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1. Introduction

We study non zero-sum risk-sensitive stochastic differential
games in a multi parameter eigenvalue problem framework. In
the literature of stochastic differential games, one usually con-
siders the expectation of the integral of costs ([1-3] etc.). This
is the so called risk-neutral situation where the players (i.e., the
decision makers or controllers) ignore the risk. If the players are
risk-sensitive (i.e., risk-averse or risk-seeking), then one of the
most appropriate cost criteria is the expectation of the exponen-
tial of the integral of costs as it leads to certainty equivalence [4].
Since the cost criterion is the expectation of the exponential of
the integral costs, it is multiplicative as opposed to the additive
nature of the cost criterion in the expectation of the integral
costs case. Due to this, the analysis of the risk-sensitive case is
significantly different from its risk-neutral counterpart. To our
knowledge, the risk-sensitive criterion was first introduced by
Bellman [5]; see [6] and the references therein. Though this
criterion has been studied extensively for stochastic optimal con-
trol problems [7-21], the corresponding literature in the context
of stochastic differential games is rather limited. Some excep-
tions are [22-25]. Basar [22] proves the existence of a Nash
equilibrium for finite horizon nonzero-sum risk sensitive games.
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El-Karoui and Hamadene [25] study risk-sensitive control, zero-
sum and nonzero-sum game problems. They prove the existence
of an optimal control, a saddle-point and a Nash equilibrium
point for relevant cases. In [25], authors use Pontryagin’s mini-
mum principle to characterize the optimality condition and the
adjoint problem leads to some special backward stochastic dif-
ferential equations. Basu and Ghosh [23] study infinite horizon
risk-sensitive zero-sum stochastic differential games and estab-
lish the existence of saddle points which are mini-max selectors
of the associated Hamilton-Jacobi-Isaacs (H]JI) equation. In a re-
cent work Biswas and Saha [24] consider risk-sensitive zero-sum
stochastic differential games for controlled diffusion process in
RY. Under fairly general conditions on the drift and the diffusion
coefficients (e.g., the coefficients are locally Lipschitz continuous
and have some global growth condition), they study the ergodic
cost criterion. They completely characterize saddle point equi-
libria in the space of stationary Markov strategies, under the
assumption that running cost function satisfies either small cost
condition or dominated by some inf-compact function.

In the framework of reflecting diffusions Ghosh and Prad-
han [26] (in bounded domain), [27] (in orthant) have studied
similar nonzero-sum game problem for risk-sensitive ergodic cost
criterion. They studied the game problems by studying the asso-
ciated system of coupled HJB equations. In the reflecting diffusion
setup, the associated coupled systems are semi-linear elliptic
pdes with some oblique boundary conditions. The authors used
the principal eigenvalue approach to completely characterize all
possible Nash equilibria in the space of stationary Markov strate-
gies. Due to the presence of these nontrivial boundary conditions,
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in order to establish the existence of principal eigenpair to as-
sociated coupled HJB equations, the authors in [27] crucially
used the fact that the drift term, diffusion matrix are uniformly
bounded and the running cost function satisfies certain small cost
condition. Together with the ergodic cost criterion, in [27] the
authors studied the game problem for discounted cost criterion
as well.

For controlled diffusion models, similar game problem under
discounted cost criterion is studied in [28]. By studying the as-
sociated system of coupled HJB equations, which is in this case
is a coupled system of semi-linear parabolic pdes, they have
established the existence of Nash equilibrium points in the class
of eventually stationary Markov strategies. The uniform bound-
edness assumptions on the diffusion coefficients and the running
cost functions play important role in the analysis of this game
problem.

In this paper, we address the existence of Nash equilibria for
stochastic differential games where the state of the system is
governed by a controlled diffusion processes in the whole space
RY. We consider the risk-sensitive ergodic cost evaluation crite-
rion. We analyze this game problem by analyzing the associated
system of coupled HJB equation, which is a system of coupled
semi-linear elliptic pdes in RY. Compared to [26-28], under a
relatively weaker set of assumptions on diffusion coefficients
(e.g., the drift term and diffusion matrix are locally Lipschitz
continuous and have some global growth condition) (see Assump-
tion 1), using principal eigenvalue approach we establish the
existence of a Nash equilibrium in the space of stationary Markov
strategies. Also, in this present study, we are allowing our running
cost function to be unbounded as well (see Assumption 2(ii)).

In order to establish the existence of principal eigenpair of
the associated coupled system of Hamilton-Jacobi-Bellman (HJB)
equation, we first study the corresponding Dirichlet eigenvalue
problem on smooth bounded domains in R%. Applying a version
of non-linear Krein-Rutman theorem we show that principal
eigenpair exists for Dirichlet eigenvalue problem. Then increas-
ing these domains to R¢ and employing Fan’s fixed point theo-
rem [29], we establish the existence of principal eigenpair to the
associated coupled system of HJB equation in the whole space R,
which lead to the existence of a Nash equilibrium. Furthermore,
exploiting the stochastic representation of the principal eigen-
functions we completely characterize all possible Nash equilibria
in the space of stationary Markov strategies. Thus, the main
results of this article can be roughly described as follows.

e Existence and uniqueness of solution to the coupled HJB equa-
tion: Using Principal eigenvalue approach, we establish the
existence and uniqueness of solution to the associated cou-
pled HJB equation in an appropriate function space.

e Characterization of Nash equilibrium: Using Fan’s fixed point
theorem we first establish the existence of Nash equilibrium
in the space of stationary Markov strategies. Then utilizing
the stochastic representation of the principal eigenfunctions
we completely characterize all possible Nash equilibria in
the space of stationary Markov strategies.

The rest of this paper is organized as follows. Section 2 deals with
the problem description. In Section 3 we discuss the principal
eigenvalue problem for controlled diffusion operators on smooth
bounded domains. Section 4 is devoted to study the eigenvalue
problem for controlled diffusion operator in whole space R%. The
complete characterization of Nash equilibrium in the space of
stationary Markov strategies is presented in Section 5.
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2. Problem description

For the sake of notational simplicity we treat two player case.
Let Uj,i = 1,2 be compact metric spaces and V; = P(U;), the
space of probability measures on the compact metric space U;
with the topology of weak convergence. Let b = (by,...,bg) :
REx Uy x Uy — REF R x Uy x Uy — [0, o0),i = 1,2,
o : R? — R4 be given functions satisfying Assumption 1 (to be
described below).

Define b = (by, ..., bg) :
Vo — [0, o0) by

bi(x, v1, v2) / / (X, Uy, uz)vi(duy)vy(duy),
Uy JU;

><V1><V2—>Rd, rl:Rde1><

ri(x, v, v2) = / f Fi(x, uy, uz)vi(dur Jva(duy), x € RY,
Uy JUp

vlevl, U2€Vz, I(=l,...,d,i=1,2.

We consider a nonzero-sum stochastic differential game whose
state is evolving according to a controlled diffusion process given
by the solution of the following stochastic differential equation
(s.d.e.)

dX(t) = b(X(t), v1(t), va(t

where W(-) is an R¢-valued standard Wiener process, v;(-) is a
Vi-valued process which is a non-anticipative functional of the
state process X(-), i.e., vi(t) = fi(t, X([O, t])) where X([O, t])(s) =
X(s A t)forall s € [0,00) and f; : [0, 00) x C([0, 00); RY) — V..
Such a strategy is called an admissible strategy. Fori = 1, 2, A;
denotes the space of all admissible strategies of Player i. In order
to ensure the existence of a solution to Eq. (2.1) and the existence
of Nash equilibrium (to be describe in (2.6)), we impose following
conditions on the drift term b, and the dispersion matrix o.

)dt + o (X(t))dW(t), (2.1)

Assumption 1.

