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m Abstract

In this paper,we investigatefitnesslandscapegunderpoint mutationand recombinationfrom the
standpoinf whethertheinducedevolutionarydynamicshavea "fast—slow time scaleassociateavith
the differencesin relaxationtime betweenlocal quasi—equilibriaand the global equilibrium. This
dynamicalbehaviorhasbeenformally describedn the econometricditeraturein termsof the spectral
propertiesof the appropriateoperatormatricesby Simonand Ando (1961),andwe usethe relations
they deriveto askwhich fitnessfunctionsand mutation/recombinationperatorssatisfytheseproper
ties. It turnsout that quite a wide rangeof landscapesatisfythe condition (at leasttrivially) under
point mutationgiven a sufficiently low mutationrate,while the propertyappeardo be difficult to
satisfy undergeneticrecombinationln spite of the fact that Simon—-Andodecomposabilitycan be
realizedoverfairly wide rangeof parameterst imposesa numberof restrictionson which landscape
partitioningsare possible For thesereasonsthe Simon—Andoformalismdoesn’tappeato be applica
ble to otherforms of decompositiorand aggregatiorof variablesthat areimportantin evolutionary

systems.

Keywords: FitnessLandscapesAggregationof Variables,Decomposability Mutation, Selection,

DynamicalSystems
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m Introduction

EversinceWright's (1932)influential characterizatiomf the evolutionaryprocessasa popula
tion—level traversalof a genotypeor phenotype'landscapestvhereevolving populationsareattracted
to high fitness"peaks"separatedrom maladaptive'valleys," the metaphohasdominatedevolutionary
thinking at anintuitive level. However,relatively little hasbeendoneto developa theoryof fithess
landscapestructuresastheyrelateto inducedevolutionaryprocessesrhis is in partdueto the lack of
landscapemodelsgeneralenoughto be compatiblewith empirical data.However,perhapsa more
fundamentabeficiencyhasbeenthe absencef a theorymappinglandscapgopologyto evolutionary
dynamics.

Much of thework thathasbeendoneon landscape&haracterizatiomasdealtwith descriptions
of statisticalfeaturessuchasautocorrelatiorover a randomwalk (Weinbergerl990, Fontanaet al
1991, Stadler1996),or heuristicdescription®f landscapéruggedness(Kauffman1993),measuresf
neutrality (AncelandFontana2000,ReidysandStadler2001)andtopologicaldescription®f connectiv
ity (Gavriletsand Gravner1997). Theselandscapeharacteristicsvere chosernwith the intuition that
they shouldsomehowcorrelatewith evolutionarydynamics For example a "rugged”landscape&anbe
thoughtof ashavingmorelocal attractorqor rather,quasi—equilibrian a connectedandscape)hana
"smooth"landscapewhile connectivityshouldrelateto the ability of the evolving populationto move
betweenocal peaksgiven potentiallyinfinite time. However,mostof theseheuristiccharacterizations
did notmakeanexplicit link to thedynamicalsystempropertiesorrelatedvith the givenmeasure.

In whatfollows, we investigatethe possibility of characterizinditnesslandscapeaccordingto
whetherthe statedescriptioninducedby a particularlandscapdor, rather,its correspondingnutation—
selection operator)is decomposablandaggregableor at leastaredecomposablandaggregabl¢o a
close approximationat the appropriatescale.We will beginby briefly defining what we meanby
"decomposability'and"aggregability,“while referringthe readerto a moredetailedtreatmenbf these
subjectan Shpaketal (2003).

In the broadessenseaggregabilityof a dynamicalsystemmeansthat thereexist macrostate
variables(which arethemselve$unctionsof somesubsebf the microstatevariables)ywhich allow for a

dynamicallysufficientdescriptionof the systemwith fewer statevariablesthanin the original dynamt
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cal system.The ability to collapsesubset®of statevariablesinto anaggregaterariableon eachequiva
lenceclassreflectssymmetriesnherentin the selectionandtransmissiorprocessespecifiedby land
scapetopologyandthe mutationoperatorsFroma purely computationapoint of view it is valuableto
identify suchsymmetriespecauséhey renderotherwisecomputationallyexpensiveanalysegractable
by reductionof variablesln otherwords,from a practicalstandpointthe advantagef areducedstate-
space descriptionareobvious:any reductionin the statespacenecessaryor a dynamicallysufficient
descriptionsubstantiallysimplifiesbothnumericalandanalyticaltreatment®f the processn question.

In additionto the obvioussignificanceof aggregatiorof variablesfrom the perspectiveof
computationatomplexity,the dynamicalsymmetriesnducedby a particulardecomposabli&andscape
shedlight on the propertiesof the evolutionaryprocessThe fithesslandscapesymmetrieghat make
aggregatiorof variablespossiblemay relatewith hierarchyand modularityin the genotype—fitness
map or otherorganizationatonstraints.Indeed,the generalconceptof aggregatiorhasbeenwidely
appliedto a rangeof biologicalmodelsandproblems from classicainotionsof modularityin organis
mal designto modernnotionsof hierarchyin geneticarchitecturgFrenkenetal 2000,Simon1972and
2000,unpublished).

Systemdecomposabilitys often relatedto aggregatiorof variablesbutis in principleaninde
pendenfproperty.lt simply meanghatthereexist(usually)non—intersectingubset®f variableswhich
interactamongthemselvesn someway that distinguishegheir interactionfrom any othersubsewf
variables.In otherwords, it impliesthe existenceof self-contained'modules”of statevariablesin a
dynamicalsystemthat arein someway independenbr quasi—independemf the other microstate
variables Oftenthesemoduleshaveassociatea@ggregationulesthatallow themto be characterizeds
"emergent'macrostaterariablesput this neednot bethe case(Shpaketal, 2003).

In moreformal terms,considera discretedynamicalsystem(whatfollows is trivially generaliz
ableto continuoussystems}pecifiedby alinearoperatorA, suchthatx(t+1)=Ax(t). For convenience,
we will denotex(t) asx andx(t+1) asy. We defineaggregativityto meanthatgivena dynamicalsys
temwith (x; ...x,) statevariables,one cangroupsubsetof the microstatevariablesinto m<n mac
rostatesX; =f1 (X1 ...Xn )...Xm=fm (X1 ...Xn ), Wherein the simplestscenarid is simply a linearcombina
tion of microstatevalues.Thesemacrostates turn mustconstitutea dynamicallysufficientdescrip
tion, i.e. sothatthereexistsanoperatorA suchthatX(t+1):AX(t).

For alinear systemspecifiedby transitionoperatorA, we requirethatthereexistsanaggrega
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tion operatolQ suchthatthereis an aggregatwariabledescriptionY=AX, whereY=Qy andX=Qx. If
y andx arestatevectorsof lengthn, for theaggregatior® to be non-trivial it mustbe anmxn matrix
(with m<n), andwith A anmxm matrix. Suchan aggregatiorof variablesachievesa reductionof the
statespacedimensionnecessaryor a dynamicallysufficient description.Q is definedsuchthat if
QIj >0, x; is amemberof the Ith aggregatelass(theindicesl,j referto the elementn thelth row and
jth columnof the matrix Q, the useof upperandlower—casdettersis simply to indicatethatthe non
zeroindicesj arewithin thelth subset).

It wasshownby Shpaket al thatwheneveisuchanaggregatiorexists,the aggregatelynamics

operatorA hastheform

1.1) A-ad (@)
It wasalsoproventhatevenfor systemswvhich arenot exactlyaggregable(l.1) givesthe bestapproxi
mationfor theaggregatelynamicsof X giventheaggregatiomule Q.

In the specialcasewherethe subsetslefining the aggregatelassesare mutually exclusive the
dynamicalsystemis saidto be decomposablaswell asaggregableThe setof suchsubclassess
referedto asa partitioning,andthe aggregatiorof variableson the partitionhavea Q matrix structure
suchthatif Q; >0 thenQy; =0 for all otherK«Il. This meanghatthe dynamicalsystemn questionis in
someway "modular,"i.e. variablescontributingto a given macrostatesariabledo not contributeto
others.Together theserules specify an aggregatiorof variableswhich is alsoa decompositionAs
discussedn the first sectionof Shpaket al (2003),decomposabilityandaggregativityarein principle
independenof oneanother.

Contratheidealizedrepresentationsf aggregatioranddecomposabilitypresentecbove most
naturalsystemshavea certainamountof communicationat leastindirect) betweenvariablesacross
partitions.Indeed,whencompletedecomposabilityholds, the systemis ratheruninterestingn thatit
consistsof non-interactingself-containedsubcomponentnewould expecta muchmorecommon
scenariao be onewherea dynamicalsystemis saidto be nearlydecomposablé the aggregatiorvia
Q is dynamicallysufficientasan approximationwithin somearbitrarily small error parametee<<1,
suchthatthelinearoperatorA canbewrittenasA=A" +¢C, whereA* is completelydecomposabland
C is anarbitraryn dimensionabquarematrix.

One suchclassof nearlydecomposabldynamicalsystemsoccurswhenthe macrostatevari



SmonAndoEdit.nb 6

ablesare specifiedas subsetavhich are nearlyindependenfrom the remainingstatevariablesand
exhibit local quasi—equilibrizat leastovera certaintime scale We proposehatsuchmodelsmay be of
particularinterestto populationgeneticsfrom the standpointof peaktransitionsin evolution. Such
systemdhavea dynamicthatis characterizedy short—termclusteringaboutlocal equilibriaandlong-
term transitionstowardsthe global equilibrium. It is hypothesizedhatthe subsetof variableswhich
exhibit local quasi—equilibriacorrespondo local fitnessoptimaandtheir mutationalneighborgwith
the long time scaleequilibrium beingthe mutation—selectioalanceover the entirelandscape)and
that suchfitnesslandscapesduce“fast-slow'(e.g. GuckenheimeandHolmes1981, Strogatz1994)
behavior.

Examplesof nearlydecomposabland aggregablenaturalsystemsnclude manywell-known
modelsin thermodynamicsndstatisticalphysics,which usemacrostateariablessuchastemperature
pressureandentropyasstatevariables.This permitsa dynamicallysufficientdescriptionof particle
ensemblesvhich would be impossibleto describeby trackingthe microstate®f theinnumerablegas
particles.In biology, aggregatiorof microstatesnto macrostates (atleastimplicitly) thefoundation
for quantitativegeneticswherethe phenotypanacrostateserveas(often approximateytatevariables,
andthe correspondingnicrostatesarethe contributionto phenotypeor mutationalvariancemadeby
eachindividuallocus(e.g.Bulmer1970,Turelli andBarton1994).

The purposeof this studyis to demonstratéhe applicability of aggregationmethodsn describ
ing mutation—selectiomynamicson modelfitnesslandscapegyarticularlythe useof decomposability
criteriato identify fithesslandscapewhich inducefast—slowevolutionarydynamicslt is hypothesizec
thatthoselandscapewvhich arecharacterizetby local quasi—equilibrisaredecomposablandaggrega
ble into subsetof genotypedefining eachquasiequilibriumWe beginwith a generalanalysisof
decomposabilityof linear dynamicalsystemspecauseof its simplicity andthe fact that mutation—

selection operatorgor haploidgenotypesanbereadilylinearized.

m Simon—-Ando Decomposability and Fast-Slow Dynamics

Aggregativityanddecomposabilityn whatwe will referto belowas"Simon-Andd systemss
only approximateandassuchthe aggregateepresentationare only accurateover durationsdeter

minedby the systemdynamics(insofarasthe near—aggregativitarisesdueto atime scaledecoupling
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betweenstrongwithin—partitionclass dynamicsandweak cross—clasgslynamics).We beginwith a
summaryof SimonandAndo’s resultson fast-slow dynamicalbehaviorasfar asis necessaryor
understandingheir relevancdo whatfollows, while referringthereadetto their papersandto Courtois
(1977)for amoredetaileddiscussion.

Considera systemof linear differenceequationsx(t+1)=Ax(t) whereA is an nxn transition

matrix. SupposehatA canberewrittenas
(3.0 A= A"+eC

with A* is a block diagonalmatrix of the form:

A 0 0 0 O
0 0 0 O
0O 0A 0 O
0 00 - O
0 0 0 0 A

EachelementA is a submatrixof dimensionn, (i.e.the numberof elementsn the partition
classC;) suchthatnzz!‘:1 n, , while the correspondingpartitionsof the statevectorx* on which the

submatrice®peratearedenoteds:

x () = {4 (O} ={[x, OL.....¢; O.....[x;, ©OI}

wherex (t) is the subsebf component®f {x" (t)} wheretheindicesgivenby x' (t)=x; (t) for x, €C;,
with the lowestvaluedindexwith the partition being i:ZB;ll n; + j. In otherwords,the statevector
X (t) is dividedinto I=1...M subvector®f lengthn, correspondingo thedimension®f A} . Thevalues
of A} for JxI haveno effecton the behaviorof x* € C, . In this scenariothe system’sbehavioris fully

specified by:
31  x®=A'%(0)

Due to the fact thattherearenon—communicatindplocksin A*, the dynamicalsystemdeter
mined by this matrix satisfiesthe requirement®f completepartitionability: namely,that the system
dynamicscanbe fully specifiedby applyingtransformatiorrulesto eachpartitionindependenof the

other.



