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Abstract

Cheeger’s inequality states that a tightly connected subset can be extracted from a graph G using an
eigenvector of the normalized Laplacian associated with GG. More specifically, we can compute a subset
with conductance O(v/¢¢), where ¢¢ is the minimum conductance of a set in G.

It has recently been shown that Cheeger’s inequality can be extended to hypergraphs. However, as the
normalized Laplacian of a hypergraph is no longer a matrix, we can only approximate its eigenvectors;
this causes a loss in the conductance of the obtained subset. To address this problem, we here consider
the heat equation on hypergraphs, which is a differential equation exploiting the normalized Laplacian.
We show that the heat equation has a unique global solution and that we can extract a subset with
conductance /¢ from the solution under a mild condition. An analogous result also holds for directed
graphs.
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1 Introduction

The goal of spectral clustering of graphs is to extract tightly connected communities from a given weighted
graph G = (V, E,w), where w: E — R is a weight function, using eigenvectors of matrices associated
with GG. One of the most fundamental results in this area is Cheeger’s inequality, which relates the second-
smallest eigenvalue of the normalized Laplacian of GG and the conductance of GG. Here, the (random-walk)
normalized Laplacian of GG is defined as Lo = I — A(;D(_;I, where A € RV*V and Dg € RV*V
are the (weighted) adjacency matrix and the (weighted) degree matrix, respectively, of G, that is, D¢ is a
diagonal matrix with the (v, v)-th element for v € V' being the (weighted) degree da(v) == > c plye. w(e€)
of v. Note that all eigenvalues of L are non-negative and the smallest eigenvalue is always zero, as
L (D) = 0, where 1 is the all-one vector and 0 is the zero vector. The conductance of aset() C S C V
is defined as

46(8) = ——ecte) )

"~ min{volg(S),volg(V \ S)}’
where 0g(S) is the set of edges between S and V' \ S, and volg(S) := >, cgda(v) is the volume of S.

Intuitively, smaller ¢(.S) corresponds to more tightly connected S. The conductance of G is the minimum
conductance of a set in G; that is, ¢ := mingcgcy ¢a(S). Then, Cheeger’s inequality [2) 3] states that

% < 46 < VD, n

where A\ € R, is the second-smallest eigenvalue of L. The second inequality of (I) is algorithmic in
the sense that we can compute a set ) C S C V with conductance of at most v/2Ag = O(v/d¢ ), which is
called a Cheeger cut, in polynomial time from an eigenvector corresponding to A\g. Moreover, Cheeger’s
inequality is tight in the sense that computing a set with conductance o(v/¢¢) is NP-hard [16], assuming
the small set expansion hypothesis (SSEH) [13]].

Several attempts to extend Cheeger’s inequality to hypergraphs have been made. To explain the known
results, we first extend the concepts of conductance and the normalized Laplacian to hypergraphs. Let
G = (V, E,w) be a weighted hypergraph, where w: E' — R is a weight function. The (weighted) degree
ofavertex v € Visdg(v) := ) w(e). Foravertex set ) C S C V, the conductance of S is defined
as

ecElvee

Yecoa(s) W(€)
min{volg(S),volg(V \ S)}’

where 0 () is the set of hyperedges intersecting both S and V'\ S, and vol(S) has the same definition as
usual graph. The conductance of G is defined as ¢¢ := mingc gcy dc (5).

The normalized Laplacian Lg: RV — 2RV of a hypergraph G [4] is multi-valued and no longer
linear (see Section [2] for a detailed definition). In the simplest setting that the hypergraph G is unweighted
and d-regular, that is, every vertex has degree d, and the elements of the given vector € R are pairwise
distinct, the L acts as follows: We create an undirected graph G, on V from G by adding for each
hyperedge e € E an undirected edge uv, where © = argmin, ., (w) and v = argmax,,c, (w), then
return Lg, T.

pc(9) =

"We note that the range of the Laplacian defined in [4] is R" instead of 9% They chose the value of L () so that it satisfies a
necessary condition that the heat equation has a solution, which makes it unique. Hence as long as we consider the solution
to (HE; s), our Laplacian behaves as that defined in [4]. Nevertheless, we keep the range 22" fora general treatment of the heat
equation using the theory of monotone operators. See Section 3 for more details.



When L (v) > Av holds for A € R and v # 0, we can state that A\ and v are an eigenvalue and an
eigenvector, respectively, of Lg. As with the graph case, all eigenvalues of L5 are non-negative and the
first eigenvalue is zero as L;(D1) = 0 holds. Moreover, the second-smallest eigenvalue A € R exists.
Cheeger’s inequality for hypergraphs [4] 20] states that

ATG < da <2/ Aq. 2

Again, the second inequality is algorithmic: If we can compute an eigenvector corresponding to \g, we
can obtain a Cheeger cut; that is, a set ) C S C V with ¢5(S) = O(v/¢¢), in polynomial time. Unlike
the undirected graph case, however, only an O(log n)-approximation algorithm is available for computing
A¢ [20]. Further, this approximation ratio is tight under the SSEH [4]. Hence, the following natural question
arises: Can we compute a Cheeger cut without computing Ag and applying Cheeger’s inequality on the
corresponding eigenvector?

To answer this question, we consider the following differential equation called the heat equation [4]]:

% € —Lg(pr) and pg = s, (HE; s)
where s € RV is an initial vector. Intuitively, we gradually diffuse values (or heaf) on vertices along
hyperedges so that the maximum and minimum values in each hyperedge become closer. We can show
that always has a unique global solution for ¢ > dg using the theory of monotone operators and
evolution equations [12]], (see Section [3l for details), and let p§ € RV be the solution at time ¢ > 0. In
particular, pj = s holds. In addition, if >~ .y, s(v) = 1, we can show that ) _,, pf(v) = 1 holds for any
t > 0, and that p$ converges to ™ € RY as t — oo when G is connected, where 7(v) := dg(v)/vol(V)
(see [4], Theorem 3.4]). Throughout this paper, we assume that hypergraph G is connected.

