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Abstract

In this paper, we study the 2-binomial complexity by, 2(n) of the generalized Thue-Morse words
t,, for every integer m > 3. We obtain the exact value of bg,, 2(n) for every integer n > m?.
As a consequence, by, 2(n) is ultimately periodic with period m?2. This result partially answers
a question of M. Lejeune, J. Leroy and M. Rigo [Computing the k-binomial complexity of the
Thue-Morse word, J. Comb. Theory Ser. A, 176 (2020) 105284].
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1. Introduction

Abelian equivalence of words has been a subject of great interest for quite a long time. Given
a finite non-empty set A, let A* and A" denote the set of finite words and the set of infinite words
over A respectively. Two words u,v € A* are abelian equivalent, denoted by u ~ap v, if |ul, = |v]
for every a € A where |u|, denotes the number of occurrences of the letter a in u. The notion
has been studied in the relation of abelian complexity of infinite words M, , , ], abelian
repetitions and avoidance E, , ], and other topics ﬂa, , ]; see also @] and references
therein.

As a generalization of abelian equivalence, Rigo and Salimov HE] introduced the notion of k-
binomial equivalence based on binomial coefficients of words. The binomial coefficient (;‘) of two
words u and v is the number of times that v occurs as a (not necessarily contiguous) subsequence
of u. Binomial coefficients of finite words have been successfully applied in several fields: p-
adic topology ﬂj], non-commutative extension of Mahler’s theorem on interpolation series %
formal language theory B], Parikh matrices and a generalization of Sierpinski’s triangle [13]
Many classical questions in combinatorics on words can be considered in the binomial context.
Avoiding binomial squares and cubes was considered inﬁ‘ﬁ]. The problem of testing whether
two words are k-binomially equivalent was discussed in [7]. Let k € Z* U {+oc0}. Two words u
and v are k-binomially equivalent, denoted by u ~y v, if (Z) = (;) for all words x of length at
most k. Note that u ~, . v if and only if u = v, while ~; corresponds to the usual notion of
abelian equivalence ~,;. Thus one can regard the notion of k-binomial equivalence as gradually
bridging the gap between abelian equivalence (k = 1) and equality (k = +00). An independent
generalization of abelian equivalence is k-abelian equivalence where one counts factors of length
at most k [9]; for more details, see [24].
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Given an infinite word w = w(0)w(1)w(2)--- € AY, for every positive integer n, let Fu(n)
denote the set of all factors of w of length n. That is, Fyw(n) = {w(@)w(@ +1)---w(l@ +n—1) |
i > 0}. Set pw(n) = #(Fw(n)). The function pw: Z*T — Z7 is called the factor complexity
function of w. A fundamental result due to Hedlund and Morse [16] states that an infinite word
w is ultimately periodic if and only if pw(n) < n for some n > 1. Words of factor complexity
pw(n) =n+1 are called Sturmian words. Analogously, for each k € ZT U{+o0}, the k-binomial
complezity of w is define as by (n) = §(Fw(n)/ ~r). The function by x(n): ZT — ZT counts
the number of k-binomial equivalence classes of factors of length n occurring in w. In the case
k = +00, it holds that by (1) = pw(n), while if k = 1, by 1(n), denoted by p2(n), corresponds
to the usual abelian complexity of w.

Abelian complexity is now a widely studied property of infinite words that has been examined
for the first time by Coven and Hedlund in [5], where they have revealed that it could serve as an
alternative way to characterize periodic words and Sturmian words. Coven and Hedlund showed
that an infinite word w is periodic if and only if its abelian complexity satisfies p2°(n) = 1 for
all large enough n, and they proved that an aperiodic binary infinite word s is Sturmian if and
only if p2(n) = 2 for every integer n > 1. The notion “abelian complexity” itself comes from
the paper |23] which initiated a general study of the abelian complexity of infinite words over
finite alphabets. The abelian complexity functions of some notable words have been determined,
for example, the Thue—Morse word [23], the paperfolding word [15], the Rudin-Shapiro word [14]
and the generalized Thue-Morse words [4].

However nontrivial infinite words with a closed form of the k-binomial complexity by (1)
are very rare. There are only a few such examples to date.

e Let t be the Thue-Morse word. Let k be a positive integer. Lejeune, Leroy and Rigo [11]
proved that for all n < 2% — 1, by (n) = pt(n) and for all n > 2F,

be () = 3-2F -3, if n =0 (mod 2F);
b B 3.2k — 4, otherwise.

e For a Sturmian word s, Rigo and Salimov [25] showed that for all k > 2,
bor(n) = pa(n) = n+1 (n > 1),

e Let o : A* — A* be a morphism. If p(a) ~a @(b) for all a,b € A, then ¢ is said to be
Parikh-constant. Rigo and Salimov [25] proved that there is a constant Cx j > 0 such that
bx k(n) < Cx i for all n > 1, where x is a fixed point of a Parikh-constant morphism.

e For the Tribonacci word T, Lejeune, Rigo and Rosenfeld [12] proved that for all k > 2,
bri(n)=pr(n) =2n+1(n>1).

For every k > 2, finding explicit value of the k-binomial complexity by r(n) for a given infinite
word w is a difficult task, particularly in case of words defined over alphabets consisting of
more than two letters. In [11, Section 8|, Lejeune, Leroy and Rigo asked if it is possible to
compute the exact value of bx x(n) for the fixed point x of any Parikh-constant morphism such
as the generalized Thue-Morse word t,, with m > 3. Let o, be a morphism over the alphabet

Ym ={0,1,...,m — 1} defined as 0 — 01---(m —1), 1 — 12---(m —1)0, ..., m — 1 —
(m—1)0---(m — 2). The generalized Thue-Morse word
tn = tm (0)tm (1)tm(2) - =01---

is the fixed point of the morphism o, beginning with 0, i.e., t,,, = 052(0).
The abelian complexity (or 1-binomial complexity) bt 1(n) was given in [4].



