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Abstract

In this article we will study the delay tolerance for stable hybrid stochastic differential equations with Lévy noise (SDEs-
LN) under global Lipschitz coefficients. Based on Razumikhin technique, we will show that when the hybrid SDEs-LN
without delay is pth moment exponentially stable (p-MES), the system with small delays is still p-MES. We will also
obtain explicit delay bounds for p-MES. Finally, an example about neural network will be provided to illustrate the

effectiveness and feasibility of theoretical results.
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1. Introduction

As a class of important mathematical models, hybrid
stochastic differential equations (SDEs, also known as s-
tochastic differential equation with Markovian switching)
have been widely used in finance, networked systems, math-
ematical biology and so on. During the long history of
hybrid SDEs research, one of the most concerned topics is
the asymptotic analysis of stability. Mao [1] studied sever-
al kinds of stabilities (e.g., stability in distribution, almost
sure stability, exponential stability, etc.) for the following
hybrid SDEs

dY(t) = f(Y(t)a Q(t), t)dt + g(y(t)v q(t)a t)dB(t)a (1)

where the state Y (t) takes values in R™ and the mod-
e ¢(t) is a Markov chain taking values in a finite space
S ={1,2,---,M}, B(t) is the standard Brownian mo-
tion. This form of hybrid SDEs can be used to describe
a class of random phenomena, which have the continuous
and relatively stable features. Nevertheless, in many prac-
tical applications, the systems often reveal discontinuous
paths as well as structural changes (see, e.g., [2, 3]). For
example, in finance, affected by the market crashes and
national policies , the stock price shall have rapid and sig-
nificant change. In biology, the abrupt and unpredictable
environmental disturbances such as typhoon, floods, etc.,
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might have significant effect on population dynamics. Un-
der many real circumstances, it is natural and reasonable
to consider hybrid SDEs-LLN, which can capture the fea-
tures of jump discontinuity. There are many literatures
studied the stability of hybrid SDEs-LN of the following
from different perspectives (see, e.g., [4, 5, 6, 7, 8])

dY (t) =f(Y'(t),q(t))dt + g(Y (t),q(t))dB(t)

4 [ B )t 0N o),
R,

n
0

(2)

where N(dt,dz) is a compensated Poisson random mea-
sure. The general theory of stochastic differential equa-
tions with Poisson’s measure is presented in the book (see
[9])-

On the other hand, delay is often unavoidable for many
applications. For instance, users have to queue up be-
fore leaving from the service during the queuing networks
scenes [10]; In cellular neural networks, signal propagation
is inevitably subjected to traffic congestion caused by the
limited switching speed of the amplifiers [11], and so on.
To depict the event-driven delay phenomenon, it is imper-
ative to introduce and study hybrid stochastic functional
differential equations (SFDEs, including stochastic delay
differential equations). As we all known, the existence of
time delays may cause instability for hybrid SFDEs (see
12]).
[13, 14]) a contrary situation: an unstable system can be
stabilized via delays. One key question is: In order to p-
reserve the stability, how much delay can a hybrid SFDEs

There is also well known in literature (see, e.g.,
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bear? This also can be considered as delay tolerance for
stable hybrid SDEs. This question is a region of stirring
research. Nguyen and Yin [15] investigated that the stabil-
ity of SFDEs with regime-switching is preserved under de-
layed perturbations when the delay is small enough. Song
and Mao [16] investigated the more general hybrid SFDEs
of the form

dY (t) =f (1 (Yz, t), q(t), t)dt

3)
+ 9(1/12 (}/ta t)? q(t)7 t)dB(t)v

where B(t) is the standard Brownian motion. They proved
that if the corresponding SDEs (1) without delay is almost
surely exponentially stable, so is the SFDEs (3) provided
the time delays are sufficiently small. Yuan and Mao [17]
investigated the sufficient conditions for stability of hybrid
SFDEs with jumps in the sense of almost sure stability,
stability in distribution, and exponential stability in mean
square. Zhu [18] obtained the p-MES problem of stochastic
delay differential equations driven by Lévy processes.