For a vector ¢ € RV, let sweep(x) denote the set of all sweep sets with respect to x; that is, sets of
the form either {v € V | &(v) > 7} or {v € V | &(v) < 7}, for some 7 € R. We want to show that the
conductance of the sweep set of a vector obtained from the heat equation is small. To this end, for 7" > 0,
we introduce a key quantity in our analysis:

d : 2
9o(T) = = —log lpy" = wllp-r|
dt T
where HszD,l := x " D™ 'x, which quantifies how fast the heat converges to the limit, that is, 7. We can

show that g, (7") is twice the Rayleigh quotient of D~1/2 (pT* —) with respect to the normalized Laplacian
x — DV2L5(D~/?(x)). This fact, combined with Cheeger’s inequality for hypergraphs, implies that
gv(T") captures the minimum conductance of a sweep set obtained from p7".

Theorem 1. Let G = (V, E,w) be a weighted hypergraph and ) C S C V be a set. For any t > 0, we have
9u(T) > ("#.I)Zt)2

where k., := min{¢¢(5') | £ € [T.], S’ € sweep(p{*)} and 7, € RY is a vector for which m,(v) = 1
and 7, (u) = 0 for u # v.

Let uz (G, 1) be an eigenvector corresponding to the second smallest eigenvalue A2(G,, 1) of the nor-
malized Laplacian L, ;.. Then, by using Cheeger’s inequality for undirected graphs, we have the following
corollary:

?Previous works [4][20] only guaranteed that it has a local solution for 0 < ¢ < Ty for some Ty > 0.



Algorithm 1: Finding Cheeger Cuts via Heat Equation
Input : Hypergraph G = (V,E,w)andt >T >0
Output: SCV

1 Select an arbitrary v € V;

2 Solve (HE; ;) to obtain pg“ for & € [T, t];

3 Sout ¢ argmin SIE U I—. oc(9);

4 return Sy

Corollary 2. Assume that (u(Gy,1), p7° ) p-1 # 0 holds. Then, we have

46chy(T) = (kF,)%,
where h,(T') = g,(T)/X2(Gy,1).

We can show that h,(7) is close to 1 when T is large. Hence, Corollary 2] implies that, when 7'
is sufficiently large, under the assumption in the statement, we can obtain a set ) C S C V such that
#c(S) = O(V/ ), thereby avoiding the problem of computing the second smallest eigenvalue A\ of the
hypergraph normalized Laplacian L. Algorithm [T] gives a pseudocode of our algorithm.

Although we cannot solve the differential equation (HE; s|) exactly in polynomial time, we can effi-
ciently simulate it by discretizing time using, e.g., the Euler method or the Runge-Kutta method. Indeed
these methods have already been used in practice [19]. Alternatively, we can use difference approximation,
developed in the theory of monotone operators and evolution equations [14], to obtain the following:

Theorem 3. Let G = (V, E,w) be a weighted hypergraph and v € V, and let T > 1 and X\ € (0,1). Then,
we can compute (a concise representation) of a solution {pt)‘}OStST such that ||pT* — p||p-1 = O(VAT)
for every 0 < t < T, in time polynomial in 1/\, T, and ) ; |e|.

1.1 Directed graphs

We briefly discuss directed graphs here, as we can show analogues of Theorem [Il Corollary 2 and Theo-
rem 3 for such graphs with almost the same proof.

For a directed graph G = (V, E, w), the degree of a vertex v € V is dg(v) = }_ e, w(e) and the
volume of aset S C Vis volg(S) = >~ . dg(v). Note that we do not distinguish out-going and in-coming
edges when calculating degrees. Then, the conductance of aset ) C S C V is defined as

min{y - c o (5) W(e), Leeay (s) wle)}

dG(S) = min{volg(S), volg(V '\ S)} 7

where 9%, (S) and O (S) are the sets of edges leaving and entering S, respectively. Then, the conductance
of G is ¢ := mingcgcy ¢ (S). Note that ¢ = 0 when G is a directed acyclic graph.

Yoshida introduced the notion of a Laplacian for directed graphs and derived Cheeger’s inequality,
which relates ¢ and the second-smallest eigenvalue g of the normalized Laplacian of GG. As with the
hypergraph case, computing A\ is problematic, and we can apply an analogue of Theorem [ to obtain a
set of small conductance without computing A. In this paper, we focus on hypergraphs for simplicity of
exposition.



1.2 Sketch of proof

Chung [7] presented analogues of Theorem [Tland Corollary 2l for usual undirected graphs. Here, we review
her proofs of these analogue, because our proofs of Theorem [[land Corollary 2] extend them partially.
For the undirected graph case, we consider the following single-valued differential equation:
d
% =—Lgp: and pg=s.
This differential equation has a unique global solution pf = exp(—tL)s. We define a function f*: Ry —
R as

F2) = llpo — wlH--
When G is connected, p{ converges to 7 as ¢ — oo irrespective of s; hence, f® measures the difference
between Pf/z and its unique stationary distribution 7r. For a set S C V, we define w5 € RY as wg(v) =
d(v)/vol(S) if v € S and wg(v) = 0 otherwise. Then, we can show the inequalities

exp(~0(6(S)1)) < F75(t) < exp (—2 ((57°)%t) ), 3)
for every S C V, where x;° is the minimum conductance of a sweep set with respect to the vector

(p{*(v)/d(v)),ey - From the closed solution of p7, we observe that p;2 = D ves % p;r/”2 Then,

we have

2
exp(~0(0(S)1) < (1) = 0]~ lps < (Z Sl - 7r||D1>
veES

(by triangle inequality)
v 2 _ v v\ 2

Taking the logarithm yields the desired result.

The main obstacle to extending the above argument to hypergraphs is that p; does not have a closed-
form solution as L¢ is no longer a linear operator and single-valued. To overcome this obstacle, we observe
that there exists the sequence tg = 0 < t; < to < --- such that L can be regarded as a linear operator L;
in each interval [t;, t;1+1). Here, £; is the normalized Laplacian of a graph constructed from the hypergraph
G and the vector py,. Then, we can show a counterpart of the second inequality of (3) for each f*: Ry — R
defined as f7(A) = [|pf , A P /|3, which is sufficient for our analysis. (We will use another equivalent
definition for f# for convenience. See Section Ml for details.)