(i) Local Lipschitz continuity: The function ¢ = [o¥]:R? —
R4 and b:R? x U; x U, — R? are locally Lipschitz
continuous in x (uniformly with respect to the rest), i.e., for
each R > 0, there exists a constant Cz > 0 depending on
R > 0, such that

b(y, w1, u2)* + o (x) — o (y)I1?

forall x,y € By (== {x € R® : |x|] < R),i = 1,2

and (ul,uz) € U; x U,, where |lo| := +/tr(coT) and

b = (by,...,bg)". Also, we assume that b, r; are jointly
continuous in (x,uq,up) fori=1, 2.

(ii) Affine growth condition: b and o satisfy a global growth
condition of the form

sup  (b(x, ur, 1), )T+ o () < Co(1+1xP)

uy€Uy,uxely

b(x, uy, up) — < Glx—yP

Vxe ]Rd,

for some constant Cy > 0.
(iii) Nondegeneracy: For each R > 0, it holds that

d
Y dxzz = Gzl

ij=1

VX € Bg,

T

and for all z = (z1, ..., z9)" € RY, where a = [a'] := Jo0.

Also, we assume that the running cost functions 7;: RY x Uy x
U, - Ry, i= 1,2 are jointly continuous in (x, uq, u,) and locally
Lipschitz continuous in x (uniformly with respect to the rest),
i.e, for all R > 0 and x,y € By there exists a constant Cg > 0
depending on R > 0, such that

IFi(x, ur, up) — Fi(y, ur, wp)* < Grlx—y|* forall (ug,up) € Uy x Us.
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It is well known that, under Assumption 1, for any (vq, v2) €
A1 X A, and initial condition X(0) = x, the s.d.e. (2.1) admits
a unique weak solution which is a strong Markov process (see
[30, Theorem 2.2.11, p.42]). For the stochastic differential game,
the controlled diffusion given by (2.1) has the following inter-
pretation: The ith player controls the state dynamics, i.e., the
controlled diffusion given above, through the choice of her/his
strategy v;. The function r; represents the running cost function of
Player i. If the strategy v; has the form v;(t) = v;(t, X(t)), t > 0 for
some 7; : [0, oo)x R — V;, then v; or by an abuse of notation ©;
is called a Markov strategy for Player i. Let M; = {v; : [0, 00) X
RY — V; | v; is measurable} be the set of all Markov strategies for
Player i. Under a pair of Markov strategies the s.d.e. (2.1) admits
a unique strong solution which is a strong Markov process (see
[30, Theorem 2.2.12, p.45]). If v; does not have explicit depen-
dence on t, i.e., vi(t,x) = v;(x), x € RY, t > 0, it is said to be a
stationary Markov strategy for Player i. The set of all stationary
Markov strategies for Player i is denoted by S;, i = 1,2. We
topologize S;, i = 1,2, using a metrizable weak* topology on
L®(R%; M,(U;)), where M(U;) denotes the space of all signed
measures on U; with weak* topology. Since S; is a subset of
the unit ball of L°(R%; M,(U;)), it is compact under the above
weak* topology. One also has the following characterization of
the topology given by the following convergence criterion: For
i=1,2,v' = v in S as n — oo if and only if

lim [ f(x) / g(x, up)v (x)(du;)dx = / fx) / g(x, u;)vi(x)(du;)dx,
=00 Jpd U, RA

i Ui
(2.2)
for all f € LY(RY) N L*(RY), g € Co(R? x U;); see [30, p. 57], for
details.
For v; € V;,i=1,2, let £"1*2 : C3(RY) — C(RY), be given by

0% (x of (x
e = i)Y e v )X f e crh, @23)
0x;0X; 0x;
where Einstein summation convention is used. Further, let
Gy°f = inf [£{"2f 4 (%, vi, (X)), v2 € S, (2.4)
V1€V

G'f = i“‘g (L3772 f + ra(x, v1(x), v2)f], v1 € S, f € CHRY),
veV)

where for f € C3(RY),

L2f(x) = 10 x) Vo eVi, 1nes

and

£,"2f(x) =
For (v, v2) € S1 X &3, it is easy to see that

LUWVf(X) Vv €Sy, vy € Vo

2
Lvl(X)A,vZf(x) — E“ls”Z(X)f(X) — £v1(x),v2(x)f(x) — aij(x)a f(X)
1 2 BX,'BXJ'
af (x)

aXi '
The analysis of our game problem will be based on the analysis
of the eigenvalue problems of the above defined operators.

+ bi(x, v1(x), v2(X))

2.1. Ergodic cost criterion

Given the running cost functions r; : R x Vi x Vo = R, ,i=
1,2, for any (vq,v2) € A; X A, the associated risk-sensitive
ergodic cost of Player i is defined by

pi(X, v1, v2) = limsup % log E21-2 [efoT r"(x(t)'“l(t)’“ﬂf))d‘], i=1,2.

T—o0

(2.5)
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The definition of a Nash equilibrium is standard, i.e., (v, vy) €
A1 X A; is a Nash equilibrium among the class of admissible
strategies if

p1(x, v, v3) < pi(x, v1,v3), forall vy € Ay, (2.6)
02(%, v, v3) < pa(x, v¥, vy), for all v; € Ay, forall x € RY.

We assume that our running cost functions r;, i = 1, 2 satisfy
Assumption 1(i). Now for each (vq, v2) € A1 X A;, define

Mi(x,v2) = inf py(x, vy, v2), Ai(vz) = if;{fd Ai(x, v2), (2.7)
Xe

V1€A1

Aq(x,v2) = inf pi(x, v}, v2), A1(v2) = inf Aq(x, va),
vieS xeRrd

Xa(x,v1) = inf py(x, v1, v5), Az(v1) = inf Ay(x, vy),
vheAy xeRd

Ax(x,v1) = inf pa(x, vy, v5), Ax(vi) = inf Ax(x, v1).
vheS, xeRrd

Now we outline our program for establishing the existence of a
Nash equilibrium. We analyze our game problem by analyzing
the corresponding system of coupled Hamilton-Jacobi-Bellman
(HJB) equations. Suppose that one of the players, say Player 2
announces his strategy v, € S, in advance, then Player 1 tries to
minimize associated cost pi(x, vy, v2) (see, Eq. (2.5)) over all v; €
Aj, which is a (stochastic) optimal control problem for Player 1.
Such an optimal control problem has been studied in [7,13,14]
and it is shown that one can characterize the optimal value and
optimal controls by analyzing the corresponding HJB equation
given by

My(x) = G2y (x) with 4q(0) = 1. (2.8)

It is well known that (see [7]) the principal eigenvalue of the
HJB equation is the optimal value A{(v;) and any minimizing
selector of (2.8) (which is same as the minimizing selector of
(2.4)), i.e., any v} € S; which satisfies

J(UV1(X) = G291 (X) = L7 Y + (%, vER), va()),

is an optimal control for Player 1. In particular, v € &; is an
optimal response for Player 1 corresponding to the announced
strategy v, of Player 2. Note that v} depends on v, and the map

vy (€ S;) — the optimal responses of Player 1

may be multi-valued. Analogous result holds for Player 2 if Player
1 announces his strategy v; € S; in advance. From the above
discussion, it is easy to see that for any given pair of strategies
(v1,v12) € S1 X Sy, one can construct a set of pairs of optimal
responses {(vy,v;) € S; x S} from their corresponding HJB
equations. Clearly any fixed point of this multi-valued map is a
Nash equilibrium. The above discussion leads to the following
program for finding a pair of Nash equilibrium strategies for
ergodic cost criterion. Suppose that there exist a pair of stationary
strategies (v}, v3) € Sy X S, a pair of scalars (1, A2) and a pair
of functions (1, ¥») in an appropriate function space satisfying
the following coupled HJB equations

Ay = 9:2 Y = ﬁzlyvz Y1+ ri(x, vi(x), v3(X)Y¥

M = Gy W = L5 2 4 Ta(x, vE(X), v (0,

then (v}, vy) will be a pair of Nash equilibrium. The above discus-
sion leads us to study the principal eigenvalues associated with
the above coupled equations in the subsequent sections.

