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Abstract

Thispapelinvestigatesheuseof generabasesvith fixedpolesfor thepurposesf robust
estimation. Thesebaseswhich generalisehe commonFIR, Laguerreandtwo—parameter
Kautzones,areshavn to be fundamentaln thediscalgebraprovideda very mild condition
onthechoiceof polesis satisfied.It is alsoshavn, thatby usinga min—maxcriterion,these
basedeadto robust estimatordor which errorboundsin differentnormscanbe explicitly
guantified. The key ideafacilitating this analysisis to re—parameteriséne modelstructures
into new oneswith equivalentfixed poles,but for which the basisfunctionsareorthonormal

in H,.
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1 Intr oduction

In connectionwith the estimationof dynamicmodelson the basisof obsened input—output
measurementspary approachebave arisenthatarepredicatedn a stochastienodelfor distur
bancesanda viewpoint that errorsare bestrepresenteds averagever ensemblesf possible
noiserealisationd38, 59, 11]. Complementaryo this is a morerecentschoolof thoughtthat
disturbancesandalsoestimatiorerrors,maybecharacterisedccordingo adeterministianodel
underwhich theworst—casaemplitudeis quantified42, 44].

Therearesignificantadvantagedo this latterapproachwhich is colloquially known as‘ro-
bustidentification’. For example errorsdueto non—linearitieareeasilyaccommodate@ndthe
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resultantmodelsanderror boundsare of a form suitablefor subsequentobust control design.
Theformalismof the robustidentificationschoolof thoughtis thatdiscretetime linear models
with impulseresponsesequenceg(k) arerepresentestia anassociateghower series

o

G(z) =) g(k)Z*

k=0

which is the more commondiscretetime transferfunction evaluatedat 1/z. The stability of
the systemmay then be characterise@dccordingto G(z) beinganalyticon the openunit disc
D = {z € C: |z| < 1} or, if thedegreeof stability is at issue,analyticon an opendisc
Dr = {z € C : |z] < R} of radiusR. Whenderiving estimationerror bounds the spacein
which the true systemlies mustbe characterisecandwith analyticityon D in hand,this leaves
the behaior of G(z) onthe boundaryT = {z € C : |z| = 1} to be specified. If G(z) is
deemedo be continuouson T, thenit is morecompactlydescribedcasbeingan elementof the
discalgebraA(D) while if G(z) is notnecessarilyontinuouson T, but if |G(z)|? is integrable
on T thenG(z) may be succinctlydescribedasbeingan elementof the Hardy spaceH,(T).
Finally, thereis the possibility that one may wish to avoid frequeng domaincharacterisations
of G(z) altogetherandinsteadcharacteris¢éhe systento beidentifiedaccordingo thespace/,
thattheimpulseresponsd g(k)} livesin. Commonchoiceshereare/; in which)_, [g(k)| < oo
and/., in whichsup,, |g(k)| < oc.

Typically, in theserobust identificationcontects, FIR modelstructuresareemplo/ed. Re-
centlyhowever, in aneffort to decreaséhe undermodellingnducedcomponenof theestimation
error, modelstructuresllowing for theencodingof prior knowledgeof pole positionshave been
introduced.For example,in [39, 65], it hasbeenproposedhatin trying to robustly estimatehe
dynamicsG(z), amodelstructureof theform

n—1
G(z,0) =) OuBi(2) 1)
k=0
beemployedwherethefunctions{B;(z)} arethe so—calledLaguerre’basisfunctionsspecified
as
Vi-a [ z-a\"
Blc(z)é - (Z a> ) k‘ZO,l,--- (2)
l—az \1—-az

for somefixeda with —1 < a < 1. By choosings accordingto prior knowledgeof therelative
stability of G(z), the undermodellingerror canbe reducedn comparisorto the useof an FIR
modelstructurg39, 63], whichis a specialcaseof the Laguerrestructurewhena = 0.