Another obstacle is that the triangle inequality applied in the above argument is not true in general,
because pzr/s2 may not generally be equal to ) ¢ % p;”é for the hypergraph case. Due to this obstacle,
it is hard to obtain a counterpart of the first inequality of (B). To overcome this problem, using the fact
that the logarithmic derivative g, (¢) is monotonically non-increasing and considering ¢t > T for T > 0, we
obtain a non-trivial lower bound exp(—O(g,(T)(t — T')) of the square of norm ||pf"* — 7||%,_,. Then, we
show that g, (T") goes to an eigenvalue of the normalized Laplacian L, ,. as T becomes larger. Hence, if
gu(T) is close to A2 (G, 1), by using the Cheeger inequality (1) for graphs and the relation ¢, , < ¢g, we
obtain a counterpart of the first inequality of ().



1.3 Related work

As noted above, an analogue of Theorem [I] for usual graphs has been presented by Chung [7]. However, as
the normalized Laplacian L5 = [—Ag D(_;1 is a matrix for the graph case, that analysis is much simpler than
that presented herein. Kloster and Gleich [[I1] have presented a deterministic algorithm that approximately
simulates the heat equation for graphs. Hence, they extracted a tightly connected subset by considering a
local part of the graph only.

The concept of the Laplacian for hypergraphs has been implicitly employed in semi-supervised learn-
ing on hypergraphs in the form =" Lg(z), where Lg(z) = La(Dg'x) 21]]. This concept was then
formally presented by Chan et al. at a later time. Subsequently, the Laplacian concept was further
generalized to handle submodular transformations 20]]; this development encompasses Laplacians for
graphs, hypergraphs [4], directed graphs [19], and directed hypergraphs [6]. On our work here, we need pre-
cise description of undirected graphs G; introduced below. To achieve this, we borrow some results in [6)
Sections 3 and 4].

Finally, we note that another type of Laplacian for hypergraphs, which essentially replaces each hyper-
edge with a clique, has been used in the literature [1, [I7]]. We stress that that Laplacian differs from the
Laplacian for hypergraphs studied in this work.

1.4 Organization

The remainder of this paper is organized as follows. In Section 2] we introduce the basic concepts used
throughout this paper. In Section 3] we show some basic facts on the heat equation (). In Section 4] we
prove Theorem [l We show that has a unique global solution in Section[3l A proof of Theorem [3]is
given in Section [6l

2 Preliminaries

For a vector ¢ € RV and aset S C V, let (5) = >, cg@(v). Fora vector z € RY and a positive
semidefinite matrix A € RV*Y, we define (z,y)4 = ' Ay and ||z||4 = \/(z, z)4 = VT Az.

Let G = (V, E, w) be a hypergraph. We omit the subscript G from notations such as A when it is clear
from the context. Foraset S C V, let 1g € R denote the characteristic vector of S, that is, 1 s(v) =1if
v € Sand 1g(v) = 0 otherwise. When S = V or S = {v}, we simply write 1 and 1,, respectively. For

Vﬁfc(zg) if v € S and wg(v) = 0 otherwise. When

S =V or S = {v}, we simply write 7 and 7, respectively. For a vector p € RY, we write p/d¢ to denote
a vector with (p/da)(v) = p(v)/da(v) for eachv € V.

aset S C V, we define a vector mg € RY as wg(v) =

2.1 Normalized Laplacian for hypergraphs

We define (random-walk) normalized Laplacian for hypergraphs precisely. Let G = (V, E, w) be a hyper-
graph. For each hyperedge e € E, we define a polytope B, = conv({1, — 1, | u,v € e}), where conv(S)
denotes the convex hull of S C RY. Then, the Laplacian Lg - RY — 2RY of G is defined as

La(x) = {Z w(e)beb, x | b, € argmax bTa:} , 4)

ecE beB.

and the normalized Laplacian is defined as L : © — Lg(D51w).



We can write Lg(x) more explicitly as follows. For each hyperedge e € E, let S, = argmax,¢, (v)
and I, = argmin . x(v). Let B/ = {uwv | e € E,u € Se,v € I.} U{vv | v € V}. Then,
we arbitrarily define a function w: E' — Ry so that w/(uv) > 0 only if u € S, and v € I. and
we have 30 o cr wi(uv) = w(e). Then, we construct a graph G' = (V, E',w’), where w'(uwv) =
> eeBlues, vel, We(w) for each uv € E' and w'(vv) = da(v) — X ccpjpe. W' (€) for each v € V. Note
that dg(v) = dgr(v) forevery v € V. Let G(G, ) be the set of graphs constructed this way. Then, we have
Lo(@) = {Loa | G € G(G, )}

We can understand Laplacian for hypergraphs in terms of submodular functions. Let F,.: 2" — {0, 1}
be the cut function associated with a hyperedge e € E, that is, F.(S) = 1 if and only if S Ne # () and
(V\ S)Nne # (. It is known that F, is submodular, that is, F.(S) + F.(T) > F.(SNT) + F.(SUT)
holds for every S, T C V. Then, B, is the base polytope of F, and b, in (@) is chosen so that b x = f.(x),
where f.: RY — R is the Lovdsz extension of F. See [9] for detailed definitions of these notions.

When G = (V,E,w) is a usual graph, its Laplacian Lg € RY*V and (random-walk) normalized
Laplacian Le € RV*V are defined as Dg — Ag and I — AgDél, respectively. Indeed, this coincides
with @) when we regard G as a hypergraph with each hyperedge having size two.

3 Properties of Solutions to Heat Equation

We review some facts on the heat equation (HE; s). We say that {p;},- is a solution of if p; is
absolutely continuous with respect to ¢ (hence p; is differentiable at almost all t) and py = s and satisfies
%pt € —L(py) for almost all t > 0. As we see in Section[3] the heat equation (HE; s)) always has a unique
global solution. Also as we mentioned, when G’ is connected, p; converges to 7 as t — oo for any s € RV
with }° oy s(v) = L.

We consider the heat equation on a hypergraph G' = (V, E,w) with an initial vector s € RY
and let {pf},, be its unique solution. Let uf = D~'p$. Then, there is an ordered equivalence relation
(0*,>) on V consistent with {d*u$ /dt*}, introduced in [6, Section 3.1], i.e., for u,v € V, u ~g« v if all
higher (right) derivatives of pf(u) and pf(v) at ¢ = 0 are equal and for two o*-equivalence classes U and
U', U » U’ if there is an integer | € Z, such that for u € U and v’ € U’ the following hold:

d"
dtk

_ '

d' g d'pf
(u) = 0T (u') fork=0,...,1—1, and o (u) > i

I
=0 dt

().

t=0

t=0

We define >~ as - or =. We divide V' by the equivalence relation c* as V' = |_|km:1 Uy so that Uy, > Uk
for every k. For v € V, let [v], . be the equivalence class including v.