3. Dirichlet eigenvalue problem for controlled diffusion oper-
ators

In this section, we discuss the principgl eigenvalue problem
associated with the nonlinear operators G;” on smooth bounded
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domains D C R% The generalized principal eigenvalue of the
semi-linear operator g;” with Dirichlet boundary condition on D
is defined by

A (v, D) = inf{x € R| for some ¢ € W*P(D)N C(D), p > d,
¢ >0, givjq) < Ag in D}, (3.1)
fori #j,i,j = 1, 2. Now we prove the existence of the principal

eigenvalues of a certain parametric family of semi-linear elliptic
pdes.

Theorem 3.1. Suppose that Assumption 1 holds. Let v; € S; and D
be a bounded smooth domain in RY. Then there exists (unique up to
a scalar multiplication) yp € W>P(D)NC(D), p > d, ¥p > 0 such
that

G yp = A1 (vj, D)Yp, (3.2)
Yp=0o0ndD, i j=1,2 with i#j.

Proof. We takei = 1, j = 2. Suppose r; < 0 (this will be dropped
shortly). For ¢ € Cj(D)(:= Co(D) N C(D)), f € LP(D), let

P, F00 = — inf (05, w1, 12000 2 41,3, 1, 1a (NP0 H ),
and consider
324 .
a0 ‘pa(") — (¢, f)(x), with $=0 on aD. (33)
Xj0X;

Then by [31, Theorem 9.15, p.241], [31, Theorem 9.14, p.240],
there exists a unique solution ¢ € WZ2P(D) N C(D), p > d,
satisfying

Ipllw2ppy < k1(lllloo + I171(d. Hllro)). (3.4)

for some positive constant «; = «1(p, D) which is independent of
¢, ¢, f. From [31, Theorem 9.1, p.220], we deduce that

Iplloe < w2l T1( )l a()-

for some constant x; > 0. Hence, from (3.4), we obtain

Ipllwpp) < &3l T5(e. llroy (3.5)

for some positive constant «3. Now consider an operator T map-
ping ¢ € C(}(D) to the corresponding solution ¢ of (3.3), i.e

T(¢) = . Since the embedding W2P(D) < C“¥(D) for p > d
and o € (0,1 — 9) is compact, the operator T is compact and
continuous. Now we want to show that the following space of
functions

{p € C(D): ¢ =vZ(¢p) for some v e [0, 11},

is bounded in C (D). Suppose that there exists a sequence (¢y, vy)
with ||¢n||c — oo and v, — v € [0, 1] as n — oo. Scaling ¢,
approprlately we assume that [|¢n||q 1p) = 1. Hence, in view of
the estimate (3.5), extracting a suitable subsequence, there exists
a nontrivial ¢ satisfying

8 ¢( ) inf (bilx, vr, (%) g’(")

J V1€V i

aij(x ) + r1(x, v1, v2(x))P(x)},
with <]3 = 0 on aD. This is a contradiction to the strong maximum
principle [31, Theorem 9.6, p.225]. This implies that the above
space is bounded. Hence, by the Leray-Schauder fixed point
theorem [31, Theorem 11.3, p.280], it follows that T admits a
fixed point ¢ € WP(D) N C(D), i.e., we have

Gp(x) =f(x), with ¢ =0 on aD.

Also, by the strong maximum principle [31, Theorem 9.6] it is
clear that ¢ satisfying the equation is unique.
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Let X = Co(D) and € the cone of non-negative functions in X.
Now define an operator ¥ which maps f € X to corresponding
solution ¢ € W2P(D) N C(D) satisfying

G2 p(x) = —f(x),

From the above discussion it is easy to see that the opera-
tor ¥ is well defined. Thus, combining [31, Theorem 9.1] and
[31, Theorem 9.14], we deduce that

with ¢ =0 on 0D.

lellwzppy < k1 51;13 lel, (3.6)

for some positive constant «;. From (3.6), it is clear that T is
compact and continuous. Also, from the definition one can see
that € is 1- homogeneous (i.e., ‘I(Af) = A‘I(f) for all > 0).
Suppose %(fy) = o k = 1,2, with f; < f,. Thus, we have
G2 @1(x) > G2 ga(x). Since G)? is concave, it follows that G (¢, —
¢1)(x) < 0. Hence, applying [32, Theorem 3.1] we obtain ¢, > ¢,
and if f; < f, (ie., fi < foand f1 # fz)Athen we have ¢; > ¢,
(see [32, Lemma 3.1]). This implies that ¥ is order preserving. Let
¢ € € be nontrivial nonnegative function with compact support,
hence from the above discussion we deduce that %(¢) > 0. Thus,
one can choose x; > 0 such that x;%(¢) — ¢ > 0 in D. Therefore,
by Krein-Rutman theorem (see Theorem A.1), we conclude that
there exists (k ¥p) € Ry x W2P(D)NC(D) with vp > 0 satisfying

G Yp = iyp

Where yp is unique up to scalar multiplication. Now, r; > 0
(which is the case by our assumption), since ry is bounded in
D replacing rq by (11 — [Ir1llec,p), following the above arguments
there exists (Ap, ¥p) € R x W>P(D)NC(D) with v > 0 satisfying
(3.7).

Next, we show that

in D, and Yp=0 on 0D. (3.7)

Ap = )\T(Uz, D)
Clearly,
Ap = A7 (v, D). (3.8)

Suppose kT(vz, D) < Ap. Then for each ¢ > 0, there exists g <e
and ¢’ € W2P(D)N C(D), ¢’ > 0 such that

G12¢" < (A7 (v2, D) + &) (3.9)

Choose ¢ > 0 small enough such that )\}L(vz, D)+ & < Ap. Also,
we have

2¥p — (A (v2, D)+ &' Wp > G1*¥p — Apy¥p = 0.

Hence by Theorem A.3, it follows that yp = t¢’ for some t > 0.
This gives a contradiction. Therefore we get Ap = )\T(vz, D). This
completes the proof. O

(3.10)

4. Eigenvalue problem for controlled diffusion operators in R

In this section we explore the ex1stence of principal eigenvalue
of the controlled diffusion operator G,’, vj € A; in the whole space
R? and establish their relations w1th the risk-sensitive ergodic
optimal control problem. The generalized principal eigenvalue of
g, in the whole space is defined by
Af(vj) = inf{x e R| for some ¢ € W2PRY) N C(RY), p > d,

loc

¢ >0, gingo < Xiga.e.}. (4.1)

In order to study our game problem we enforce following
Foster-Lyapunov condition on the dynamics.
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Assumption 2.

(i) In bounded cost case: There exist V € C 2QRd) with infga V >
1, constants §, @ > 0 and a compact set K such that

sup LYY < alp — 8V. (4.2)
u;el;,i=1,2
and maxi—12 [|Tillec < 6.
Or,

(ii) In unbounded cost case: There exist V e C*(R?) with
infrpa V > 1, an inf-compact positive £ < C(RY) (i.e., the
sublevel sets {£ < k} are compact, or empty, in R? for each
k € R), a constant & > 0 and a compact set K such that

sup LYY < @lp — £y, (4.3)
u;el;,i=1,2
and fori=1,2
{(x)— sup T1i(x,ug,uy) isinf-compact. (4.4)
ujel;,i=1,2

As noted in [7,9], if a and b are bounded, it might not be
possible to find an unbounded function ¢ which satisfies (4.3).
In view of this, we are assuming (4.2).