Although a lot of outstanding works for the stability of
SDEs-LN and SFDEs have been investigated up to now,
the problem of delay tolerance for hybrid SDEs-LN has not
been considered, which is still an interesting and challeng-
ing research topic. We will address this gap in this article.
The main idea of the article is: if the hybrid SDEs-LN (2)
is p-MES (p > 2), how much delay can tolerate such that
the corresponding hybrid SFDEs-LN

AY (1) = F (0 (V2), q()dt + g(6a(¥2), (1) dB()
+ / h(s(Yi), q(t), 2) N (dt, d),
R,

n
0

(4)

remains stable, where f : R" xS — R", g : R" xS — R™*",
h:R*"xSxRy - R", Y, ={Y(t+u):ue -0}
Y1,%9,3 : D([-7,0],R") — R™, 7 is a positive number.
Due to the existence of time delays, it is tough to con-
struct appropriate Lyapunov functional method study the
delay tolerance of hybrid SDEs-LN. Meanwhile, distinc-
t from the almost surely continuous Brown process B(t),
the sample trajectories of Lévy process are right continu-
ous with left limits almost surely. Hence, we need a useful
and powerful method to overcome these issues. It should
be pointed out that the Razumikhin technique is one of
the most useful methods in the study of stability. The
Razumikhin technique is developed to handle the difficul-
ty caused by the non-differentiability and rapid shift of the
time delay. Mao firstly applied the Razumikhin method to
establish exponential stability for SFDEs [19] and neutral
SFDEs [20]. Mao et al. [21] investigated the polynomi-
al stability of hybrid stochastic systems with pantograph
delay based on Razumikhin technique. By employing the
Razumikhin technique, Li et al. [22] studied the robust

stabilization of continuous-time hybrid stochastic systems
with time-varying delay. Therefore, inspired from these
discussions, Razumikhin method is adopted to study the
delay tolerance for hybrid SDEs-LN in this paper.

The key contributions of this paper are in two aspect-
s. First, existing delay tolerance works mainly focus on
hybrid SDEs driven by Brownian motion, we incorporate
the Lévy noise into the hybrid SDEs, which extends ex-
isting models in Song and Mao [16], Zong et al. [23] and
Guo et al. [24] and allows more flexibility in modelling.
Second, we obtain the explicit delay bounds directly for
the moment exponential stability by means of Razumikhin
technique. Compared to construct traditional Lyapunov
functional method, Razumikhin technique has advantage
of easy completing. It should be emphasized that the proof
about stability for hybrid SFDEs-LN is not a straightfor-
ward generalization of that for hybrid SFDEs. The tech-
niques of analysis are remarkably different.

2. Notation and Assumption

Let | - | denote the Euclidean norm or the matric trace
norm, respectively. R™ denote the n-dimensional Euclidean
space. If A is a vector or matrix, its transpose is denot-
ed by AT. If A is a matrix, its trace norm is denoted by
|A| = y/trace(AT A) while its operator norm is denoted by
|A|| = sup|Ax| : |z| = 1. If D is a set, we use Ip denote
the indicator function of D.

Let (Q, F,{F:}i>0,P) be a complete probability space
satisfying the usual condition on which is defined an n-
dimensional standard F;-adapted Brownian motions. Let
{n(-)} be an Fi-adapted Lévy process with Lévy measure
v(-). Denote by N(-,-) the Fi-adapted Poisson random
measure defined on Ry x Ry:

N(&U) = Y Tu(An) = > Tu(n(s) —n(s)),
0<s<t 0<s<t

where U is a Borel subset of R} = R™ —{0}. The compen-
sator N of N is given by N (dt,dz) = N(dt,dz) — v(dz)dt
with v # 0 and v(Rf) < oo. Let ¢(¢), t > 0, be a
right-continuous Markov chain with finite state space S =
{1,2,--+, M} on the probability space. The generator of
{q(t)}+>0 is defined by I' = (vi)mxm, so that for a suffi-
ciently small § > 0,

~itd + 0(0)
14 7vud + 0(6)

ifi 1,

P{q(t+5)l|q(t)i}{ ifi =1

where o(9) satisfies lims_,q %‘S) = 0. Here ~;; is the tran-

sition rate from ¢ to [ satisfying v; > 0 if ¢ # [ while
Yii = — Z#l ~vi1- As a standing hypothesis we assume in
this paper that the Markov chain is irreducible. We also
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assume that B(-), N(:,-) and ¢(-) are mutually indepen-
dent.

