and the Fubini theorem yields that for
any g € (0,q"],

2 K‘/z 47-25./4 tAok s
< A _AT'RT a |
Ry<Ct s (o + g B[ v [ s

By (3.8), k7 < (1 — L)/4+/2. Hence,

2 < K2 4724

(1- L)

= ) < 3
dp1  pr(1—L)*/ ~4dp(1—L)*

Then there exists ¢ € (0, ¢M] sufficiently small such that for any ¢ € (0,¢®)],

LA ) < 3k?
dp1 - pr(1—L)*/ = 4dpr(1 = L)*

2 ( K2 4724
(1= L)(1 = Lpsq)
It then follows that for any ¢ € (0, ¢?)],

3/{’2 tAok . s 3 A
< e = —Ry. .
R3_0+4p1(1—L)2E/0 P (s)/STJ(v)dvds C+4R4 (A3.10)
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Inserting (A3.8)-(A3.10) into (A3.7) gives that for any ¢ € (0, ¢(?],

Elﬁq(t A\ Uk)U({Bt/\Uk,t A\ Uk)

<o (f-aome [ o |

—pole()7 T+ qo(|a(s) + | (s)| ) |ds.

s

-7

Heyvds + B [ 61(6) - ao o) + fa(e) 1)

Choosing ¢ e (0, €*] sufficiently small such that ¢®or < %, then for any ¢ € (0, ¢ A q(3)],

Ei(t A og)U(zipe,, t Nog) < C+ E/O " P(s) [ — a(\x(s)P + ’x(s)’qlJFl) _ p6|x(s)‘p+q171
+q9(|Z(s)]> + |f(5)\(“+1)}d8- (A3.11)

Step 3 : proof of (3.9) and (3.10). Let h(t,q) = 2(t)(|z(t)]> + |z(t)|t!) and h(t,q) =
P(t)(|2(t))? + |2(t)|2H). We derive from (A3.11) that for any g € (0,¢® A ¢®)],
tAo

N tAok tAoL
Eh(t Aok, q) < C — aE/ h(s,q)ds + qd)IE/ h(s,q)ds — PGE/ (s)|z(s)[PT 1 ds.
0 0 0

By Lemma 2.5, we have

0
FOP < (=D e L[ el )P
0
s < =Ly e L [ (s 0" (), (A3.12)

which implies
thoyg tAoy
/ (s, q)ds = / $1(5)(3(s) 2 + ()] 7+ )ds
0 0
tAog
< [ {- D e e
0
0
AL [ (s 0)F + [ols + O () s

tAog tAok 0

—@-n [ s L[ [ 0t lnls + 0P +lals + 0) ps(a0)ds
0 0 —00
tAo tAog 0

<(1-L)*® /0 h(s,q)ds + L/o /Oo YU—=0)h(s + 6, q)us(db)ds. (A3.13)
Therefore, for any ¢ € (0,¢?) A ¢3)],
~ tAo
Bi(tAoa) £ C—(a—aoll—L)™E [ hs.q)ds
0
tACk 0
L LE /O /_ =OMh(s +0.q)a(d0)ds

tAoL
—pE /0 09(s)|(s) [P Lds. (A3.14)
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However,

t/\Ok
/ B(s + 0, q)us(d9) ds

0 tAo+0
<IE [ 9(—0)us(do) /9 h(s,q)ds

N

0 tAok
1 s)[|x(s)]? + |z(s)| T ds s s
L [ 06 aF + la(e)* s + LB [ hs.a)a

tAok

0
<Ly [ IeR + e s+ LE [ hs. s (43.15)

where L, = Lfgoo Y1(—0)us(df). Since ¢ € BO((—o0,0];R™) N L?((—o00,0]; R™), by Lemma 2.2,
fi)oo[|<p(s)|2 + |p(s)]9*T1])ds < oo. Noting that L € (0,1) and ff)oo 1(—0)us(df) — 1 as ¢ — 0,
we can always choose ¢¥) € (0, ¢*] sufficiently small such that L, € (0,1) for any ¢ € (0,¢W].
Therefore, from (A3.14) we see that for any g € (0,¢®) A ¢® A ¢,

~ tAoy tAo
Eh(t Aok, q) < C = (a—qe(1—L)™" - q¢Lq)E/O h(s,q)ds — pﬁE/O P2(s)|a(s) [T ds.