For i # j, it is easy to see that under Assumption 2(i)

sup sup limsup
vi€EA 1pEA; T—o0

l log B2 [eﬁf Ti(X(t)vvﬂf),vz(f))dt] < Irilles < 00
X = .

Also, under Assumption 2(ii), applying It6—Krylov formula, it fol-
lows that

sup sup llmsup
vi€A] 1ped; T—oo

log EV" UZ[efo Z(X(t))dt] .9
ming V

From (4.4), it is clear that SUPy, cu; k=1,2 ri(-, ug, up) < k1 + £(-), for
some positive constant . Therefore, we obtain

a
ming V
(4.5)

sup sup limsup log]E”1 02 [efo ri(X(©), ”“)"’Z(t))d[] <K+

vi€EAl 1pEA; T—o0

Now we proceed to prove the existence of the principal eigenpair
to certain semi-linear elliptic pdes in the whole space RY.

Theorem 4.1. Let Assumptions 1 and 2 hold. Suppose v; € Sj, then
there exists a unique ¥ € W2 (RY) N C(RY),p > d, ¢ > 0 such
that

Gy = Ay with ¥(0) = 1. (4.6)
Moreover Afr(vj) is simple and satisfies

M) < M), for i#£) ij=1,2. (4.7)
Proof. Take i = 1,j = 2. Let D = B,,n > 1, denote the open
ball centered at the origin with radius n. From Theorem 3.1, there

exists a (unique) ¥, € W2P(B,) N C(By), ¥» > O in B, with
Yn(0) = 1 satisfying

Q;Z‘pn = )&nwn
Yn = 0 on 3By, (4.8)

where A, = )\}L(vz,Bn). Choose v € Aj, since ¥, = 0 on 9B,
applying Ito-Dynkin’s formula we obtain

Yn(X) < EV122 [efoT(”O‘“)-”‘”’”ﬂx‘””**")dfwn(X(T))I{R,}]
—_ X =
< Walloos, EN22 [e/;f <r1(X(r),vl(r),vz(xm»—xn)dr]

forall (T,x)e R, x By,
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where t is the first exit time of the process X(t) from B, and
1¥nllco.B, = SUPxep, ¥n(X). Thus, taking logarithm on both sides
of the inequality, dividing by T and letting T — oo, it follows
that

An < 11msup

T—o0

log E1-*2 [efo X ul(rxvz(xu)))dr] <o0o.  (49)

Since X, is nondecreasing in n (see, (3.1)), it follows that lim, A, =
A exists.

Now using Harnack inequality (see [31, Corollary 8.21, p.199])
and the interior estimates [31, Theorem 9.11, p.235], we get for
each bounded domain D, there exists ng such that

sup [[¥nllw2ppy < 00. (4.10)

n=np
Hence, by a standard diagonalization procedure and Banach-

Alaoglu theorem, we can extract a subsequence {,, } such that
for some ¥ € W2P(RY) N C(RY), p > 2

Yo — ¥ in W2PRY) (weakly)
Yn, — ¥ in CM¥(K) (strongly) for all compact set K C RY,

(4.11)

where 0 <o < 1— g. Now multiplying both sides of (4.8) by a
test function ¢ € C°°(R") integrating, and then letting n — oo,
we deduce that ¥ € W2P(RY) N C(RY), p > 2 satisfies

loc

G2y = Ay in R (4.12)

From (4.9), it follows that
A < Aq(v2).

Since for each n € N we have v, > 0 it is clear that ¢ > 0 in R?
and since y,(0) = 1 for all n, we have y/(0) = 1. Thus, applying
Harnack’s inequality we deduce that > 0 in R%

Next from the definition of the generalized principal eigen-
value, it is immediate that

A > AT (). (4.13)

Also from the definition of the generalized principle eigenvalue
(see Eq. (3.1)), it follows that

An = AT (v2, Bn) < A (v2). (4.14)

Thus, combining (4.13) and (4.14) we get
A= A7 (v2).

Next we show that any eigenvalue of g corresponding to a
positive eigenfunction in the class W,/ p(Rd) N C(RY) is simple.
This, in particular, would impliy the simplicity of the generalized
principal eigenvalue AT (v;).

Let Yy € W p(Rd)ﬂC(Rd) k = 1, 2 be positive eigenfunctions
corresponding to an eigenvalue A (in particular, we are interested
in A = A]*(vz)) satisfying ¥(0) = 1. Let t; > O be such that

Y1 — toy2 > 0 in Bg.
Let v; be a minimizing selector of 91”2 Y¥1. Thus

L7724y + 11(x, v1(x), v2(X)Y1 = G2 = Ay
L7724 + 11(x, v1(x), v2(X)Y2 = G2 = Ay,
This gives us the following inequality
L2 (Y1 — toa) +11(x, v1(x), v2(X)) (WY1 —to¥2) < A(Y1 —toa).
Since Y1 — tpyy, > 0 in Bg, it follows that

£y (Y1 — toyr2) — (r(x, vi(x), v2(x)) — &) (Y1 — toy2) < 0 in Bg.
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Hence using the maximum principle [31, Theorem 9.6], we have
Y1 — to2 = 0 in Bg and since ¥1(0) = ¥»(0) = 1, we get tp = 1
and hence i; = 1, in Bg. Since the choice of R > 0 arbitrary
(by choosing large R > 0), it follows that ¥y = i in RY. This
completes the proof. O

We denote the eigenfunction corresponding to )\,.*(vj) satis-
fying ¥(0) = 1 by ¥;(v;). Next theorem proves that the eigen-
function v;(v;) corresponding to the principal eigenvalue Af(vj)
admits certain stochastic representation. This result plays crucial
role in obtaining complete characterization of Nash equilibrium
in the space of stationary Markov strategies.

Theorem 4.2. Let Assumptions 1, 2 hold. Then, for v; € S;, the
eigenfunction ;(v;) corresponding to principal eigenvalue )Li*(vj)
satisfies

Vilo)x) = B2 [ef(f’(n-(xum(xm),uz(xu)))—x,*(vmdrwi(vj)(x(fr))],

r>0, (4.15)

where T, is tvh_e hitting time of X(t) to B, and v; € S; is a minimizing
selector of G’ ¥i(vy), fori,j = 1,2 withi #j.

Proof. Takei = 1,j = 2. Let (in, fbn) denote the generalized
principal eigenpair of the Dirichlet eigenvalue problem of £}"? +
r1(x, v1(x), v2(x)) in B, with 1/A/n(0) = 1. Using the monotonicity of
in with respect to the running cost, the following representation
holds (see, [8, Lemma 2.10 (i)])

A 7 I A~
Wn(x) — Ezl’vz I:efor(rl(X(f),vl(X(f)),vz(X(f)))*ln)dfwn(x({-r))l{fr<rn}:|’

(4.16)

where 7, = 7(By), the exit time from B,. Also as in the proof
of Theorem 4.1, it follows that A, 1 A](v1, v2), the generalized
principal eigenvalue of £} + ry(x, v1(x), v2(x)). Again using
Harnack’s inequality and the standard approximation argument
(as in Theorem 4.1), it follows that there exists ¥ € W2P(R?) N
C(RY), ¥ > 0 satisfying

L2+ 11(x, v1(x), 1)) = AT (v1, v2)Y. (4.17)
Consider
RU1v2 I:ef(fr(rl(X(t),vl(X(f)),vz(x(t)))*in)df{”n(x(fr))]{% - )]
X T n
< En2 I:efor(H(X(I)YW(X(t))»vz(x(f)))*)»n)dtw(x(fr))I{{_r«)o):l (4.18)

4 Sal;p [V — WED2 [efo’r(n<X<r>,v1<X<r>>,v2<xm))—in)dr,mqn}] .
.

Using the monotone convergence theorem, the first term in the
r.h.s. of (4.18) converges to