Denote by D([—7,0];R™) the family of all cadlag (i.e.,
right continuous with left limits) function ¢ : [-7,0] —
R™ endowed with the ||| = sup_,<,<o [¥(u)]. For ¥ €
D([-7,0]; R™), define o

D() = [9(u) — 9(0)].

sup
—7<u<0

Let D% ([-7,0];R") be the family of all Fo-measurable
bounded D([—7,0]; R™)-valued random variables £ = {£(6) :
—7 < 6 < 0}. For t > 0, denote by ]Lg_—t([—T, 0]; R™) the
family of all F;-measurable D([—,0]; R”’)—Valued random

variables ¥ = {9(0) : —7 < 6 < 0} such that sup E|J(0)P
—7<60<0
< 00.

In order to investigate the delay tolerance for stable
hybrid SDEs-LN, we need the following assumptions.

Assumption 2.1. Assume that f(0,i) = g(0,i) = h(0,1, x)
= 0 and there exist three nonnegative constants Ky, Ko

and K3 such that

Fd) — Fz D) < Kaly — 2],
/ (i @) — Bz, i, @)Prda) < Kaly — =7
RS

forally,z€eR", i€S andp > 2.

Assumption 2.2. Assume that for j =1,2,3,

95 (0) = ¥5(D) < [ — ¢l and [¢5(9) — 9(0)] < D(¥),
where ¥, ¢ € D([—,0]; R™).

We notice that 11(0) = ¥2(0) = ¥3(0) = 0,for all t > 0.
These assumptions imply that

|f (01 (D), 0) — f(1(9), 1)| < Kql[d — &,
lg(2(0),7) — g(¥2(0),4)| < K9 — ¢,

[ ha0).i,) = ha0). ) Polde) < Kol — olP
0
for all ¥,¢ € D([—7,0];R™). It is well known (see, e.g.,
[25]) that under these assumptions, the hybrid SFDEs-LN
(4) has a unique solution on ¢ > —7.

Let C?(R" xS; R, ) denote the family of all nonnegative
continuous functions V' (y,¢) on R™ which are twice contin-
uously differentiable in y. Define an operator L, associated

with hybrid SDEs-LN (2), acting on V € C?(R" x S;R,)
by

+ %trace[(g(y, i) Vi (v, 1)9(y, )]

+ / V(y+ h(y,i,2),7) — V(y, i) (5)

0
M

— Vy(y,i)h(y, i, z)]v(dx) + Z%lv(ya ),
1=1

oV (y,i oV (y,i .
i), ) () =

. OV (y,i
where V,(y,i) = ( 6(51 9,
(QQV(yﬁi))
Our0Ys ) s

Before presenting the delay bound for the stability of
the hybrid SFDEs-LN, we present an important Lemma.

The following Lemma provides a sufficient condition
for moment stability in terms of a Lyapunov function.
Lemma 2.3. (see [8]) Let Assumption 2.1 hold. Let aq,
as, B, p be positive numbers. There exist a function V :

R" x S — Ry such that V(-,i) € C*(R") for each i € S

satisfying

arlyl’ < V(y,i) < azlyl?,

LV (y,i) < =BV (y,1)

(6)

for all (y,i) € R™ x S. Then the hybrid SDEs-LN (2) is
p-MES, i.e.

a —
EY (O < 2[3ppe . ™

3. Main results

In this section, we will establish the Razumikhin tech-
nique to study the p-MES for hybrid SFDEs-LN, which
plays a key role in the proof of our main results. For hy-
brid SFDEs-LN (4), let V € C?*(R" x S;R;), define an
operator LV from D([—7,0;R™) x S to R by

+ Stracel(g(62(9), ) Vo (900), g (62(9), )

+ / V0) + hs(9),1,2).6) — V(©1(0), ) (8)

0

M
— V,(9(0), i) h(3(9), 4, ) (dx) + Y _ 7V (9(0),1).

