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INVARIANCE ENTROPY FOR UNCERTAIN CONTROL SYSTEMS

XINGFU ZHONG, YU HUANG, AND XINGFU ZOU

ABSTRACT. We introduce a notion of invariance entropy for uncertain control systems,
which is, roughly speaking, the exponential growth rate of “branches” of “trees” that
are formed by controls and are necessary to achieve invariance of controlled invariant
subsets of the state space. This entropy extends the invariance entropy for determinis-
tic control systems introduced by Colonius and Kawan (2009). We show that invariance
feedback entropy, proposed by Tomar, Rungger, and Zamani (2020), is bounded from
below by our invariance entropy. We generalize the formula for the calculation of en-
tropy of invariant partitions obtained by Tomar, Kawan, and Zamani (2020) to quasi-
invariant-partitions. Moreover, we also derive lower and upper bounds for entropy of a
quasi-invariant-partition by spectral radii of its adjacency matrix and weighted adjacency
matrix. With some reasonable assumptions, we obtain explicit formulas for computing in-
variance entropy for uncertain control systems and invariance feedback entropy for finite
controlled invariant sets.

1. INTRODUCTION

Entropy for a dynamical system is an intrinsic quantity that measures the complexity of
the system. There are two popular dynamical entropies: one is measure-theoretic entropy
and the other is topological entropy. The former was introduced by one of the most in-
fluential mathematicians of modern times, Kolmogorov [1], and improved by his student
Sinai [2] who practically brought it to the contemporary form; the latter was proposed via
open covers by Adler et al. [3] and was redefined by Dinaburg [4] and Bowen [5] inde-
pendently in the language of metric spaces. These two definitions of dynamical entropies
resemble the definition of Shannon’s entropy [6]. Both of them measure the exponential
rates of growth of numbers of orbits in some sense:

e measure-theoretic entropy counts the number of typical n-orbits, while
e topological entropy counts all distinguishable n-orbits.

Note that topological entropy is equal to the supremum of measure-theoretic entropy over
all invariant measures (this basic relationship between topological entropy and measure-
theoretic entropy is called variational principle). We refer the reader to references [7, 8, 9]
for more details about the history of dynamical entropies.

Invariance (or stabilization) is another important notion that described a widely needed
property for control systems. When a control system involves communication of infor-
mation, an interesting question involving invariance is how much information practically
needs to be communicated between the coder and controller in order to make a given set
invariant under information constraint(s). Early work on this topics are Delchamps [10]
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and Wong and Brockeet [11], in which they respectively investigated quantized feed-
backs and the influence of restricted communication channels for stabilization. The sem-
inal work by Nair et al. [12] first addressed the problem of data-rate-limited stabiliza-
tion by introducing topological feedback entropy. This entropy characterizes the smallest
average data rate at which a subset of the state space can be made invariant and it re-
sembles the topological entropy by using similar open cover techniques. Then Colonius
and Kawan [13] introduced an invariance entropy to describe the exponential growth rate
of different control functions sufficient for making a subset of the state space invariant.
The definition of this invariance entropy is analogous to that of the topological entropy
by Dinaburg [4] and Bowen [5] by replacing distinguishable orbits by different control
functions. Colonius et al. [14] showed that this invariance entropy and the topological
feedback entropy are equivalent with some suitable modifications.

For better understanding of invariance entropy, various notions relating to invariance
entropy have been proposed by several groups of researchers from different views, such
as invariance pressure [15, 16, 17, 18, 19, 20], measure-theoretic versions of invariance
entropy [21, 22, 23, 24], dimension types of invariance entropy [25], complexity of in-
variance entropy [26, 27, 28]. Note that Kawan and Yiiksel [29] introduced a notion of
stabilization entropy which is a variant of invariance entropy. We refer the reader to the
monograph written by Kawan [30] for more details about invariance entropy of determin-
istic control systems and to [31, 32, 33] and the references therein for observability that
is another data-rate-limited task and is closely related to controlled invariance.

In the context of uncertain control systems, invariance feedback entropy (IFE) was
introduced by Rungger and Zamani [34] to quantify the state information required by
any controller to render a subset of the state space invariant. Later, Tomar et al. [35]
and Tomar and Zamani [36] further investigated the properties of IFE. Recently, Tomar
et al. [37] presented wonderful algorithms for the numerical computation of invariance
entropy for deterministic control systems and IFE for uncertain control systems respec-
tively. Particularly, they showed that the entropy with respect to an invariant partition is
equivalent to the maximum mean cycle weight (MMCW) of the weighted graph associ-
ated with this partition. Their algorithms allow us to compute upper bounds for invariance
entropy of deterministic control systems and IFE of uncertain control systems. From the
above, there arise the following questions naturally:

Q1. Whether or not there is an analogous version of the invariance entropy introduced
by Colonius and Kawan via controls for uncertain control systems? Note that the
definition of IFE (see Subsection 2.2) begins with a cover. If such a version exists,
how is the relation between this invariance entropy and IFE for uncertain control
systems?

Q2. If the formula for the calculation of entropy of an invariant partition, obtained by
Tomar et al. [37], also holds for some “weak” invariant partitions?

Q3. Which conditions guarantee the existence of “generators”? By a generator we
mean an invariant cover such that IFE is equal to the entropy of this cover.

In order to answer these questions, we introduce a new notion of invariance entropy
via control functions for uncertain control systems. Roughly speaking, our invariance
entropy for uncertain control systems is the exponential growth rate of “branches” of
“trees”. Such trees are formed by control functions that are necessary to make the target
set invariant. We emphasize that our notion of invariance entropy discussed in the sequel is
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for uncertain control system and that Colonius and Kawan have used the term “invariance
entropy” for deterministic control system.