Letz = p§ = D7's. Fore € E, werecall S, = Se(x) = argmax,c, z(v) and [, = I.(x) =
argmin, ¢, «(v). Then, we define S7° = S7 (x) and I = I (x) as

S () = {u € Se(w) | [u]
I7 () = {u € L(z) | [u]

= [v],. for any v € Se(x)}
=< [v],. forany v € I.(x)}.

o*

o*

We set V as a complete system of representatives {uy, ug, ..., un} C V (ug € Uy) and set E= {upu; C



V | k,l=1...m}. We define the weights @ on E as

w(uguy) = Z We + Z we fork #1,

e€E, ST NUL#D e€E, ST NU#D
IU*mUﬁé@ 187 NU,#0
w(ugug) E da(v E w(uguy),
’l)GUk I=1,....,m,
£k

Then, the triple G = (V, E, @) can be regarded as a weighted undirected graph. Let da(uk) = > er, da(v),
Dg = diag(dz(ug)) € R™™M, 5 = <Zu€Uk s(u))k € R™, and € = (x(ux)), € R™. Then, we have
§ = D by using the equivalence relation o*. Then for pf = (Zue U, Pi (u)) i € R™, the following holds.
The proof is deferred to Appendix [Al

Theorem 4. p; is a unique solution of the following heat equation:
dp; ~ o~
at —L&pt, po=S.
until when a next tie occurs for |3, i.e., if we retake the ordered equivalence relation o* consistent with
{d*ug/dt*y, at t, either ST™(ug) or 19" (uf) changes for some e. Here, Lz is the graph normalized
Laplacian of G. Moreover, the solution of this heat equation p; determines p; for such t.

Then, there is a time sequence top = 0 < t1 < ta < --- such that there is a weighted graph él =
V27 E,, w; ) for each ¢ € Z_ such that the heat equation on the interval |¢;,%;11) satisfies
+ +

dpr .
Ea

where p; = (Zue% pt(u)>k for equivalence classes {U}}, by equivalence relation o* consistent with

{d*ug/dtk}, att = t;, and L; is the normalized Laplacian associated with G;. Hence, we can write the

solution p; A = (ZueU,i Pti+A(u))k for A € [0,t;41 — t;) as

o

. . AL —A)" LY

pia = Hi apy,, where H; A :=¢ ALi — E (n% (5
n=0 ’

Although p; A was originally defined for A € [0,¢,41 — t;), we can extend it to any A > 0 by using ().
When we want to stress the initial vector, we write p7, p? A, p7, p; A, etc.

In what follows, we assume that for the initial vector s and t’> 0, there is an integer n € Z4 and a
sequence 0 = typ < t; < --- < t, < T satisfying the following condition: On each interval [t;,t;41],
i=0,1,...,n—1,and [t,, T], the solution p§ of heat equation can be obtained by the solution of
the heat equation on the weighted graph Gi (z =0,1,...,n) as above. We assume this only for simplicity
of exposition. Indeed, if the above condition does not hold, the sequence {¢;}, converges to some Ty < oo.
Then, the existence of the global solution p; shown in Section [Blimplies that p7;, is well defined, and hence
another sequence {t;}, starts from 7} again, we can continue this process until we reach 7. It is not hard to
generalize our argument for such a case.



4 Proof of Theorem I

In this section, we prove Theorem [Il Missing proofs are found in Appendix [Bl
Consider the heat equation (HE; s). We borrow notations from Section3] For each i € Z, we define a
function f;: Ry — Roas

fi(A)—onD (PzA 7")

where 7t = (ZuEU]i 7r(u)> L= (déz‘ (u}%)/volV,-)k. When we wish to stress the initial vector s € R, we
write f7. As the following proposition implies, the value of f;(A) indicates the difference between p; A /2

and the stationary distribution 7% on é,

Proposition 5. For any initial vector s € RV, i € Z, and A > 0, we have

pia/2(v) 1\’
i,A/2\V B .
< dg, (v) VOl(‘Z)) dg (v) = 0.

k3

filA) = piaje — %i”%é} = Z

veV;

Proof. We have
1/2 #i1T 2 —1/ ~i\|(2
i oD (PzA 0 ) = HD (H; A2 T 1 )pz()” = ”D (P A2 T )" 0

The following lemma shows the compatibility of norms between vectors on G and Gi.

Lemma 6. Fort =1t; + A, 0 < A <t;41 —t;, we have ||p;a — 7| -1 = ||pr — || p-1.
Gi
Theorem [l is obtained by bounding f;(A) from above and below. To obtain an upper bound, for 0 <
T < t, we define

Ki 1 = min {(béz_(S)

£el, S e sweep <Zl’£> } (i € Zyy I C0,tig1 —ti]),

G
Ki = Hi,[o,ti+1—ti] (Z S Z+)7
KT+ = min min Ri, Ky o K, .
KTt {j=i0+l,...,i1—1 Kjy Rig [T—tiy tig+1] ﬁzl,[o,t—tzl}} )

where ig, i1 € Z are such that T' € [t;,, tio+1) and t € [t;,, ti+1).

Again, when we wish to stress the initial vector 7, € RY, we write %;’ 7> etc. In the following lemma, we
present an upper bound on a quotient of norms of heat when the initial vector s is 7, for some v € V.

Lemma 7. Foranyt > T > 0, the following inequality holds:

ol S e T))

Next, we consider a lower bound on the squared norm of the heat with the initial vector m,,. Let 7" > 0
and set
d v v v
et —wholi=r (07 L(PF)) p
- Ty 2 - 2 Ty 2
t=T HPT —7"||D—1 HPT —7"||D71

d -
go(T) = = —log [|p[* = [},

Then, the following inequality holds:



Lemma 8. For anyt > T, the following inequality holds:

lor” — =%,
= >exp(—g,(T)(t—-T)).
Hp;u — 71_”%71 > exp (—gu(T)( )

Based on these lemmas, we obtain the following:

Theorem 9. Let G = (V, E,w) be a hypergraph, and v € V and t > T > 0. Then, we have

9u(T) = (Rip,)*.