SmonAndoEdit.nb 8

In the systemspecifiedby A=A" +¢C, however thereis weakcommunicationscalingwith e
<<1) acrossstatespecaus& hasnonzerooff-diagonal(definedrelativeto A*) entries.The existence
of strongcommunication(approximatedy thetransitionratesof A; ) for variableswithin partitionsl,|
and correspondinglyveakercommunicatiorfor variablesacrossclassed andJ (I+J) leadsto a fast—
slow dynamic.Furthermoreaswill be arguedbelow, it allows oneto (approximately)constructan
aggregatelynamicalsystemwherethe macrostatevariablesX, arefunctionsof the elementf thelth
strongly—communicatin@artitionclassof vertices[x;, (t)].

At anintuitive level, approximateaggregations possiblebecausehe distributionof variables
[x;, ()] correspondingo partitionclassC; tendstowardsa quasi—equilibriumvery rapidly comparedo
the time requiredfor the systemasa whole to reachthe global equilibrium. Consequentlyfor some
intermediatetime period, the subvectorgx' (t)] for eachpartition classwill bein quasi—equilibrium
determinedby the correspondingransitionoperatorA;, while an aggregatdransition matrix of
between-clasgansitionratescanadequatelapproximatehetransitiondynamicsbetweerclasses.

To seethatthis is indeedthe case considerthe eigenvalue®f eachsubmatrixA} . Assuming
thatthey aredistinct,then, eigenvalueganbe written in descendingrdersothatAj >3 >..>
Ay, - Furthermorethe constituenblocksA; of matrix A" canbe permutedsothattheleadingeigenval
uesof eachsubmatrixarearrangedn theorderdj, >Aj >..>2j for them submatricegwherel;
denotegheith eigenvalueof the Ith block).

In orderto describethe decouplingof dynamicsbetweerA andthe A* approximationdefinea

values* suchthat:
(3.29) mini.j A —Aj [ <6

The differencein eigenvaluemagnitudesn the component®f A* arenextcomparedo those
of A, sothatfor any positiverealnumbers < ¢* thereis a sufficiently smalle>0 (asin eq.2.0) such
thatfor all ieC,

(3.2b) W, -4 | <o

The differencesn magnitudebetweeny andé* determinethe characteristi¢ime scalediffer-

encesbetweerthe fastandslow dynamics.The fast systemdynamicsof x; (t) will bedrivenby the
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eigensystenof the Ith subcomponentiencebeingnearlyidenticalto the behaviorof x; . In the short
run (for a time spanwhich scalesexponentiallywith the magnitudeof ¢), the systembehavesasa
completelydecomposablsystemspecifiedby A*. Given sufficienttime, the subsystemsettleinto
quasiequilibriagiven by the leadingeigenvaluel;, andthe associate@igenvectoof eachsubmatrix,
with theremaining (up to) n, —1 eigendirectiondeingresidual. The systemx(t) asa whole consistsof
M quasiequilibrisdeterminedy their eigenvectorsy, ...vy,, .

The systenthenbecomedgrivenprimirily by communicatioracrossjuasi—equilibriunsubcom
ponentstendingultimately towardsthe eigendirectiorcorrespondindo the leadingeigenvalue; of

A. This canbe seenby writing a spectradecompositiorof thetransitionmatrix A andits powers,.e.

m m n
(3.3) A =24, 7y, v ), Zy o+ ) )AL 2
| =2 I =1i-=2

WhereZ is the matrix of the productof left andright eigenvector®f A, i.e. Z=v¥ for Av=Av andaA
V=VA, givenanappropriatechoiceof normalizationconstants.Z satisfiegherelationAZ=ZA (with A
adiagonalmatrix of A’s eigenvaluesrderedoy descendingbsolutevalue).

The correspondingpectralexpansiorof A*' (the completelyaggregabl@pproximatiorto A')

(I
D Az,

Whered*, Z,* aretheeigenvaluesindeigenvectoproductsof A*. Fromthe propertiesof near—decon
posability,Af; —A;; andZ*; —Z;, if in (3.0)e—0 (Simonand Ando 1961, pgs.118-21)In the

(3.3b) A :Z)q} i, +i

specialcaseof stochastianatrix A andA* (with everysubmatrixof the latteralsostochastic)yve also
havethe condition Ay, =a*1, =2*1, =1.
For the abovespectradecompositionthe jth componenbf the statevectorx;, (t)=A"x;, (0) can

bewrittenas
n
(3.4) x, (t) = ) Zij Ay (0)
i=1

wherey(t)=Z"* x(t). By expandingandrearrangingerms,is
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(3.4a) xj, (t) =

m
M, Zuggy Yu (0) +4, Zuy g, ya, (00« ) A Zyj, vy, (0) +
I +J,1=2
nj m n
D AL Ziggyyis 0+ > > Zigy iy (0)
iy=2 L4, 1=1i, =2

In orderto satisfythe propertiesof neardecomposabilityZ; , j , mustbe ordersof magnitude
smallerthaneigenvectocomponentg;, ;, dueto thesignificantlystrongemithin vs. betweercompo
nent couplings.Similarly, the completelyaggregableapproximationcontainsno cross—component
terms(1,J) becausehe block—diagonalmatrix hasno cross—termcommunicationFromthe fact that
Z*i, i, =0,wewrite:

ny

(3.4b) X', (t) = A Zy i,y (0) + ) Y Zh, g, i, (0)
i3=2

The shorttermbehaviorinducedby A' (2.3) canbe brokeninto intervalsT; <T, <T3 suchthat
in thefirst two intervals(2.3b,2.4b)aregoodapproximationsThat sucha time—scalingexistsfollows
from the Simon—-Andotheorems(Thms.4.1and4.2in SimonandAndo 1961,which we repeathere

without proof):

Theorem2.1:
GivenZ andZ* definedasin (3.3), for an arbitrarily small scalarquantity£>0, thereexistsa suffi-

ciently smalle<es (asin 2.0)suchthat

maxy, | | Zk (1) -2Zg (i) | <&
for2<i <n(), 1<l <N, 1<k, | <n

IA

Theorem(2.1) allows oneto preciselyboundthe differencebetweenthe eigenvectolcompe
nentsof the completelyandnearlyaggregablesystemsandto combinethis informationwith therank

ing of eigenvaluemagnitudein makingpredictionsaboutthe qualitativeshort-termversuslong-term

behaviorof thesystemDefining &q=Zx; (1) - Z§ (1), following SimonandAndo we write
g. .
(3.5) ujj = %

and
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(3.6) Z=2Z*+¢&U

This notation(togethemwith the fact thatfor cross—componertermslJ the componentg,; =0) allows
usto rewritethefive termsof (2.4a)as
(8.7a) Xxj, (t) =

m

é‘)kg.l ulljJ yll (O) +'A'::LJ ZleJ y11 <O> +§ Z A?h ul| jJ y1| (O) +
1 £3,1=2

ng m n
ZA}:J ZiJjJ Yi, (0) + 52 Z}\it| ZiljJ Yi, (0)

i3=2 |¢j,|:1i|:2
which we rewriteusingthe shorthandf SimonandAndo’s equation(4.21),

(3.7b) xj, (t) = &5 +5% 153 g% 1 g5

wherethe Stermsareshorthandor the eachof therespectivaermsin (3.7a).

Note thatthefirst term (theleadingeigendirectiorwith correspondindeadingeigenvaluers, )
scalesasé<<1 becausat involves|,J cross—componeninteraction.Consistentwith a qualitative
accountof systemdynamicsthe shorttermbehaviorof x;, (t) islargelydominatedoy S andS%
(the only termswhich appearin the completelydecoupledsystemdescribedby (2.4b)). For larger
valuesof t, however,eventuallyS? comesto dominateas}, << 2}, (andotherterms)ast—co (and
the global equilibriumis attained).The sameappliesfor determiningthe time scaleat which quasi—
equilibria areattainedwithin eachith subcomponenS? vs.S9).

We canstatethis morepreciselyby delimiting time intervalsoverwhich somesubset®f terms

in (2.7)dominatesovertheothers.Thisis madeexplicitin Theorem(4.2)in SimonandAndo,

Theorem 2.2a: (Within—-Component Quasi—Equilibria)

Because\;, >A;; forj=2, thereexistsaTy suchthatfor t>T,

(3. 8) L — <no

While for t>Ty andsomereal numberbounds, sincefrom theorem2.1 it follows thatthereexistsa ¢

for e sothatfor T <t<T;
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§(SJ(1) + SJ(3> + SJ(5> )
Sj(Z) +Sj(4>

(3.9) <m

Theorem2.2ameanghatfor a sufficiently small elapsedime, the dynamicsof x(t) is domk
natedby within—componentinteractions.The first inequality (3.8) describeghe short-termwithin—
componentbehaviorbeforeeachpartition classapproacheds local quasiequilibriumWhenS domi
nates,the componentis describedasbeingin quasi—equilibriumThe secondnequality simply states
thatfor timelessthanT, , thecrosscomponentermsof orderé arenegligible.

The next setof inequalitiesdescribethe behaviorof cross—component,J) interactionsThe
first establishegatime limit atwhich cross—componentteractiondirst becomesignificant,the second

thewaiting time until the (global) leadingeigendirectiordominates:

Theorem 2.2b: (Cross—ComponentEquilibrium)
Given ane which givesthe boundsin Theorem2.2a,givena boundrn, thereexisttime T,>T; such

thatfor T, <t,

(3. 10) <12

é*sj(l) +Sj(2) +§Sj<3)
for somevaluens, thereexistsanumberT3 >T, sothatfor t>T3

Sj<2> + §SJ(3) + 81(4) + é—S]<5>

(3. 11) e

<73

Theinequality(3.10)stateghatbeyondtime T, , the cross—componertermsstartto dominate
over the within—componerterms,while (3.11) suggestshat given sufficienttime t>>T3, the leaning
eigendirectior(thedirectionof the globalequilibrium)dominatesall otherterms.

Theinequalitiesn Theorem? divide the fast—slowdynamicsof x(t) into four stagesConsider
aninitial statevectorx(0), in particularlythe Ith componentf the probability distributionx; (0).

Forttheentiretime intervalt<T, , the behaviorof x, (t) is closelyapproximatedisx, (t), i.e. by
the equationg3.4b). In the time interval O<t<Ty, the distributionx, (t) is determinedoy the various
eigendirectiongssociateavith A, , while duringthe time interval To <t<T, , theleadingeigenvectoof
A, dominatesandx; (t) is saidto bein a stateof local quasi—equilibrium.

When T, <t<T,, crosscomponeninteractionswith partition classesk| becomesignificant.
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Sinceprior to time T, thedistributionx; (t) is ata quasi—equilibriundistributioncloselyapproximated
by theeigenvectoZ;, (andthesameis thetruefor all subcomponent3), thedynamicsduringthetime
intervalsfollowing T; canbe approximatedy assuminghatthe Ith componentis in the equilibrium
associateavith A*, , weightedby whatinitial proportionof thedistributionwasin the Ilth component.

This is the propertythat allows for aggregatiorof variablesapproximationdo be reasonably
accuraterepresentationfor the dynamicsof x(t). By treatingthe within—componentdistributionsat
quasiequilibriumas essentiallystaticover the shortterm, eachsubcomponendistributionx, canbe
treatedasanaggregatevariableX, , andratherthantrackingthe interactionsof individual elementg,j
of the Ith and Jth componentthe dynamicsfor T, <t<T, canbe describecby an aggregatenatrix A
thatdescribesietcross—componemommunicatior{asdescribedn thefollowing section).

During the time interval T, <t<T,, the cross—componergigenvectordeginto dominateover
the within—componeneigenvectorswhile for T, <t, theleadingeigenvectoof A dominateghedistribu
tion asit tendstowardsits global stableequilibrium (assuminghatsuchexists).True fast—slowbehav
lor occurswhenT, is substantially(perhapordersof magnitude)argerthanT, by allowing a time

scaledecouplingoetweerlocal quasiequilibrisandglobalequilibration.

m Aggregation of Variables and Decompositionin Simon—-Ando Systems

In anearlydecomposabl&imon—-Andosystemattime T, <t<T,, thedistributionin eachcompo
nentx; (t) is in quasi—equilibriumwith nearly stationarywithin—partition classdynamics.Sincefor
larger valuesof t cross—componenfl,J) termsbeginto dominatethe systemdynamics,the quasi—
equilibrium distributionscanbe treatedas macrostatevariableswith a time evolutiondeterminedoy
the sumtotal of transitionratesacrossclasses.