The structure of the paper is as follows. In Section 2, we introduce the concept of in-
variance entropy for uncertain control system, give some basic properties for this invari-
ance entropy, and show that this invariance entropy is less than or equal to the invariance
feedback entropy (an answer to QI1, see Theorem 2.9). It is worthy to note that invari-
ance entropy is equal to topological feedback entropy for deterministic controls systems,
see [14] or [30]. In Section 3, we derive some formulas for the calculation of our invari-
ance entropy and IFE. We show that the invariance entropy for a controlled invariant set
equals to the logarithm of the spectral radius of its admissible matrix under some tech-
nical assumption (see Theorem 3.10). We also extend the formula for the calculation of
entropy of invariant partitions, obtained by Tomar et al. [37], to quasi-invariant-partitions;
that is, the entropy for a quasi-invariant-partition is equal to the maximal mean weight of
this partition (an answer to Q2, see Theorem 3.2), and show that if the spectral radius
of the adjacency matrix of this partition is 1, then the entropy for this partition equals to
the logarithm of the spectral radius of its weighted adjacency matrix (see Theorem 3.6).
Finally, we show that there exists generators for a finite controlled invariant set; i.e., IFE
for a finite controlled invariant set is equal to the entropy of its atom partition (an answer
to Q3, see Theorem 3.13).

2. INVARIANCE ENTROPY

This section consists of two subsections. The first presents some basic properties for
invariance entropy. The second recalls the definition of invariance feedback entropy and
shows that invariance entropy is a tight lower bound for invariance feedback entropy.

2.1. Invariance entropy. First let us introduce terminology and notation. (We borrow
some terms and signs from [13].) We use f : A = B to denote a set-valued map from A
into B, whereas f : A — B denotes an ordinary map. If f is set-valued, then f is strict
if for every a € A we have f(a) # 0. The composition of f: A = B and g : C =2 A,
(fog)(x) = f(g(x)) is denoted by fog. We call atriple £ := (X,U,F) a system if X and
U are nonempty sets and F' : X x U =2 X is strict. Recall that Q C X is called controlled
invariant with respect to a system £ = (X, U, F), if for every x € Q there exists u € U such
that F(x,u) C Q. Fixingu € U and Q C X, let Q,, = {x € Q|F (x,u) C Q}.

A subset S C U" is said to be an admissible family of length n for Q if

(a). oy = ay forany o', 0" € §;

(b). there exists x € Q such that for any o € S,

Fihwoyc U Qu
w'es,
@l 1=,

Ifu“(x) :F(Ié)(x)awi>mei+l 70,Vi=0,1,...,n-2,
Iny(x) = F(Ity ' (x),0,-1) C O,

where 19 (x) = x.
Let

AF"(Q) ={S C U": S is an admissible family for O}
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and
AF(Q) = JAF"(Q).
n=1

Given S € AF(Q), the set of points that satisfy condition (b) is denoted by Qy.
Let K C Q be a nonempty set. A set . C U" is called an (n,K,Q)-spanning set of

(K,Q) if
KC U Qs.

SC.# and SCAF"(Q)
We use the notation r;,, (1, K, Q) for the minimal number of a spanning set, i.e.,
rim(n, K, Q) :=inf{#. : . is an (n,K, Q)-spanning set of (K, Q) },
where #.# denotes the cardinality of .. For convenience, we write ri,,(n, Q) in place of

rinv<n7 o, Q)
Definition 2.1. Given a pair (K, Q), we define the invariance entropy of (K, Q) by

. logrin(n,K,
hiny (K, Q) = hiny(K, Q;X) := limsup & i Q),

n—sco n

where log signifies the logarithm base 2.

Remark 2.2. When F is a single-valued map, the definition of invariance entropy coin-
cides with that of invariance entropy for deterministic control systems (see [30, Definition
2.2]).

Recall that a sequence of real numbers {a, },> is subadditive if a,, < a,+a, for all
n,p € N.

Lemma 2.3. ([38, Theorem 4.9] or [30, Lemma B.3]) If {a,},>1 is a subadditive se-
quence, then lim,, . “* exists and equals inf, %

The rest of this subsection will generalize some properties of invariance entropy for
deterministic control systems (see [30]) to uncertain control systems, including finiteness,
time discretization, finite stability, and invariance under conjugacy.

Proposition 2.4. Let £ = (X,U,F) be a system and Q C X be a controlled invariant set.
Then the following assertions hold:

(1) The number riy,(n, Q) is either finite for all n € N or for none.
(2) The function n — logriy,(n,Q), N — [0, +o0|, is subadditive and thus

1
hiny(Q) = lim ;logr,-nv(n,Q).

n—yoo

Proof. (1) Suppose there exists N € N such that r;,,(N,Q) < eo. It is easy to check that
Fimy(n, Q) < Finy(N, Q) for every n < N. We now show that rj,,(n, Q) < oo for every n > N.
Given n > N, pick k € N such that kN > n. Let.¥ = {@',...,®"} be a minimal (N, Q)-
spanning set, where m = ri,, (N, Q), and let

yk:{weUkN: VOSLSk—l EICO/E,Vst w[Ni7(i+])N):wl}.
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We shall show that .7} is a (kN,Q)-spanning set. For every x € Q there exists S! C .7
such that @) = @]/ for any &', ®" € S} and for any € S},

F(Iéo(x>7 wi) C U Qwi/ﬂ’
w'es!,
@l =0,

Iy (x) = F(Iiy(x), ) N Qu,,, #0,Yi=0,1,...,N—2,

I (x) = F (I ' (x), 0v-1) C O,
where 19 (x) = x. For every y € I} (x) C Q there exists Sg y C . such that @}, = @ for
any @', 0" € S¢ , and for any @ € Sy,

Flo).e)c U Qa,,

@' €Sp.y,

@l =0,
157 0) = Fb(0), )1 Qa,., #0.9i=0,1,...N=2,
ING) =FIY (), av-1) C O,

where I%(y) =y. Let 5,% = Ugest U Sw,y and

yelg(x)
S;={weU:30' €5, 0" €S; st wgy = and Oy y) = 0"} C 7.
Hence we have x € Qg2 Repeating the process k times, we can obtain S¥ C . such that
x € Qg This means that % is a (kN, Q)-spanning set.
(2) By Lemma 2.3, we shall prove that
rinv(n + P, Q) < rinv(”a Q) ' rinv(pa Q>7 v n,p e N.