=1
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Theorem 3.1. Let v, p, a1, az, be all positive numbers
and ¢ > 1. Assume that there exist function V(y,i) €
C?(R™ x S;Ry) such that

arlyl? < V(y,i) < aslyl’, V(y,i) eR" xS,  (9)
and also for allt >0

B[ max £V(9.9)] < —E[ max V(9(0).9)]  (10)
provided 9 = {9(0) : —7 < 6 < 0} € LI ([-7,0;R")

satisfying

E[lgignMvw(e),i)} < qE[lg%vw(o),i)} (11)

for all @ € [—7,0]. Then, for all £ € Dg_-o([fr, 0]; R™)
ElY (56 < ZE[gre™ ont>0,  (12)
ay

where A = min{~, log(q)/7}.

Its proof is a generalization of Theorem 8.9 in [1]. Different
from Mao’s works, we focus on hybrid SFDEs-LN, which
the sample paths are right continuous with left limits. The
proofs can be found in Appendix.

We now apply the Razumikhin Theorem 3.1 to deal
with the delay tolerance for stable hybrid SDEs-LN.

Theorem 3.2. Let Assumption 2.1, 2.2 and the condi-
tions of Lemma 2.8 are valid. Moreover, there exist posi-
tive numbers p > 2, q > 1, as, ay and a function V(y,i) €

C?(R"™ x S;Ry) such that

Vy(y,9)| < asly[P~",

(13)
IVyy (y, ) < aalylP=>
for all y € R™. Assume also that
Elg;(9)P < sup E[I(u)|? (14)

—7<u<0
for all t > 7 and those ¥ = {J9(F) : =27 < 0 < 0} €
LY ([=27,0]; R™) satisfying

E[ min vw(e),i)} <qE[ ma V(ﬂ(()),z')] (15)

1<i<M 1<i<M

for all 0 € [-27,0]. If
a 1 1
a1f3 >a% [Kias(K,)7 + K3ay(K,)»
+ a4a52p_4(K3KT)%/(K3 + J)(%il)

G405

D (16)
+as(K3K,)v JJ5Y 4 —5 KK,

+a32" "% (K3KT)%/('] + Ks)(%_l)],

where J = v(RY) < 0o, a5 =273V 1,

K. =r[(37)P 7 K? + 3P~ 1121 KEp,

+ (3P p K8 4 3Py K],

pp+1 g p P -3
=[— = —1)2?P
Po [2(p71)p*1] , P2 (pfl)p(p )2P7,
and
p2 D p_ 1. (p=3)
=T Ep-DEp -2t

p—1
then the solution of (4) is p-MES.

Remark 3.3. The condition (14) is not empty, for exam-
ple: (V) = Y (t = 7(1)), oY) = [ Y (t + 0)do.

Before proving this main theorem, we first give the follow-
ing useful lemma.

Lemma 3.4. For allt > 7, we have

EDYV)P <K, swp EY(E+0)F.  (17)

—27<0<0

Proof: By Holder’s inequality, Burkhélder-Davis-Gundy’s
inequality and Kunita’s estimates, we can derive from (4)
that

E[D (Y,
<@rp Kt [ B
+377 5 K g /ttr Bl (Yy)["ds
S NSRS R,
+3 i [ / M) gl s
<@kt [ B

t
4 3p—1T%—1K§pO/ A
t—1

t

+ (3P Ip Kyr 81 +3”’1p2K3)/ Elys(Ys)[Pds

t—r
< [(37’)?_1Kf + 3”_17%_1K§p0 + (3P p Kar 2t
¢
+ 3P py K3)] / sup E|Y(s+ u)|Pds
t—r —7<u<0

<K, sup E|Y(t+0)P.