Givenatransitionmatrix A which inducesSimon—-Andodynamics we constructa description
of transitionbetweenmacrostatesgi.e. exchangeaate betweenthe K diagonalsubcomponents A*)
by summingtheindicesA; acrossclassesiel andjeJ. SimonandAndo (1961)and Courtois(1977)
derivean aggregatelynamicsoperatorA for a stochastianatrix A (their resultsapply readily to non-
stochasticoperatorsapartfrom theleadingblock—-eigenvaluesot beingequalto one)by arguingthat
in time interval T, <t<T,, the normalizedith componenof x (t) is approximatelyequalto the leading

eigenvecto(stationarydistribution)of Ay,
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X.
3.12 Vi) = =—1—
< ) 1 ( | > Zi o Xi |

We nextconstructa transitionmatrix which describeshe dynamicsof the transitionprobability
betweenstates] and|l. In termsof conditionalprobabilities(and by abuseof notationwhere X=J

denotesatransitionto the Jth state) we have

_ _ P =1, X =)
P<Xt+l—| |Xt_‘]>_ P(Xt:J>
with P (X =J) =% e Xis andP (X;,1 =1, X =J)Iis the probability of leavingany stateiel

enteringany statejeJ, which is the sumof A;; transitionprobabilitiesweightedby the probability of

beingin theith statej.e., |, > _; Xj, Aij . Therefore,

(3.13) P (X1 =1 | X% =J) = Aij Xj,
Zje\ll

iel jed
with identicalresults(apartfrom a normalizationconstantjf oneinterpretshe coefficientsof A asrate
termsratherthantransitionprobabilities From(2.9), we canapproximatehis expressioras

(3.13b) P (%=1 X =3)=) > Ajvi, (1)

iel jed

For the completelydecomposableystemA™, by (3.13b)thetransitionratesaresimply the elementsof
a diagonalmatrix of leadingright eigenvaluesor eachblock, P, =A(1, ), P,;=0 for 1+J, with the former
coefficientequalto unity for block—stochastienatrices.

This constructiorof aggregatelynamicamplicitly assumeanaggregatioroperatoiQ whichis
a matrix of characteristizectors,asin this formulationX, =Qx=3; _, Xi, . However,a derivationof
Ay, usingthe matrix of characteristizectorsaccordingto (1.2) givesus somethingof the form (3.5),
whichis notequalto (3.13).

Alternatively, one could choseQ to be the matrix with rowsq, = v*; (1, ), theleading
eigenvector®f the block—diagonakubmatrice®f A* to determinewhetherthis choiceof aggregation
operators consistentvith (1.1).In this case X, would haveto be normalizedo producea distribution
as)’ ., v*1 (1) X, isnotnecessarilyjormalgivenx, v;* normal.Furthermoretheresultingderiva

tion of A
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* V*.
Mo =35 v Ay 5
i kel J

iel jed

is only equivalentto (3.13)in the specialcasewhereeachblock submatrixof A* hasasits leading
eigenvector uniform stationarydistribution.

This suggestshatthe standardexpressior(3.13)for the aggregatdransitionmatrix in Simon-—
Ando systemaloesnot generallysatisfythe mean—squareninimumof Theoreml.1,noris the A used
in Simon—-Andosystemsconsistentvith any choiceof aggregatioroperatorgyiven (1.1). As discussed
above this doesnot meanthatthe expressiorfor A consistentvith (1.1) shouldbe preferredo a differ-
entaggregatenatrix (3.10),as Theoreml.1 only offersa heuristicfor the constructiorof A ratherthan
arigorousstatemenaboutthe bestapproximatiorfor aggregatelynamicsin fact, muchof thenumeri
cal work relatedto Simon—-AndosystemgCourtois1977,Meyer 1989,Kafeetyet al 1996,Deuflhard
etal 2000) suggestshatfor strongtime—decoupledystemawith alargeseparatioi, -T, , theaggrega
tion approximatiorfor thedynamicsof X is quiterobust.

Oneof the differenceshetween(3.13)and(1.1) is thatthe latter givesthe least—squarenini-
mum estimateof [QAxX-AQx|| for x(t) overall timest, while (3.13)shouldgive the bestestimategor
X=Qx for time intervalst>T; . Someof our numericalresultsin the sectionsbelow suggesthat for
certainparametetandscapeg§presumablythosewhereSimon—-Andodecomposabilitynight be a poor
approximation)(1.1) givesreasonablestimate®f aggregatelynamicswhere(3.13)fails. Conversely,
(3.13) givesgood estimatesof the dynamicsof Qx andthe stationarydistributionsof the transition
operatorA in caseqpresumablythosewhich exhibit Simon—-Andodynamics)where(1.1) givescom
pletely misleadingestimates.

The relationshipsabovesuggesthetime scalesoverwhich a Simon—-Andosystemis (to a close
approximation)aggregableand decomposablegasthe two propertiesare not necessarilycongruent.
During thetime intervalt<T,, systemdynamicsaredominatedoy within—partition classprocessesand
thusthe systemdynamicscanbe describedo a closeapproximationin termsof the within—partition
classdynamicsof x; actedon by theirrespectivel; .

For thetime interval To <t<T; , becausehe within—-componentlynamicsapproximatedy A*
still dominate the systemremainsdecomposable-dowever,the distributionswithin eachpartitionare

closelyapproximatedy the eigenvectorsj , hencein this interval the systemis aggregableln con
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trast,overthetime intervalt<T, thedynamicalsystemwasdecomposablbutnotaggregable.

For T, <t, cross—partitiorclasscommunicatiorbecomeslynamicallysignificant,thusA* is no
longeragoodapproximatiorfor the systemasa whole. The exchangeatesacrosgartitionshaveto be
weightedby their quasistationaryithin—-componentistributions,so thatthe dynamicalsystemin this
time intervalremainsnearlyaggregablén spiteof the breakdowrof decomposability.

The differentbehaviorsover the definedtime intervalsillustratethe fact thatfor Simon—-Ando
systemswhere aggregatiorand decompositiorare only approximateand time—dependenthe two
propertiesareactuallydecoupledrom oneanotherThisis in contrasto the situationoneencountersn
dynamicaloperatorghat canbe aggregatedccordingto exactequitablepartitions(Stadlerand Tin-
hofer 1999, Shpaket al 2003). Thosesystemsare exactlydecomposablandaggregableverall time

scales.

m Mutation—Selection and Fitness Landscapes

A fitnesslandscapdV,é&,f) consistsof a vertexsetof genotyped/, a transmissionule ¢ that
definesneighborhoodelationshipand/ora distancemetric betweervertices(genotypes),j, andareal—
valued functionf:V -R which assignsa fithessvalueto eachgenotypgWeinbergerl990,Jonesl 992,
Culbersonl992,Stadler1994).In geneticsystemstherelevanttransmissionulesarethosethatassign
transitionprobabilities(edgeweights)T; betweengenotypes andj for mutationandrecombination
processesWe will first treatthe simplestcase the fithesslandscapepecifiedby a mutation—selectior
processundersinglepoint mutation.

Considera haploidasexualpopulation,with k possiblegenotypicstates.Thesecanbe inter
pretedaseitherk allelesat a singlelocus,or alternatively k alternativemultiiocusgenotypesThe state
vectorx(t) describegrequencie®f ith genotype; (1), whereZ!‘:1 X = 1. To eachgenotypeoneassigns
fitnessvaluew; , anddefinethe meanpopuIatiorrfitnessastz:‘=l Xi Wi .

For the sakeof simplicity, we assumehat reproductionmutation,andselectionoccurin non—
overlapping generationsThe probability thata j individual hasani offspringis given by the per—

generatiormutationratey;; . This letsusdefinearow—-stochastienutationmatrixM with entries:
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N
(4.0) M :1—Zuji; Mj =wij fori #j
i1

Iterationof x(t) acrossa singlegenerations definedby anexpressiorof theform:

k

1
(Hij W Xj = Hji W X))
-1

W,
j

(5.1) i (t+1)=xi (1) T+

(seeCrowandKimura1970,Ewens1979,Burger1998,Burger2001,etc.).
The mutation—selectionlynamicscanbefully specifiedin theform of a matrix A operatingon

X, with
(5. 2) Aj =i wifi#]

K
1—Z/Jil
-1

The mutation—selectiormatrix A=WM, whereM is the mutationmatrix (5.0) andW is a

Ai = W

diagonalmatrix of genotypditnessvaluesw; =w, W;; =0.
By definition V_\/=Z!‘:1 (AX(1)), , thusonecanwrite (5.2) asx; (t+1) = %Axi (). In its general

form, onecandescribehe dynamicsas:

k
(5. 3) X(t):Atx(O)/Z (A x (0)),
i=1

The sameequationswill describeevolutionof a diploid population,if onedefinesw; asa
marginalfitnessof genotype, i.e.wi =%, wj x; andW = 33 wj X Xj = 21 X W

It canbeseenthateq.(5.3)is nonlineardueto the occurrencef termscontainingx; in W. The
characterizatiof a numberof dynamicalsystempropertiess more straightforwardf the equations
canbelinearizedandexpressedh matrix form. The decomposabiliticriteriaoutlinedin thefirst see
tion only holdsfor linearsystems.

A linearizationof the coupledmacromoleculsynthesisnodelsof Eugeng1971)by Jonesetal
(1976) andin ThompsonandMacBride (1974). Theseare formally equivalentto the Crow—Kimura
mutation—selectiomodels,thusthe treatmentereis a transformatiorwhich is equivalentto that of

Jonesetal. Considerthetransformedrariable:
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vvithW:ixi (t’ ) w
i =1
Substituting(5.4) into (5.1b)we obtaina linear differenceequation.Note that this canbe written in
matrix form similar to (5.2) but without the nonlineamormalizationtermW. This linearizationis only
valid for haploidgenotypes ThompsorandMacBride1974)becausehe diploid to haploid(gametic)
transmissiorprocesss quadratic.

The linearizationof the mutation—selectiorequationsessentiallychangeghe descriptionof
relative genotypefrequenciego oneof absolutefrequenciegBaakeet al 1997,Hermissoret al 2001)
in an exponentiallygrowing populationratherthan relative frequenciesand requiresthe use of
(absoluteMalthusianratherthanWrighteanfithessparametersOne cantransformbackto the Wright-
eanrelativefrequencyandfitnessdescriptionwith no informationloss (by normalizingthe absolute
frequencyvector),andthe mutation—selectiomquationdor haploidscanbetreatedasa linear system
to whichtheabovedefinitionsof decomposabilitareapplicable.

In an absolute—frequencidsasedrepresentatiorthe mutation—selectiorprocessanbe fully
specifiedasA=WM, i.e. asthe productof a diagonalmatrix of genotypditnessvaluesanda stochastic
mutationmatrix (this is wherethe discussionsn previoussectionson the conservatiorof stochasticity
in A becomeselevant).Furthermorewhenabsolutdrequenciesireusedandthe nonlineaW termis
removed thelinearoperatorA in (5.2) givesusthe stateequationfor genefrequencychangegrom one
generatiorto thenext.

The goalin constructingan aggregation—basedescriptionof mutation—selectioprocessess,

given(5.1),to beableto constructeitherasanexactor approximatedescription

k
(5.5) X (t+1) =X (t)W+ ) MyWXy-M WX = (AX (t)),

J=1
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whereX, is theaggregatdérequencyof thelth classof genotypesM,; is somemeasuref netmutation
rate from the Ith to the Jth class(usually as someweightedsum of cross—termmutationrates

Diel jed Cii Mij andW; is someaggregatditnessvalueon the Ith aggregatelass,i.e. W =f(x;, ...x, )
wherex;, €C; .
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m L andscapeson Hamming Graphs and Simon—-Ando Decomposability

We now turn our attentionto the questionof whetherSimon—Andodecomposabilitys applica
ble to a wide classof fithnesslandscapesAs statedin theintroduction,one’sintuition aboutlandscape
topographysuggestshat Simon—-Andolike behaviormight be fairly genericin multi-peakedland
scapesvherethe peaksand surroundinghigh fithnessgenotypesare separatedby broad,low fitness
"valleys." We hypothesizedhat genotypefrequencydistributionswould reachquasi—equilibriain the
neighborhood®f local optimain the shortrun while slowly moving acrossthe valleystowardsthe
globalmutation—selectioequilibriumoveralongertime scale.

The qualitativebehaviorand someof the mathematicastructureassociateavith Simon—-Ando
dynamicshasbeenobservedn a variety of evolutionarymodels.The "epochalevolution” of the
"Royal RoadGeneticAlgorithm™ (vanNimwegenet al 1997)exhibitslocal quasi—steadgtatesassoci
atedwith thefixation of a subsebf loci with a certainfitnesseffect, punctuatedy stepwiseransitions
betweenthesesteadystatesn attainingthe global optimum.Furthermorethe block—diagonaktructure
of fitnesslandscapeandits associate@igenstructurdhasbeenusedby Schusteand Swetina(1988)
and Wilke (2001a,b)}to derive equilibrium distributionsand determineglobal optimaby identifying
block componentsvith thelargestieadingeigenvalues.