Assume that .#] is a minimal (n, Q)-spanning set and .% is a minimal (p, Q)-spanning
set. Let

S ={oecU"":30 €A, 0" e S st wg, =0 and @y, , 1) ="}
Similar to the proof of (1), we can show that .# is an (n + p, Q)-spanning set. So
rim(n+p, Q) < rimy(n, Q) - rimy(p, Q), V1,p €N,
which completes the proof. U

Remark 2.5. We see from Proposition 2.4 that r,,(n, Q) is finite for some n if and only
if riny(n, Q) is finite for all n if and only if &;,,(Q) is finite.

Proposition 2.6 (Time discretization). Let £ = (X,U,F) be a system and Q C X be a
controlled invariant set. If K C Q and m € N, then
) 1
hiny(K, Q) = limsup — log rip, (nm, K, Q).
n—roo nm
Proof. 1t is clear that hj,,(K,Q) > limsup,_.., #log Fim(nm,K,Q). We now show the

converse inequality. By definition of A, (K,Q), we can take a sequence {g }x>; such
that

o1
hinv(KaQ) = klg{}oalogrinv(QMI{aQ)-
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For every k > m, there exists n; > 1 such that ngm < g < (n;+ 1)m, and n; — oo for
k — oo. Then we have 7y, (qx, K, Q) < riny((nx+ 1)m, K, Q). It follows that

1 1
- logrinv(CIkaa Q) S - logrinv((nk + 1>m7K7 Q)
9k ngm
It follows by a straightforward computation that

1
himy(K, Q) < lim sup—logrmv(nm K,Q).

n—yoo

O

Proposition 2.7 (Subsets rule or finite stability). Let £ = (X,U,F) be a system and
Q C X be a controlled invariant set. If K C Q and K = U |K;. Then h;,,(K,Q) =
_l’IllaX hmv(KlaQ)

l
Proof. Obviously, we have hj,,(K,Q) > rrllax hiny(Ki, Q). To show the converse inequal-
=1,...m

ity, note that ry,,(n,K,Q) < Y™, rin(n,K;, Q). For every n pick K, € {K,...,Ky,} such
that

rinv(n7lenaQ): max rinv(naKhQ)-

i=1,....m

It immediately follows that
rinv(naK7 Q) <m- rinv(naknv Q)
Thus
log rimy(n,K, Q) < logm+log rin,(n,K,, Q).
Choose ny — o such that

1 1
lim — log rin, (n, K, Q) = hmsup logriny(n,K, Q)

k—yoo ng n—oo

and knk = K for some j € {1,2,...,m} and all k. A brief calculation then shows that

1
mv(K Q) = lim —10g rmv("k,I( Q)

k—oon

1
<limsup — (logm + logrinv(nkaKja Q))
k—oo Nk

1
< limsup —log7u (nk, K, Q)

k—soo Nk

1
< limsup . log 7 (n, K, Q)

n—soo
= hinv(Kjv Q) < i:r?axmhinv(Kia Q)
]

Consider two systems X; = (X;,U;, F;), i = 1,2. Let w : X; — X, be a continuous map
and r: Uy — U, a map. We say (7, r) is a semi-conjugacy from £ to ¥, if

F(m(x),r(u)) C n(Fi(x,u)), Vx <X, ucU,.



INVARIANCE ENTROPY FOR UNCERTAIN CONTROL SYSTEMS 7

Proposition 2.8. Let £ = (X|,U},F)) and £y = (Xo,Us, F>) be two systems, Q C X be
controlled invariant, and (7, r) a semi-conjugacy from X to Xy. Then for any K C Q,
hiny (K, Q3 21) 2> hiny((K), (Q); X2).
Proof. Suppose . C U}' is an (n,K,Q)-spanning set of (K, Q). Let
() ={r(my)r(ew) - r(m,—1): o€ .7}.

Then r(.) C U}. We shall show that r(.#) is an (n, ©(K ), ©(Q))-spanning set of (7(K), 7(Q)).
To this end, fix y € w(K). Thus there exists x € K with 7(x) =y. Since .% is an (n,K, Q)-
spanning set, there exists S C .# such that S € AF"(Q) and x € Qs. We will find a subset

S C r(S) such that § € AF"(n(Q)) and y € (Q);. To see this, let

Sp={scU™:3weSst O =st, me{0,1,...,n—1}.
Then we have Sy = {so}, where s¢ is the common initial symbol for every @ € S, and
Fl(x,S()) C U Oy, Fl(x,S())ﬂQsl #0,VseS.
SES

Since (7, r) is a semi-conjugacy from X to X,

F(y,r(s0)) = F2(m(x), r(s0)) C 7(Fi(x,50)) C 7(Q).