In the caseof systems7(z) for which prior knowledgeof a resonanmodeexists, thenit is
more appropriateo emplgy the so—calledwo—parameteKautz basisdefinedasfollows [64].
Let
2t +bz+1

C(2) = 22+bz+c
whereb andc arefixed real numberssatisfyingb? — 4ac < 0 and( hasno polesin the closed
unitdisk. Let ¢o(z) = 1, ¥1(2) = 1/(2% + bz + ¢) andyyy(2) = 2z/(2% + bz + ¢). Letyy(z) =
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C(2)¢x_2(2) for k > 2. ThenKautz modelsare obtainedby orthonormalizingyy, 1, ands.
LaguerreandKautzmodelsarespecialcasef generabrthonormabaseg34] wherethe poles
areagainrestrictedo afinite set.Morerecentlyin [66, 67], the ‘rational wavelet’ basis

B,(2) & weW (3)

1—wz2’
hasbeensuggestedivherelV is a setof discretepointsin D and- denotecomplex conjugation.
Denotingthelinearspanof theset{ By, Bi, - - -, B,,—1 } asX,, = sp{B.}, thewaveletbasisenjoys

theadvantageof generalisinghe FIR, Laguerretwo—parametelKautz,andgenerabrthonormal
basesin the sensethat the pointsin W may trivially be chosenso thatsp{B,;w € W} =

X,. Furthermorepy exploiting the greatfreedomin the choiceof pointsin W, the wavelet
basiswould seemto have muchgreatetility in thatit allows theinjectionof muchmoreprior

knowledgeof the systemG(z). Intuitively, this shouldleadto smallerundermodellingnduced
errorwhenemployedfor the purpose®f systemidentification[67].

In the contet of robust estimation,perhapsa more importantquestionis that of whether
sp{B,; w € W} canarbitrarily well approximateary givenelementG(z) in the spacen ques-
tion, beit A(D), H,(T) or¥,. In thesequelwewill referto this propertyby theformaldefinition
of asetA beingfundamentaln a spaceX if theclosureof A underthenormon X is equalto
X.

In [67], it wasshown thata sufficient conditionfor sp{B,,;w € W} to be fundamentain
A(D) wasthatW beadyadicallyspacedattice of theform:

W = {gp,k : ép,k = (1 — 2_1))6j271'k/2p7 k= 0’ . .’21’ _ ]_7 p= 07 17 e } . (4)

Thedyadicallyspacedatticeabove satisfiegheso-calledHayman-Lyonscondition’ considered
in [32]. Many other lattices also satisfy this condition and in the constructionof a wavelet
basis kernelsdifferentto the Cauchykernel(3) yet still parameterizedy alattice satisfyingthe
Hayman-lyonsconditioncanalsobe employed. The Cauchykernelwasusedin [67] dueto its
simplicity. As well, in [67] the reasoningoehindchoosinga dyadically spacedattice wasto
provide approximatiorof systemswith polesnearthe circle moreefficiently than(for example)
by polynomials.

Oneof themainresultsof thispapelis to show thatin factanecessargndsufficientcondition
for sp{B,; w € W} tobefundamentain A(D) andin H,(T) for all p > 1 is thatwith W written

asW = {60) 51: 527 te }

> (1= &) = oo. (5)
k=0
Thecondition(5) is clearlymuchmilderthan(4). In §5, we derive several sufficient conditions
for sp{B,;w € W} to befundamentain ¢;.
Thekey toolin deriving theseresultsis to re—parameteristhe spacesp{ B,,; w € W} as

1
X, = Sp{ . ;k=0,1,2---,n—1}

1-— ¥4
= sp{Bi(z);k=0,1,2,---,n— 1}
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wherethe functions{ B (%)}, which have beenconsideredn detailin [45, 46], aredefinedby

Bo(2) = /1 - [&l/(1 - &2) and
k—1
Bi(z) £ V11— & H z—&m k=12,

2 15 om 6
l—sz mzol—fmz ( )
They areorthonormain H,(T) with respecto theinnerproduct
(Bo, B) = — WB(ej“)B (@) dw=4 L im=n )
ny~Mm 27‘(‘ . n m 0 ‘m # n.