Theorem 1 ([4]). For all integer n > m, if n =r (mod m), then

im(mQ—l)Jrl, if m is odd and r = 0;

sm(m —1)% +m, if m is odd and r # 0;
be,,.1(n) = pi’ (n) = am3 +1, if m is even and r = 0;

im(m —1)2+ %m, if m is even and r # 0 is even;

im2(m —2) +m, if m is even and r # 0 is odd.

In this paper, we fully characterize the 2-binomial complexity b, 2(n) with m > 3. Firstly
we give a sufficient and necessary condition of the 2-binomial equivalence of two factors u and v
of the word t,,. Let S and P denote the set of all the possible suffixes and prefixes defined as

S:={we X! |wis asuffix of o, (a) for some a € ,,, and |w| < m},

P :={weX;, | wis a prefix of 0,,(a) for some a € &, and |w| < m}.

Theorem 2. Let u = aop,(u)f and v = o/ 0, (V')B" be two factors of the generalized Thue-
Morse word t,,, where (a, 8), (o/,8') € S x P and min{|/|, [v'|} > 3. Then u ~2 v if and only
ifa=ad, =0 andu ~1 v.

We remark that there are infinite words which are fixed points of some Parikh-constant
morphisms and do not satisfy the property of Theorem 21 For example, let x = ¢°°(0) where o
is the morphism over {0, 1,2} defined as 0 — 012,1 — 210,2 — 120. Let u = ¢(10122)21 and
v = ¢(22101)12. Then u and v are two factors of x and u ~2 v with @« = &/ = ¢, § = 12 and
B’ = 21. It is natural to ask that what kind of words share a property similar to Theorem 21

Secondly, we obtain the exact value of the 2-binomial complexity by, 2(n) for every n > m?.

Theorem 3. For every n > m? with m > 3, we have
b, 1(n/m)+m(m—1)(m(m—-1)+1), ifn=0 (modm);
btma2(n) = 4 3 9 .
m* —2m° + 2m~, otherwise,
where the abelian complezity by, 1(-) is given in Theorem [

It follows from Theorem [I and Theorem [3] that the 2-binomial complexity bg,, 2(n) is ulti-
mately periodic.

Corollary 1. The 2-binomial complexity by, 2(n) of the generalized Thue-Morse word t, is
ultimately periodic with period m?2.

As the abelian complexity (or 1-binomial complexity) by, 1(n) and the 2-binomial complexity
bt,, 2(n) of the word t,, are ultimately periodic with period m and m? respectively, our numerical
result suggests the following conjecture.

Conjecture 1. For every k > 3, the k-binomial complexity by, (n) of the generalized Thue-
Morse word is ultimately periodic with period m*.

This paper is organized as follows. In Section 2, we state some basic definitions and notations.
In Section 3, we prove Theorem 2l In the last section, we compute the exact value of by, 2(n)
for every n > m?2.



2. Preliminaries

2.1. Finite and infinite words

An alphabet A is a finite and non-empty set whose elements are called letters. Any concate-
nation of letters from A is called a word. The concatenation of two words u = u(0)u(1) - - - u(m)
and v = v(0)v(1)---v(n) is the word uv = w(0)u(1)---u(m)v(0)v(1l)---v(n). The set of all
finite words over A including the empty word € is denoted by A*. An infinite sequence of letters
from A is called an infinite word and the set of all infinite words over A is denoted by AN. For
w=w(0)w(l) --w(n—1) € A*, we denote its length by |w| = n. By convention we set |¢| = 0.

A finite word w is called a factor of a finite (or an infinite) word u, denoted by w < w, if
there exist a finite word p and a finite (or an infinite) word s such that u = pws. We say that
the word w is a prefiz of u, denoted by w < u, if p = ¢, and a suffiz of u, denoted by w > w, if
s=c¢. Let w = w(0)w(1)w(2) - -- € AY be an infinite word. Recall that for every positive integer
n, the set of all factors of w of length n is defined as

Fw(n) ={w@w(i+1) - wi@+n-—1)]i>0}.

For convenience, we set Fw (0) = {e}. Given a finite word v = u(0)u(1l) ---u(n — 1) with n > 2,
we denote the 1-length boundary word consisting of the first and last letter of w by Ju, i.e.,
Ou = u(0)u(n — 1). Define 0Fw(n) := {0u | u € Fw(n)}. For an integer k > 2 and a finite word
u=u(0)u(l)---u(n) € A* with A C N, let

u=4'(0)u'(1)---u'(n—1) (mod k)
where v/ (i) € ¥y and v/(i) = u(¢) (mod k) for all i.

2.2. Binomial coefficients, k-binomial equivalence and k-binomial complexity

Now we introduce the binomial coefficients of words, the binomial equivalence of words and the
binomial complexity of infinite words. Moreover, we list some properties of binomial coefficients
of words. For more details, one can refer to [25].

Definition 1. (Binomial coefficient) Let A be a non-empty finite set and v = w(0)u(1) - - u(n —
1) € A™. Let s : N = N be an increasing map such that s(¢ — 1) < n for all 1 < ¢ < n. Then
for £ =1,2,...,n, the word u(s(0))---u(s(¢ — 1)) is a scattered subword of length ¢ of u. The
binomial coefficient (z) of two finite words u and v is defined to be the number of times that v
occurs as a scattered subword of w. In detail,

(Z) — t{(i1, 42, i) | 0 < i1 < g < - <idpy < n— Lu(i)u(is) - (i) = v}.

For convenience, let (%) = 0 if |[v| > |u| and (¥) = 1. For example, let u = u(0)u(1)---u(5) =
101000 and v = 110. Then u(0)u(2)u(3) = u(0)u(2)u(4) = w(0)u(2)u(5) = v. Hence (V) = 3.

v

Definition 2. (k-binomial equivalence) Let k be a positive integer and let AS¥ denote the set of
words of length at most k over the alphabet A. We say that u,v € A* are k-binomially equivalent

if for every v € ASF,
u\ (v
z) \z)’

We then write u ~k v if u and v are k-binomially equivalent.