In askinghow commonSimon-Andodecomposabilitynay be for genericmutation—selectior
systemswe work with a Hamminggraphconfigurationspaceappropriateo the analysisof n—-locus,
two allele systemwhereonly point mutationsareallowedin eachgenerationThis representatiocan
be generalizedo multi-allelic systemsandto modelswith a smallbut nonzeroprobability of multiple
mutationsper iteration (for example,a mutationmatrix with coefficientsdeterminedy a Poissonor
exponentiaprobability of k mutationsn eachgeneration).

Recallthat Simon—-Andoaggregatiorand decomposabilityequiresthat the vertexsetV be
completelypartitionableinto C={C; ...C,} suchthateveryvertexx is anelementof someclassC, . To
be Simon—-Andodecomposablahe partition classesare chosensuchthatintra—partitiorcommunica
tion is ordersof magnitudestrongerthan interpartitioncommunication Applying the Simon—-Ando

aggregatalescription(3.13)to the mutation—selectioequationg5.1and5.5), we have
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Ay = ZZA” v, (13) =ZZM] WV, (1)

iel jed iel jed
k

X o(t+1) =X (1) W+ > MyW X -Mi WX =AX (t)

J=1

where the aggregatevariablesand parametersare X, =)', cc Xi W =) e W VR (L), and
M=) Dies Mj . Usingtheseparameterst canbeseerthat), Aj; =W.
It follows from the definitionsof A andthe conditionfor Simon—Ando(3.0) thatfor all classes

Jwe obtainthefollowing setof inequalitiegnotingthatW,; <1, with the assumptionhate«%)

(6.0)
AJJ:W—ZAIJ > W (1-¢)=

i+

Asy >> Z A

I+
Ratherthanmakingthis comparisorfor everyclassJ, it is instructiveto look at the limiting
casesj.e. the setwith the highestcross—classommunicatiorrateandthe onewith the lowestwithin—
class communicatiorrate (usingthe indices1 and 2 to denotetheseclassesrespectivelyandagain
applyingthe conditione<<3 ):
(6.1a)
Al >> W (1-¢e)=
V\é—z A > W (1-¢)=

| #2
A _ Y2 A2
W > (1l-€) >>€e> Ve

For stochastianatricesW; =W, =1 for all Jandthe sameclassC; thatminimizestheleft hand
side maximizesthe sumon theright handside.In the generalcase however the classJ which mini-
mizesA;; doesnotnecessarilynaximize)’, 2] A ;, sincea high meanpartitionfitnessvalueleadsto

relatively high valuesfor both within and cross—partitionclasscommunicatiorrates.As a stronger
conditionthan(6.1a),we propose
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(6.1Db)

(AJJ ) m n; >>

ZAIJ
I +J

where(6.1b)}=(6.1a),(6.0)but not the converseThis inequality canbe treatedasa limiting caseto

max;

determinewhethera mutation—selectiomatrix A hasa Simon—-Andopartitioning,asit requiresthat
the lowest—-valuedwithin—classcommunicatiorrateto be greaterthanthe largest-valueatross—class
communicatiorrate (theindexJ on both sidesof 6.1bdoesnot generallyreferto the sameclass,the J
on theleft handsiderefersto the partition classin which within—partition communicatioris minimal,
the J on the right handsiderefersto the partition classwith maximal communicatiorwith outside
classes)This criterionmakesheuristicsenseasit follows from (3.0) thatall cross—clagermsshould
be of ordere, ordersof magnitudesmallerthanthe termswhich dominatethe within—classcommunica
tion rates.

We proposewo differentclasse®f landscap&lecompositionascandidategor a Simon—Andc
partitioning. Thefirst examples the standardscenaricof anadaptivepeakandits immediateneighbor
hood,in theform of aradiusk, n—dimensiondall (with n the numberof loci) centerecabouta local
optimumyxg, , to definethe classC; ={ x|d(x,Xo, )<k}, with the numberof neighborswithin andoutside

the setdeterminedy thetopologyof a Hamminggraph.For the specialcaseof k=1, we have

(6.2 a)

Ay = Z (I-n-1) ) vfw + (nN-1) vog W i
i jed
S W (L-(n-1) u) (1) v v U

DUAI=) D D VW u =W (n-1) u- (n-1) v§ W u

I +J I+ iel jed

Similarly for k<=2, oneneedsto takeinto account'residue"termsfor both the Hammingdis-
tance0 andl classewvith thefactorn—2.The sumoverthex=2 termsgivesa commonfactorwith Wj .

This suggests generaform for anyvalueof k<n

(6.2 D)
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Ay; = Z (1-(n-x)u) viw Mj + Z (N-x) v W u

i,jed {j 1d (X0, Xj )=x}

=W (1-(-x) )+ (N-x) D W
{j 1d (Xo0, Xj ) =x}

D A=W (N-x) u- (n-x) D viwu
I'#J {J 1d (o0, Xj )=x}

The inequality (6.1b) compareghe minimal valuedwithin—classcommunicatiorratewith the
maximal—-valuedcross—classommunicatiorrate. We will denotethese(respectivelylasC; andC,

with correspondingneanfitnessedV; andW, . Usingthevaluesin (6.2b)to determinewhen(6.1) is

satisfied,we get
(6. 3)
W (L- (n-x1) w) + (N-x1) D W >
{j 1d (X0, Xj )=x1}
W (n-x2) - (0 -x2) DL YWk

{j 1d (X0, Xj )=k2}

The subscriptdelowthek valuesindicatethe factthatC, andC, neednot be partitionsof the same
size,becausén generalann-dimensionahypercubeneednot befully partitionableinto a setof balls
of afixed radiusk. Any hypercubenvhere2"+0 mod (n+1) cannotbe fully partitionedinto radiusk
—balls,andevenhypercubesvheren+1 doesdivide 2" cannotalwaysbe subdividedinto balls of a
fixed radius.However,with theassumptiorthata singlevertexis atrivial (radius0) ball, somepartition
ing into balls of varyingradii is alwayspossible In mostcasesk; #«», thoughtherearespecialcases
(for examplejf n=3,a partitioninto k=1 ballsabout000and111)wherethe lattice canbe fully partk
tionedinto ballsof the sameradius.

Becausanoretermsareaddedto theleft handsidetermthanthoseaddedto theright for larger
valuesof «, it is clearthata largerradiusaboutany given pointis morelikely to give to a Simon—Ando
partition. This suggestsipperandlower boundsfor eachside of the inequality,ascondition(6.3) will
be satisfiedfor sufficiently smally if the following relationshold (obviously,the converseneednot be

truefor sufficiently largevaluesof (N - x) 3 14 xo, x <) Vi W K )
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(6.4 a)
W (1-(-x1)u)>W (n-x2) 1 =
ﬂ>> (N -x2) U — W >> U

W l1-(n-x1)pu nW+W) -xg W -xo W

in thespecialcasewherek; =k, , theinequalityis

(6.4 D)
W 1-(n-x)u)>W (n-x)u =
ﬂ>> - u W >> U

W 1-(n-x)u (n-x) (W +W)

If we chosea sufficiently smallper—sitemutationrateu (for smallvaluesof xk andW; andW,
of roughlythe sameorder,u << %), the time scaledecouplingcharacteristiof Simon—-Andosystems
will besatisfiedfor a partitionaboutalocal optimum.

In mostmodelsof sequencevolution,u is choserno be of the order%, in which caseSimon-
Ando aggregations notlikely to give a very closeapproximatiorto the systemdynamicsin orderfor
the Simon—-Andoapproximatiorto hold, the mutationratemustbe very low, implying thatwhile there
may be atime—-decouplingacrosgartitions,the within—classapproacho equilibriumwill alsoproceec
very slowly. An interestingconsequencef this resultis thatfor sufficiently small mutationrates,a
"flat" fitnesslandscapdi.e. onewhereW(x)=1 for all genotypex) will be Simon—-Andlecomposable
for anarbitrarypartitioning(providedthateachpartitionis radius« h—ball aboutany centervertex).In
this specialcaseat least,the time decouplingis due entirely to mutationalconnectivitywithin the
partitionsratherthananyfitnessdifferentialswithin or betweerpartitions.

Our intuition suggestedhata fitnesslandscapestructureof severalpeakswith partitionborder
regionsdefinedby valleyswould be necessaryo achieveSimon—Andq in fact thisis notthe case A
given mutationrate doesplaceconstrainton the maximal meanfitnessdifferential acrosspartitions,
however assettingW; =1 andW, =1+Sandrearrangingermsin (6.4)implies:

1-2nu-p (K1 +K2)

S <<
Ho(n-x2)

again,whenk; =«,, therelationis

1-2u (n-xk)

S
ST (n-x)
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Sincethe parameteis definedso that S>0, this constraintis only meaningfulfor u(n—-k)<1/2
and u<<1/n.If theseconditionsaremet,theinequalityrequireshatthe meanfitnessdifferentialacross
classegnustbe lessthanthe term on the right handside. This placesa constrainton the choiceof
partitions,i.e. onecannotchoseoneclassC; with afitnesssubstantiallyargerthanthatof C,, atleast
not for biologically realisticvaluesof u. Consequentlyif a fithesslandscapeonsistsof a relatively
limited numberof high—fitnessverticeswith the remaininggenotypes low—fitnessvalley, no partition
classcanbe chosento consistsolely of low fithessgenotypesFor example any partitioninga two—
peak landscapewith high fithessverticesat (for instance)00...0} and{11...1} andW(x)<<1 else
wheremustincludeoneof the peaksJimiting thetotal numberof possiblepartitionsto two. Thedisad
vantageof this constraintshouldbe obvious:if the goal of the decompositiorandpartitionapproachs
to reducethe effective numberof statevariables,one standsto gain comparativelittle in termsof
computationakfficiencyby partitioninga landscapénto two blocks.

Furthermorethe aboveconstraintson the value of S requirethat the differencesn fitness
betweenthgeaksin differentpartitionclassesnustnot betoo great.If therewerea largedifferencein
fithnessbetweentwo peaks,ntuition suggestshat offspring of the higherfithessregionwould saturate
the entirelandscapédasterthanthe lower fitnesslocal peakneighborhoodsould attainquasi—equilib
rium. This is confirmedby theresultthata separationn fithessbetweenpartition neighborhoodss
inconsistentvith Simon—Andodynamics.

It shouldbe notedthattheseinequalitiesplaceno constraintson the internalstructureof each
partition class.Intuition might suggesthat the "ideal" scenariofor Simon—-Ando decomposability
would be a partitioningwhereeachblock consistf a center'peak”surroundedy lower fithessgenoe
typesatthe periphery becausave expectlower fithessgenotypeat the edgesof a partitionto commuri
catewith outsidepartitionsat a lower ratethanwould high fitnessvertices.Thoughcertainwithin—
partition class propertiesnay certainlyfacilitate cross—classeparationasthe exampleof alandscape
with all genotypedavinga fithessof unity illustrates,thereneednot be any constraintson within—
partition class fitnessdistributionsgivena sufficiently low mutationrate.

The internalstructureof the partition classesnay becomemportantfor highermutationrates,

l.e. in situationswhere(6.4) is not satisfiedwhile (6.3), asthe moregeneralcondition,doeshold for a
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choiceof partitions.While (6.4) only placesconditionson the meanfithessesf individual classesthe
"residual"termsin (6.3),is

(n-x) D W

{j 1d (X0, xj)<x}

In orderfor this termto havea significanteffecton the relativemagnitude®f the two sidesof
theinequalityin (6.3),the productv; w mustbe largefor j|d(x, ,xj )<«. For examplen the caseof k
=1, thefitnessand(consequentlydhe quasiequilibriunfrequencyof the centeroptimummustbe signifi-
cantly higherto compensatéor the difference.In this situation,the standard' peakandvalley” intuition
doesseento beconsistenwith therequirement$or decomposability.

An alternativepartitioningwe investigatedn the contextof Simon—-Andodecompositioris one
whereeachC, containsmemberof anequivalencelasscharacterizethy commonallelic statesatany
particularlocusor subsebf loci. Onecaninterprettheseequivalencelassesspartitioningsaccording
to shared'charactesstate"or "schema'identity (sensuHolland 1977,Goldbergl1989,Altenberg1994).
As examplesfor asinglelocusschemathe equivalencelasseare{0**...*},{1**...*}, for atwo locus
schema{00**..*} {01**.. . *} {10**.. *},{11**...*}, where**...* represenarbitraryallelic configura
tions at the remainingloci andthe schemdoci arechoseno bethefirst « for the sakeof convenience.
For atwo allele systemthereare2 equivalenceclassegwherea decompositiorbasedon the allelic
identity ata singlelocusgivesonly two classeswhile a multilocusschemacanbeinterpretedasgiving
riseto "nested"sequentiapartitionsover1,2..x siteequivalencelasses).