RV I:e]gr(r1(X(t),v1(X(f)),v2(X(f)))—)~T(v1 ’UZ))dtl//(X(%r))I(%r@o]]-

The second term

Sup [y — Y[V [efo (1 (X001 (), va (X))~ e ,ﬁrqn)}
9B,

_ SUPsp, 1o — ¥
B infyp, Yy
= 751”)?3" WIHA_ id J/n(x) — 0asn— oo.

infap, Yy
In the above, we have used the fact that Ym — ¥ — 0 uniformly
over compact sets and infyp, ¥, > 0 (by Harnack’s inequality).
Hence, we get

EV12 [efo"m (X001 (X(0), v (X(O)—n)de Iffn(X(fr))I(;,«n)]

Y(x) < BV I:efofr(r1(X(f),v1(X(f))A,vz(X(f)))*)»T(U]vvz))dfw(x({-r)):l.
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(4.19)
Since
Gy < £ P + 110 i), 02X = Anin,
it follows that
2T (v2, By) < hpyn > 1.
Therefore
AT (v2) < Y (v1, va).
Since v; € S; is a minimizing selector of g;’z ¥1(v2), we have
L1291 (v2) 4 1i(x, vi(X), v2())W(v2) = AL (v2)¥(v2).  (4.20)

Using Ito-Krylov formula, for fixed T > 0, x € BENB,, r > 0 and
n large enough, we have

Vr(v2)(x) = B2 [ef(ff”””(n(xm,v1(X(r»,vz(xm))—x]*(vz>)dr

xmwmmﬁArAmﬂ.

Lettting n — oo, and T — oo and using Fatou’s lemma, it follows
that

Y1(v2)(x)

v

EV-2 [ej;f'(rl(xm,vl(xm).uz(xm))—xl*(vzndr V(v )(X(-Z—r)):l (421)

%

RY1-v2 [e,fJ'(n(xm,v](xm),vz(xu)»—xl*(v],vzndtv, [ X(-Er))]
v :
Hence for each t > 0,

Ya(v2)(x) — tr(x) > ]E)l(mvz [efg’(r1(X(f)$v1(X(f))-,vz(X(f)))f/\T(vl,vz))dt

x(%@ﬁﬂﬁ»—waﬁmﬁ. (4.22)

Thus
Y1 (v2)(x)—t(x) > 0in B, implies that v (v;)(x)—ty(x) > 0in R%.

Now choose t > 0 such that ¥(v;)(x) — ty¥(x) > 0 in B, and
attains its minimum value 0 in B,. Hence ¥/1(v,)(x) —ty/(x) > 0 in
R and attains its minimum in R Now using A] (v2) < A7 (v1, v2),
it is easy to verify that

£7"2(Yn(v2) = ) = (r1(x, vi(X), v2(X)) = A7 (v2)) " (Y1(v2) — t9) < 0.

Hence using the strong maximum principle [31, Theorem 9.6], we
get ¥1(v2) = tyr. Since ¥1(v2)(0) = ¥(0) = 1, we have t = 1.
Therefore, it follows that A (v2) = A] (v1, v2) and ¥, — ¥1(v2)
in W2P(RY) N C(RY).

Thus we have A, 0 AT(vz) and along a subsequence fpn —
Yi(v2) in W2P(RY) N C(RY). Now combining (4.19) and (4.21) we
get the required representation. This completes the proof of the

theorem. 0O

Remark 4.1. From the proof Theorem 4.2, we conclude that
AF(v2) = AT (v1, vp) for any minimizing selector v € S; of the
HJB equation G;?v¥1(v2) = A (v2)¥1(v2), where AT (vq, vy) is the
generalized principle eigenvalue of £V1"V2 +r1(x, v{(x), v2(x)). Sim-
ilarly, )J(v]) = )\;r(vl, v) for any minimizing selector v, € S, of
the HJB equation G,'y,(v1) = AJ (v1)¥2(v1), where A (v, v2) is
the generalized principle eigenvalue of £'1'"2 4 ry(x, v1(x), va(X)).

Now we claim that AT (v2), AJ (v1) > 0. If not, suppose that
)»T(Uz) < 0. Then from (4.15), we deduce that v(vy)(x) >
ming, ¥1(vz) for all x e Bf. Applying Itd6-Krylov formula and
Fatou’s lemma, from (4.6) it is follows that

Ya(v2)(x) > EV1°%2 [efOT(ﬁ(X(f),v1(X(t))ﬁvz(X(f)))*KT(vz))dfw1(vz)(x('r))]

> min ¥(vy )E"1 Y2 [efJ(m (X(f),v1(X(t))A,vz(X(f)))*)»T(vz))df] )
= mi
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Taking logarithm of both sides, dividing by T and letting T — oo,
we get

3T (v3) > lim sup % log EV1-¥2 [efoT r1<X(r>,v1<X(r>>,vz<xm>>dr] >0.

T—o0

(4.23)

This is a contradiction. Thus, A7 (v2) > 0. Similarly A (vi) > 0.

Now we show that the map v; (A,.*(vj), ¥i(v;)) is continuous
in the topology of &; for i,j = 1,2. This result is useful in
establishing the u.s.c. of a certain set-valued map (to be intro-
duced soon), which in turn, will ensure the existence of a Nash
equilibrium.

Theorem 4.3. Let Assumptions 1 and 2 hold. Then the map vj —
(), i) from Sj to R x WEP(RY) N C(RY) is continuous for
i,j=1,2withi#j.

Proof. Takei = 1,j = 2. Let v — w, in the topology of
stationary Markov strategies. From the above observation and
(4.5), we get

o

- s Irille}
ming V

0 < A7 (v3) < max{x; +

Now using Harnack inequality, see [31, Corollary 8.21, p.199], and
the interior estimates [31, Theorem 9.11, p.235], we get for each
bounded domain D, there exists ng such that

sup [[¥1(v3)llwzpp) < 0. (4.24)

n=ng

Hence, by a standard approximation procedure involving Sobolev
imbedding (as in Theorem 4.1), we obtain the existence of ¢ €
WZP(RY) N C(RY), p > d, v > 0 and a limit point A of A (v})

satisfying

%Y = Ay inR?. (4.25)
Clearly
x> At ().

Next we prove the reverse inequality. From Assumption 2, we
deduce that there exist a compact set B(D K) and a constant
6 € (0, 1) such that for all large n € N

o under Assumption 2(i): (SUpy,ey, i=1,2 T1(X, U1, Uu2) — )\}L(vg’))
< 66 for all x € B¢
o under Assumption 2(ii): (Supy,ey; j=1,2 T1(X, U1, Uz) — )\}L(vg))
< 64(x) for all x € B°.
Let ro > 0 be such that B C By,. Applying It6-Krylov formula and

Fatou's lemma, from (4.2) and (4.3), for any (v, v12) € A1 X A,
we deduce that

V2 [e”ro V(X(%ro))] <V(x) and
. (4.26)
B}V [efo 0 Z(X(t))dtv(x(fro))] <V(X) Vxe Bio .

Thus, from Theorem 4.2, for any minimizing selector vy of gfz
Yi(vy) = )»T(ug')%(vg’), and x € Bﬁo, it follows that

Yi(vy)(x) = By [efo""<f1<X<f>’v?<X<r>>svS<X(t>MT<v3ndr

YIX ()|

supg ¥1(v5) ynonp .
< o EL 2|:e€rr06V0 X(% ]
ity (X))
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SupBrO '(pj(Ug) VI 2 s . 4
< 7inf3r0 > (Exl 2 [ero V(X(Tro))])
(by Jensen’s inequality)
<@V(x) (by (4.26)), (4.27)

where one can choose the constant k, > 0 independent of n (by
Harnack’s inequality). This implies that ¢ < &,V? (in the above
calculations replacing § by £, it is easy to see that same estimate
holds true under Assumption 2(ii)). Now for any minimizing
selector vy of (4.6), applying It6-Krylov formula from (4.25) for
some T > 0 we deduce that

Y(x) < EN2 [efo”o”(rl(X(r),m(X(rn.vz(xm))—x)dtw(x(;ro AT))].