Thefunctionsin (6) arein factobtainedoy applyingthe Gram—Schmidprocedurdo therational
waveletfunctions(3) with respecto the innerproduct(7). The afore—-mentionetlaguerreand
two—parametelKautzbasesrespecialcasef (6) whereall the {{,} arechoserto bethesame
andreal (Laguerre)or comple (Kautz). Formulationsof orthonormalbaseswith generalpole
locationsotherthan(6) arepossible seefor example[34] and[17] wherea state—spacapproach
istakenand|[9, 8, 58,57, 61].

SincethelinearspacesY,, spannedy thetwo setsareidentical theapproximatiorproperties
of X,, with respecto A(D), H,(T), ¢, areidenticalandary robust estimatesobtainedwill be
identical. However, by exploiting the orthonormalityproperty (7) the provision of analytical
expressiondgor approximatiorerroris greatlyfacilitated. This resonatesvith the earlierwork
in a stochastisetting,whereit hasalsobeenarguedthatthe mainutility of orthonormaimodel
structuredor systemidentificationis not asanimplementationatool (sincesimplerstructures
spanthesamespaceX,, andhenceprovide identicalestimates)but asananalysigool [45, 46].

Having studiedthesebasicapproximationpropertiesyobust estimationusing the minimax
schemeproposeduy [40] and[51, 53] is investigated.Conditionsfor robust corvergence,and
explicit quantificatiornof estimatiorerrorarederivedfor eachof thespacesA(D), H,(T) and¢,
andfor bothfrequeng—domainandtime—domairmeasurement#s well, analysiof estimation
usingmixedparametric/non—parametmeodelstructuress providedandimplicationsfor model
reductionare discussedogetherwith a brief study of how the resultsmay be extendedto the
multi—variablesetting. Finally, anexampleis givento illustratethe applicationof the minimax
algorithm.

In the sequelthenotationy, = O(xx) ask — oo will meany;/z; remainsbounded.Also,
thenotation|| - || x will denotethenormonthespaceX, with theunderstandinghat| - ||, means
theusuall, or £, normasappropriate.

2 Problem Formulation

This paperconsidersthe problemof identifying an underlyinglinear time—invariant, single—
input/single—outputdiscrete-timesystemwith impulseresponsg g(k)}. It is assumedhatthis
systemis ¢, bounded—input/bounded—

outputstableandrealsothatthe associategiower seriesrepresentatioti(z) = Y-, g(k)z* €
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H,. In particular if thesystemis /., bounded—input/
bounded—outputtable theng € ¢, andG(z) is continuouson T sothatin factG(z) € A(D).
Theidentificationof G(z) is performedon the basisof the obsered andpossiblynoisecor-
ruptedinput—outpubehaior of thesystemwhich hearafteris referredto simply asG(z). If the
obsenedbehaior of G(z) is in thefrequeng domain,thenit is assumedhatthe measurement
set-ups asfollows
E, =G +n; k=0,--- N (8)

where Ej, is the obsered frequenyg responseat the &’th, not necessarilyuniformly spaced
frequeny wy andr; is a corruptionto the true frequeny responsez(e’«+). This corruption
n = {no,m, - - -} IS assumedo beboundeds||7||» < €.

Therobustidentificationobjectie is to produce pn thebasisof theobseredresponsd Ey },
an approximatemodeI@N € A for G in suchaway thatthefollowing conditionis satisfied:

lim sup |Gy —Glle =0, forallG e A. 9)

Ry Imllo <e

In thetime-domainproblemformulation,the giveninput—outputata
{u(t),y(t)} X" of thesystemis assumedo satisfythe measuremerget-up
y(t) = (g@u+n)(t) = glk)u(t — k) +n(t), (10)

k=0

wherethe input signal«(t) is boundedas ||u||« < 1 (with u(t) = 0 for ¢ < 0) andy(t) is
the measuredutputcorruptedby a boundeddisturbancd|r||. < e. In this case,the robust
estimationobjectve is to againsatisfy(9) or the following conditionunderthe constraintthat
{on(k)} € &

lim sup ||'g\N — g||1 =0 forall g € /4. (11)

N—o0

e—0 lImlloc<e

An identificationalgorithmthat satisfieseitheroneof the above propertiess calledcorvergent
androhustly corvergentif it doesnot rely on a—priori informationaboutthe unknavn system
andnoise.We will call » noisealthoughit maybe presentueto nonlinearitiesfime variations
etc.