We remark that the g, (7") is close to an eigenvalue of normalized Laplacian of an undirected graph in
the following sense: For p, as in Section 2.1} there is a graph Gyt =G pTy = (V, Eyt, wy ) such that

La,.pr” € La(p]”). We remark that if ¢ € [t;, ¢;41), the graph G; introduced in Section [3lis obtained by
contracting G, ;. We fix T' > 0 and consider a small A > 0. Let ¢ = 7'+ A. Then, p;"” can be written by

n
pre = aze M T (G, ),
j=1

for some a; € R. Here, 0 = A\(Gy1) < A2(Gor) < - < Ap(Gor) < 2 are the eigenvalues of Lg,
and w1 (Gy1), ..., un(Gy 1) are these eigenvectors such that {D_l/zul(Gv,T), . ,D_l/zun(Gv,T)} is
orthonormal. We set jq as
jo =min{j [ j > 2,a; # 0}.
Then, the g, (T") can be rephrased as
(T) o Lo G (G )e” 2o
Go\d) = n 2 on (Go)T
o @je o)
1+ (aj0+1/aj0)2()‘j0+1(Gv,T)//\jo (GU,T))€_2(>\j()+1(G”’T)_)\jo (Go,o)T + -
1 + (aj0+1/aj0)26_2(>‘j0+1(G’U,T)_>‘j0 (GU,T))T + .. )

= 2/\jo(Gv,T) <

We define h,(T") so that g,(T") = 2, (Gy,1)hy(T). Then, h,(T') goes to 1 as T" increases. Hence, h, (1)
is close to 1 for large T'. If jo = 2 (equivalent to (ua (G 1), p7) p-1 # 0), we can find a nearly Cheeger
cut:

Corollary 10. Notation is the same as above. We assume that (us(Gy.1), p7°) p-1 # 0. Then, we have the
following inequality:
46Gho(T) > (Fi,)*.

Proof. By the assumption jy = 2, Theorem[9] and Cheeger’s inequality for graphs (), we have
gu(T) = 2)‘2(GU,T)hv(T) < 4¢Gv,Th'U(T)'
It is easy to see that ¢, ,-(S) < ¢ () holds for any S C V. This completes the proof. O

To deduce Theorem [[land Corollary 2 we need to show a relation E%’t with x7.,. The following relates

the conductance of a sweep set in a hypergraph G and that in a graph G.



Lemma 11. Let G = (V, E,w) be a hypergraph, x € RY be a vector; a be a real number, and o* be the
ordered equivalence relation compatible with x in the sense of [I6} Section 3], i.e., uw and v are o*-equivalent
if and only if x(u) = x(v). Let G = (‘7, E, w) be the weighted graph defined as in Section [3| with this
equivalent relation o*. If S C V (resp., e C 1% ) is the sweep set on G (resp., G ) with x(u) > a, then
¢ (S?) = ¢z(5) holds.

Proof of Theoremlland Corollary2l As E%t = K, by Lemmal[ITl we see that Theorem@land Corollary [I0]
imply Theorem [Iland Corollary 2] respectively. O

5 Existence and Uniqueness of Solution

In this section, we show the existence and uniqueness of a solution to the heat equation using the the-
ory of monotone operators. We refer the interested reader to the books by Miyadera and Showalter [18]]
for a detailed description of this topic.

We begin by introducing some definitions. Let X = (X, (-,-)) be a Hilbert space, || - || be the norm
defined from the inner product, and A: X — 2% be a multi-valued operator on X. Let R(A) C X be the
range of A. We often identify A with the graph of A; thatis, {(x,y) |z € X,y € A(z)} C X x X.

Definition 12. An operator A: X — 2% is monotone (or accretive) if, for any x, ' € X andy € A(z),y’ €
A(x"), we have
<y - y/aw - .Z'/> > 0.

When — A is monotone, A is called dissipative.

Definition 13. A monotone operator A: X — 2% is maximal if A is maximal as a graph of the monotone
operator on X; i.e., if there is a monotone operator B: X — 2% with A(x) C B(x) for any x € X. Then
we have A = B.

To show that the heat equation has a unique global solution, by the theory of monotone operators,
it is sufficient to show that L5 : RV — 2R is a maximal monotone operator. In our case, the Hilbert space
is X = RY equipped with the inner product (-, ) ,—; for z,y € RV.

Lemma 14. The operator L is monotone.

Proof. Forany z € RV and y € Lg(x), we can write

y=BWB'D 'z => w(e)b.b, T,
ecE

where & = D~ 'x. Further, W € R¥*¥ is a diagonal matrix with the (e, e)-th entry being w(e). B =
(be) e is @ matrix with column vectors b € RV, for which

b. € argmax(b, ).
beb.

We use this to show monotonicity. For x1, 22 € RY and y; € Lo(x1),y2 € Lg(x2), we have

Yy = Bll/VBirfl, Yo = BQWB;EQ

10



Then, we have

(Y1 —y2, 1 —x2)p1 = (Y1, x1) p1 + (Y2, x2) p1 — (Y2, 1) p-1 — (Y1, X2) p1
= |B) Z1|l}y + 1By Zallfy — Ty BoW B, 71 — T ByW B T
> ||B &1}y + | By ®lffy — T3 BoW B 1 — % BiW B, @

= ||B{ &, — B) Tl > 0. O
Lemma 15. The operator Lq is maximal.

Proof. By IV.1. Proposition 1.6], it is sufficient to show that R(I + L) = RY. This condition
means that, for any b € RV, the equation « 4+ L5() > b has a solution « in RV In a previous work [8]
Section 3.1], an equivalent condition of the existence of the solution to L (x) > b was given. By a similar
argument, we can give an equivalent condition for « + L;(x) © b and show the existence of the solution to

x+ Lg(x) 2D O
We obtain the following corollary using the theory of nonlinear semigroup:
Corollary 16. The heat equation has a unique global solution.