Let Sy = 7(Sp). Then Sy € AF'(7(Q)) and y € m(Q)g,- Let By (sy) = F2(7(x),7(s0)). Then
for every z € B,y there exists Z € Fi(x,s0) such that () = z. Denote the set of all these
points by Ay,. Thus 7(Ay,) = B,(y,) and

Aso CFj (x,S()) C U Qs1~
SES|

Let

Also] = {s € S1: A, N Q;, # 0}.
Set S| = r(A[sg]). Thus for any § € Sy,
s

Br(sy) C Use (Q)s, and B, (5) N m(Q)s # 0

and
Fa(By () N (Q)11.51) € 7(Fi (A4 1 0sy.51)) € 7(Q)
Then §; € AF?(n(Q)) and y € 7(Q)s,-

Repeating this process, we can find the desired S € AF"(7(Q)) and y € (Q);. Hence,
r()isan (n,n(K),m(Q)) of (n(K),n(Q)). This completes the proof. O

2.2. Invariance feedback entropy. Let us recall the concept of invariance feedback en-
tropy proposed by Tomar et al. [35]. Assume that ¥ = (X,U,F) is a system and Q C X is
controlled invariant. A pair (A, G) is called an invariant cover of Q if A is a finite cover
of Q and G is amap G : A — U such that for every A € A we have F(A,G(A)) C Q.

Suppose (A, G) is an invariant cover of Q; and let n € N and 8 C A” be a set of se-
quences in A. For o € S and 7 € [0,n— 1) we define

P((X|[07t}) = {A € .AH@C € §s.t. &‘[O,t] = O‘|[07t} and A = (Axl‘+l}.
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The set P(a|jp,]) contains the cover elements A so that the sequence ¢t[j A can be ex-
tended to a sequence in 8. If t = n— 1 then | l0,.—1) = & and define
Pla):={AcA|F0eSst. A=},

which is actually independent of @ € & and corresponds to the “initial” cover elements
Ain 8, i.e., there exists & € § with A = a¢(0). A set 8 C A" is called (n,Q)-spanning in
(A,G) if

(1). the set P(a) with o € 8 covers Q;

(2). forevery a € S and t € [0,n— 1), we have

Fla@r),Gla@)c |J A

A’eP(atfo )

The expansion number N(8) associated with 8 is defined by

n—1

Let
Fin (1,0, A, G) := min{N(8)[$ is (n, Q)-spanning in(A, ) }.
Since logrin (-, Q, A, G) is subadditive (see Lemma 1 in [35]), the following limit exits
1
him (A, G) := lim —logrin(n,0,A,G),
n—ocon

and it is called entropy of (A, G). The invariance feedback entropy of Q is defined as
b .
h{:zv(Q> = (qul}g)hlnv(ﬂvG>7

where the infimum is taken over all invariant covers of Q. The following theorem states
that invariance entropy is bounded above by invariance feedback entropy.

Theorem 2.9. If ¥ = (X,U,F) is a system and Q C X is a controlled invariant set, then

b

hin(Q) < ().
Proof. Suppose that (A,G) is an invariant cover of Q, n € N, and 8§ C A" is (n,Q)-
spanning in (A, Q). Let .¥ = {G(a)|ax € 8}, where G(&) := G(a) ---G(04,—1). Ttis
obvious that

QcC U Os.
SC.¥ and SEAF"(Q)

Hence, . is an (n,Q)-spanning set of Q and . < #8. It follows that ri,,(n, Q) < #8
Applying Lemma 2 in [35], we have ri,,(n,Q) < N(8), which implies that rj,,(n,Q) <
rim(n, Q, A, G). Thus we obtain the desired inequality. O

The following two examples illustrate that both A;,, (Q) < h{:f;(Q) and h;,, (Q) = h{:f;(Q)
may be possible.

Example 2.10. Let ¥ = (X,U, F) be a system, where X = {0,1,2} and U = {a,b}. The
transition function F is illustrated by
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b

a bl e
a --a--» 2 ¢ a
SO ,V\>,/ \\~_/

~
~ Phd

e eeee

The set of interest is Q := {0, 1}. Then h;,,(Q) = 0 and hfb(Q) =1.

my
Proof. Let .¥ = {a'b"'~|i=0,1,...,n— 1}. It is not difficult to check that . is an
(n,Q)-spanning set of Q. So A, (Q) = 0. Put A = {{0},{1}}, and define G : A — U by
G({0}) =a and G({1}) = b. We shall show that hfb(Q) = 1. Suppose that § C A" is

my

(n,Q)-spanning in (A,G). Then o = {0}...{0} € . This yields that N(§) = 2" and
—_——
n
rinv<n7 0,A, G) =2"
It then follows that #(A,G) = 1. Since (A, G) is the only invariant cover of Q, we obtain
b

h{;zv(Q) = 1. [
Example 2.11. Let X = (X,U, F) be a system, where X = {0,1,2} and U = {a,b}. The
transition function F is illustrated by

The set of interest is Q := {0,2}. Then h;,,(Q) = hﬂ’(Q) =1.

my

Proof. We see that //” (Q) = 1 from Example 1 in [35]. We shall show that /,,(Q) = 1.
Suppose that . C U" is an (n,Q)-spanning set. Since Q, = {0}, Q) = {2}, F(0,a) =
F(2,b) = Q=1{0,2}, we have U" C .. It follows that . = 2". Hence rj,,(n,Q) = 2"

and hj (Q) = 1. 0J

3. CALCULATIONS FOR INVARIANCE ENTROPY AND IFE

This section deals with the calculations for invariance entropy and invariance feedback
entropy.

3.1. Calculation for entropy of quasi-invariant-partitions. Let X = (X,U,F) be a sys-
tem, Q C X a controlled invariant set, and (A, G) an invariant cover of Q. Before going
further, we borrow some notations from [35] and introduce some new concepts. For every
Ae A, letDg(A):={A' € A: F(A,G(A))NA"# 0} and wy(A) :=logtD,4(A). When
there is no ambiguity, we write D(A) and w(A) instead of D4(A) and w4 (A). Given
m € N, a sequence (A;)", is called admissible for (A,G) if F(A;,G(A;)) NAi+1 # 0 for
every 0 <i < m. Set

WA, G) == {(A)"™,'|(A)™," is admissible for (A,G)}.
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A sequence ¢ = (A,-)f.‘:_(} is called an irreducible sequence of period k for (A,G) if ¢ is

admissible for (A, G) and A; # A; for distinct 7, j. (By “c™” we mean ccc- - -.) The period
of c is defined as k (denoted by /(c)) and the mean weight for c is defined as

1k71

w(c):= Z ;)W(A,‘).