In view of (4.26), since ¥ < &»)?, by the dominated convergence
theorem letting T — o0, we get

Y(x) < ]E)‘:L”Z Iiefofro(T1(X(t),v1(X(t)),vz(X(t)))—A)dtl//(X({}O))]

< Ev2 [efo”"<r1(X(r),v1(X(r»,vz(xm))—xf(vz))drw(x(fro))] .

(4.28)
Thus, from (4.15) (fori = 1,j = 2) and (4.28), we have

(Y1(v2) — ¥)(x) > B2 [ ef(;ro(r1(X(t).vl(X(t)).vz(X(t)))fAT(vz))dt

X (W(e2) = YIX(E)) | - (4:29)

Let ky = supg, % Hence (4.29) implies that (y1(vy) — k2¢) >
0 in R%, and for some x; € B;, we have (vy1(v2) — iko¥)(x1) = 0.
Since A > AT (v2), (4.20) and (4.25) give us

L7 (Yr1(v2)— k2 ¥)— (r1(x, v1(X), v2(X))—AT (v2)) " (Y1 (v2)—k2¥) < 0.

Thus, by the strong maximum principle [31, Theorem 9.6], we
obtain ¥(v;) = kK¥. But, we have y1(v2)(0) = ¥(0) = 1,
this gives k; = 1. Therefore, we deduce that v1(v;) = ¥ and
AF(v2) > A This, in particular, implies that A (v,) = A. This
proves the continuity of the map v, — (Af(vz), Y1(v2)) and the
continuity of the other maps follows by analogous arguments. O

Remark 4.2. For any v € Sy, by It6-Krylov formula, from (4.6)
we deduce that

Yi(v2)(x) < EV2 [e/(ff“"(r1(xm,u(X(r)),uZ(X(r»)—xT(u;))dt

X ()X A ) |

—E!2 [ef(f’m(xm.v(xu».vz(xm))—xr(vz))dr

X Y () X(E D <o |
LR [efg"(n(X(r),v(X(r)),vz(X(r»)—AT(vz))dr
X

X ()X @D 200 | - (4.30)

Since ¥1(v2) < &V’ for some 6 € (0, 1) (see Theorem 4.3,
Eq. (4.27)), by mimicking the arguments as in the proof of
[33, Theorem 3.2], it is easy to see that

lim E} [efg"(rl(X(r).vo«r)),uz(xm))—xf(vz))dtwl(vz)(x(,n))ﬂ(znﬁr)] -0

Thus, by monotone convergence theorem letting n — oo, from
(4.30) we conclude that

Tr + o
Yi(v2)(x) < IE)'?’UZ [ejg (r1(X (), v(X(0)), v2(X(£)))—2] (UZ))dtl/fl(Uz)(X(Tr))] .

(4.31)
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Next we show that for each v; € &; the generalized prin-
cipal eigenvalue A;’(vj) is the optimal ergodic cost of Player i,
ie, Al.*(vj) = Ai(y;), fori,j=1,2 withi #j.

Theorem 4.4. Suppose that Assumptions 1 and 2 hold. Then for
i,j = 1,2 with i # j we have

vj)— i(v)).

Proof. From Theorem 4.1, we have )Ll.*(vj) < Ai(vj). Now to prove
the reverse inequality, we approximate the running costs in the
following way:

e When the cost is bounded: let {¢;,} be a sequence of test
functions such that ¢;, = 1in B, and ¢;, = 0 in B ;.
Since [|rillc < 4, it is possible to choose constants 5 >0
small enough such that ||ri||c + 6; < §. For (x,uy,uy) €
RY x Uy x Uy, set

+ (1= ¢in(X)Irilloo + 6),

Tin(X, ur, u2) = @i n(X)ri(x, uy, uz)

VYV neN.
e When the cost is unbounded: For (x, u;, uy) € R¢ x Uy x U,
we define
Iin(X, U1, Up) = 1i(X, Uy, Uz) + (Z( ) — 1%, ur, up)) T Ly

It is easy to see that for r; , satisfies (4.4) fori =1, 2.

Now from Theorem 4. 12 for each n € N, there exists
(AT p(02), Y1n(v2)) € R x WP(R) N C(R?), 2 < p < 00, Y1.a(02)
> 0, satisfying
)‘T,n(UZ)'//l,n(UZ)(X) = 125 272 Y n(v2)

V1 1

+ (X, v1, va(X))Pn(v2)],  with ¥ ,(0) = 1,

(4.32)

and

Al (v2) < inf inf llmsup

log EV1*2 [efo r1aX(©.v1(2), uz(X(r)))dr]
xeRIVIEAT T00

(4.33)

It is clear from our construction that there exists a compact set K
contammgK such that infi, uy)eu, xu, T1,0(X, U1, U) — A] n(UZ) >0
for all x € K. Under Assumption 2(i) one can take X = Bpiq
and under Assumption 2(ii) since r;, is unbounded and it sat-
isfies (4.4) one can suitably choose K which satisfies the above
inequality. Let

#(K) = inf{t > 0: X(t) € K}.

Applying It6-Krylov formula and Fatou’s lemma, for any minimiz-
ing selector v; of (4.32), it follows that

Yrn(v2)(X) = E2 [ef(f“c%n.n(xa),ﬁ1(X(r»,vz(X(r)))—x{ntvz))dr

X Yia(e2)XCEKD) |,
> i}féflhn(vz)’ v x € K.

Thus, by another application of It6-Krylov’s formula and Fatou’s
lemma, we deduce that

. T R 4
W],n(vz)(x) > E;Jl-vz I:efﬂ (Tl.n(X(f)JH(X(t))yvz(x(f)))—ll."(vz))dfwlyn(vz )(X(T))]’

N T N 4
: v (r1,n(X(£),D1(X(£)), v2(X(£))) =27 ,(v2))dt
= inf ()12 [l LX) ],
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Taking logarithm on both sides, dividing by T and then letting
T — oo, we get

AT () = 11msup T

T—o0

log E/172 [ejo X (0. 91(X(0), vz(x(f)))dt]

> limsup = T

T—o0

1OgEv1 2 [efo RX(O.51(X(E).2(X <r>>>dr]_ (4.34)

As in Theorem 4.1, using Harnack’s inequality and Sobolev esti-
mate from (4.32), one can clearly see that yr; ,(v,) is uniformly

bounded in WP(R?), 2 < p < oc. Thus, along a suitable subse-

quence {yr1 5(v2)} converges weakly in W,OC P(RY), 2 <p < o0, to
some Vy.(v;) € WEP(R?), 2 < p < oo, and strongly in Cll “(RY),
a@ € (0,1). It is clear from (4.33) and (4.34), that { 2(v2)}
is a bounded sequence. Thus, along a further subsequehce it
converges to a constant Aq ,(vz). Now as in Theorem 4.1, letting
n — oo in (4.32), we get (A1.(v2), Y1..(v2)) € R x w,ﬁg’(zed)
2 < p < o0, satisfies

A2 4(v2) = Uil;sl (277291 .4(v2) + 1%, V1, v2(X)rr4(v2)]
V1,.(v2)(0) =

Following the argument as in Theorem 4.3 (see (4.27)), one can
show that ¥ ;(v;) < &2V, uniformly in n for some constant &, >
0 and @ € (0, 1). This implies that, the limit ¥y .(v2) < &V, Let
v € S1 be a minimizing selector of (4.6). Now, by the arguments
as in Remark 4.2, for each large n € N, we have

(4.35)

Y1n(v2)(%) < E;mvz I:efor’(rl‘n(X(t),ul(X(t)),vz(X(t))) Tn(v2) )dfw (X(‘L’r))]

V x € B, (4.36)

for some r > 0. Since 1 5(v2) < £2V? (uniformly in n), in view
of estimates as in (4.26), by the dominated convergence theorem
letting n — oo from (4.36) we deduce that

Yr.4(v2)(X) < EV1Y2 I:eforr(T1(X(f),v1(X(t))-vz(X(f)))—M,*(vz))dtwlq*(x(.ﬁc))]’

(4.37)

for all x € BE.