Choosing ¢©® € (0, €*] sufficiently small such that ¢(®¢(1 — L)% + q(5)q§Lq(5) < a, we get that for
any ¢ € (0,4 A ¢® A g A g0,

Eh(tAok, q) < O [(a—go(1-L) " ~qoLy) Apo|E /0 " 1(8) o () P+ 2+ o) s

Noting that p > 2 and |z(s)|2F! < |z(s)[? + |z(s)[PT? 1, then there exists ¢* € (0,¢® A ¢® A
g™ A ¢®)] such that

. t/\ak .
Bt Aok <C B[ @) Jals)? + ()Pt ds < C.
0
Letting k£ — oo, and then ¢t — oo gives
limsup EA(t, ") < C, E / W7 (3)[J(s) 2 + |(s) [P ds < C. (A3.16)
0

t—o0

Similar method to (A3.13) can give

0
Eh(t,q") = E¢7 (t)(|lz(t)]* + ()| +) < (1 - L) "Eh(t,¢") + LE/_ Y7 (—0)h(t + 6,9 ) p3(d6).
Hence,

sup Eh(s,q")

—00<s<t
< (el + lleli™*1) v (1= )™ sup Bh(s,q") + L / U (=0)( sup Eh(s +0,q"))pa(db) )
0<s<t 0<s<t
< ol + ll @+ + (1 = L)~ sup Eh(s,q*) + L / W (—0)( sup Eh(s,q))us(do)
0<s<t —ooSsSt
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= loll® + ||t 4 (1 = L)™% sup Eh(s,q*) + Ly sup  Eh(s,q"), (A3.17)
0<s<t —oo0<s<t

which implies

sup Eh(s,q%) < (1— L) (Il + [@l1" ) + (1 = L) (1 = )™ sup Eh(s,q"). (A3.18)
—oco<s<t 0<s<t

This, together with (A3.16), leads to lim sup,_, . Eh(t, ¢*) < C. This implies E[|z(¢)|?+|z(¢)|2T1] <
Cp~7 (t) for all t > 0. Therefore,

mE[Je(t)? + =] _ . (A3.19)

"
v ln)(2)

Noting that |z(t)[? < |z(t)[? 4 |z(t)[Pra—! for p € [2,p+q — 1] and |z(t)[P < |o(t)]? + |=(t)| 9T for
P € [2,q1+1], the required assertion (3.9) and (3.10) follows from (A3.16) and (A3.19) immediately.

A4. Proof of Theorem 3.3.
Let us divide this proof into two steps.
Step 1 : Estimation of E(supogt@o YT (t)]x(t)P) . For ¢* given in Theorem 3.2 and any 7" > 0,
applying the It6 formula yields
E( swp uf(0))a0)?)

0<t<T' Aoy,

<EOF+E s [0 (){g 0l + 27 () (wes) + ulals = 7).9)

0<t<T Aoy,

(s 5)*pas +B( sup 1))

- f)gth/\ak
< |2(0)]* + E/O P (8){q*<z5|a?(5>‘)l2 + 2[Z(s)[| f (s, )| + 2|12 (s)[[u(z(s — 7), 5)]

Hg(:vs,s)\Q}ds —HE( sup Ft), (A4.1)
0<t<TAay,
where oy, is given in (A1.7), ¢ = supszo[w/(s)/w(s)] < oo and I'y = ZfOt V7 ()27 (s)g(xws, s)dB(s).
The Burkholder-David-Gundy inequality gives