It shouldbe obviousthatfor a k—length schematherearex point mutationsthat put the off-
springinto anotherequivalenceclassversusn—« possiblemutationsthat remaininsidethe partition.
Applying (6.1a)to thesepartitions,

(6.5) Ay = Z (1-xu) viw Mj = W (1-xpu)

i,jed

ZAIJ =W xu

I #J

Notethatboththeinternalandcrossclasscommunicatiorratesarein this caseindependentf
the total numberof loci, beingdeterminedsolely by the mutationrateandthe numberof sitesdefining

a schemaHerewe useC; andC, to denotethe schemaclassesvith the minimal intra—component
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communicatiorrateandmaximalcross—patrtitiorclasscommunicatiorrate.

In orderfor Simon—Andoseparatiorto apply,we need

(6. 6)
W (1-xu) >>W xu =

W KU W

WU T < (WwW) T

which, alongwith the expectectonstrainton mutationrate,implies a strongerseparatiorfor smallerx
(fewerloci defining fewer partitions).Rewriting (6.6) in termsof selectionparametefs, whereV =1-
S, W =1, theinequalityis equivalento S<<ﬁ . Forku~1/n, thisis S<<—=- (implying thatfor large
numbersof loci, no morethana twofold differencein meanpartitionfitnessis permissible).

The meanfitnessW; canbeinterpretedasthe marginalfithessof the particularschemaconfigu
ration definingthe Jth partitionclass.For examplejn atwofold landscapeartitiondefinedby 1**...*
versus0**...*, Wj representshe mean(marginal)fitnessof allele 1 or O at the first locus.Because
aggregabilityof the partitionimplies the (near)dynamicalsufficiency of meanfitnessand effective
transitionrate parameterghe condition(6.6) canbe seenasindicatingwhenschemacanbe treatedas
"units of selection'(seebelow).Forthis conditionto be satisfied theinternalcohesiorwithin anequiva
lenceclassmustbe greaterthanthe communicatiorfrom outsidepartitions,andasthe inequalityabove
indicates this holdsonly whenthe mean(marginal)fithnessof any particularschemaconfigurationis of
approximatelythe sameorderasthe meanfitnessof the otherconfigurations.

A seriesof numericalexperimentgcomputedusing Mathematica, with programsavailable
from the seniorauthoron requestconfirm thatthe landscapesiducedby mutation—selectiomatrices
satisfying(6.1b) are aggregableand decomposabléWhat is somewhabpen—endedjiven the con
straintson mutationratesandfitnessdifferencesn (6.4b)etc.is just how smallthe per—-locusmutation
rateu hasto bewith respecto theratio ontheleft handside.It turnsoutthatfor certainlandscapeghe
Simon-Andoapproximatiorto x;, (t) andy;, * X (t) (andtherefore approximation®f stationarydistribu
tionsv;, =v; * X, with X the stationarydistributionfor A) breaksdownfor all but very smallmutation
rates,while for otherstheresultsarerobustfor biologically realistictransitionrates.

We beginwith the specialcaseof a systemwherethe fithessef everygenotypeareidentt
cally setto unity. Usingafive locus,two allele systemasanexamplewe (for convenienceghosethe

equivalenceclassedo be all of the verticeswithin Hammingdistance2 from {00000} and{11111}



S monAndoEdit.nb 28

respectively.Clearly, the within—class quasi—equilibriav, * will approximateuniform distributions
irrespectiveof mutationrates,with the globaldistributionoverthe T, <t time interval approximatedy
the productof initial within—partitionaggregatdrequenciesandthe within—classuniform distributions.
Choosingthe mutationrateto be u=0.01<<0.25, we comparethe equilibrium genotypedistributions
vi, (first eigenvector)of the mutation—selectionrmatrix A to the aggregatiorof variablesest:
matesv; * X in Figurel. Themean-squarerroris approximately0.08,whichis a reasonabl@pproxi
mation (andonewhich doesn’timprovewith lower mutationrates reflectingthe fact that6.4bgivesa
sufficientbut not necessargonditionfor time—separation).

In the nextsetof figures,we repeathe samecalculationspbutin this casewe havemultiplica-
tive fitness functions about each local optimum, so that the fithess of any genotypeis
W(X)=Wp (1 — 5)%n®*0) with x, the nearesiocal optimumands=0.1.The mutationrateis setto
=0.01, while the peakfitnessesarechoseno be{1,1} in Figure2 and{1,0.9} in Figure3. Thefirst
casecorresponddo the "degeneratequasispeciestliscussedy Eigen and Schuster(1989) and
SchusteandSwetina(1988),with identicaleigenvaluegd; =1, =.990181wherethe associate@igenvee
tors have mostof their probability densityabouteither peak (Fig 2a). The stationarydistribution
(plottedin Figure2b) canbe constructedasa weightedsuperpositiorof eigenvectorsaissociatedvith
theleadingdegenerateigenvalue.

Aggregationof variablesgivesa very goodapproximatiorto the stationarydistributionfor this
fitnesslandscapeThevaluesof v;, * X areplottedagainsthe stationarydistributionin 2b. The mean-
squareerrorof v versusy, * X, is of theorderof 1072, avaluethat improvesfor lower valuesof x (e.g.
11=0.001giveserrorsof the orderof 107°. This is consistentith our expectationsincethe Simon-
Ando approximationmprovesfor lowertransitionrates.

The resultsaresimilar for the landscapeavherethe two peaksdiffer in height,apartfrom the
fact thatthe eigenspacés non—degeneratéhe normalizedeadingeigenvectoicorrespondingo the
equilibriumdistribution)is plottedagainst, * X, in Figure3, againgiving a closematchwith a mean-
square erroratthe orderof 1072. We notethatthe approximationsregoodwhethernwe usetherepre
sentatiornof aggregateransitionrates(1.1)or (3.13).

The situationbecomeamoreinterestingin the caseof two—peakedlandscapesvith nearly
identicalpeakfithessesConsidera scenariovhereone peakhasa fitnessof unity while the otherhasa

valuecloseto unity, i.e. 0.999.1t wasshownby Schusteand Swetina(1988)andWilke (2001b)that
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for sufficiently high mutationratesthe equilibriumdistributiondepend®on thefitnessef theimmedi
ate mutationalneighborsof eachpeak.Namely,if the morefit peakis surroundedy relatively low
fithnessneighborswhile the peakwith slightly lower fithesshascomparativelyhigh fithessneighbors
(correspondingo a "mutationallyrobust”or "geneticallycanalized'genotypege.g.Wagneretal 1996),
the equilibrium densitywill often be concentratedt the somewhatower "plateau”ratherthanthe
sharp,isolatedpeak.

We replicatedtheseresultsin Figure4, which depictsthe equilibrium genotypedistributionfor
a fitness function defined by W(x)=W; (1 — 51)*n**)  apout the first peak and
W(X)=W, (1 - S0 (%) ghoutthe secondpeak,wheres; =0.9 ands, =0.1 andx; , X, arethelocal
peakvertices(representing fitnesslandscapavith onesharppeakanda relativelyflat fithessplateau).
The fitnessvaluesare chosensuchthat the peakis slightly higherthanthe plateau,i.e. W; =1.0,

W, =.99.

Thefirst computationsarefor arelatively high mutationrateof 4=0.1, which asexpectedjives
a stationarydistributionat the plateaulf we approximatehe aggregatelynamicsas(1.1),the estimate
of the leadingeigenvectoiis completelymisleading specifically,it predictsa stationarydistribution
concentratecht the peak.However,using (3.13) to estimatethe leadingeigenvectordoespredicta
distributionconcentrate@t the "plateau,"althoughit canbe readily seenin Fig 4 thatthe matchis not
very close(the meansquareerrorin this caseis nearly0.2). This is dueto the fact thatif we useu
=0.01, the stationarydistributionis still concentratedt the plateauandthe aggregatalistributionis
somewhatmproved,beingjustunder0.1.

For substantiallysmaller (and biologically unrealistic)mutationratessuchas=0.001, the
stationarydistributionis alwaysconcentratedt the highestpeak(becauseas Schusteand Swetina
demonstratedselectionpressuran favor of the lower plateauis a secondordereffectthat scalesn
proportionto mutationrate, whenmutationratesare sufficiently low, peakgenotypeoffspringrarely
"encounter'their neighbors) For this case Simon—-Andoaggregatiorgivesvery good estimategFig-
ure 4b), giving squareerrorvaluesof the orderof 1073, The estimatesaregoodbothfor (1.1)and(3.13)
asoperatorgor theaggregatelynamics.

The applicabilityof Simon—-Andodecomposabilityo thesemodellandscapehassomeinterest
ing implicationsfor the way onethinks aboutunits of selectionlt wassuggestedh Shpaketal (2003)

thataggregatiorof variablesoffersa naturalapproacho identifying units of selectionabovethe genoe
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type level, in thataggregatiormethodsnvolve partitioningthe genotypespaceanto coherentlyinteract
ing subsetslindeed,onecriterion proposedor identifying units of selectionis thatof dynamicalsuffi-
ciency(seeLewontin1970,Wimsatt1981).

While a casecanbe madethatlandscapgartitionclassedbehaveascoherenentities,it doesn’t
seemto bethe casethatthey mustnecessarilyo soasa consequencef Simon-Andodynamics.For
example,Phaselll of Wright's "shifting balance"model (1932) in which interdemicselection
(aggregatecompetitionbetweensetsof genotypesomposingmore or lessisolatedpeaksandtheir
neighborhoodsis actuallyincompatiblewith a Simon—-Andomodel,becausaeneanfitnessdifferences
betweemeighborhoodsrein violation of (6.4b).Yet interdemicselection(asa specialcaseof group
selection)hasbeenshownto beatleastin principlea possiblejf not necessarilyanimportant,evolution
ary force(Coyneetal, 1997).

Similarly, the exampleof a landscapevith anisolatedhigh fithesspeakcompetingagainsta
lower fitnessbut more"robust”genotypess a casein point, i.e. the parametevalueswherethe plateau
dominateghe distributionarealsothosewherethe Simon—-Andoapproximationstartsto breakdown
dueto relatively high mutationrates.Yet the long—termbehaviorof sucha systemcanbe predicted
from thefact thatthe eigenvaluesssociatedavith the plateauarelargerthanthoseassociatedvith the
isolatedpeakunderthe right choiceof parameter§Schusteland Swetinal988, Wilke 2001),which
suggestshatin somesenseof theword the competitionis taking placebetweerthe peakandplateauas
aggregateentities. This suggestghat one can have higher—orderentitiesthat act coherentlyunder
selectionwhoseaggregabilityis not necessarilya resultof the fast-slowdynamics As a casein point,
competitionbetweentwo—peakedlandscapesvas analyzedin the contextof unweightedequitable
partitionswhoseaggregativitywasexactandnottime dependentgontraSimon—-Ando

We now turn our attentionto anotherissuein the units of selectionquestionthatcanbe eluck
datedby Simon—-Andoaggregatiorand decompositionthe problemof charactendentificationand

schema-baseidentity classes.

m Schema Partitioning and the Definition of Evolutionary
Characters
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In our earlierpaper(Shpaket al 2003),we comparedhe formal propertyof landscapelecom
posabilityinto equitablepartitionsdefinedby fithessandmutationaldistancesquivalenceslassego the
charactestatedecompositiormodelsdevelopedn WagnerandLaubichler(2000a,b).The latterform
of decomposabilitydefinesequivalenceclassesn termsof identicalallelic statesat a locusor over
subsetsf loci (schema)lt canbe seenthatin generalequitablepartitionsneednot correspondo
schemaquivalencelasses.

However,therearecasesvherean equitablepartitioningdoescorrespondo a partitioninginto
schemaequivalenceclassesin the previoussectionwe examineda partitioningdefinedby schema
which for the appropriatechoiceof mutationrate andfitnessfunction (6.6) satisfiesthe conditionfor
Simon-Andodecomposabilitfwhich, in turn, is a specialcaseof weightedequitablepartitioning).
Eachschemaquivalencelassandits frequencycanbeinterpretedasa "charactesstate,"andwhenthe
mutation—selectiorsystemis nearly decomposablehe frequencief the equivalenceclassesarea
dynamicallysufficientdescriptorof the evolutionaryprocessSinceoneconditionfor identifying units
of evolutionis determiningwhetherthe entitiesin questionaredynamicallysufficient, it is naturalto
equateselectionon aschemalasswith selectiorfor anindependentharactestate.

Whatthenis the relationshipbetweenSimon—-Andodecomposabilityf schemagpartitionsand
the charactepartitioningsof WagnerandLaubichler?To recapitulatéeNagnerandLaubichler’'sresults
(with changesnadeto the notationfor consistencywith this paper,aswell assomeformal adjustments
for a discrete—timerepresentationyjefinea setof genotypegx; ....xy } with anassociatedrequency
vector pi={p;...pn}. The equivalenceclassesC!={C;....Cx} and their associatedrequencies
m ={m ..mm} aredefinedsuchthateverygenotypexeC, hasanidenticalallelic stateat a particular
locus. More generally the equivalenceclassesare definedasa setof genotypesdenticalover some
arbitrary subsetof sites,or a "schema'(sensuHolland 1975, Goldberg1988, Altenberg1995).0One
suchequivalenceclass(definedasanallele at a singlelocus)for a 4—-locusgenotypewould be the set
of all genotype<C; of theform 0***, C, of thoseof the form 1***, defining partition C. In turn,
anotherclassof partitionsC? will bedefinedby theallelic identity atthe secondocus,andsoforth.