Proof. Immediate from Lemmas [I4]and I3l See [18], IV, Proposition 3.1] for details. O

6 Computation and Error Analysis of Difference Approximation

In this section, we prove Theorem 3l In what follows, we fix a hypergraph G = (V, E,w),v € V, T > 1,
and A € (0,1).

We first review the construction of difference approximation p;' given in [14, Section 5.3]. By the
condition (5.27) in and the maximality of L¢, for any & € RV, there is a real number 4 satisfying the
following conditions:

0<pu <A,
x, € RY, Y. € —Lag(z,), (6)
ey — — pyullp-1 < pA

We define z(x) as the least upper bound on s satisfying (). We consider an initial vector g € RY.
Then, there is h; € R such that p(xg)/2 < hy < X and there are z; € RV and y; € —Lg(x) satisfying
lx1 — o — hayi|| p-1 < hiA. By repeating this argument, we can take sequences {hy}, {z}, and {y;}
for k =1,2,... satisfying the following conditions:

1. ,u(wk_l)/2 < hp < A,

2. H:Ek —Lp—1 — hkkaD4 < hp .

Lett), = Z?:l h;. Then, it is easy to show that {t}, {4}, and {y;} satisfy the following conditions for
{1}, {3}, and {y1}:

LO=t) <t} < <t <. withlimg_o t) = 00,

2.0t <A (k=1,2,...),

3 2 — 2y — ()~ )yl <A - 0) (h=1.2..).

11



Then, the function p} was defined by

P &) ifte (.60, 0(0,7).

Theorem Bl follows from Lemmas[17] and [I8] below.

Lemma 17. We can compute (a concise representation) of { pi‘}0<t<T for every O <t <T'in time polyno-
mial in 1/\, T, and ), e|.

Proof. From the construction of p;, it suffices to compute acg until ¢, > 1. Note that we can obtain acg

from wﬁ_l by solving the equation
x—xp | € —Ng(x), (®)

because, then, we can set hy, = A and wﬁ to be the obtained solution.
Let® = D~ 'x for any € RY. Then, solving (§) is equivalent to solving

D% — DZ)_, € —\Lg(%). ©)

By an argument similar to [8, Section 3.1], solving (9) is equivalent to computing the following proximal
operator

prox(Z,_,) := argmin <% Z w(e) fo(®)* + %HE - 5k—1H2D> , (10)
zTeRY ecE
which can be computed in time polynomial in ) . [Ve|, where V, is the set of extreme points of b,
Theorem D.1 (i)]. As V. < |e|%, we can compute =} = D prox(Z;_,) in time polynomial in 3" cer €l
As hi, = A, we need to compute mg for k < [T'/k]. Hence, the total time complexity is polynomial in
/AN T,and ) plel O

Lemma 18. We have ||p} — pI||p-1 = O(VAT).

Proof. Let |||La(x)||| = inf{||yl|p-1+ | y € La(x)}. Weset N\ € Z; as tj\\,A <T < t?\w Ay =
max{t} —t} ;;k=1,2,...,Ny}and &, = Zévél |EXIp-1(t) —t)_,), where 3 is defined as
A A
T, —x
Ep="b L ) (k=12...).
tk _tk—l

Then, by the equation (5.20) of [14] instantiated with wy = 0, ¢t = s, z,, = x, we have

1
) 1
192 = Pt < Ex+ &+ (18] + 1A + IAal(E+ [As]) + A1+ 1AuD) ¢ [l1£a ()|
for t € [0,7] and > 0. The condition 3 for {t}}, {z}}, and {y}'} implies [|ER]|p-1 < A. Hence,

Ex <My, <MT+Nasty _ <T <ty
Therefore by taking limit ;x — 04, we have

lp? = P llp-1 < AT +X) + VA2 + At + N[ La(m)l| = O(VAT). m

12
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A Proof of Theorem 4|

Proof. By Corollary for any initial vector s, there exists a unique solution p§ of (HE;s). Let puf =
D~'p?. By [6l §.3 and §.4], we can compute any higher right derivatives d;tﬁts lt=0. Let (c*,>) be the
lexicographical ordered equivalence relation on V' consistent with {d" 7 /dt™|;—o },,.

For each e € E, let S, I, S, and I¢" be subsets introduced in §.2.1 and §.2.2. Let G’ = (V/, E' w')
be the undirected weighted graph with respect to pf as in §[2.11 We remark that for each e € E, w.(uv) # 0
only if (u,v) or (v,u) is in S° x I7", because any vertex in S, \ S?" (resp. 1.\ I ) will leave S, (resp.
I.) after infinitesimal time. We take 7" > 0 such that if we retake ordered equivalence relation (o™, )
consistent with {d"u$ /dt"|;—y },, at t' € [0,T], for e € E, S¢" and IZ" do not change. Then, for any
t € [0, 7], we have

—Lc(pf) = —(I — AcD™N)(pf) > —p§ + Aps i

—pp+ (Z w’(ﬂ@)u?(@))

veV

— <_dG(u)uf(u) + ) w (w)pf (v)>

veV

= (— (Z w'(uv)) i (u) + Z W(””)Hf(”))
veV veV u
= - Z w' (uw) )+ Z (uwv)p (v

veV, veV,
vF#U vEU u

= | = | D w'wo) | (s (u) — pf (v)

veV,
vF#U u

14



= -2 | D wilwo) | (uf(w) = B (v))

ecl vEV,
v w

If u € S9°, then w’,(uv) # 0 holds only if v € IZ". Hence, we have

> wiwo) | (i (u) —pi) = | D wh(uv) | Ac(pf),

veV, o*
ot vel?

where A, (pf) = maxy yee (g (u) — pf (v)). On the other hand, if u € I7", then w’,(uv) # 0 holds only if
v € S7". Hence, we have

D wilwo) | (pf(w) = pf ) == | D wi(uww) | Ac(pf).
‘:}i‘g veEST*

Using these equalities, we obtain

DD wiw) | (e () — w5 (v))

ecF veV,
vEU u

== 3 [ X wlw) | Acud)+ Y | DD wiuww) | Ac(uf)

e€E,  \wvelg” e€E,  \vess*
uesSg uelgd u
Let C[o*] = {Uy,...,U,} be the family of o*-equivalence classes such that Uy > U;;1 and we fix

uy, € Uy, for each i. For u € Uy, we note [u] . = U,.
We sum up the entries of the above vector along Uj. Then, we have