Indeed, since (Z) = |ul, for all a € A, it is clear that u ~; v if and only if w and v are abelian
equivalent. Note that, for all k£ > 2, if u ~j v, then u ~y v for every 1 </ < k.

There is an equivalent definition of the k-binominal equivalence using the extended Parikh
vector. Let u € X% and 1 < £ <k, there are exact m¢ words of length ¢ which can be enumerated
lexicographically: v 1,...,vp me. The extended Parikh vector of u, denoted by Wi (u), is

Lilu) = <<v31)""’ <vfm>7 (v;L,l)’”" <U2T;2),“.7 (v:,l)’m’ <v;:jnk>) '

Then u ~y, v if and only if Uy (u) = Ui (v). When k = 1, ¥y (u) coincides with the Parikh vector
of u. For convenience, we write ¥ (u) = Uy (u).

Example 1. Let u = 010001 and v = 001010. Then

(6) =) == (o) =) = () == () =

The same equalities hold for the word v. Therefore, ¥o(u) = ¥a(v) = (4,2,6,5,3,1) and u ~z v.

Definition 3. (k-binomial complexity) Let w be an infinite word and let k be a positive integer.
The k-binomial complexity function by i of W is

bw,k(n) = 4(Fw(n)/ ~r) = t{Tk(u) | v € Fw(n)}.

In the following, we collect some facts about binomial coefficients and binomial equivalence
of words.

Lemma 1 (|25]). (1) Let u,v be two words and let a,a’ be two letters. Then

au) [ u b n and ua\ _ ([ u b u7
a'v a'v T \w va’ va’ A\

where §q,qr =1 if a =a’ and 0 otherwise.
(2) Let s,w,t be three finite words over A satisfying |t| < |sw|. Then

L2 00
( t uv=t with u,v€A* u v
(3) Let u,v,w be three words and let k > 1 be an integer. Then
VU~ WU = U~ W = UD ~g UW.
(4) Let k > 2 be an integer and let u,v,u’,v" be four words such that u ~p_1 u' but u »j v’ and
v~ v, then uv = u'v'.
3. 2-binomial equivalence of factors of the generalized Thue-Morse word
Fix an integer m > 3. Recall that o,, is the morphism over the alphabet %, = {0,1,---m—1}
defined as0 +— 01---(m—1),1— 12---(m—1)0,--- ,m—1+— (m—1)0---(m —2). The infinite

word t,, := 02(0) is called the generalized Thue-Morse word. In this section, we investigate the
2-binomial equivalence between factors of the generalized Thue-Morse word.



Figure 1: Illustration for the intervals [2,5] and (6, 1).

3.1. Properties of factors of the word t,.

We collect some basic properties for factors of t,,.

Lemma 2. Let o < op(a) and B < o (b) for some a,b € ¥y, with max{|al|, ||} < m. Then
a ~1 B if and only if a = 3.

Proof. Suppose a ~; . By the definition of o,,, we can assume that o =i(i+1)--- (i +|a| — 1)
(mod m)and B =j(j+1)---(j+|a|—1) (mod m) for some 4,5 € [0,m —1]. If i # j, then there
exists ¢ € ¥, such that |a|, # |B]., which means a =; 8. Hence, i = j and a = 3. O

For every c¢,d € 3, with ¢ # d, write

e.d] {e,e+1,...,d}, if c < d;
o= i
{c,e+1,...,m—1}U{0,1,...,d}, ife>d.

Further, we write (c,d) := [c,d]\{c,d}. Similarly, we define (¢,d] := [¢,d]\{c} and [¢,d) :=
[e,d]\{d}. For example, the intervals [2,5] and (6, 1) are illustrated in Figure [II

Lemma 3. Let v < op,(a) for some a € X,,. Then for every ¢, d € ¥, with ¢ # d, we have

(1) [les [vla € {0,1}. Moreover, if |y|c = |y|a = 1, then either (),) =1 or (].) = 1.
(2) If ()) =1, then for every e € [c,d], we have |y]c = 1.
(3) If () =1 and |y| < m, then (d,c) # 0 and there exists e € (d,c) such that |y|. = 0.

Proof. The result follows directly from the definition of the morphism o,,. [l

Lemma 4. Let o < opn(a), B < om(b), o < o (d’) and B < o, (V') for some a,b,a’, b’ € Z,p,.
If aff ~1 o' and there exist ¢,d € X, with ¢ # d such that (Co‘d) = (3;) = (g;) =1, then
la] = m.

Proof. Since (3;) = (g;) = 1, by Lemma [ for every e € [d,¢], |&/|c = |#'|e = 1. Tt follows
from af ~1 o/ 3’ that |a|. =1 for all e € [d,c]. Moreover, (&) = 1 implies that |o|. = 1 with
e € [¢,d]. Hence, |a|. =1 for every e € %,,, which means |a| = m. O



3.2. 2-binomial equivalence between factors of t,,
Let ¢,d € ¥,, with ¢ # d and u € ¥} . We have

(U"Zfzu)) Z| O (u(@))le - o (u())]a + Z| (%(Cz;(m)
()5 )

weEm,7|u\m21

Note that for every x € X,,, by the definition of o,,,
(om(z)) )1, xze(dc]
cd ~ 10, otherwise.

(a,ﬁ;&)) _ (|@26|) + 3 .. (1)

z€(d,c]

Then

Moreover, for all o, § € 7,

(ag,,;;um) - (a5> i (U”éff)) + lalelom (W)l + |om () clBla

= (%) ol + 1810 + 3 fule+ (1 @
<cd> (2

z€(d,c]

where 0 < 37 (. luls < [ul.
Recall that the sets S and P are defined as

S:={weX; |w>opy(a) for some a € &, and |w| < m},

P:={weX; | waony(a) for some a € ¥, and |w| < m}.