—27<6<0

Thus, the proof is complete. O
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We can now begin to prove Theorem 3.2. The proof is
an application of the Theorem 3.1.
Proof of Theorem 3.2. Obviously,

arlyl” <V (y,i) < azlyl?.
In the next, we need to show that

E{ max LV (9, z)] < —'yE[ max V(ﬁ(O),i)} (18)

1<i<M 1<i<M

for all ¢ > 7 and those 9 = {9(0) :
IL‘pJ-‘t ([-27,0]; R™) satistying

E[lgignMvw( ), )} < ‘IE[ max V(9(0 )w’)} (19)

for all 6 € [—27,0].
To show (18) under (19), we compute LV (,14) as follows

LV(9,7)

—21 < 0 <0} €

M
=V, (9(0),4) f (V1 (9),4) + Y _ vV ((0), 1)
=1

+ Strace(g(v(9),)) Vi (900), D (v(9),1)] 20
+/R [V (9(0) + h(vs(9), i, x),i) — V(9(0),1)

= Vy(9(0), )h(¥3(9), i, x) v (dx).

Note that

| A (21)
+V,(9(0),8) [f (1 (9),1) — F(9(0), )],
and
(9(2(9),1)) " Vi (9(0), 8) g (2(9), 1)
=(gw<o> ))T S (9(0),1)9(9(0), )

+ (g(w2(0), z)) Vyy (9(0), ) (22)
% (g(12(9),1) — g(9(0), 7))
+ (g(w2(9),1) — g(9(0),1))"

X Vyy (9(0),7)9(9(0), ).

Meanwhile, using Taylor’s formula, we can derive that
V(0(0) + h(ys(d), 4, x), 1) — V(9(0),4)
= Vy(9(0), )h(ys(9), 4, x)
=V (9(0) + h(9(0),4,z),7) — V(9(0), 1)
= Vy(9(0),9)h(9(0), 4, z)
+ V(9(0) + h(¢5(0),i,x),14)
—V(®©(0) 4+ h(90),4,z),4)

=V, (9(0 ) ( (0),,),1)
x (h(¢3(9),,2) — h(1(0),i,))
+V, (9 () )( (9(0),4, ) — h(1h3(9), i, z))
+V (19() ( (0),4,),1)
x (h(¢3(9),i,2) — h(9(0),1,z))

=V (9(0) + h(9(0),i,x),1) — V(1(0), )
V, (9(0),§)h(9(0), 4, z)
<< 5(9),4,2) — h(9(0),4,2))"
xvyyu + h(9(0),i,x)

)
+ 0(h(s3(9), 4, ) —
( (¥ ( )

Vy (0

(19( )
( (¢3(9),i fﬂ)—h 19(0)»1}96))7

where 0 < 0 < 1.
Substituting (21), (22) and (23) into (20), one yields

LV (9, 7)

=LV(9(0),1) + V,(9(0), ) [F(61(9),1) — F(9(0),)]
+ ;trace[(g (9),1) )TVyy(ﬂ(O),i)
x (9(02(9),1) - <<>,z'>)]
+ 1trace[(g - g(@(O),i))T
X Vi (9(0), )9 (9 <> >]
+/ [5 (h(ws(9), ) — h9(0),i,2))" @
X Vi (910) + h(9(0), i, 2)
+ (b5 (9),5,2) — h(D(0),7,2)), )
(( 3(9),1, ) = h(9(0), 7))
9(0),) (A(O(0),3,) — h(¥s(9),i,)
<<> h9(0),i,2), 1)
x (B (9),5,2) = h(9(0),1,2)) | v(d).

In view of Assumption 2.2, (13) and ab?~2¢ < ;}5(ap+(p7

2)bP) + —t—cP, for all a,b,c,e >0, p > 2, we have

pep~1

0),8)[f(¥1(9),3) = F(9(0),7)]
+ ;trace[(g 2(1), i ) wy(9(0),7)
% (g(w2(9),4) — g(9(0),4))]
+ 1trace[(g ) { 9(19( )7i))T
X Vyy (9(0), )( (0),9)]
§K1a3(51 D |19( )P+ €p71|]])(19)|p> .
n K‘;“ (e o207 +22”— (o)
p—1 P
+ pgg 1 |]D) ‘ +ée2 o [9(0)]