The maximum mean weight w*(A,G) is defined by w*(A,G) := max.w(c), where the
maximum is taken over all irreducible periodic sequences for (A, G).
The adjacency matrix My g = (Map) of (A,G) is defined by

v 1 F(A,G(A)NB#0;
AB= 0, otherwise.

We define the weighted adjacency matrix Wy g = (Wapg) with A,B € A of (A,G) as

L[ D), F(AGA)NB£0:
AB= 1 0, otherwise.

Recall that the l.-norm for a n X n matrix M is defined by | M || = max;<; j<n|aij|.
An invariant cover (A, G) is said to be a quasi-invariant-partition of Q if

(3.1) A\ |J B#0,vAcA
BEA,B#A

and

(3.2) F(A,GA)B\ | ©)#0,VAcABeD(A);
CeD(A), C#B

an invariant partition if A is a partition of Q. Obviously an invariant partition is a quasi-
invariant-partition.

Tomar et al. in [37] obtained an interesting result for computing entropy of an invariant
partition. Here we generalize this result to quasi-invariant-partitions.

Theorem 3.1. Suppose that L. = (X,U,F) is a system, Q C X is controlled invariant, and
(A, G) is a quasi-invariant-partition of Q. Then

1 m—2
him(A,G) = lim — o(i)).
(4,G) = lim — peimax ;3 w(a(i))
Proof. Claim 1. W,,,(A,G) is an (m, Q)-spanning set of (A,
For every o € W,,,(A,G), P(a) = {a(0) : @ € W,,(A,G)

and
F(a@t),G(a@))c | A
A’eD(a(t))
Hence Claim 1 holds.

Claim 2. For any (m, Q)-spanning set 8 in (A,G), W,,(A,G) C 8.

We apply the inductive argument to show this claim. Suppose that § is a (2,0)-
spanning set of (A, G). Then P(o) = A forevery a € 8 by formula (3.1). Thus W» (A, G) C
S follows from formula (3.1). So the claim holds for m = 2. Assume that the claim holds
for 2 <i<m-—1. Let 8 be an (m,Q)-spanning set of (A, Q). Then &' = {aljn—2 :
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o € 8} is an (m — 1,Q)-spanning set and W,,_1(A,G) C 8'. Hence W,,(A,G) C 8 by
formula (3.2). So the claim holds for every m > 2.

Combining Claim 1 with Claim 2 yields rj,,(m, Q,A,G) = N(W,,(A,G)). It follows
that

hiny(A,G) = lim llogN( Win(A,G))

m—oo m

1
= lim —log le max HD

m—reo m oW, (A,G)

1
= lim — max Z w
m—e N oWy, (A,G)

0
Theorem 3.2. Let ¥ = (X,U,F) be a system, Q C X a controlled invariant set, and (A, G)
a quasi-invariant-partition of Q. Then
hinv(-A, G) = W* (-A, G),
where W* (A, G) is the maximum mean weight.

Proof. We first show that h,,(A,G) > W*(A,G). Suppose that ¢ = (4;)*7, is an irre-
ducible sequence of period k. For any m € N, let

ﬁcm ::1\40"'Ak71"'AO“‘Ak—LAO-
m

Then B n € Wyi+1(A, G). Utilizing Theorem 3.1, we have
mk—1

A,G) = 1i
an( ) mgllomk—I—IaEW i 1(A,G) ; w

_ 1
ml—rf}»omk-i-lz

1kl

Z—ZW

The desired inequality immedlately follows from the arbitrariness of c.

We now show the inverse inequality. For any m > A 43 and o € W,,(A, G), we have
o1 (0)oy(1)---oq(m—2) € Wy, I(A G). Using the pigeonhole principle, we can pick an
irreducible sequence ¢ = (A, ,) 6 of period k; in (A, G) and there exists p; € [0,4A]
such that

ar(pr)ea(pr+1)---ai(pi+ki) =A10A11- Al —1-
We thus have
w(on(p1)) +wlaa(pi+1))+---wlon(pi +ki —1)) =kw(c1) <kiw*(A,G).
Let
O = 061(0>---061(p1 - 1)061(p1 +k1) ---OCl(m—Z).
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Clearly, op € W,,_¢,—1(A, G). Applying the pigeonhole principle repeatedly, we can find
a sequence of irreducible sequences of period {c j}jl.:] in (A,G), a sequence {aj+1}?:l

with oy €W A,G) and two sequence numbers {kj};].:l with I(c;) = k;j and

‘ lki_](
{PJ _, with p; [ ,#A] such that

aj(pj)ej(pj+1)--aj(pj+kj)=Aj0Aj1Ajk;,

w(aj(pj)) +w(e(pj+1)) +---w(aj(pj+kj—1)) = kjw(c;) <k;jw"(A,G),
and 0y 1 €W, Zq k-1 (A,G), where m — ):?:1 kj—1€[0,8A]. Itis convenient to write
L:m—Zj: —1. Then

Zw

e
\
_

L-1
w(oy(pj+i)) + ;)W(quﬂ(i))

m
DM

~.
Il
—_
~
Il
=)

IA
MQ

W L A
(A,G)+ rA}lea;L(w( )

m—1—L)yw* L A
Lyw"(A,G)+ gleajl(w( )

—

Il

< (m—1)w"(A,G) + A maxw(A).
AcA
Therefore,
1
him(A,G) = lim — max
m(A,G) = M=o M @ EWy(A,G) Z v
.o om—1_, )
< lim —w"(A,G) + lim —ﬂAmaxw(A)
m—oo  m m—oom AeA
=w'(A,G).
This completes the proof. U

Remark 3.3. Passing (A, G) to an invariant partition of Q, we recover Theorem 1 in [37].