Wagnerand Laubichlerdefinethe CartesiarproductC! xC? to be an oc (orthogonalcompli
ment) partitioningif C=C*xC?, or moregenerally,C=C'xC?...xC". For example C=C* xC? could be

the Cartesiarnproductof allelic variantsat loci 1 and 2, respectively.The authorsconstructan oc—
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partition by choosinga setof invertible functionsF={ f; |f.C; = C; } which mapseveryelementn one
equivalenceclassto the correspondingienotypean anotherclass.Forexamplef couldmap101to 001,
with *01 defining an (orthogonal)equivalencelasswith respecto thefirst locus.In the casewhereF
is a family of transitivemaps,i.e. s=fj;(x) andt=f;_(u) impliest=f,_ (x), F definesa complementary
(orthogonal)partitioningC={ C; ...C}, whereeveryclassis in the complementarypartitionis C={ s~x
if thereis fj;eF|s=1; (X)}. This mappingspecifiesanequivalenceelationbecause¢hefunctionsin f are
transitiveandinvertible (Rosen1984, Bogart 1990), and consequentlhdefineseachgenotypex as
x=C; NC;.

Given an oc—partitioningyWWagnerandLaubichlerhaveshownthatfor fithessfunctionssatisfy
ing the additivity conditionandfor "character'frequenciesatisfyinga generalizedinkage equilib-
rium, the equivalencelassfrequencies, area dynamicallysufficientdescriptorof evolutionundera
selectionoperator.

Carter(1997,unpublishedhasshownthat the equivalentconditionin discretetime requires

thatall fithessfunctionsaremultiplicative acrosartitions,with w the Malthusianfithessparameter:
(6.7) w(fi5 (X)) =cigw(x)

In otherwords,thefithessdifferencedbetweermembersf the sameequivalencelass(i.e. allelic state
at a particularlocus)aredeterminedyy a constanproducttermc;; determinedy therestof thegene
type or charactestateconfiguration.This effectively excludesany type of nonlinearitydueto epistasis

in fitnessfunctions.The othercondition,of coursejs generalizedinkageequilibrium,

(6.8) pi (f1y (X)) =py (X), wherepy (x) = P (X)

713

with p(x) denotingthe frequencyof x while p; (x) refersto the marginalfrequencyin the Jth partition.
This definitionis equivalento the conventionalinkageequilibriumconditionp(xer; (73 )=m 75 .
It wasshownin Carter’sderivationthatif thesecriteria are met, the selectionequationon

genotypegherein discretetime)
(6.94a) pi (t +1) =pi ()W
canbeaggregatedto a dynamicallysufficientdescriptionas

(6.9b) g (t +1) = (t)w
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The conditionrequiredfor theseto hold is thatthe within—classvariancedn fithessV, bethe same
acrosgartitionclasse<, =C; ....Cy,. Thisconditionturnsoutto be generallystableonly undermultipli-
cativefitnessandgeneralizedinkageequilibrium.

In orderto makea meaningfulcomparisorbetweencharactepartitioningundergeneralized
linkageequilibriumandSimon—-Andgq it is necessaryo determineunderwhich modelsof transmissior
(mutation) the within—class variancegand by extension the generalizedinkage equilibrium) are
remainstable.In anunpublishednanuscriptAltenberg(2002) proposedhatfor two orthogonalpartr
tionsC! andC? the following tensorproductdefinition of generalizedinkage equilibriumis stable

undermultiplicativefitnessfunctionsandmutationoperators:

(6. 10) x (1) =xtex® = xi' %) N

where® is the KroneckerproductoperatofA® B); =AB. In vectorform, the within—partition fre-

quencydistributionsx aregivenby xt =(I; ® 15 )x andx2=(1; ® |, )x, wherel is anidentity matrix and

1lisavectorof 1's correspondingo the numberof orthogonaklassesn therespectivepartitionings.
Rewriting the transitionoperatorA=WM, with the diagonalfitnessmatrixW andM the muta

tion matrix, in orderto satisfythe multiplicativity condition,
(6.11) W=W oW

andasimilar structurefor the mutationoperatoracrosgwo partitionings
(6.12) M=M oM

which canbe extendedo anarbitrarynumberof orthogonalpartitionsasW=W; W, ...®@ Wy, etc.An
interpretationof (5.6) is thatmutationratesareindependenat eachlocus(or partition) irrespectiveof
theidentity atthe otherloci.

To showthata Kroneckerproductmodelof mutationandfitnesseffectsconservegpartition
independencandgeneralizecquilibrium,notethat

X (t +1) = (WeaW) (MeM) (x! (t)ex? (t)) =

(MY x (1) ® (MM x2 (t) =xt (t +1)ex? (t +1)

implying thatx,x aredynamicallysufficientdescriptorssince(5.7) impliesthateachequivalencelass

frequencytrajectorycanberepresenteds
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xP(t+1) = WM (1), x* (t+1)=WMx> (1)

This provesthatgeneralizedinkageequilibriumx=x* ® x? is stablegiven multiplicativefitness
and mutationrate. The resultscan be summarizedas sayingthat dynamicalsufficiency of schema
frequencieqi.e. "characterdecomposability"yequiresindependentnutationratesand multiplicative
fitnessacrosartitionsaswell asmultiplicativity of cross—partitiorclassfrequencies.

This is in contrastto the conditionsunderwhich a schema—-baseplartitioningis decomposable
accordingto the Simon—Andocriterion. Simon—-Andodecompositiorplacesno conditionson the
frequencydistributionapartfrom the requirementhat the distributionwithin a partition classbe in
quasi—equilibrium(which, in generalwould generatestronglinkage disequilibria).Consequentlywe
canconcludethatthetwo casesn which schemdrequenciesaredynamicallysufficientasevolutionary
"characters'areentirelyindependendf oneanothersuggestingt leasttwo differentsetsof conditions
(i.e. 6.6 versus6.11-12combinedwith linkage equilibrium)whereschemacan modelledas units of
evolution.

If aggregativityanddecomposabilitynto classeslefinedby Hammingdistancesuggestsinits
of selectionabovethe genotypéelevel, thereareinterestingconceptualmplicationsfor interpretinga
partitioning basedon schemaequivalenceclassesTraditionally, in any systemwhereschemae.g.
allelic) frequenciesredynamicallysufficient,evolutionis thoughtof asoccurringat a level belowthat
of thegenotypeln particular,whenallele frequenciesrea dynamicallysufficientdescriptorjt is often
statedthatthe"gene"is the unit of evolution.

In reality, in both casesvhereschemdrequenciesaredynamicallysufficient(i.e. the Wagner—
Laubichler criterionand Simon—-Ando) the aggregatiorand decompositiorproceduresareformally
equivalentto the k—ball partitionsin thattheyinvolve treatingsetsof genotypesasaggregatentities.
In otherwords,if we areto considerthe casewherex—ball partitionsare dynamicallysufficientas
selectionon a setof genotypeg"group selection"in somebroadsense)thenit is not meaningfulto
think of the caseof dynamicallysufficientschemalassesasselectionbelowthelevel of the genotype.
Quitethe contrary,allelic or schemdrequenciesresimply a book—keepinghorthandor the frequen
ciesof anaggregateclass,andit is the symmetriesor fithessequivalencesvithin theseclasseghat

makethe "genefrequency"shorthandpossible Far from confirming that selectionoccursat the genic
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level, the dynamicalsufficiencyof schemarequenciesactuallylendssupportto the ideaof units of

evolutionabovethe genotypdevel.

m Recombinationand Simon—-Ando Decomposability

The constraintn which mutation—selectiorsystemshaveSimon—-Andodynamicsarea gen
eral resultof the neighborhoodelations(specifically,the Hamminggraph)inducedby point mutation
actingon Booleanor a—alphabetstrings.It is naturalto askwhetherSimon—-Andodynamicscanarise
underdifferenttransmissioroperatorsnamelyrecombinationlt hasbeenshownelsewhergGitchoff
and Wagner1997) that the configurationspacey inducedby recombinations a hypergraphwith
"edges"consistingof intermediateecombinantlassesHerewe askwhether Simon—-Andodecompos
ability canexistgiven a recombination—inducedonfigurationspacelt seemsntuitive that Simon—
Ando decomposabilitymay be moredifficult to achievebecausea muchwider spectrunof possible
offspring genotypeganbe producedunderrecombinatiorthanunderpoint mutation,thusreducingthe
internalcohesiorof anyneighborhoodlassof genotypes.

Both the neighborhoodelationshipsand the transitionprobabilitiesattachedo theseedges
differ from any modelof mutationin thatthey dependon which partnergenotypesrepresenin the
population.As aresult,thetransitionratesA;; aregenerallydependenon the probability of encounter
ing of recombinanpartnerk in the population.Underrandommatingthe transitionratefrom j to k is
given by Aj =X _; X Tik-i , whereTy.,; is the probability thata pairing of genotypeg,k produces

recombinanbffspringi. Undertheseassumptiongherecombination—selectioequationsare

N N
(7.1) X (t+1) = z{]zilmﬁ We Xj Xk Tjko

j=1k=1

Again, we useabsolutefrequenciesand Malthusianfitnessedo avoid the complicationsof a mean
fitnesstermin the denominatorlf matingis nonrandomthe mostgenerakepresentationeplaces x;
abovewith ¢(x; ,X; ), whichis thejoint probability of thei,j pairing.

Underthe action of a point mutationoperator the neighborhoodsetsof any genotypewere
definableasthe point mutationalneighbors(i.e. all i neighborsof j if w; #0, or uj <e<<1), a similar

definition of recombinatiomeighborsbasedn },_, X« Tix-i is lessstraightforwarcbecausét depends
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on thedistributionof parentalgenotypesn the population.In generala crossoveoperatorinvolvesa
functiononvertex(genotypepairsy:(V,V)—-(V,V), in contrasto the mutationoperatog:V-V.

The generakstructureof arecombinatioroperatorcanbe describedasfollows: givenalengthn
string with a a—letter alphabet(a=2 for Booleanstrings),we representhe crossoveioperatory by
denotingthe kth site of genotypey asyk, which givesus y(y,z)=(u,v), YK:(Yk =Ux AZ« =k )V (z =ux A
Yk =Vk ), I.e. at all sitesk, the recombinantakeson the site identity of parenty while the sister
(complementaryjecombinantakeson the site identity of parentz. An arbitraryrecombinatioropera
tor R canberepresentedsa mappingfrom the setof vertexpairsontothe powersetof V, i.e. R:(-
V,V)-P(V), hencethe P-structurgerminologyin StadlerandWagner(1999).

ForanoperatoR; associateavith a singlepoint recombinatiorevent,recombinatiorat the kth

point givesus (following the notationof Stadleretal 2000,StadlerandWagner1999):

Ry (Y,2)=xx (Y, 2)={ (Y1 .- Yk Zes1 -Zn )o(Z2 - Zic Y1 --Yn )}

This definition of the offspring setcanobviouslybe generalizedo arbitrarily manycrossover
points. Thelimiting casegivena high per—siterecombinatiorrateis onewhereany numberof recombi
nationpointsfrom noneto all n loci areequallypossible(i.e. "uniform crossover")wherebyeachsite k
in agivenoffspringhasanequallikelihood of comingfrom eitherparentalgenotype The actionof the

uniform recombinatioroperatoiR; ontwo parentaktringsis describedy:

Ru (Y. 2)={(v1..vn): Vi=yi orz v i}

Givena HammingdistanceH(y,z)=d betweernthe two parentalsequencest canbe shownthat

the sizeof therecombinatiorsetsis (Gitchoff andWagner,1996):

IRy (v,2)||=2dwheny=+z, 1 if y=z
IRy (y,2)[I=2°

For the sakeof computationakimplicity, we will only examinethe casef uniform andsingle-
point recombinationastheyarethelimiting casesindervery high andrelativelylow crossoverates.
We now turn to the questionof whetherrecombinatiorsystemscansatisfythe conditionsfor

Simon-Andonear—decomposabilitye. whetherthereexistfitnesslandscapeghatinducea fast—slow
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dynamicandlocal quasiequilibriaunderthe action of recombinationThe existenceof suchquasi—
equilbria impliesthatin principleanaggregatiorof statevariablesandparameterss possible allowing

the constructiorof dynamicallysufficientrepresentationf aggregateecombinatiordynamics

X o(t+1) = > 5 W WX X Take
J K

where we define X, =3,_, vi andW; asthe meanfitnesswithin the partition 3, _, w; v{ , the

il
"aggregate‘tecombinatiorrateacrossartitionsis estimatedy Tiko1 =X Xjcy Zkek Vir Vi Tikoi -

It shouldbe notedthatsince(7.1)is a quadraticdynamicalsystem(e.g.Rabinovichetal 1992,
Rabaniet al 1995),thereis no reasono expectthateithertheinequalitiesdefining Simon-Andotype
propertiesor the aggregatiorrulesfor linear systemsshouldapply here.However,sinceone of the
defining propertiesof a Simon—-Andodynamicis the existenceof local quasi—equilibriundistributions,
if thereexistssuchasdistributionp* for evolutionunderrecombinatiorandselectionthenwe can
approximatep(t+1)=f(p(t))asalinearizationaboutp* .