From (4.34), it is easy to see that Ai.(v2) > Aq(v2). To
complete the proof, we have to show that Af(vz) > Ar«(v2). If
not, let Af(vz) < A1,4(v2). From Theorem 4.2, we have for x € B¢

Vr(v2)(x) = E12 [ef.;f<r1<X(t>,v1(xu)),vz(xum—xf(vz>>dt¢1(vz )(X(.Er))]
> E;‘levz I:efo"(h(X(t),vl(X(t))vvz(X(t)))*M,*(vz))dfwl(vz )(X(‘Er))]

(4.38)
From (4.37) and (4.38), it follows that

i . N _
(W](Uz) _ W],*(Uz))(x) > E)l(n.vz I:efo (r(X(£),01(X(£)), 02(X(£)))—A1 5 (v2))dt

X (4 = Y1 )X(ED) |-

This implies that (¥(v2) — ¥1.+(v2))(%) > 0 for all x € RY, if
it holds in B,. Now multiplying v .(v2) by a suitable positive

constant (say, kl = infp, x//‘/?((g))) we obtain that (y¥(vy) —

1/}1,*(v2)~)(x) > 0 in B, and it attains its minimum value 0 in B;,
where ¥ .(v2) = kﬂ//]’*(vz) It is clear that 1//1 «(v7) also satisfies
(4.34). Thus, from (4.6) and (4.34) (for 1//1’*) we obtain

L2 (Yr1(v2) — Y4(v2)) — (11 (x, v1(x), V(X))
— hx(2))” (Y1 — Y1)
< —(ri(x, D1(x), D2(x)) — A1.+(v2)) T (Y1 (v2) — Y1,4(v2)) < 0.
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Thus, by an application of the strong maximum principle as in
[31, Theorem 9.6], we have 1(vy) = Y1 «(v2). Since ¥r1(v2)(0) =
1/f1$*(U2)(0) = 1, we obtain 1/[1(1)2) = 1/f1,*(U2). Hence, from (4.6)
and (4.34), we deduce that

M (v2)¥1,4(v2) < AT (V)Y (v2).

Since ¥ «(v2) > 0, we conclude that }\T(vz) > A1.4(v2). This

contradicts the fact that )\T(vz) < X1.+(v2). Therefore we obtain
)»T(Uz) > A1.+(v2). This completes the proof of the theorem. O

Remark 4.3. By closely following the arguments as in the proof
of Theorem 4.4, one can conclude that for any (vq, v3) € S X
S, the generalized principle eigenvalue Af(vh vy) of £z 4
ri(x, v1(x), v2(x)), satisfies A (v, v2) = pi(x, v1, v2) fori = 1,2
and x € R%

5. Existence of Nash equilibrium

In this section using Fan’s fixed point theorem, we establish
the existence of Nash equilibria in the space of stationary Markov
strategies. Also, exploiting the stochastic representation of the
principal eigenfunctions of the associated coupled HJB equation
we completely characterize all possible Nash equilibria in the
space of stationary Markov strategies.

Let (v, v2) € S; X S,. Define

N(v1,v2) = Ni(v2) x Na(vq), (5.1)
where

Ni(ez) = o} € 81| Filx v}, v200) = inf Fix, o1, val)) ace. x),
v1eVy

Fi(x,v1, v2(x)) = (b(x, v1, va(x)), Vif1(v2))
+ T'1(X, V1, ‘Uz(X))l//](l)z), X e Rd, vi €V, 1 €Sy
and

Ny(vq) = {U; € Sy | Fax, v1(x), v3(x)) = in\g Fa(x, v1(x), v2) a.e. X},
VEV)

where

Fa(x, v1(x), v2) = (b(x, v1(X), v2), Vi2(v1))
+ ra(x, v1(X), Uz)wl(vz), X e Rd, vy €V, vy € 57

By a standard measurable selection theorem (see, [34]), it is
clear that Ny(v;) is nonempty. Also, it is easy to see that Ny(v;)
is convex. Under the topology of S;, one can show that Ny(v,) is
closed in &7, hence compact. Similarly, one can show that Ny(vq)
is nonempty, compact, convex subset of S,. Therefore N(vq, vy) is
nonempty, convex and compact subset of S; x S,. To establish
the existence of a Nash equilibrium, we next prove the upper
semi-continuity (u.s.c.) of the map (v, v,) — N(vq, v2) from
81 X & — 251*%2_In order to do so we impose some additive
structure on the drift of the state dynamics and the running cost
function, which is known as ADAC (additive drift and additive
cost) condition, given as follows.

Assumption 3. We assume that b : R? x U; x U, — R? and
fi:RYx Uy x Uy = Ry, i = 1,2, admit the following additive
structures given by
b(x, u, uy) = by(x, u1) + ba(x, up)
Fi(x, ug, Up) = 1y 1(x, ug) + r1.2(x, up)
where by, b, Ti1, i satisfy the conditions in Assumption 1(i)-
(ii).

Next lemma shows that our set valued map (v, v;) +—
N(vq, vy) is upper semi-continuous.
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Lemma 5.1. Let Assumptions 1-3 hold. Then the map (vq, v2) —
N(v1, v2) from 81 x S; — 251%%2 js ys.c.

Proof. Consider a sequence {(vf,v})}, in 8; x &, such that
(v}, v5) = (v1,v2) € 81 x S,. Choose D} € Ny(v}),n > 1. Since
&1 is compact, there exists a subsequence (denoting by the same
notation without any loss of generality) {0]} such that 0] — ¥,
for some v € Sy. Then (97, v5) — (91, v2) in S; X Sy. In view of
Assumption 3, the continuity results as in Theorem 4.3 and the
topology of S;, i = 1, 2, we deduce that

(b(x, D7(x), v3(x)), Vi (v3)) + ri(x, 07(x), v3(x))1(v3)

converges weakly in [2 (RY) to

(b(x, D1(x), v2(X)), Vir1(v2)) + r1(x, D1(X), v2(X))¥1(v2).

Thus, by Banach-Saks theorem [35], there exists a subsequence
of the former whose convex combinations converges strongly in
L,ZOC(Rd) to the latter. Therefore, along a suitable subsequence of
the convergent sequence of convex combinations (without any
loss of generality denoting by the same notation), it follows that

nlim Fi(x, 07(x), v3(x)) = F1(x, D1(X), v2(x)), a.e. in x. (5.2)

By analogous arguments, for any fixed 51 € 81, we have

lim Fi(x, 01(X), V2(x)) = Fy(x, v1(x), v2(x)), a.e. in x. (5.3)

Since 9] € Ny(v5), from the definition of the set Ny(v5) it is easy
to see that

Fi(x, 01(x), v3(x)) = Fy(x, d}(x), v3(x)), forall n> 1.
Thus, from (5.2) and (5.3), we obtain

Fi(x, 01(x), v2(x)) = Fi(x, 91(x), v2(x)), for any v; € 51.

This implies that 9, € N{(v,). By similar argument, one can show
that if 9 € Ny(v]) and 9} — ¥, in S, then ¥, € No(vq). This
proves that the set valued map is u.s.c. O

In view of the u.s.c. of the above set valued map, using Fan's
fixed point theorem, we now establish the existence of Nash
equilibrium in the space of stationary Markov strategies.