Corollary 3.4. Let ¥ = (X,U,F) be a system and Q C X be controlled invariant. For
every quasi-invariant-partition (A, G) of Q, there exists an invariant partition (A',G') of
Q such that $A = A" and hjp,(A',G') < hiny (A, G).

Proof. Let A={Aj,...,Ap}. Define sets A},..., A}, by A| = A, A’ :AJ\U{;I]AZ-, for any
2<j<p,andG'(A"):=G(A;), j=1,...,p. Then (A',G') is an invariant partition of Q.

Suppose ¢’ = (Ag)?_] is an irreducible periodic sequence in (A, G’) so that Ay, (A, G') =
w(c’). Since A? C A; forany 1 <i < p, it follows that ¢ := (A,-)?_l is an irreducible periodic
sequence in (A, G) and w(c") <w(c); hence, we have by Theorem 3.2 A, (A, G) > Ww(c) >

hiny(A',G"). O

In the following example, we construct a system that has a quasi-invariant-partition
(A1,G), where we find two invariant partitions (A;, G;) and (A3, G3) such that

hiny(A2,G2) = hiny(A1,G1) and hipy (A3, G3) < hipy (A1, Gy).
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Example 3.5. Let X = (X,U, F) be a system, where X = {0,1,2,3} and U = {a,b}. The
transition function F is illustrated by

FIGURE 1.

The set of interest is Q := {0,1,2}. Let A1} = {0,1}, Ajp = {1,2}, Ay; = {2}, A3 =
{0}, A32 = {1}, and A33 = {2}, and set .Al = {A117A12}a AQ = {AllaAZI}a and A3 =
{A31,A3,,A33}. Define Gy : A; — U by G1(A11) =a and G1(A;p) =b; Go: A > U
by GQ(AH) =a and Gz(Azl) = b; and G3 :.A3 —U by G3(A31) =da, G3(A32)=a, and
G3(A33) = b. Then

hinv(A17G1> = hinv(-A27G2) = 17 hinv(A37G3> = %
Proof. By definition, (A, G) is a quasi-invariant-partition, and (A;,G>) and (A3,G3)
are invariant partitions. We now compute entropy for (A;,G1), (Az,G>), and (Az, G3).
From Fig. 1, we see Aj; = {0, 1} is an irreducible sequence of period 1 for both (A;,Gy)
and (Ay,G,) and w(A;) = 1. Since hjp(A1,G1) < 1 and hjpy( Az, Gy) < 1, it follows
from Theorem 3.2 that hj,,(A1,G1) = 1 and hy,, (A, Go) = 1. Fig. 1 also tells us that
(A3, G3) only has irreducible sequences of period 2: A3jA3,, A31A33, A3A31, and A33A3).
Applying Theorem 3.2, an easy computation shows that %;,, (A3, G3) = % 0J

Theorem 3.2 states that the entropy for a quasi-invariant-partition is equal to its maxi-
mum mean weight. From a numerical point of view, we shall give lower and upper bounds
for entropy of quasi-invariant-partitions. In some special case, we can obtain the entropy
for a quasi-invariant-partition by the logarithm of the spectral radius of its weighted adja-
cency matrix.

Theorem 3.6. Let X = (X,U,F) be a system and Q C X. If (A,G) is a quasi-invariant-
partition of Q, then

logp(Wy.g) —logp(Mu G) < him(A,G) < min{log ||Wy Gl|e,logp(Wa )}

where p(Wy ) is the spectral radius of Wy ¢ (the maximum of absolute values of its
eigenvalues). Particularly, if p(My ) = 1, then hin,(A,G) =logp (Wy ).

Proof. We first show the right hand side inequality. It is clear that A, (A, G) <log||[W4 G|
Since (A, G) is a quasi-invariant-partition, it follows from the proof of Theorem 3.1 that

rinv(n, 0, A,G) = e%aﬁG HﬁD Q).
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For any oo € W, (A, G), we have

-
[TiD(en) = Wegar, - Wara -+ Wet, 20,1 < [IWii 6 llen-

This implies that
rinv("l,Qa-AvG) <A ”W;le} ”°°

Hence,
1
hiny(A,G) = lim —logriy(n,Q,A,G)
n—oo 1

1
< hm —logﬁA ||WZG |0

= lim
n—oo

Employing Theorem 5.7.10 in [39], we obtain A, (A, Q) <logp(Wy ).
We now show the left hand side inequality holds. For any 8 € W, (A, G), we have

—1 R
mwmwM'

n—2
H) tD(Bi) = WBOBI 'Wﬁlﬁz o 'WBrHZanl
t=

and
Mg, - Mp,p, - -Mp, ,p, , = 1.
Then
n—2
n
WhoB1 = Mpyp,_, - 6$E&G HﬁD o) < ”MAG”“" e%a;(LG HﬁD ).

It follows that
Wi e Nw < Nw- max D(o;)
Wil < I3 MAGHﬁ ,
Thus

lim 1logr (n,0,A,G) > 11 1 ogfA - Wi IHOO
- iny T 1
e n 1My & les
= IOgP(WA,G) —logp (M4 ).
]

Remark 3.7. (1) Since the norm || - || is not spectrally dominant, that is, there exists a
matrix M such that || M||. < p(M), we take the minimum of log ||Wy ¢|- and logp (Wy ¢)
in the right hand side of the inequality in Theorem 3.6. See Exa. 3.14.
(2) If (A, G) is a quasi-invariant-partition of Q, then
(i) p(My ) > 1, which implies that logp (M4 ) > 0;
— Since for any A € A there exists B € A so that Myp = 1, we have

M) Glle > 1, ¥V €N.