It is importantto remembethat any statementgaboutthe structureof the linearizedtransition
operatorA’ do not allow oneto makea statementiboutwhetherthe recombination—selectiogystem
will haveSimon—-Andotype fast—slowdynamics.In orderto do so,one needsnformationaboutthe
long—term behaviorof the system,onein which the distributionof statevariablescan be quite far
removedfrom any particularchoiceof distributionfor the local linearization.So in statingthatthe
linearizedrepresentatiors "Simon—Andd or thatit satisfies(6.1b),the mostthatcanreally be saidis
thatthe local behaviorof the systemat someparticulardistributionis consistentvith Simon—Andoin
the shortterm (for instancepnecaninfer the near—stabilityof local quasi—equilibria).

However,we proposehatthelocal linearizationservesasa heuristicallyusefultool for identfy-
ing systemghatarenot Simon—Andoaswell asthosewhich satisfythe local quasi—equilibriunproper
ties associateavith thefirst phaseof Simon—Andodynamics.If eventhe local linearizationfails to
have Simon—-Andostructure thenclearly the systemwill not haveSimon—-Andotype dynamicsglo-
bally. Conversely|f the local linearizationgives a transitionoperatorconsistenwith Simon—-Ando
dynamics,thenone canarguethat at leastthe first stageof Simon—-Andodecomposabilityi.e. the
existenceof local quasi—equilibrianay befulfilled.

Linearizingaboutthe proposedjuasi—equilibriundistribution,we obtain,
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N
ot ey =it ey Sy oy gy 0@ v

N
N
=pi "+ ZZ\M Zp*kaTjk»i (Pj - P ™)
/ k-1
j:l

in thetransformedtoordinatesystemwith the perturbatiorstatevariablesu=(p(t)p* ), the statedynam

ics of u(t) aredescribedn termsof thelinearoperatorA’ where
N
Aij =2w Zp*k W Tj ki
k=1
can be evaluatedgiven fitnessand frequencydistributions(as well as modelsof recombination}o
determinedvhetherthe systemocally inducesfast—slowdynamicalbehavior.
Applying the correspondingumson both sidesof correspondindo inequality(6.1b)to A’, we
askunderwhich fithessfunctionsandrecombinatiorrulesthefollowing will hold:

)
N

ZZZ PY W Zp*kW(Tjk»i >>
k-1

(7.3

ey jea o
N

55 Samin o

173 icl e k=1 .

for somedistribution p* (wheremin/maxJ referto the classes) which respectivelyminimize and
maximizethe correspondingidesof the inequality). One canchosea "bestcasescenariofor this
conditionto be satisfied namely,onewherethe fitnessvaluesfor partitioncorrespondingo the maxk
mal valueequalto thosecorrespondingo the minimal value,without any assumptiongsiboutthe strue
ture of distributionp* asalimiting case.

As for point mutation,we investigatethe decomposabilitypropertieswith respecto two types
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of partitions;first the partitioningdefinedin termsof schemaequivalencelassessecondheradiusk n-
dimensional balls arounda fixed vertexpoint. For partitionsdefinedby schemathe caseof uniform
(free) recombinationis relatively straightforwardo analyze becauséhe transitionprobabilitiesacross
schemadependnly on the partialHammingdistancescrosghe subsebf loci definingthe schema.

Specifically,if we rewrite(7.3)in theexpandedorm:

N
ZZZP sz kV\A(TJkel—Zzp*jwzp*k\/\k-ﬂkﬁie\]
k=1

iel jed jed

and
N

ZZZ P* W Zp*kW(Tjk»i =

173 Tel e k=1
ns

ZZp*j W Zzp*k"‘ijk»ieJ ZZZ2P*1 W ZZp*kaTjk»id
= K kek S K=0 keK

wherefor an allelic alphabetof size 2 thereare2™ partition classe<C, givenns loci defining a
schemagachclasscontaining2™"s genotypesThroughabuseof notation,theindicesK correspondo
partial Hammingdistanceclassesvhereall membersof the Kth partitionareof partial Hammingdis-
tanceK to theschemdoci in the Jth class(with K=0 correspondingo the Jth classitself). Underfree
recombinationfor anytwo recombinangenotypeg,k with partialHammingdistance&=ds the proba
bilities T k-i eJ :(%)ds , While Thisis simply the probability thatin any pairing of distanceds over
the schemdoci all of the parentaltypesin schemaclass] aretransmittedo the offspring. Therefore,
we have

AJJ =

SA-z) w0y pow (1 (5)) 2w ) (1o (3] w

I £J

it canbe seenthatfor any choiceof W; andW, (definedasbeforeasthe meanfitnessesf partitions

C; andGC,, the subsetsvith the minimal within—classandmaximalcross—classommunicatiorrates,
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respectively)the Courtoisinequalitywill not be satisfiedunderfreerecombinationpecausehe magnt
tudeof ), 2 A > will beof the sameorderasthatof A1 . If onthe otherhandwe posita situation
where eachgenotypehasa certainprobability o of undergoingrecombinationin every generation

versusprobability 1-p of reproducinghroughselfing,with overallgenotyperansitionrates

N N

pi (t+1) =fi (P(t))=(L-p)p +p > P W ) Pk Wk Tk
- k=1
j=1

which, linearizedaboutp givesthelocal transitionoperatorA’ as

N
A =0 2% ) pTi W Tii %]
k=1
N
(1-p) +p0|2W Zp*kaij =]
k=1

Fromtheabove thewithin andcrossclasstransitionratesareapproximatedy:

Ay = W[ (1-p) +zpnzs(%)KV\k]
K=0

S -20w 1 (5

| w
FS) K=0

Analogousto mutation—selectiosystemswith very low mutationratesi,it is relatively easyto
satisfy (6.1b) given a sufficiently small value of p, exceptin caseswvhereW, >>W; . This is to be
expectedbecausef the way the modelis formulated;aswith mutation,offspringin eachgeneration
tendto remainin the samepartitionasparentssimply becausdor very low p eachgenotypeproduces
offspring identicalto itself. This form of internalstability is the trivial limiting casefor which strict
sensé'Simon—-Andd decomposabilitanapply evenon aflat fitnesslandscapdéthoughthe degreeof
inequalityis certainlyenhancedby theright choiceof meanfitnessdifferentials).

For singlepoint recombinatiorthe combinatoricof the problembecomemuchmoreproblem
atic. While underfree recombinatioronly the partial Hammingdistancedetweenrecombinantsre
neededo calculatethe probability of remainingin the parentalpartition,in the caseof single(or 2...n-1

point) recombinatiorrequiresinformationaboutwhich particularloci determinethe partial Hamming
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distancesandtheir lengthsaparton the chromosomeFor example undersingle point recombination
the probability that a recombinanbetween{11000,00000}producesan offspring outsidethe 11***
equivalenceclassis lessthanthe samefor a schemadefinedby 1****1, i.e.{10001,00000}because
thereare more possiblerecombinatioreventsthat could produceoffspring outsidethe 1****1 class
thanfor 11***,

If theequivalenceclassesaredefinedby a singlelocus,calculatingthe within andcross—patti
tion classtransitionratesl k. J :% (for jeJ andkeJ), asthe probability of recombinatioroccur
ring at thatparticularlocusis simply the reciprocalof the numberof loci, andgiventhata recombina
tion evenoccursthereonehalf of the progenywill be of the parentatype.For a schemalefinedby two
loci, T ksi eJ :2—1n for a partial Hammingdistanceof unity, while for a partial Hammingdistanceof
two, the probability of obtaininga parentarecombinants % , WhereD is the numberof loci separat
ing theschemaelementsin thecasewhereds (] , K) = 0, itisobviousthatTjksicg = 1.

Fromthis we cancalculateboth sidesof the Courtoisinequalityfor the two locusschemaunder
single point recombinationThe relevantequivalenceclassesith respecto a particularschemeclass
havethe partialHammingdistance®,1,2basedon how manyschemdoci havedifferentallelic states
thanthe parentgenotype(the sameprocedurewith onefewer partial Hammingclasscanbe usedto
calculatethetermsin thetrivial caseof asinglelocusschema).

Below W, andW, arethe meanfitnessesof the partial Hammingdistancel,2 classeswith

respecto partitionJ:

2
1 -D
Ay =2 > W D D P W Tk =2 W W s 5 Wos D W]
- K=0 keK

jed

;AJ oW (1w P

The Courtoisinequalityis not readily satisfiedin this case While ', 4] A, ; canbeminimized
by assumingW; >>Wg Wi , the inequality requiresa comparisonof Aj3 minimal over all J to
2 4] A, ; maximal over all J. Thus minimizing W,W with respectto the maximumvalue for
2 4] A, ; alsoreduceshe magnitudeof A; 3, becausehe partitionJ which minimizesthelatteris by

definition in the 0,1 partial Hammingclasseswith respecto Jnax. Fromthis we canconcludethat
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(local) Simon—-Andois not likely to occurundersingle point recombinatiorin the absencef some
modelwhich restrictsthefrequencyof recombinationtself.

It shouldbe apparenthat for longer schemagalculatingthesetransition probabilitieswill
require information aboutwhich schemaloci constitutethe partial distancesas well as pairwise
(chromosomeéength)distancedor eachof thoseloci. As such,we haveno closedform solutionfor
within andcross—partitiorclasstransitionratesundersingle—pointrecombinationthoughthesecalcula
tionsshouldbefairly straightforwarchumericallyfor sufficiently shortschema.

Turning now to partitioningdefinedby Hammingdistancex radii with respecto somechoice
of referencevertices(the first type of partitioninginvestigatedn the contextof mutation—selection
systems)chosepartitionC; asthe setof genotypeswithin Hammingdistancex of xg. To calculate
Yics Aj » the probability thatthe progenyi of jeJ are elementsof the samepartition, one needsthe
following setof Hammingdistancesdy; (distancebetweenreferencevertexand parentj), dox
(distancepetweerreferencesertexandparentk), andd; .

Fromthesequantitiesonecancalculatethe "shared"distancerom the referencevertexto both
parentskjx =(dok +do ik )/2 (i.e. if thereferencevertexconsistsof all 0’s, ki denoteghe numberof
sharedl’s in both parentsequences)n turn, the Hammingdistancerom the referencegenotypeo the
offspringis do; =kjk +mjc , with my. beingthe numberof offspringloci with allelic statedifferentfrom
the referencevertexwhich havebeeninheritedfrom eitherparentj or k (but not both). This quantity
hasa binomialdistributiongivenfreerecombination,

P = (o) (7]

from which one canderivethe probability that offspringi will be within Hammingdistancex of the

referencevertex(andthuswithin the partition),

x-Kjk

Tiksiea =P (doi =x) = Z (dlj<k) (%>
k=0

djk

Unfortunately,thereis no actualclosedform solutionfor this partial sum,which evaluatego

the following, whereH,; is the KummerconfluentHypergeometridunction of the secondkind, i.e.

Hz1 (ab,c,2)=2 2 (@), (D), /(C), Z/k!,
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P (doi =x) =
1 djk (Z’dik)djk!Hﬂ (1, 1+K—kjk—djk, 2+K—kjk, -1)
(2+K—kjk)! (dkj —K+kjk)

In termsof calculatingthe within and cross—patrtitionclasstransitionratesfor the k-radius

partitioning,the probability of remainingwithin C; is givenby:

AJJ =

K-Tjk d: d; k
* * * * jk 1 ]
ZE pi"WZpk"‘”ik»id:ZE Py L ) Pk (1) 5
- k - k r=0
jed jed
To computethe cross—classommunicatiorrates,oneneeddo defineotherequivalencelasses

in termsof Hammingdistancego somesetof referencevertices,.e.

ILE :ZZp*j W P Wk Tk =
| #J ) k
dj d:
25 w3 o e () (3]

kK r=x-rjx+1

djk

jed
which, asfor the sumovervalueswithin the radius,hasno closedform but evaluatego a multiple of

the HypergeometridunctionH :
djk djk 1 djk
Poi >0 = )L () ()
k=x-kjk+1

2N (L+djk) ! Hor (1, 1+x-kjk -djk, m+x-Kjk, -1)
(2+K—kjk)l (dkj —K+kjk)

Unfortunately thereis no way to collect p; w; termsfor partitionsthusdefinedandderivea
resultin termsof the meanfitnessef eachclass.Thereasorfor thisis thatwhile for uniformrecombi
nationschema-baseedquivalencelassesgachvalueTj.,; is equalfor all keK, allowing oneto factor
outaWj;. For recombinatioracrossHamming-distancéasedequivalenceclassesTj..; will differ
accordingto one’schoiceof k. Thisis anothereasonwhy thereis no closed-formexpressiorior the
within versuscross—classommunicatiorratesfor this partition. Consequentlyasfar aswe candeter

mine the only way to evaluatewhetherany Hammingdistancebasedpartitioningis consistentwvith
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Simon—-Andois by numericalcomputatioron a case—by—cadmsisfor eachfithessfunction.