TAoy, . %
B( swp 1) < 12E( [0 T (s)glens)ds)
0<t<T Aoy 0

1

< sf( o reR) ([ e @l sras) |

0<s<T Aoy
1 " 2 Thoe )
< 5B(_swp W @aR) +CE [ 0 (gl s) P
0<s<T Ao}, 0

Substituting this into (A4.1) and using (A3.12) yields

B( sup o7 (1)]3(0)?)
0<t<TAoy

TAoy )
<IEOF +CE [ 0 @ H0F + 51 w0 s)| + 1 lulals = 7). )
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Hg(ws, 5)[* fds
TAoy 00
<IEOF+CE [0 @){la@R + [ lals+0)Puatan)

FHESf (s, )| + |2()[[ula(s — 7). 5)| + |g(@s, 8)!2}618- (A4.2)

Note that (q1 + 1)V (2¢2) < p+ a1 — 1 and (Jz(s)|2 V [z(s)*2) < |z(s)|* + |x(s)[PT0~1. By
Assumption 2.1, we infer from the Young inequality and (A3.12) that

sl < O [ lals 0 n(@8) + a5 [ ol +0) (a0
Ha(s) 2+ [#(s)/ 27+ [3(s) )
C( [ lats+ O tua(a) + o) [ lats 4 0) i)

HolF + [ oo+ 0P udd) + [ lats+ OPusldd))  (A43)

IA

and

ool < O [ las+ 0P uadd) + o) + [ fals +0)pa(at)
Hals) 2+ [#(5) 22 + ()]

O [ lats 4 0 agas) + a(s) 4 [ ats 4 0)Prata)

a(s) 2+ |F() 0+ [3(s) 2

IN

o0

C( [ lats P a(a) + o)+ [ lats + 0) Pl

el + [ lals+ 0P Nsld) + [ lals - OPuaa®).  (Ada)
Similarly, it follows from Assumption 3.1, the Young inequality and (A3.12) that
|E(s)[Ju(z(s = 7),8)] < C(|E(s)]* + (s = 7))
< C(|x(s)|2 + /Ooo |2(s + 0)[*13(d6) + |a(s — T)|2). (A4.5)
Substituting (A4.3)—(A4.5) into (A4.2) and using (3.9) yields
E(_sw v (0)l0))

IN

0<t<T'Aoy,
T/\ak 3 00
§C—|—C]E/ {2/ |:E3+9‘P+q1 1_|_|:L‘(s—|—9)”,uj(d(9)
0 :
(s — 1) bds. (A4.6)

Note that ¢ € BC((—o0,0]; R™) N L?((—00,0]; R"™). Similar method to (A3.15) can give
T/\O'k 3 00
CIE/ {Z/ [|2(s + 0)[P* 01 + |a(s + 0)] ]uj(de)}ds
0 0
7j=1
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TAog
<C+CE [ )l + o (s) Pl
0

Moreover,
T Aoy, . TAoy . .
C’E/ W7 (s)]a(s — 7)[2ds < CE/ BT (P (5 — 7 |a(s — 7)Pds
0 0
TAoy, .
< C+CE/ W7 ()] (s)|2ds.
0
Therefore, it follows from (3.9) and (A4.6) that

B(_sw 07 (la(0)) < C+CE | T () ()P + [a(s) Plds < C.

0<t<T Aoy,

Similar the way to derive (A3.17) and (A3.18) can give

E( s o7 @l@)P) <C.

0<t<T Aoy,

Letting £ — oo, and then T' — oo gives

E( sup w*(t)ym(t)y?) <. (A4.7)

0<t<oo

Step 2 : Almost sure stability. It follows from (A4.7) that

sup 9 ()|z(t)]* < oo a.s..

0<t<oo
Therefore,
lim sup " Iny(t) + 2Injo(t) =0 a.s.,
t—o0 Inp(t)
which implies
lim sup In () =—q¢"/2 a.s..

t—oo 1D (t)

That is, the controlled system (1.2) is ¢)—type stable. This completes the proof.
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