Now we give the proof of Theorem

Proof of Theorem[Z Since max{|a| + |8, |/| + |8'|} < 2m — 2 < 2m, we have |[u/| — |V/|| < 1.
Without loss of generality, we may assume |u’| > |v’|. The proof of Theorem [2is separated into
the following cases according to the lengths of a, 3, o/, 8/, v/ and v':

|u'| = |v'| and || + |8] = 0, see Proposition [T}

|u'| = |v'| and || + |B] > 1, see Propositions 2 and B

|u'| = |v'| + 1 and || + | 8| = 0, see Proposition [

|u'| = |v'| + 1, |a| = 0 and |3] > 1, see Proposition [B}

|u'| = |v'| + 1, |8] =0 and |a] > 1, see Proposition [6}

|u/| = [v'| 4+ 1, |a] > 1 and |3| > 1, see Proposition [T} U

A o

*
m’

Proposition 1. For every u',v' € X%, opm(u') ~a 00 (V') if and only if u' ~q v'.

Proof. If v ~q1 v/, then |0y, (u)|q = |t/| = [V/| = |om (V')|q for all a € 3,,. So, for all a € X,

<0n;(aw)> _ (IUm(QU’)Ia) _ <|1;’|) _ <|1;’|> _ (IUm(Qv’)Ia) _ <on;(av’)>_



Moreover, for any ¢,d € ¥, with ¢ # d, since v’ ~1 v’, by (),
om(u')\ _ (] 0o (1Yl 0o [(om(?)
(" )= ()¢ 2 = (5)+ 2 = (")
z€(d,c] z€(d,c]

Therefore, oy, (v') ~a o (V).
Conversely, if o, (4') ~2 o (v'), then |u/| = |v'| and (a?((;ii)) = (a‘(:gv_i)) for all a € ¥,,\{0}.
Note that ((a — 1),a] = {a}. It follows from (1) that

() () e ()

ze{a}

om (V) _ (Il 0o (Il /
()= (5)+ 32 we= () e
ze{a}
Thus, |v/|, = |[V'|4 for every a € £,,\{0}. Since |u/| = |v'|, we have v’ ~1 v'. O

Proposition 2. Let (o, 3), (¢/,0') € S x P with |a| + |8] > 1. Let u,v € F,, (n) with n > 3.
If aop(u) ~a &'op (V)" and af ~o &' 3, then o =o', B =" and u ~1 v.

Proof. Since aff ~2 o/, |u] = |v] and oy, (w)B ~2 &0y (v)F, it follows from (2) that for every

c € ¥, \{0},
_ (eon(u)B\  (aon(v)B
o= (G- ()
= |u|(|a|c + |ﬁ|c—1 - |O‘I|c - |BI|C—1) + |u|c - |U|c-

This implies that |v|. — |ul. is divisible by |u|. Note that |u| = |v| > 3 and the word t,, is
cube-free. This implies —|u| < |v|. — |u|c < |u|. Therefore, |ul. = |v|. for all ¢ € £,,\{0}. Note
also that |u| = |v|, we have u ~; v.

For any ¢,d € %,,, by @), we have

(wrzfluw) - (aj) + [ul (ladle + [Bla) + (U"Zfiu)) @

<al%éff)ﬂ/> - (“f) T ol(ale + 181a) + (J”fo))- n

Since u ~1 v, by Proposition [I, we have o, (u) ~2 o (v) and (”";C(l“)) = (”";C(l”)). Further, since
aom(u)B ~2 &0 (V)8 and aff ~o o/ ', we have

(a’o,zc(lu)ﬁ’> _ (aa,zt(iv)ﬁ) o (ig) _ (acg)

Note that |u| = |v|. It follows from @) and (@) that for any ¢,d € %,,,

and

lade + 1Bla = [@/|e + 1] a- ()

Now we prove @ = o and 8 = . There are two sub-cases.



(i) |a| > 1 and |5] > 1. For any ¢,d € ¥, satisfying |a|. = |8la = 1, by (@), we have
|o|e + 18] = 2.

Since (o/, ") € S x P, we see that |/|. = |5|¢ = 1. In the same way, one can show that
lale = |Bla = 1 for any ¢,d € %, satistying |o/|. = |'|¢ = 1. This implies that o ~1 o’
and 8 ~1 3. By Lemmal2l o = o and 8 = f'.

(ii) || =0 or |8 = 0. It suffices to show the case |a| = 0.
If B8 = d for some d € %,,, then o/’ ~5 aff implies that o/3’ = d. For any ¢ € %,, with
c#d, by @), 1=1d|.+|0|a- So,a’ =¢ and ' =d.
If | 3] > 1, then there exists a d € ¥,, with |8|q = 1. For any ¢ € %,,, with ¢ # d, by (@), we

have
| |c +18'la = 1Bla = 1. (6)
Since a8 ~o o’3’, which means a8 ~1 o/f3’, we have
& Ja+18'la = |Bla= 1. (7)
Combining (@) and (), we obtain that for all x € ¥,,,, |&/| =1 — |8']4. I | 8|4 = 0, then
|o/| = m which contradicts to the fact |o/| < m. If |#'|4 = 1, then o = . Therefore,
B=af ~1 B =pF. By Lemmal2 g =p". O
Proposition 3. Let (o, 8), (¢/,8) € § x P with |a| + 8] > 1. If af =y o'3, then for any
u,u’ € X with |u] = |u/|, aom(u)f »a o/ op(u')p.
Proof. Since |u| = |u'|, we have o, (u) ~1 0 (0'). If a8 %1 o/ 5, then aoy, (w)B =1 o (u)f.