3 Identification Algorithms

Theidentificationalgorithmsstudiedin this paperarearesultof thework of Partington[51, 53]
andMakila [40] who have derived a generalfframevork to solve robust estimationproblemsof
theformjustposed.n theirframework, giventhelinearmodelstructurg(1) andlinearsubspaces
Xi = sp{Bo, - - -, Bx—1}, thenfor frequeny domainmeasurementherobustestimates v (z) is
foundasthe solutionof the minimaxproblem

~

Gn(z) £ arg min max |H (/%) — E|. (12)

HeX,, 0<k<N
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A sufficient conditionon the modelstructureX,, andthe densenessf the frequeng evaluation
points{wy} suchthat(12) resultsin a robustestimatorsatisfying(9) is thatthereexists a fixed
6 < 1 suchthatfor eachn

max |G(e/“*)| > 6 |G| forall G € X,,. (13)

0<k<N

In the caseof time—domairdata,thealgorithm(12) takesthefollowing (similar) form

~ é . _

gy =argmin max |(g®u)(t) - y(t)| (14)
wheregy denotegheimpulseresponsef theidentifiedmodelanda sufficient conditiononthe
modelstructureX,, andtheinput« suchthat(14) resultsin arobustestimatorsatisfying(11) is
thatthereexistsafixedé < 1 suchthatfor eachn

oJnax (g @u)(t)] = 8 [|Glle (orlgll) forall G (org) € X (15)

Furthermorefor the algorithmsdefinedby (12) and(13) provided thatthe conditions(13) and
(15) hold respectirely, thenit is possibleto specifyexplicit errorboundson the estimationerror
as[51, 67]

~ 2 2
16~ Gul < (3+1) (G, X5 4D)) + 2 (16)
~ 2 2
lg—gnlli < <5+1> d(gaXn;£1)+5€ 17)

whered( f, X,; X) definedas

d(f, X X) = inf [l = flx (18)

representshe errorin approximatingf by somefunctionfrom the modelset X,,. It shouldbe
notedthatgiventherichnessf therobustestimatioriterature,mary otherestimatiorapproaches
arepossibleotherthan(12) or (14). For example,concentratingpn frequeng domaindata, if
the evaluationpoints{wy } areuniformly spacedthena classof two—stagenon—lineamethods
areavailable[33, 26, 27] for which worst-caseerror boundsare comparablgo (16). However,
thesesub-optimalitypropertiesarecrucially dependendn theuniformfrequeng spacing.If this
uniformity requirements droppedthe errordueto undermodellingvill decreas@olynomially
in modelordern [4, 50], whereasising(12),thebound(16) shovsthattheundermodellingerror
will decreasaccordingto d(G, X,,, A(D)) which, aswe shallshov, decreaseexponentiallyin
n for exponentiallystablediscrete-timesystemsandhenceat a ratemuchfasterthantwo-stage
schemes.

Giventhesemotivations,the formulation(12) or (14) reduceghe worst-casadentification
problemto a choiceof fundamentamodelsetsX,,. Sincethe errordependsipond(G, X,,; X),
thenit is desirableo choosgvia prior knowledgeof G(z)) basisfunctions{B;(z)} suchthatthe
distancel(G, X,; X) from G(z) to X,, = sp{By, - - -, B,_1} is assmallaspossible.
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For example|f frequeng responselataindicateseverallightly dampednodesthento speed
upthecornvegencerateof d(G, X,,; A) to zero,somepolesin thebasisfunctions{ B, (z)} could
be moved toward the boundaryof D with approximatelythe sameargumentsasthe resonant
frequeny of themodes.