Then p(My ) > 1.
(i) p(Wa,G) > p(My ), which means that logp(Wy ) —logp (M4 ) > 0.
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— Since Wap > Map, Wap = 8D(A)Myp, and Myp = 1 for any A, B € A, we have
Wi Glleo = /Iglei;}{(ﬁD(A))”_'} (1M Glleey VR EN.
It therefore follows that
logp(Wa,g) —logp(Ma,g) = min{w(A)}.

(iii) If p(My ) > 1, then we can use Theorem 3.2 to compute the entropy of (A, G).
On the other hand, if p(My ) = 1, then the entropy of (A, G) is logp (W4 ). See
Exa. 3.14.

3.2. Calculation of invariance entropy and IFE for some control systems. Let ¥ =
(X,U,F) be asystem, Q C X, and V C U. We say that V is a cover of Q if Q C Uzey Qy,
where Q, = {x € Q|F (x,a) C Q}. The admissible matrix Moy = (Mup)apcv of Q with
respect to V' is defined by

1, dxe€Q,s.t. F(x,a)N 0;

0, otherwise.

Recall that the /; norm of an n x n matrix M is [|M|[y = ¥ ;_ |aij|.

Proposition 3.8. Let £ = (X,U,F) be a system, Q C X a controlled invariant set, and
V C U a cover of Q. Then hij,(Q) <logp(Mpy).

Proof. Since V is a cover of Q, we can pick an (n,Q)-spanning set . C V" for every
n > 2. For every u € ., we have My, - Myu, - - My, o, | = 1. Thus rip(n,Q) <. <
172} This implies that

. 1
hinv(Q) = lim sup ; log Viny (I’l, Q)

n—oo

1
< limsup —log ||M5_Vl 1

n—oo N
n

= limsup
n—eo

Using Gelfand formula [39, Corollary 5.6.14], it follows that £;,,(Q) <logp(Mpy). O
Corollary 3.9. Let £ = (X,U,F) be a system and Q C X be controlled invariant. Then

. < ; )
hmv(Q) - VCUlcrg)‘ers Qlogp(MQ’V>

e
— log | My T

Theorem 3.10. Let ¥ = (X,U,F) be a system, Q C X a controlled invariant set, V. C U a
finite cover of Q. If in addition

(C.1) Q,NQp =0 for distincta,b €'V,

(C.2) there exists K C Q, such that Q, C F(K,a) for every My, =1,

(C.3) Q. =0 foreveryceU\V.

Then hmv(Q) = logp(MQ,V)‘

Proof. To simplify the notation, set M = My y. It is easy to see from conditions (C.1) and
(C.3) that the set .5 = {uou; : My, = 1} is the only (2, Q)-spanning set of Q. Assume
that

S = {”Oul U1 Muyguy My, My, u, = 1}
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is the only (n,Q)-spanning set of Q. We will show that .71 = {uou; - -uy : My, -
My,u, -+ My, \u, = 1} is the only (n+ 1, Q)-spanning set of Q. Let . be an (n+1,Q)-
spanning set. Then . C .%,,11 and

Flp={welU":3uc .S st.wi=u;,i=0,....n—1}

is an (n,Q)-spanning set. By assumption, we see that ., = .%|,,. For every u € .7, let
B,:={beVIM,, ,,=1}and.”, :={ublbec B,}. Condition (C.2) tells us that .}, C .7,
and thus .| C .. It immediately follows that .#}, | is the only (n+ 1, Q)-spanning set
of Q and rjp,(n,Q) = 4.7, for n > 2. A standard induction on n then yields

ijn = Z Z (Mnil)uo,u,,,l ’

ugeVu,_ 1€V

Hence 7,y (1, Q) = §.%, = |M"~'||1, and thus this with Gelfand formula shows that £;,,(Q)
logp(M). O

Remark 3.11. (1) The formula for invariance entropy in Theorem 3.10 is completely
analogous to that for topological entropy of Markov subshifts (see for example Theorem
3.48 in [40]). The latter gives us a motivation for the former since a Markov subshift can
be described by a binary matrix.

(2) Suppose that V C U satisfies the conditions of Theorem 3.10. Let Ay ={Q,:a €V}
and define Gy : Ay — U by G(Q,) = a for every a € V. Then (Ay,Gy) is an invariant
partition of Q. From Theorem 3.10, we see h;,,(Q) =logp(Mgv). It is natural to wonder

if hf;ﬁ(Q) = hiny(Ay, Gy ). However, these conditions of Theorem 3.10 are not sufficient

(see Exa. 3.14). But the invariance feedback entropy of Q can be determined by this
invariant partition.

Under the conditions of Theorem 3.10, we say (B,Gg) is a refinement of (Ay,Gy)
if B is cover of Q, every element B of B is contained in some element A of Ay, and
G3(B) =Gy (A) forevery B € B. Let #(Ay,Gy) denote all the refinements of (Ay, Gy ).
We call (C,Ge) € B(Avy,Gy) an atom refinement of (Ay,Gy) if € = {{x} : x € 0} and
#(F(x,a) N Qyp) is at most 1 for every a,b € V and x € Q,. Note that if (Ay,Gy) has an
atom refinement then it is unique.