+@|D(ﬁ)| ),
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and
5 (15 (9),i,2) = h(9(0),5,2)) "V, (90)
+ h(9(0),4,z) + 0(h(p3(9), i, x) — h(9(0),4,2)),1)
X (h(wg(ﬂ),z,m) — h(¥ 0),i,x))
+ V,(9(0),7) (R(9(0), 4, 2) — h(3(d), 4, z))
+ V, (9(0) + h(¥(0), 4, z), 1
x (h(¥3(9),i,2) — h(9(0),i, )

X [[Vyy (9(0) + h(9(0), 4, )

+0(h(¢3(9), i, ) = h(9(0), 4, 2)) 9)|

+ V4 (9(0), )|h(9(0), 4, 2) — h(h3(9), 4, )]
+ [V, (0(0)

—1
+%3;4%Hmwmmmv

L h(s(9).i,2) — h(9(0).,2)/7)
PEx

+

where €1, €2, €3, £4 and €5 are all positive numbers to be
chosen.
Then, by Assumption 2.1 we have

)
X (h 1,[)3(’[9),7;,15) - h(ﬁ(O),Z,Z))}I/(dlL')
1 -2

X |h(y3(9), 4, 2) — h(9(0),i,z)] g% [%K;;Wm(ﬂﬂp + Jases 2 o)
<% (), @) = h((0),i,)*I¥(0) b2 ,

+ h(9(0),4,x) + O(h(¥3(9), 4, ) — h(D(0), 7, ))P~> + asKaga = =2 IO + as Ko D)

+ a0 R(9(0), 7, 2) — h(is(9). i, )| +%papgﬂmmw+K3§4mmmﬂ (27)

+a3|9(0) + h(9(0), 4, z) P! b1 bea b1

x |h(3(9), 4, x) — h(9(0),4,z)| +as[Jes Pt [9(0)” + Kses P [9(0)[7
<SHas—g—773 1h(s(0).i,7) = h(¥(0).i, )| +mﬁéjmwwy

+ a5|h(1/)3(19), i? 1‘) - h(ﬂ(O), iv ‘T)‘p]

+@bf;1wmw

1 B(V(0),3,2) — B (D), )|
pey

p—1
D

(W), ) — h(9(0), i, 2)”
pes

+ azles [9(0) + A(9(0), 4, x)|P

a 1 _ .
gg‘*[%wm(wgw),z, z) — h(9(0),4,)[?
3

-2
+ a5€3p 2071 9(0)[P
p

+ a553p ; 22p_1|h<19(0>7 i, x)|p
+ as|h(¢3(9), i, 2) — h(9(0), 4, 2)["]

-1
+aslea 2219 (0)P

p
1 B(V(0),5,2) — B (9), )|
pey
+ agles T2 |9(0) 7

Pey

Substituting above inequalities into (24) we obtain

LV (9,7)

-1 1
<LV((0), ) + Kras (51 2= 001" + —;
p pey

—[p(®)[")

1 p—2 1
_ p p
<€2p|¢2(79)| + &2 ) [0(0)] +p€§,1

L D))

K22a4
2

+ RGO

+ €2

9(0)[P +
S POF+—

1 P P—2_, 4
———— D) |" + Jase 2P~ 9(0)|P
E:())p_Q)/2| ( )| 5¢3 D | ( )|

-2
+ G5K3€3p » 2p71|19(0)|p> + %%Ksm(ﬁ”p

aq
U (0K
+2<a5 3

—1 1
PO + K5 —p— [D(0)[")
4

b pE
-1 -1
+as(Jes” SO + Kazs P =2 0(0)

+ as <J84

1 P
+ Ko—r[D0) )

(26) .