However, onceonehaschoserafundamentaimodelset{ X, } for X, it is necessaryo check
thatit is compatiblewith themeasuremerget—upn thatthesuficientconditions(13) or (15) for
robustconvergenceare satisfied. Typically (for example,for frequeng domainmeasurements)
thiswill resultin theconclusiorthatfor agivennumberN of data,thendependingnthechoice
of modelstructureX,,, thereis amaximummodelordern(N) suchthat(13)is satisfied.Thisis
reminiscenbf thewell known bias/harianceconstrainion modelorderthatexistsin a stochastic
settingfor systemidentification[38].

Thelink betweenn and N for FIR modelsis provided by Bernsteins inequality [69] and
for rationalmodels,it canbe derived by meansof a sharpinequalitydueto [10]. In thetime
domain,thedependenceetweem and N is referredto asthe samplecompleity [55]. In §6,7
we will addresshe questionof how n and N arerelatedfor variousscenariosbut to begin with
we addresshe morerudimentaryquestionof whetherthe modelstructuresX,, arefundamental
in thevariousspacesA(D), H,(T) and/; of interest.

4 FundamentalModel Setsin A(D)

In this section,we establistithatthe orthonormabasis(6) is a fundamentatetfor A(D) if and
only if it satisfieghecondition

Y (1 al) = oo (19)
n=0
It is known [18, 45] that the basis(6) is fundamentaln H,(T) underthe samenecessanand
sufficient condition,andin this sectionwe shav thatthis may be extendedto all H,(T') spaces
for 1 < p < oo. In derving theseresults,a key tool is the following Lemma4.1 which is
presentedh termsof finite Blaschle productsdefinedby

n—1

on(2) 2 H

m=0

Z_é-m
T (20)

Lemma4.1. (Christofel-Darbouxldentity) Let {B,,},>o beasin (6). Thenfor all z,{ € D

— _ 1= on(Q) ¢nl2)
B Bile) = T (21)
Proof. See[46]. O

A key consequencef thisresultis thatit facilitatesasimpleintegralformulationof d(G, X,,; A(D))
asfollows.
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Lemma4.2. LetG € A(D) andB,(z) beasin (6). LetG,, betheprojection

= S (G, By) Br(¢), ¢€D. (22)
k=0
The © [ Gk
B0 ?) —
G(0) = Gul0) = 222 § TE GGy a 23

Proof. SinceG € Hi, it canbe representedby the Cauchyintegral of its boundaryfunction
G(e??) [56, Theoreml7.11]as

1 G(z)
G(g)_%ﬁz_cdz, ¢eD.

ThenusingLemma4.1
Gul6) = S B0 5 § G B T
= L %I‘ % [1 — ¢n(Q) (Pn(z)] dz,

27 z—C
G- 5 {99 g,

O

In orderto usethisresultto provide £, errorboundsijt is necessarjo derive anupperbound
on |, (z)].
Lemma4.3. Letp, beasin (20). Thenforeadh z € D

on(2)] < exp (—i (- [2h S0 - m) . (24)

k=0

Proof. Letz = ref? and¢,, = Re“» denotepolardecompositionsf z andé,,. Puty = 0 — w,.
Thenasimplealgebraiananipulationyields

2 re’¥ — R
1—rRel¥
- (1—-7?)(1 - R?
14+72R%2—2rR cos’
(1+7r)(1+R)
1—(1-—7)(1-
( 7)( R) (1+rR)?

2

<
< 1-(1-r(1-R)
< exp(—(1—-7)(1 = R)) (25)

wherethelastinequalityfollows from thefactthate* > 1 — x for all . Consideratiorof (25)
and(20) completethe proof. O
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Use of theseresultsallows the calculationof the £, —normdistanced(G, X,,; A(D)) from
thespaceX,, = sp{By, - - -, B,_1} to anarbitraryG(z) with relative stability suchthatthe power
seriesG(z) is corvergentonthediscD g for someR > 1 in whichcasewewrite G € A(Dpg, K)
if |G(2)|isboundedy K < oo in Dg.