SU=>0 D whw) | Aced)+ D0 | D whw) | Ac(p)

u€Uy e€B, - \velg” e€l,  \vess”
o o
u€SE uelg

- _ Z Z wh(uv) | Ac(pf) + Z Z we(uv) | Ac(pf)

*eeE, uesg* *eeE, uelg*
SEENUE#D \ oo & NUR#0 \ vesg*
— S S
== § weAe(pf) + E weAe(pr).
eckE, eckE,
597 NUL#0 187 NU#0

We remark that the last form is independent of the choice of w’,(uv). Now, if ST N Uy # 0, Ao(uf) =
wf (ug) — pd(uy) for some I > k such that 19" N U; # (. Similarly, if I N U, # 0, A =
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w3 (ug) — g (uy,) for some I < k such that S N U; # (). Hence the sum becomes

= > weAep) DY wele(ps)

eckE, eckE,

5S¢ NUL#D 187 NU#0
S S
=— E g wWe (g (ug) — g (uyp)) g E we(pf () — pg (ug))
ecE, I#£k eEE l#k
STENUL#D 187 NU#0 187 NUL#D ST NU#0
S S S
== E E we (pf (ug) — pf (ur)) E E we (p7 (ug) — pf (ur))
l#k ccB,5¢" nU,L#0 I#k ccp,17%nU£0
187 MU #£0 sg*mUﬁé@
S S
= - § apl(pf (ur) — pi (w)) § an (1 (ug) — pg (wr)),
£k I#£k

= — [ D (an + aw) | pf (u) + > (ars + an)paf (),
o 1k

where
ag; = g We.
e€E,52" NUL#0
187 NU#0
We set

w(upw) = ap +ay fork #1 and  w(upuy) = da(ug) — Z{E(ukul),
1#k

where dg (ug) = e, da(u). For pi, we set pf = (ZuEUk pf(u))k € R™. Then, we have

[}
|

3

D da(w) | pf(w) | = (dgwe)pf (ur),-

ueUy k

Let D = diag(dg(uz)) and ﬁtg = (pf (up)), = Délﬁf € R™. Then, we have

Y (=pfw) + (Aug i) (w)

ueUy k
= = [ D] @(uww) | o (un) + > W (uur) af (w)
17k 17k .
=i+ + | — [ D] wluew) | g (ui) + > W) g (w)
17k 17k i

= —pi + | | dalur) =D @(upw) | pf(ur) + > @ (upug) pf (ur)
17k 17k .

= —p} + (@(wguy))y 117 = —(I = (@(wpw))y, D515 -
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This I — (w(ugw)), lD is the normalized graph Laplacian ﬁG introduced in Section 3

We return to the heat equatlon We consider the solution pf of heat equation (HE; s). We set uf =
Dg 1p8. By the definition of o, pf(u) = p? (v) if u ~g+v until the next tie occurs. We remark that p? until
the next tie occurs is determined by pf (ug), i = 1,...,m. Also dugt(u) = d“t( %) holds for such u, v and £.
Hence, we have

dpi dpg
3 ) = dafom) T
Let pf = (ZuEUk pf(u)) L€ R™, and pf = Dél p;. By the argument above, pf is the unique solution
of the heat equation
i _
dt
This solution p; determines p7, and hence pf. If u € Uy, then

pi(u) = da(u)pf (ur)

holds. Hence, we can recover pf from the heat equation (IT). O

~Lepi, o= 3. (11

B Proofs of Section 4]

B.1 Useful lemmas

In this section, we derive several inequalities on f; that will be useful later. Note that the proofs are deferred
to Section Bl We define R;: R"" — R as

2L Tep, (@(0) — 2(0)Ti(w)

HwHQDGL N Zvef/z— w(v)2dc~;i(’u)

Ri(x) = (12)

Lemma 19. For any i € Z_, we have

d
dAlogfz( )=

oDy kPia _ . [Piar 1
szD (pzA—ﬂ'Z) Z Vi) )

Proof. We first prove the following lemma:

Claim 20. Foranyi € Zy and A > 0, we have

1 dpz A

D —1~ T
PioDe, ~qa~ = ~(Dg!Piase) (Da, = Az ) (D5 pias2)
~ W B () 2
. <pZ,A/2  Piag ) Bilun) <0,
wek; dél (’LL) G (U)

where Aéi is the adjacency matrix of G;.
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Proof. We have

_1dpia T e ~ ~T e ~
DG1 dlA = —PIODész,Aﬁzpz,o = _p;,—ODéilHi,A/ZHi,A/2£ipi,0 (by Hi,A = Hi,A/ZHi,A/2)
= —p; O(Hi,A/z)TDéil(D(;i - A@i)DE;ilHi,Aﬁ,Bi,O (by D, Hinjo = (Hi,A/2)TDéi)

T 1~
(D5 Biam) (D, — A ) (D5 Biase).

The second equality in the statement is obtained through a direct calculation.

O

We are now ready to prove Lemma[I9] The first equality is obtained through direct calculation and the

second equality follows from Proposition [5]and Lemma 20l

Lemma 21. For anyi € Z., we have
2

Proof. By Lemmal[I9 we have

& gD s — 7)) = a5
0 i 7)) = —
~ a7 oEPo P, (Pra dA \ ploDg (Bia —7)

~aa \BlDg (poa — ) (BloDg (Bin — 7))

It is sufficient to check the positivity of the numerator. Note that the numerator can be written as
(BloDZ (Pis — 7)) (PioDg £2pin) = (BLoDG Lipia)
The first factor of the first term of (13)) is
proDg (Bin —7) = |DZ P (Binj — )|
by Proposition 3l The second factor of the first term of (13) is
PioDz £2pl A= pioDg (1 Ag D ) H; APio
=p; oD D ( i,A/2) Déi (I - AéiD@i )2Hi,A/2ﬁz‘,o
= Pyol i,A/2) DE;(D@Z. - Aéi)DE;j(D@i - Aéi)Dg;ilHi,Aﬁﬁi,O
= D5 (D¢, — Ag)Dg Hinpapiol”
= D51 = A, Dghpiasll
HD_l PLibiagll.
The second term of (I3)) is
ﬁi,OD(_;il»Ciﬁi,A Pi oD (f Az Dp )Hi,Aﬁi,o
= pio(Hinp)" D~ = A~_D~_ )Hi,A/zﬁi,o