=LV (9(0),0) + Y ©;(9,7) +

j=1

. 1 1 : 2
Choosing &1 = (K;)?, e = (K;)?, €3 = (%)p,

K3

1 .
= (Wﬁflﬁ) 7, applying Lemma

~— -
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3.4 and (14) yields
. 1 K
E@l(ﬂ,l) S K1a37<51(p - 1) + ﬁ)
p €1 —27<60<0

= Kias(K,)7 sup E(0)],

—27<0<0

K26L4

K,
—2)+
€

EO(,i) <=3 (52 +ealp

K,
+ 52(]7 - 1) + ﬁ)
=)

sup E[J(0)[7,
—27<0<0

—27<6<0

=K2a,(K,)?

(l4ar
2p

+ KgEg(p — 2)21)—1]

]E@g(l?ﬂ) [Kg +J83(p— 2)2;0—1

K+
c(P=2)/2
€3

sup E[9(0)|P

—27<6<0
2

aga52P Y (K3 K, )?

s USRT (o)),
(K34 J)'P —27<60<0

as K’T‘

:a3(K3KT)%/J(%7 )

E®4(19’Z) —27<60<0

sup E[J(0)[”,
—27<60<0

and

EO5(9, 1) <22 [Jes(p — 1)2P~) + Kyes(p — 1)2°~!

’B

+ K

2] sup EW(O)
€x —27<0<0

:a32”‘2+%(K3K )
(J + K3)(771)

In view of (19), we have

E[9(0)]" < Z2LE9(0)[P, V0 € [~27, 0].
ai

sup E[9(0)|P.
—27<6<0

Combining (29)-(34) with (28) yield
EL%‘%\ILV(T?’Z)]
az9q 1 2 1
<[-mB+ Ky (Ko)F + Kjaa (Ko
+ a4a52p_4(K3K ) /(Kg + J)(iil)
+as2P 2 (KK, ) v /(J + K3) G
Fa(KaK)3 /767 1+ M9 g Blo(o)
y (16), one can choose g > 1 such that
a3 >C%q [K1a3(KT)% + K22a4(KT)%
+asas2P (K3 K, )b /(K + J) G
) /J(f—l) + a4a5

>%/<J+K3>< -b].

+0J3(K3 KgK

+ (l32p_2+ (Kg

sup E[9(6)[

sup E[J(0)[”

(29)

(30)

(31)

sup  E[9(0)[

(32)

Therefore, (35) implies
E[ max LV (9, z)}

1<i<N

=

1

< - — [Ch - i[K1a3(KT)% + K3a4(K)
ag ai
a4a5

K3k, + a3a52~ (K3 K, ) 7 /(K5 + J) 57D

+a3(K3 BEVPERRENY S
X (KaK:) 3 /(0 + Ka) G V][] max V(9(0),0)]

__ ME[@% V(9(0),7)],

which is the required inequality (18). Thus, the proof is

complete. O

4. Examples

In this section, we use a neural networks example to il-
lustrate our results. Consider a two-neuron neural network
with Markovian switching and Lévy noises of the form:

dY (t) =[=F(q(t)Y (t) + G(q(£))s(Y (¢))]dt
+9(Y(t),q(t))dB(t)
+h(Y (1), q(t7))dN (1),
where s stand for the neuron activation function with s(0) =
0, B(t) is a scalar Brownian motion, N(t) = N(t) — Adt,
N(t) is a compensated Poisson random measure which

means that N(t) is a scalar Poisson process with inten-
sify A, ¢(t) is a Markov chain on the state space S = {1, 2}

with the generator
-1 1
= .
()

We set s(-) = tanh(:) as the neuron activation function
and A = 1. The other parameters concerning the system

(37)

(37) are as follows.

=[5 ] o[ %]
9=y b1 =,

FO=[ g o | c@= 5 o ]
g(y,2)=—%y7 h(y72)=%y~

Obviously, the coefficients gave by (37) satisfy Assumption
2.1 with K; = 0.46458, Ko = 0.5 and K3 = 0.5%2. Let

V(yv Z) =
LV (y,1)

ly|?, here a; = 1 = ap. We compute

=2y" (—=F(i))y + 2y" G(i)s(y) + |g(y,)|?
+ My + h(y, i) = yI* = 29" h(y, )]
< 0.20834|y|? = —0.20834V (y, 7).

(38)
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By Lemma 2.3, we can conclude that the solution of the the
neural network (37) is mean square exponentially stable
(MSES).