In the rest, we assume that a8 ~1 o'f’.
Since aff =5 o/’ and aff ~1 o', there exist ¢,d € X,,, with ¢ # d such that (”C‘g) =+ (O‘Cg )
Note that

(S = () + (5) + aldsta -

This implies that (ig), (a;g/) € {0,1,2,3}. Without loss of generality, we can assume that

(“BY > (“5). Then, (°4) € {1,2,3}. If (°%) = 3, then it follows from (&) that (&) = () =1
and |af|. = |af4| = 2. Since aff ~; o', we have |o/F'|. = |&/f'|la = 2. Note also that
(”‘85) < 3, by Lemma [3, at least one of (3;) and (S;) equals 1. By Lemma [ |o/| = m or
|3’ = m which contradicts to the fact that (o/,5’) € S x P. So (ig) # 3.

In the following, we deal with the cases that (ig) =1or 2. By (@),

(aan;(ium) > (ig) + Ju|(|ale + |8la) + <|12L|),
(afomcilu'w’) < (ag) (oo + 181) + (I?;’I) el

Since |u| = |u/| and (ig) > (a;g/), we have

aom(u)p oo (u)s
(7)< (O > el + 161 - ol = ) - ). )

When (”C‘g) = 2, by @), we have |a|. + |8la = 2. If |&/||f'|la =0, then |&/|. 4+ |8'|la < 1. Tt
follows from (@) that (M";C(l“)ﬁ) > (O‘l”’"c(du/)ﬁ,) and o, (u)f we /oy (). It ||| ld = 1,
then 2 = (ig) > (a;g’) implies (2‘;) = (Z) = 0. Since (‘zg) = 2, following (8]), we see that either

(fa) = Tor () = 1.



LI (5) = 1, then aflq = 2. Since af ~1 o/, we have [a/']a = 2 which implies [a/[4 = 1.
Recall that |o/|. = 1 and (Z;) = 0. We have (g;) = 1. By Lemma [3, there exists an
¢ € (¢, d) # 0 such that |o’|, = 0 and |al, = 1. Moreover, a8 ~1 a’8' yields that |#|. = 1
and |B|e = 0. Then (Oe‘g) =2> (O‘;g/) and |ale + |8la = |&/]le = |Bla=1+1-0—1=1.
Applying (@), we have (“"Well(i“)ﬁ) > (a'omgiu’)ﬁ/).

€

2. If (ch) = 1, then |af|. = 2. Tt follows from af ~; o/ and (f;l) = 0 that (g;) = 1. By

Lemma [3] there exists an e € (¢,d) # @ such that |3'|c = 0 and |8|. = 1. Moreover,
af ~1 o B yields that |o/|, = 1 and |al, = 0. Then (if) =2> (D‘Cf) and |a|c + |Be —

l&/|e = |8']e =1+1—1—0=1. Applying @), we have (*7(")%) > (O‘/”’"(“,)ﬁ,).

ce

When (%) = 1, we have (“£) = 0. Then |a|e + |8la > 1 > |&/|c + ||a. I (Jafe +
18la) — (l&/]c + |8'la) > 1, then by (@), we have (M"éfi“)ﬂ) > (O‘/Umcgi“/)ﬂ/). Now suppose that

lale + |Bla = || +18'|la = 1. There are four sub-cases.
L. |a]. = 1,|B|q = 0. Then, it follows from (®7) =1 that |a|s = 1 and (%) = 1.

o If |&/|c =1 and |f'|¢ = 0, then o ~1 o/’ implies that |o/|q = 1 and (g;) =1. By
Lemma [B] there exists an e € (¢,d) # 0 such that |@/|c = 0 and |a|c = 1. Then
(22) =1> (%) =0and Jale +|8la — |o/lc = [#la = 1+0—0—0=1. Applying
@), we have (*3%) > (77

o If |&/| = 0 and |f'|¢ = 1. Since aff ~1 &’'F’, we have || = 1 and (g;) =1. By
Lemma [3 there exists an e € (¢,d) # 0 such that |8'|c = 0 and |a|e = 1. Moreover,
aB ~1 o' yields that [o/|. = 1 and |8], = 0. Then (°¥) = 1 > (%) = 0 and
lale + |Ble — &l = 18'le =1+0—0—0 = 1. Applying ([@), we have (M"éé“)ﬂ) >
(a'am(u')ﬁ/).

ce

2. |ale = 0,|8l4 = 1. It follows from (*5) =1 that |8|. = 1 and (%) = 1.

o If |&/| =1 and |f'|q = 0, then af ~1 &'B yields |a|lq = 0, |&/|q = 1 and (3‘;) = 1.
By Lemma [B] there exists an e € (d,c) such that |o/|c = 1 and |8] = 0. Since
aB ~1 B, we have |#'|c = 0 and |a|c = 1. Then (%) =1 > (%) = 0 and

de
/|4 + |8 — |alg —|Ble =1+0—0—0=1. Applying (@), we have (* 77 {*)%) >
(aam(u)ﬁ)
de :

o If |o/|c = 0 and |B'|g = 1, then (

gé) = 1. Using a similar argument, there exists an
e € (¢,d) such that || =1 and |5'|. =

0. Consequently, (”“Tm(u)ﬁ) > (a’dmc(eu')ﬁ’).

ce

O

Proposition 4. Let (a, ) € S X P and o, 8 # €. Then for any v € Fy, (n) andv € Fy,, (n+1)
with n > 3, aopm (u)B =g om(v).

Proof. Suppose that v = v’c where ¢ € %,,. Since |u] = |[V/|, we have o, (u) ~1 op (V). If
aff 1 om(c), then ao,, ()8 »1 oy, (v). Now we assume that a8 ~1 0., (c). There are two cases.