—PZA/z (I A Ds )P:A/z ﬁIA/QDéilﬁiﬁi,A/Z

18
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We can rephrase (I4) as the inner product of the vectors D(f;_l/ L Pi.A /2 and D;p (Pi,nj2—7"), as follows:

£I D 2D By g — 7

—1/2 p ~ T2~ ~i ~
(DGE-/ Lipins2) Déi/ (Piajz —7) = Biap
~T Tr—1x ~T Try—lxi
= PinjaLi Dg Pinja = Pinpli Do ™ = pi,A/2£i Déi Pi,A /25
where the last equality follows from

) 1
T ATp—ls~i ~T  pT
PinLi D@ilﬂ' = P;nLi Wl

T1 _ n=1/p. N1 =1
and £, 1 = Déi (Dg, —Ag)1 = DéiO =0.
Hence, we have

—1/2

2
- ~ —1/2,~ ~i T-1/2,~ ~i
D = 107 s ol 105 By - N = (05 *Lian) D Giap =) 20,

where the last inequality follows from the Cauchy-Schwarz inequality. O

B.2 Proof of Lemmal6]
Proof. We recall that

pias2(uf,) Z pi.ns2(v) = Z da(v) | pias2(up).

veUj veU}

Hence, we obtain

1pias2 = %iHZbGﬂ = (Pias2 =) D Biny = 7)

1 ~ ~1
= k=1 déz( ? ) (pz,A/2(uk) -7 (Uk))2
2
=2 ) Z[; TS
= 2 e, () <“2"A/2( 2 vol<V>>
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On the other hand, the norm on G becomes the following:

”pzA/2_7T HD 1 Z d () PZ,A/z(U)—W(U))2

uEV
da(u) \°
; %; (,02 ay2(u) — vol(V))
— ;u%; de(u) <,u2 aa(ug) = vol(V)>
2
— ;d (u) (ul A2 (uj) vol -

B.3 Proof of Lemmalf(7|

We first derive a lower bound on the log derivative of f;(A).

Lemma 22. Foranyi € Z. and A > 0, we have

Kin/2

o fi(a) > 2

dA
Proof of Lemma By Lemma[I9] we have

d pzA/2 1
log f; = — .
—gA g filA) =R, < i, vol(%))

Then, by applying Cheeger’s inequality on the vector p; A /2 / dg , we obtain

~ =2

) K
max R, Pi,AJ2 el > 2,A/2‘
ceR dé 2

Hence, it suffices to show that the left hand side (LHS) attains the maximum value when ¢ = 1/ vol(V) Let
¢: R — R be the denominator of the LHS (recall (12)) as a function of c. Then,

& =-2 M—c)c% v).
| ;( dg, (v) a.(v)

Hence ¢'(c) = 0 yields

Z pinj(v) — Z dg (v) | =0,

VeV, veV;

which implies ¢ = 1/ Vol(V) attains the minimum of . O
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Proof of Lemma[l We are now ready to prove Lemma[7l By Lemmal2] we have

log fi, (20 - til)) —log fi, (0) < _%121,[0,A} (t— til)’

log f;(2(tjz1 — t;)) —log f;(0) < =&3(tj41 —t;) (j=0,...,i—1),

log fio (2(tig+1 — tiy)) — log fiy (2T — 2t;) < —%?O,[T_tio,tml_tio}(tz’o+1 = T),

Hence, we have

fir (8 = tiy) < fi, (0) exp <—75221,[o,t_ti1}(t - til)) = [|pi 0 — 7" H%é_l exp (—Ei,[o,t_til](t - th))

21

~ ~(i1—1) 12 ~9
= [1Pir—1,ts, ~t(s, -1y — il )”DE;l P ("‘z‘l,[o,t—tn](t - ti1)>
(i1—-1)

= f(il—l)(o) <_%?1,[0,t—til](t —tiy) — %%h—l)(til - t(il—l))) <

i1—1

~2 ~2 ~2
< fio (2T — 2t;,) exp _"il,[Qt—til](t —tiy) — Z R (i1 — t5) — Rig,[T—t4, ,ti0+1—ti0}(ti0+1 )

Jj=to+1
< ||pFr = 7l h-1 exp(—Fip, 2 (t = T)).

B.4 Proof of Lemma[§|

Proof. As in [5, Lemma 4.11, 3], the derivative of the Rayleigh quotient (p7™, Lp[")p-1/||p[" — =||,-,

is non-positive, hence this does not increase about ¢. By this monotonicity, we have

(O LT )pr _ 0T LPT ) s
lor =l = llop — B

d
——log|lp}" —m|[p1 =2 = go(T).

dt

By integrating this on [T',t], we obtain the claimed inequality.

B.5 Proof of Lemma[I1l

Proof. Let{Uy,Us,...,Uy,} C 2" be the 0*-equivalence classes such that Uy, = Uy 1 (k = 1,...

i.e., forany u € Uy, v € U1, z(u) > (v). Then, the sweep set S can be written by
S4=8:=U,U---UU;
for a certain integer <. We recall that the conductance of this S on G is
Z e€E,enS;#0 We

¢c(5i) = min{vol(e;j)\fi:(fl(v\si)}.

Now, S¢ is equal to S; = {u1,us,...,u;} for same i. Then, the conductance qﬁé(gi) is

Zuveé,yvp‘é’ﬁé@ w(uv)
_ §Z _ uuﬂ‘jv\si#@ _ )
96 (50 min{vol(S;), vol(V\ 5;)}
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By simple calculation, we can show that the denominators are equal. We check the equality of the numerators
here.

Z w(uv) = Z Z w(ujug)

wv€ E,uvnS;#0 1<t k>i+1
uvNW\S; #0

=22 | X wet > w

ISt k241 | eeB,s2"NU;#0 e€E,8¢7 NU;#0
197 UL #0 19%NUL#0
= E We = E We.
eEE,Sg*ﬁSi?ﬁ@ e€E,enS;#0
Ig*ﬁV\Si#‘B eNV\S; #0
Hence, the numerators are also the same. O
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