The situationis of courseevenmore problematicfor single—point(or multipoint) recombina
tion, in thatthe offspring classediaveto be averagedver all parentaltypesof given Hammingdis-
tancesd of oneanotherasthe probability of any offspring type dependshot only on the Hamming
distanceduton thelengthsseparatingndividualloci.

However,the analysisof uniform recombinationsuggestone resultthat almostcertainly
appliesto mostrecombination—selectiosystemsBecausenostmodesof recombinatiorallow the
productionof offspring outsidethe parentalpartition at relatively high rates(aslong asall possible
parentalpairingsare permittedwith equalprobability),it impliesthatin generalachievingthe condk
tions for Simon—-Andowith recombinationin eachgeneratioris unlikely. Onerathertrivial way of
achievinga much higherrate of within—partition versuscross—partitionclasscommunications to
reducethe frequencyof recombinatioreventsj.e. asin the scenarianvestigatedabove haveprobabit
ity p of sexualreproductiorand1—p of selfing.Forp<<1, mostoffspringareidenticalto their parents
andhenceby defaultremainin whateverpartitiontheybelongin.

A moreinterestingmodelwhich we leaveasan open—endedjuestionis whathappensinder
assortativanating.If insteadof randommatingwe assumehatthereis somepairing probability func
tion f(p; ,p«) thatdependsn the pairwiseHammingdistancebetween,k or on the partial Hamming
distancedetweerrelevantschema-definindoci, it shouldbe obviousthatif the parentgendof both
be membersf the samepartitiontherewill bea biasin producingoffspringwhich aremembersf this
partition. Thisis amoreinterestingscenaridhanthe facultativerecombinatiormodelbecausét allows
for anon-trivialinternaltransmissiordynamicwithin andacros9artitions,aswell asrelatingconceptt
ally to the origin of specieshroughassortativenating mechanismgBush 1982, Kondrashovand
Minna 1986).

m Discussion: Future Directions
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The questionof just how "common'fitnesslandscapewith transitionoperatorsonsistentvith
(3.0) andby necessity6.1) relativeto the entirespaceof possiblefitnesslandscapesnight be canbe
addressedrom a numberof directions.A naturalapproachwould beto definea "landscapespace'for

ann-locussystemj.e. asa Fourierfunctionspacd:V=-R,
(9.1) f(v) = ZpL; & dk (V) + a0

wheregy (X) is a rule mappingeachk—tuplet subsetgenotypev onto a real-valuedcontributionto
fitness.Representingachk—tupletaso; o, ...ocx whereo; =1, we havea straightforwardepresenta

tion of epistaticinteractionsasWalshfunctioncomponentg§Weinbergerl992,Stadler1994, Stadleret

n
al 1998).Givenak-subsebf loci 7y, andsummingoverall (k) possiblek—products:

i
bk = Z ﬂ Oi

x=11iemy

Now givena parametespace{ a, ...a, }, we havea well-definedfitnessfunctionspacen this
way, we canaskwhat proportionof landscape this universehavea partitioningwhich satisfies
(6.1). Given the intractabledimensionalityof this function spacea morereasonablestartingpoint
might be simply to ask which ordersof epistaticinteraction(i.e. fithess functionsf=¢, given
"elementanjandscapessensuStadlerl994)tendto producethe desiredandscapes.

An alternativemethodwould be to characteriz€valley" landscapesn termsof landscape
autocorrelatior{Stadlerl994).Landscapeautocorrelatiornasbeenrelatedto ordersof epistaticinterac
tion, thereis a straightforwardelationshipbetweenthe statisticalcharacterizatiomndthe underlying
epistaticrulesthatwe canmakeuseof. Suchanapproachmay be fruitful becauseéhe conditionsneces
sary for valley landscapeseemto requirestronglocal fithessfunction autocorrelationproducing
localizedneighborhoodsf high fithessgenotypesandglobally low autocorrelatiorfleadingto separa
tion of the high fithesspartitionsby valleys).

Work on landscapeconnectivityby Gavrilets(Gavriletsand Gravner1997, Gavrilets1999)
suggestghat high levelsof connectivityare a genericpropertyof high—dimensionakystemswhile
separatiorby broadvalleysrequiresratherspecializecconditionson the fithessfunctions.So whether

decomposablsystemsroverelevantis probablysignificantempirically thantheoretically.We know
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that they canbe constructedeventhoughmostlandscapegprobablyarenot of this form, the question
remainswhetherthis morerestrictedclassof landscapess commonenoughfor aggregatiorof vari
ablesmethoddo beatall usefulin analyzingmutation—selectiosystems.

Therefore whatoneis ultimatelyinterestedn is not whetherandomlandscapesatisfy Simon-
Ando orthe"valley" generalizationput whetherfithesslandscapes nature(i.e. realgeneticsystems)
tendto havethe structurein question.This is a morecomplicatedquestionto addresgiventhe diffi -
culty of measurinditnessin any but the mostartificial systemsthougha goodstartingpoint may be
the growingliteratureon RNA andproteinlandscapesefinedin termsof the polymer’sperformance
of agivencatalyticfunction.

It may be that Simon-Andodecomposabilitfdefinedby 3.0 and6.1) may betoo restrictive,
andthatevenif thetransitionoperatorfor afithesslandscape&annotbe representeth this form it may
still havesomeof the desiredaggregatioranddecomposabilityropertieslf whatwe areinterestedn
generalis the existenceof classe®of genotype®n a fithesslandscapevhich behaveasquasi—indepen
dent entitiesovera certaintime scale theremay be a moregeneralklassof operatoraith the desired
dynamicalproperty.Whatis more,finding suchan alternativerepresentatiomas a generalizatiorof
Simon—-Andomay be of valueevenin describingsystemsawhich areconsistentith the strongercrite-
rion, in thatthe alternativerepresentatiomay allow for a greatereductionin the statespacenecessar)
for adynamicallysufficientrepresentation.

A partitioningconsistentvith (3.0) is restrictivein thatit requiresthateveryvertexbeamem
ber of a partitionwhereeveryelementtcommunicatestronglywith someof the verticesthataremem
bersof the samesubset(seeclosuretheorem6.2). Consequentlya strict Simon—-Ando partitioning
allows for only asmanypartitionsaretherearelocal optima,thusa two—peakedandscape&anonly be
partitionedinto two subsetsat leastoneof which hasa largenumberof constituenimicrostatesThis
doesnot permita substantiveeductionof statespaceunlesstherearealargenumberof peaks Further
more, becausehe within versuscross—partitionclasscommunicatiorratesfor partitionsof arbitrary
topology do not generallyhaveclosedform solutions,we proposedhe useof «—ball partitionsto
simplify the aggregatiorcalculations As notedabove however,a genericlandscapaeednot be partk
tionableinto k—balls of fixed radius.It is necessaryo allow partitionsof varyingradius,in manycases
includingtrivial "partitions"which consistof a singlevertex.If manysuchverticesremainin thecom

plementto thex—ball partitioning,it becomespparenthatthe original goalof anaggregateepresenta
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tion is only partially satisfied.

Herewe investigatethe possibility of treatingthe "remainder‘verticesin alandscapevhichis
not fully partitionableasa self-containedaggregatentity in its own right independentf its topology
or fitnessdistribution.Whatve proposebelowin preliminaryform is a weakerversionof Simon—Ando
decompositiorthatwould allow oneto makepartitionsaroundthe optimaandto haveanotherpartition
(or anynumberof partitions)correspondingo the low—fithnessgenotypeseparatinghetwo peaks.

The somewhatessrestrictive"block triangularform discussedn Ando andFranklin (1963)
would still imposethe sameconstraintson landscapepartitioning, while alternativeaggregatiorof
variablestechniquegsuchasthe boundedaggregatiormethodsof Courtois1984,1989)alsodon’t give
representationsonsistentvith the partition classesndtheir complementsisedin our classof models.
Herewe analyzea fithesslandscapesvith a matrix structurewherepart of the latticeis partitionable
into Simon—-Andocomponentsvhile a substantiatomplemensetof verticesremainswhich is nota
Simon-Andopartitionaccordingto definition (6.1).

The classicalview of Wrighteanlandscapepostulatedow fitness"valleys" of arbitrarywidth
(with any numberof stepsseparatindnigh fithessregions).In this case with a properarrangemenof

rowsandcolumnswhereanarbitrarynumberof diagonal'submatricesarealsoof ordere<<1

Al € € € €
€E - € € €
(8.0 a) e € A € €| =A+eC
€E € € €
e € € € E

whereE is a squaramatrix of ordere valuesof arbitrarydimensioncorrespondingo a decompe
sition A=A* +¢C whereA* consistsof block diagonalmatricesup throughthe Kth partitionandzeros
elsewhere.

Investigatingthe dynamicalpropertiesof operatorswith a structureconsistentwvith (8.0) is
beyondthe scopeof this paper,but it canbe seenintuitively thatthereshouldbe shortterm quasi—
equilibria associatedavith eachA astherewerein the Simon—-Andocase with the complicationthat
communicatioracrosghe partition classeccursvia indirect pathsthroughE ratherthanexclusively
throughdirect cross—classommunicationOne canalsoconsiderthe limiting casewherethereis no

directcommunicatiorbetweerclasses\ andA;
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AA O 0 0 €
0O - 0 0 ¢
(8.0b) 0 0OA 0O €| =A+€C
0O 0 0 - €
e € € € E

sothatany aggregatelescriptionof the cross—terndynamicsbetweenA andA depend®on the rateof
transitthroughtheintermediatévalley."

On afinal note,we returnto an observatiorwe madein theintroduction,namely thataggrega
tion of variables(at leastimplicitly or conceptuallyhasfound numerousapplicationsn evolutionary
biology. An approachin manyways complimentaryto ours hasbeenundertakerby a numberof
groups (Frenkelet al 2000, Watson2002),wherepartitioningaccordingto strongversusweak cou
pling is usedto representepistaticinteractionsin their case the Simon—Ando partitionscorrespond
not to clustersof genotypesut ratherto clustersof interactinggenesWhetheror not thereis between
decomposabilityf epistasigulesandlandscapelecomposabilityasdefinedin this paperemaingo be

answered.
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m Figure Captions

Figure 1.

Showsa plot of the exactstationarydistribution(uniform at 1/32for eachgenotype)againsthe Simon-
Ando eigenvectorestimatefor a 5 locus, 2 allele fithesslandscapawvith every genotypefitness
W(x)=1.0.The 32 genotypesrearrangedn the orderof Booleannumbersj.e. 00000,10000,...11111
The mutationrate per locusis setto 0.01. While the orderof magnitudeestimatesare correct,the
Simon—-Andoapproximatiorfor any particulargenotypedeviatesdueto the fact thatedgeverticesin

eachpartitionclassaresetas"boundaries’in theapproximation.

Figure 2:

The following plotsarefor the mutation—selectiomatrix inducedby a bimodalfitnesslandscapeln a
5 locus, 2 allele system the genotype$0000and11111havefitnessvaluessetto 1.0. The Hamming
distanceonegenotypedavea fitnessof 0.9, while the Hammingdistancetwo neighborgwith respect
to eitherpeak)aresetto 0.01.Mutationrateis againu=0.01.

a) This symmetric,bimodal fitnesslandscapéiasdegeneratéeadingeigenvectorswith identicalA
=0.999eigenvaluesThenormalizeddegenerateigenvectorareshownabove.

b) The stationarydistributionfor this bimodallandscapes plottedagainstogehtemwith the estimated

distributionderivedfrom the eigenvectorsf the Simon—-Andopartitionmatrices.

Figure 3:
The fitnesslandscapés the sameasthe above,exceptthat one peakwas setto a lower fithess
(W(11111)=0.9W(00000)=1.0valueto illustratedirectionalselection.The correspondinginimodal

leadingeigenvectors closelyapproximatedy Simon—-Andoaggregation.

Figure 4:
Thefitnesslandscapén this setof computationdastwo peaksof almostequalfitness:W(00000)=1.0
andW(11111)=0.99However,the peakwith somewhatower fitnesshasmutationalneighborswith

fitnessvaluesapproximatelyequalto 0.9 while the higherpeakhassingle—pointmutationalneighbors
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with a fitnessof about0.1. The Hammingdistancewo neighborswith respecto both peaksareagain
setto 0.01,with u setto 0.01.Forthis parameterange the stationarydistribution’sprobability density
is concentratecboutthe more "mutationally robust”genotypej.e. the one with the higherfitness

neighborsWhile this patternis qualitativelypredictedusingthe Simon—-Ando approximationijt canbe

seenfrom the graphthatthe predictionis ratherpoor.
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