(i) aB = om(c). Let d be the last letter of o and let e be the first letter of 5. By the definition
of oy, e=d+1 (mod m) and |a|. = |8]q = 0. By @),

(7% = (7)< (W) 5 e = (1)

z€(d,e)
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and

() = () 1= () e

Since the word t,, is cube-free and |u| > 3, |ule < |u| = |[v'|. Hence (O‘U’Zc(l")ﬁ) < (U’"e(slc))
and aop, (u)8 »q om(v'c).

(ii) af # om(c). There exist d, e € 3, such that |alq =1 = |f|. and (U”ééc)) = 0. Note that
lale = [Bla = 0. By @),

<O‘J”Zl£”>ﬂ> > 1+ 2Ju] + <|;‘|> > 2|0/ + <|1;|) > <U’”C§Z C)).
Therefore ao, (u)B »#g om(v'c). O

Proposition 5. Let 8, 5 € P and o/ € S where 3, & and ' are nonempty words. Then for
any u € Fi,, (n+1) and v € Fy, (n) with n > 3, we have o, (u)f w2 o 0 (v)5'.

Proof. Let u = au’ where a € ¥,,. If &/8" »1 o,,(a)B, then o,,(avw’)8 =1 &0 (v)F. In the
following, we assume that o, (a)B ~1 o/’. Then, for every © € 3, with |3, = 1, we have
|o/|. = |B’|= = 1. Noting that o, (a)f ~1 &/F’, we see that |8'| > |5].

Let b and ¢ be the first and the last letter of 8 respectively. (If |3] = 1, then b = ¢.) Since

om(a)B ~1 o', we have [o[p = [B']p = |a'[c = |#']c = 1.

e If b is the first letter of 3/, then c is not the last letter of ’. Moreover, letting d = ¢+ 1
(mod m), we have |5|qg = 0 and |3'|q = 1. It follows from oy, (a)B ~1 o'B’ that |o/|q = 0.
Then (“7(¥F) <1 <2 = (“ 5 and |/[¢ + |B]a = [om(a)le = |Bla = 1+1-1-0=1.
Using (@), we have (‘7’"(5; )ﬁ) < (¢ U";é”)ﬁ ) and o, (au) B =g &' (V)5

e If b is not the first letter of 5, then e = b — 1 (mod m) occurs in 8’ and |&/|. = 0. Now
(e (B) > 1 = (%) and |om(a)|e + |Bls — [o']c — 8]y =1+ 1—0—1=1. By the fact
that the word t,, is cube-free and [u/| > 3, we have > ¢, ) [v/[o = [u'| = [u/[, > 0. Using
@), we have (Um(:;‘ )B) > (¢ U”éév)ﬁ ) and oy, (au’) B %o /o (V). O

Proposition 6. Let o,/ € S and 3/ € P where o, & and 3’ are nonempty. Then for any
u€ F,, (n+1) andv € Fy,, (n) with n > 3, we have aoy,(u) wg & om(v)F'.

Proof. Let u = u'b for some b € X,,,. If aoy,(b) =1 &/, then ao,,(u) »1 ooy (v)B’. Now we

assume that ao,,(b) ~1 o/f. Then |&/| > |a| and for every z € X, with |al, = 1, ||z =
|8']z = 1. Let ¢ and d be the first and last letter of « respectively. (If || = 1, then ¢ = d.)

o If ¢ is the first letter of o, then set ¢ = d + 1 (mod m). Consequently, (3;) =1 and

lale = 0. By aop(b) ~1 o', we have |#’|c = 0. Note that (a”l’i';(b)) > 1= (o‘(;fl),

lalg + [om(D)]e — |&/|la — |8 le =14+1—1—0=1. It follows from the word t,, is cube-free

and [u| = 3 that - (. q1u|s = [u'| = [u'|e > 0. By @) and [u'[ = [v], we have

(aa,?iiu’b)) > 1420+ (|?;/|) 2 (aldn;i”)ﬁ/)_

Hence oo, (u'b) wo ' oy (v)5.

e If ¢ is not the first letter of o/, then set e = ¢ — 1 (mod m). Then (2‘;) =1 and |a/. = 0.
Now (F) =2>1> (“»®) and ||, + |8|c — |ale = |om()|e =1+1—-0—1=1. By
@), (a/mzév)g/) S (aUm(CUIb))' So, aom(u’b) . o/om(v)ﬂ’. |

€
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Proposition 7. Let (o, ), (/,p") € S x P and min{|al, |B],|/],18'|} > 1. Then for any
ue F, (n+1),ve F, (n) withn > 3, we have aoy, (u)B =2 o0y (v)f’.

Proof. Let u = u'c for some ¢ € ¥,,. If aop,(c)f =1 o/ 3, then aop,(v'c)B =1 o0, (v)B'. From
now on, we assume that ao,,(c)8 ~1 &B’. Then for all x € ¥, ||z + |8z = |aom(¢)Bl — 1 =
|o/ 8’|, — 1 < 1. Consequently, there exist d,e € 3,, with d # e such that |a|s = || = 1. Hence
Bla = lafe = 0 and |a'|a = [8']a = |@/]c = |#']c = 1. By @),

(aanzliu)ﬁ) > ((j‘if) + ul(Jala + [Be) + (|§|) =3+ 3fu| + (“;I')

a'om(v)5 o' ff |v] o'ff o (1
< = .
( de = +3|v| + 5 de + 3Ju’| + 9
Note that (O‘C/lf/) <3. If (O‘C/lf/) < 3, then (O‘U”glg“)ﬁ) > (ala”;lg”)’@/) and ao, (u)B ~e ooy (v)5.
If (O‘(;’f/) = 3, then (O‘/) = (B/) = 1. For every = € [d,e], |&/|o = |/'|s = 1 and |af|; = 1 since

de de
aom(c)B ~1 /B, Then, it follows from (o, ) € S x P and |alq = |B]e = 1 that there exists

y € [d, e) such that y>a and z< 8 where z = (y+1) (mod m). As the word t,, is cube-free and
lu| >3, we have 5 (. 1 |ulz = [u] — |u]: > 0. By @),

(7] = () el st (5) = ot ()= (77377

Hence, ao,, (u)B »2 &' oy (v)5. O

and

4. 2-binomial complexity of the generalized Thue-Morse word

The aim of this section is to compute the 2-binomial complexity of the generalized Thue-Morse
word t,,. For every v € ¥7 | the Parikh vector of u is denoted by

U(w) := (lulo, lul1; -+, [ulm—1)-
Write 1 := (1,1,...,1) = ¥(0,,(0)). For x € ¥,, and £ € N, define z|, € X! as follow
zle=xz(xz+1)...(x+£—1) (mod m).