Corollary 3.12. Under the conditions of Theorem 3.10,
B (Q) = inf{hiny (B, G) : (B, G) € B(Av,Gy)}.

myv

Proof. Suppose that (B,G3) is an invariant cover. By (C.3) in Theorem 3.10, For every
B € B, Gp(B) € V. Since B C Ugey, A, it follows from (C.1) in Theorem 3.10 that there
exists only one element A C Ay such that B C A. Hence Gg(B) = Gy (A) and it follows
that (B, Gg) is a refinement of (Ay, Gy ). O

Theorem 3.13. Under the conditions of Theorem 3.10, if moreover £Q is finite and (C,Ge)
is the atom refinement of (Av,Gy), then nl® (Q) = hiny(C, Ge).

my

Proof. Since (C,Ge) is an invariant partition of Q, it immediately follows from Theo-

rem 3.2 that A, (C,Ge) = w*(C, Ge). Take an irreducible periodic sequence c in (C, Ge)

such that w*(C,Ge) = w(c). We can without loss of generality assume that ¢ = (Ci)f;ol,
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where k < Q. Fixing m € N and a refinement (B,Gg) of (A, G), let
Bem = Co--Ce1---Co---Cr_1 Co

m

and 8 be an (mk+ 1 Q) -spanning set in (B, Gg). Since P(o) covers Q for any @ € § and
#Co = 1, there exists a® € 8 so that Cy € a°(0) and

F(Co,G3(Co)) € F(a®(0),Gx(a’(0))) . |J A~

AleP (OCO'[O,O])

Thus there exists o' € § such that Cy C ! (0),C; C a'(1). Repeating this process, we
can find %! € § such that

C; C o™ (jk+i), j=0,....m—1,i=0,....k—1, Co C & (mk).

Since (C, Ge) is the atom refinement,

(3.3) tDe({x}) <D
for any x € Q, where
D; = min min{fF : F C Dg(A (A,G A
56,0 ) {# 5(A), F(A,Gp(A Ag? }
AeB
{x}cA

Replacing {x} in (3.3) by C; implies that
ﬁD@( )<ﬁP( mk+]|0]k+l)_ﬁp( mk+1| ,]k+l]) ij,...,m—l, i=0,...,k— 1
Then

mk mk—1 k—1 m
S) > Hﬁp(amk+l‘[0,t]) > H ﬁp(amk+l‘[07t]) > <H ij@(Ci)> .
=0 =0 i=0
Since & is arbitrary,

k—1 "
Tim(mk+1,0,B,Gg) > (H ﬁDe(Ci)> :

It follows that

. 1
hinv(B7GB) :rrlzlir:omk logrinv(mk+laQ737G3)

+1

1 k—1 m
> i ;
> lim ———log (HﬁDdcl))

i=0
=w(c) = hin(C, Ge).

This together with Corollary 3.12 yields the desired equality. U

Example 3.14. Let ¥ = (X,U,F) be a system, where X = {0,1,2,3,4,5} and U =
{a,b,c}. The transition function F is illustrated by Fig. 2.
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FIGURE 2.

The set of interest is Q := {0, 1,2,3,4}. Let
A1 ={A10,A11,A12}, A1 ={0,1}, A1 ={2,3}, Ap = {4},
Az ={A2,A21,A2,A23,A04 }, Aog = {0}, Aoy = {1}, Axa = {2}, Apz = {3}, Aoy = {4},
Az = {A30,A431,A3,A33}, Az0 = {0}, A31 = {1}, A3p = {2,3}, A33 = {4}.
Define G;: A; - U,i=1,2,3 by
Gi(A) =a, Gi(A11) =b, G1(A1n) =

G2(A20) = a, G2(A21) = a, G2(Ax)
G3(A30) = a, G3(A31) = a, G3(A3)

b

C
b, G2(Ax3) =b, G2(Ax) =c,
b G3(A33) =c.

Then
1 1 P 1
him(Q) =0, hipy(A1,G1) = X hiny(Az,G2) = 7 hinm(A3,G3) =1, hy, (Q) = 1
Proof. Clearly Q, = {0,1}, O, = {2,3}, Q. = {4}, and thus U is a cover of Q. It is
obvious that conditions (C.1) and (C.3) in Theorem 3.10 hold. Since Q, C F(Qq,a),

O, C F(0,a), Q, C F(Qp,b), and Q. C F(Q¢,c), condition (C.2) in Theorem 3.10 holds.
From Fig. 2, we have

a b c

01 1\a
Moy=1[1 0 0|b

00 1/c

A brief computation shows that p(Mgp ) = 1. It then follows from Theorem 3.10 that

hinv(Q) =0.
We now compute A, (A;, G;), i = 1,2,3. Since

Alp Al A Alg Al A

0 1 1 \Ajo 0 2 2\ A
MthG1 = 1 0 0 A, WA17G1 = 1 0 0 A,

0 0 1 A12 0 0 1 A12
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Ay Az Axp Axz Ax Ay Az Ax Az Ax
0 0 1 0 1\Ay 0 0 2 0 2\Ax
0 0 0 1 0 Ay 0 0 0 1 0 Ay
Mug,=| 0 1 0 0 0 [An Wyg=|0 1 0 0 0 |An,
1 0 0 0 0 |Ax 1 0 0 0 0 |Ax
0 0 0 0 1 /Aoy 0 0 0 0 1 /Aoy

Az A3zl Az Az A3z A3z1 Az Az

0 0 1 1\As 0 0 2 2\As

0 0 1 0 A3 0 0 1 0 |As;

Mues= 1 1 0 0 |ap "&=]2 2 0 0 |4y’

0 0 0 1 /] Az 0 0 0 1 JAsz

it follows by a straightforward calculation that

p(M.Al,G]> = 17 p(Wﬂl,G1) = \/57 ||WA17G1 ||°° - 27

p(MAZ,Gz) =1, p(WAz,G2> = \4/57 ||WA2,G2||°° =12,
p(MA37G3) = \/57 p(W.A3,G3) = \/67 HW.A3,G3 H°° =2.

It then follows from Theorem 3.6 that h;,, (A1, G1) = % and A,y (Az, Gy) = zlt' Noting that
w*(As, G3) = w(c), where ¢ = A3pAs;, we have by Theorem 3.2 Ay, (A3z, G3) = 1.

It is not difficult to check that (A,G;) is the atom refinement, and therefore Theo-
rem 3.13 asserts that hfb(Q) =1 O

my
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