Theorem 5.1. Let Assumptions 1-3 hold. Then there exists (v}, v3)
€ S1 X S, such that

AT (v3) = AT (vi, v3) and AS(v) = AS (v}, v3).

In particular, we have (v}, vy) € 81 x S; is a Nash equilibrium.

Proof. From Lemma 5.1, we know that the set valued map
(v1,v2) = N(vq,v2) from 8§ x S; — 251%%2 js u.s.c. Thus, by
Fan’s fixed point theorem [29], there exists a fixed point (v}, v}) €
81 X 8, of the map (vq, v2) = N(v1, v2), i.e, (v], v3) € N(v], v3).
Therefore, it follows that (A7 (v3), ¥1(v3)), (A (v]), ¥2(v])) €
Ry x W2P(RY) N C(RY), p > 2, satisfy the following coupled H]B
equations

MR = 6P yn)x) = £y ()

+ r1(x, vX), V30N (vE)(X) (5.4)
and
WX = GnE) = £ ()

+ 1a(x, VI(X), V3O (v )(X). (5.5)

From Remark 4.1 (also see Theorem 4.2), it is easy to see that

AT(v3) = AT (vi,v3) and Af(vi) = Af (v}, v3).
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Therefore, in view of Theorem 4.4 and Remark 4.3, we conclude
that

p1(x, v1, v3) < p1(x, v1, v3) and  pa(x, vi, vy) < Pa(x, VT, V2),

for all v; € Aq, v2 € A, and x € R This completes the proof of
the theorem. O

In the above theorem we have shown the existence of a
Nash equilibrium in the space of stationary Markov strategies.
Conversely, we now prove that if there exists a Nash equilibrium
(v, V3) € S1 X Sy, then (v, v7) is a pair of minimizing selectors
of the associated coupled HJB equation.

Theorem 5.2. Suppose that Assumptions 1-3 hold. Then, if (07, v3)
€ S1 X Sy is a Nash equilibrium, i.e.,

01(X, U5, 03) < pa(x, 01, 03), Y Uy € Ay, x € RY,
02, U5, 03) < pa(x, 0%, 02), ¥ Uy € Ag, x € RY,

then (vi, v3) is a pair of minimizing selector of the corresponding
coupled HJB equation
Gy Y (T5)(%).

K@ (5)(0) (5.6)

23N = G Ya(T)X). (5.7)
Proof. By limiting arguments as in Theorem 4.1, for the given
pair (v}, v3) € 81 x S, one can prove that there exists a principal
eigenpair (A (3}, 03), Y1(3}. 13)) € Ry x Wil (RY), 00 > p > 2,
with yr(v7, v3) > 0 satisfying the following
@ B (], 53) = £y (8, 53)
+r1(x, 07(x), V3 (X))Y1 (07, V3)
20 =1 (5.8)

From Remark 4.3, we deduce that A} (9}, 93) = p1(x, 0%, 03). By
similar argument as in Theorem 4.2, we have

V(T T)(x) = Eo [e./J’(n(X(r),a;‘(xa),ﬁ;(xu)))—xmf,a;)))dr

X (@}, BIX(E) ], (5.9)

for some r > 0. In view of Theorem 4.1, for given v; € S, there
exists a principal eigenpair (A7 (93), v1(13)) € Ry x W2P(RY),
¥1(v3) > 0, 0o > p > 2, satisfying

MBS = G yn(T3) with  y(25)(0) = 1.

Remark 4.1 implies that for any minimizing selector v} € S; of
(5.10), )\T(ﬁ;) = pi(x, v7, v3). From (5.10), it is easy to see that

T EWA(3) < £ 9(55) + 1, B7(), T500)0n(53).

By Ito-Krylov formula, as in Theorem 4.1, we obtain AT(E;)
pi1(x, v7, v3). But we already have p(x, v}, v3) < pi(x, v, V3
Y 91 € Ay, x € RY. Therefore we get A](03) = pi(x, 05, 03) =
p1(x, v}, v3). Following the proof of Theorem 4.2, we get

(5.10)

(5.11)

<
),

(T)x) < Efi‘vf)i‘ [effffm(X(r),af(X(r)w;‘(xu)))—xT(vB;))drwl(l—);ﬂ)(X(;r))].

Now applying the maximum principle as in Theorem 4.3, one
can deduce that ¥1(v5) = v¥1(v7, v3). Thus, from (5.6) and (5.8),
it follows that v} is a minimizing selector of (5.6). By similar
arguments one can show that v; is a minimizing selector of (5.7).
This completes the proof of the theorem. 0O
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Appendix

In this section we state some important results which we have
used in our proofs. First we recall a version of the nonlinear
Krein-Rutman theorem from [36].

Theorem A.1. Let ¢ be a nonempty closed cone in an ordered
Banach space X satisfying X = € —¢& (where¢—¢ :={f—g:f,g €
¢}). Suppose that ¥: X — X is order-preserving, 1-homogeneous,
completely continuous map and for some nonzero f, and M > 0, we
have f < MZf. Then there exists . > 0 and ¢ # 0 in € such that

T = A

Here < denotes the partial ordering in X with respect to the
cone ¢, i.e,f < gifandonlyifg—f € €. Also, we recall that a map
T : X — X is called completely continuous if it is continuous and
compact. Now we state the Aleksandrov-Bakelman-Pucci (ABP)
estimate for certain semi-linear differential operator.

Theorem A.2. Llet v; € S and Ti(x, uq, up) < 0 for all (x, u1, uy) €
R x Uy x Uy and i,j = 1,2 with i # j. Suppose that ¢ €
W2P(D)N C(D), p > d, satisfies

loc

G67¢ > f(x) in{p>0)ND, with¢ =00naD. (A1)
Then the following inequality holds
supp™ < supopt +&|f” ll14(p)»
D oD
for some constant positive constant k.
Proof. Since b is jointly continuous, M := SUPxeD,uy eUy, uyely

|b(x, u1, uz)| < oco. From (A.1), we deduce that
2

a2 )+ MV = F(x) in (¢ > 0}ND,

with ¢ = 0 on dD.
0X;0X;

Therefore, the result follows from [37, Proposition 3.3]. O

We also need the following maximum principle for small
domains, which follows from Theorem A.2.

Lemma A.1. et v; € & Then there exists g > 0 such that if
ID| < €, then any ¢ € W2:P(D) N C(D) satisfying

G’¢ > rp, inD,
¢ <0onoaD

for some A € R, is nonpositive in D, where i Zjandi,j=1, 2.
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Proof. Take —(lclloc + [A)l¢l = f and M = supp,y, .y,
|b(x, u, uy)|. Since on {¢ > 0}, we have f~ = (||c|leo + |A])o™.
Thus, from (A.1), we get

supp™ <supgp’ + K||¢+||Ld(D),
D D

= (2K)4, it

for some constant IA<(> 0). Now for the choice ¢p
follows that for |D| < ¢,

1
supp’ < —supo™,
D 2 p

which is possible only when supp ¢+ = 0. Hence ¢ < 0 in D. This
completes the proof. O

In view of the above lemma we have the following results.
This is useful in establishing simplicity of the generalized prin-
cipal eigenvalue of smooth bounded domains D. The proof of the
following theorem follows from [32, Theorem 4.1]

Theorem A.3. Let v € Sjand ¢, ¥ € W.P(D)N C(D),p > d
satisfies for some X € R

G’y < Ay, ¥ >0inD,
G’¢ > Apin D,
@ < 0o0naD, g(x) > 0,

for some xo € D, then = ty for some t > 0, where i # j and
ij=1,2.

Proof. Choose a compact C C D such that [D\C| < e,
where ¢ is given by Lemma A.1. Then, following the proof of
[32, Theorem 4.1] and using the small domain maximum prin-
ciple as in Lemma A.1 the result follows. 0O
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