If £ =0, then z|¢ :=e.
To compute the 2-binomial complexity b, 2(n), we need some auxiliary lemmas.

Lemma 5 (Lemma 2 in [4]). For the generalized Thue-Morse sequence t,, and every integer
n > 2, we have 0F,, (n) = X2,.

Lemma 6. Let n = km with k > 1. Then for every a € ¥,,, we have

m(m —1)

H{U(au) | au € Fi, (n)} = {¥(ua) | ua € Ft,,(n)} =1+ 5

Proof. For i € [0,m — 1] and b € %, write

Eip ={aon,(v)B € F,,(n) | a=al;, B =0blm-i,v €F, (k—1),a<ao,(v)}.

12



By Lemma[f] for every i € [0,m — 1] and b € X,,, there exists some v € X%, such that &, # 0.
Let & = Upex,, Eip. Then {w € F, (n) | a<w} = U}’:Olé'j. Note that

Eip:={¥(w) |w e Eipt = {¥(als) + ¥0lm—i) + ¥(om(v)) [ v e Fy, (k —1)}
= {T(als) + U(blm—s) + (k — 1)1},

Write E; := {¥(w) | w € &}. Then §Ey = 1 and for i € [1,m — 1], §F; = m. Observe that for
any ¢ € [I,m — 1] and b € X,,,,

E;p = Eo, ifb—a—i=0 (mod m);

Eiy = FEjy, ifb—a—i=jel,i—1];

EipyN (UZyE) =0, otherwise.
So, for i € [1,m — 1], £ (£ \ (U;;tEJ)) = m — 4. Hence

m(m — 1)

jj{\Il(au)|au€ftm(n)}:ﬂ(UT:_01Ei):1+(m71)+(m72)+~~~+1:1+ 5

Applying a similar argument, one has ${U(ua) | ua € F¢, (n)} =1+ w O

Lemma 7. Letn=km+r withk >1 and 1 <r <m —1. Then for every a € X,,, we have

m(m —1
H{U(au) | au € Fi, (n)} = t{T(ua) | ua € F¢,,(n)} =1+ %
Proof. For i € [0,7] and b € X,,,, write

Eip ={aon(vV)B € F, (n) | a=al;, 8 =0blr—i,v € F, (k),a<aoy(v)}

and & = Upex,,Eip. By Lemma Bl & # 0 for every b € 3, and i € [0,m — 1]. Let E; =
Ubes,, Eip where

Eip :={V(w)|we&ypt={Yal|)+ V(b|—;)+ k1}.
Moreover, for ¢ € [0,r — 1], §E; = m and §E, = 1. Observe that E, C Ey and for i € [0,r — 1],

Eiy = Eoq, ifb=a+i (mod m);
E,py =Ejy, ifo+r—i—a=j€l0,i—1];
Eip 0 (Uz;éEe) =, otherwise.

Thus, for i € 1,7 — 1], § (E; \Uj_4Ee) =m —i— 1. So, § (Ul_oE;) = 1+ 37_ (m —i).
Forie [l,m—r—1] and b € %,,, write

Dy := {00, ()8 € Fo, (1) | @ = aly—i, = blrsiv € Fo, (k — 1)}

and D; := Upex,, D;p. By Lemma[B we have D;j, # () for all b € X,,, and ¢ € [1,m —r — 1]. Let
D; = Upes,, D;p where

Dip:={¥(w) | w e Dip} = {¥(alm—i) +¥(blr1i) + (k= 1)1}
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Note that $D; = m. Further, fori € [I,m—r—1] and j € ,,,, letting b =a+m—i—j (mod m),
we have

Di,b = Erfj,bv lf] € [O,T];

Di,b:Dj—r,b; iij [T+1,7‘+i—1];

DipyN [(Up_oEe) U (UZ1D,)] =0, ifje[r+im—1].

Since {¥(au) | au € Fy,,(n)} = (Ui_oE;) U (U277~ 'D;), we obtain that

T m—1
) . -1
F[(UsoE) U (UR D) =14+ > (m—i)+ > (m—i)=1+ %
i=1 i=r+1
Applying a similar argument, one has {¥(ua) | ua € F,,(n)} =1+ W O

Lemma 8. For every a,b € ¥, and n € N with n > m+ 1, we have

1, fn=b—a+1 (mod m);

m, otherwise.

H{U(aub) | aub € F,, (n)} = {

Proof. Fix a, b € ¥,,. Suppose n = km for some k > 2. Adopt the notations in the proof
of Lemma Recall that {w € F, (n) | a 9w} = U,'E. Note that for i € [0,m — 1],
{’LU e | b w} = €i7b+i+1 and

Binpinn = {9(w) | w € Enppirn} = (Wlal) + U((b+i+ Dli) + (k — D1},

Ifbo+i+1=a+i (mod m), then for all i € [0,m—1], E; p+i+1 = {k1}. Consequently, t{¥(aub) |
aub € Fi,,(n)} = 4Fpe = 1. Tb+i+1%# a+i (modm), then for any i, € [0,m — 1] with
7 7é j, Ei,bJriJrl 7é Ej,bJerrl- In this case, ﬁ{\Il(aub) | aub € ftm (TL)} = ﬂ (U?;Bl i,b+i+1) =m.
Now suppose n = km + r where k > 1 and 1 < r < m. Adopt the notations in the proof of
Lemma [l Recall that {w € F¢, (n) | a<w} = (U_,&) U (U7 'D;). Again, for i € [0,7],
{we & |bpwt=E& p—rtit1 and forj e [I,m—r—1], {w € D; | bbw} = D; p—r—;+1. Moreover,