In neural networks, the finite switching speed of am-
plifiers and communication time will occur time delays in
the interaction between neurons, which may lead to some
instabilities [26]. Then, the question is under what condi-
tions the following two-neuron delay neural network with
Markovian switching and Lévy noises of the form:

[ Fg()Y (t —7(1) + G(g(t))s(Y'(t = 7(2)))]dt
+9(Y(t —7(1)),4(t))dB(t)
+R(Y((t=7(1))7),q(t™)dN (1),

4y ()

(39)
is still MSES.

0 5 10 15 20 25 30

(a) without delay: 7(t) =

(b) with delay: 7(¢t) = 1.5 — 0.5sin(¢)

Figure 1: The computer simulation of the second moment of the
solution of (37) and (39) using the Euler-Maruyama method with
sample size 100, respectively.

Before applying our new theory, we consider two spe-
cial cases: 7(t) = 0 and 7(t) = 1.5—0.5sin(¢). We perform
a computer simulation with the initial values Y (0) = 0.5
and ¢(0) = 1. For the delay-free case, the MSES is plot-
ted in Fig 1. (a) by taking 100 samples to approximate
E|Y (t)]%. In the case of 7(t) = 1.5 — 0.5 sin(t), we perform
a computer simulation for the solution of the delay neural

network (39). The second moment of the solution of (39)
is simulated in Fig 1. (b), from which we see that the delay
neural network (39) is not stable.

Through these simulation results, we can know that
when the delay is getting smaller and smaller, the delay
neural network (39) tends to be stable. Our Theorem 3.2
will be able to show a bound for the delay. Namely, the
solution of the the delay neural network (39) is MSES if

1

arf >% [K1a3(K7—)§ + K22a4(K7—)% + 0,4272K3K7-

[N

+az(K3K,)? K,)2(A+ K3)2 (40)

7K KT )

+ 5 143 ]

where K, = 7(3rK} + 12K3 + 12K3), a3 = 2, ay = 2.
That is, the MSES neural network (37) can tolerate a delay
7 < 0.0004455 such that the delay neural network (39) is
still MSES.

AQ + Cl322 (K3

35

Figure 2: The computer simulation of the second moment of the

solution of (39) using the Euler-Maruyama method with 7(¢) = 2
10~% — 2 10~ % sin(¢).
We perform a computer simulation with 7(¢) = 2 x

107* —2%107*
samples to approximate E|Y (t)
depicts the MSES.

sin(¢) and r(0) = 1. Similarly, taking 100
|2 will produce Fig 2, which

5. Conclusion

This article establishes delay tolerance for stable hybrid
SDEs-LN. Based on Razumikhin technique, we show that
if the p-MES for hybrid SDEs-LN without delay, a delay is
allowed for the hybrid SFDEs-LN to be p-MES. Another
advantage of our results is that a bound on 7 is given for
p-MES.

Appendix

Proof of Theorem 3.1. Fix any initial data £ €
D% ([-7,0];R") and write Y (t;£) = Y (t). Recalling the
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facts that Y'(¢) is right continuous with left limit, ¢(¢) is
right continuous and E(sup_,<;<; |Y(s)|?) < oo for all
t >0, we see that EV (Y (t),q(t)) is right continuous with
left limit. Let € € (0,)) be arbitrary and set A = A — e.
Define

Lt)= sup |TOEV (Y (¢46), q(t+0))

—7<0<0
Due to the right continuity of EV(Y'(-),¢(+)) and f(0,7) =
0, g(0,7) =0, h(0,4,2) = 0. Similar to the proof of Theo-
rem 8.9 in [1] , we can get

D, L(t) := liém Solj-p
—

MSO for all t > 0.

This implies that

L(t) < L(0) for all t > 0.

By condition (9), we obtain

a2 ~2 as —(A—¢
ElY(t)]” < ZE|j¢|Pe™™ = —E|¢|Pe” P (41)
aq ap
Since € € (0, ) is arbitrary, the required inequality (12)
must hold. Thus, the proof is complete. O
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