{U(audb) | aub € Fi, (n)} = (U;‘:()Ei7b7r+i+1) U (Ug’;flr*lDiﬁb,r,Hl).
If b—a+1=r (mod m), then for all i € [0,7] and j € [1,m — r — 1],
Eip—rtit1 = Djp—r—jr1 = {¥(al;) + k1}.
Therefore, ${¥(aud) | aub e F;,,(n)} =1. If b—a+1Zr (mod m), then
Eop—ri1, Brp—r+2, ooy Erpr1, Dip—ry, Dop—r—1, ..., Dm—r—1p—m+2 are pairwise disjoint.
Thus #{¥(aub) | aub € F,, (n)} = m. O

Recall that for u € X%, the Parikh vector and the extended Parikh vector of u are denoted
by U(u) and ¥ (u) respectively. The following two theorems give the accurate value of by, 2(n)
for every n > m?2.

Theorem 4. For every k > m, we have
b, 2(km) = b, 1(k) +m(m —1)[m(m —1) +1]

where by, 1(-) denotes the abelian complexity function of the infinite word t,,.
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Proof. Observe that Fy, (km) = Fy U Fy with F} N Fy = () where

Fy:={on) |veF, (k)},
Fy :={ao,(v)B € Ft,, (km) | (o, 8) € S X P, |a| + 8| =m,v € F,, (k—1)}.

Applying Theorem 2] we have

b, 2(km) = #H{¥2(u) | u € Fy,, (km)}
=#{Va(u) [u € Fi} + §{¥2(u) | u € Fr}. (10)

Using Theorem 2lagain, for u = 0,,(v) € Fy and v’ = 0, (V') € F1, u ~o ¢’ if and only if v ~; v/,
e, Uy(u) = Uy(u') < ¥(v) = T(v'). Therefore,

H{W2(u) |ue Fi} =¥ (v) [v € F, (k)} = be,,. 1 (k). (11)
For i € [1,m — 1], write
Fyiap:={aon(v)B € Fa |a=al;,b>p,ve F, (k—1)}.
Then b = U " Ugpes,, Foiap. According to Theorem 21

H{Wa(w) [ w € Fojian}
=t{U(cvd) | cvd € Fy, (k+1), c=a+1i, d=b+i+1 (mod m)}

_J1, ifb=a+k—-1 (modm);
=

i (by Lemma )
otherwise.

Using Theorem [ again, if (i,a,b) # (¢/,a’,V’), then for any u € Fs ;4 and v’ € Fa i/ 4717, We
have u =5 u’. So,

H{W2(u) |U€F2}fz > #H{Us(w) | w e Frian}

i=1 a,beXx,,
=(m—1)m[l+ (m —1)m]. (12)
Then the result follows from ([I0), (IT) and (2. O

Theorem 5. For every n > m? with n # 0 (mod m), we have
be,, 2(n) = m* —2m> 4 2m?.

Proof. Let n = km+r for some k > m and 1 < r < m—1. Then the set F;, (n) can be separated
into four disjoint parts:

Sy :={aonm(v) € R, (n) | a=alp,a € X, v e Fy, (k)},

Sy i={om)B € F,,(n) | B=0b|r,bE Xp,veE F, (k)},

S :={ao,(v)8 € F, (n) |a=al;,B=bl,—i,i € [L,r —1],a,b € Xy, v € F,, (k)},

Sy :={aon,(v)g € F, (n) | a=aly, =blmir—i,t €[r+1,m—1],a,b € Xy, v € Fy,, (k—1)}.

According to Theorem [2]
H¥z(w) [we Si} = Y H{T2(alrom(v) | v € F,, (k), alrom (v) € Fe,, (n)}

A€,
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= Z H{¥(a'v) |d'veF, (k+1),d =a+r (modm)}

a€¥m
-1
=m (1 + %) , (13)
where in the last step, we use Lemma[7l Similarly, we have
-1
H{Us(w) |we S2} =m (1 + %) . (14)

For i € [1,r — 1], write
Ssi,ab = {aom(v)B € F,,(n) | @ = al;, 8 =bl,—i,v € F¢,, (k)} .
Then S5 = Uzz_ll Ua bex,, 53,i.a,p- By Lemma[8]

1, ifb=a+i+k+1 (modm);

#H{W(a'vd) | a'vb € F,, (k+2), o’ =a+i (mod m)} = { .
m, otherwise.

It follows from Theorem [2,

tH{Wso(w) |w e Sz} = z_: Z #H{W(a'vb) | d'vbe Fy, (k+2), d =a+i (modm)}
i=1 a,b€%y,
= (r — I)m[l +m(m — 1)]. (15)

Fori € [r+1,m—1] and a,b € ¥,,, write
Suiap = {aom(v)B € Fy,, (n) | a = ali, B = blmir—i,v € F,, (K — 1)}

By Theorem 2] and Lemma [§]

m—1

Z Z tH{U(a’vb) | a'vb € Fy, (k+1), d =a+i (modm)}

i=r+1a,beX,,
=(m—r—1m[l+m(m—1)]. (16)

Combining ([I3)), (I4), (IT), (&) and Theorem 2 we have
b, 2(n) = H{¥ao(w) |w € F,, (n)}

H{W2(w) [w € Sa}

4
:Zﬁ{\lfg(w) |w e S;} =m* —2m® + 2m?2. O

j=1
Proof of Theorem[3. The result follows from Theorem [4l and Theorem [l directly. O
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