Lemma4.4. Let{X, },>o bethesetspannedy (6). LetG € A(Dg, K) andd(G, X,; X) be
asin (16). Then

R—-1 2R

k=0

4(G, X,: AD)) < 21 exp (—R‘1 Y (1—\@\)) (26)

Proof. Sinced(G, X,;; A(D)) < |G — H|| for all H € sp{B;}?—,, we canuseG,, in (22)to
over-boundd(G, X,; A(D)). Lemma4.2 providesthefollowing expressiorfor G — G,

A enl(@) G(2) .
GO =G0 = 5 § < ceD.

Theintegrandabore is meromorphidn Dg. Thusthe contourintegralson T and(R — ¢)T are
equalby theresiduetheoren{56, Theoreml0.42]if R — ¢ > 1 sinceeachpoleis encircledonce
by T and(R — €)T. Therefore

IG(C) = Ga(Q)] =

en(0) Gt
%RG)T( d ’

2m] z—CQ)n(2)
KR

< _— 1

< R_LfkgngMM
KR

= ———  sup n(2)]. (27)
Rooe S [enld)

Lete — 0. Then

~ KR
IG = Galleo < sup [n(2)].
R—1 |z2/=R-1

Useof Lemma4.3now completeshe proof. O

Theremaindeof this sectionis devotedto examiningthe questionof whetheror not sp{ B, }
is fundamentaln certainspacesKey to this analysigs thatvia a well known applicationof the
Hahn—Banackheoremit is possibleto establisi(see for example, Theoreml1.1.70f [15]) that
asetA C X isfundamentaln X if andonly if ary boundedinearfunctionalvanishingon A
alsovanisheon X. Thiswill beusedfirstly to examinethe caseof X = A(D), andin this case
it is alsousefulto know thata specialcaseof the {B;} considerechere,namelythe Laguerre
basis,s fundamentain A(D). A proofof thisfactis asfollows.

Lemma 4.5. TheLaguerre basis(2) (whichis (6) with &, = a Vk is fundamentain A(D) for all
-1<a<l.
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Proof. Let
Z—Qa

w=1a(2) = 1—az

Sincev), is a bilinearmap,it suficesto shav thatthe closedlinear spanof theset{B; o '}
(hereo denotescompositionof functions(f o g)(z) = f(g(z))) denotedby L equalsto A(D).
A simplecalculationyields

By o 4, (w) =

k=0,1,---. (28)

ThusL C A(D). Thereverseinclusionfollows from the well known factthatpolynomialsare
densdn A(D) [56, Theoren0.5]andary F' € A(D) canbewrittenasF = (1 + aw)H where
H(w) = F(w)/(1 + aw) since(1 + aw)™' € A(D) wheneer|a| < 1. O

Combiningthe previous Lemmatawith theseobsenations,thenprovidesthe mainresultof
this sectioncharacterisinghe fundamental-nessf the orthonormabaseg6) in A(D) in terms
of thechoserpolepositions{1/&;}.

Theorem4.6. The orthonormalsetin (6) is fundamentain A(D) if andonlyif > 7% (1 —

&k |) = oo.

Proof. Suppossdirst that ) (1 — [£x|) = oo. Let B be the setspannedy the setof all La-
guerrefunctionsdefinedin (2) for the caseof ¢ = 1/2. Sinceit hasjust beenestablishedhat
the Laguerrebasisis fundamentain A(D), thenthe set B is supremurmormdensein A(D).
Notice (usingthe notationdefinedjust beforeLemma4.4) that B ¢ A(D,,v/3). Thereforethe
set A(D,,V/3) is densein A(D). But by Lemma4.4 it alsoholdsthat the set A(D,, v/3) C
Sp{Bx}r>0. Therefore{ By }x>o is fundamentain A(D).

Corverselyassumehat (1 — |&]) < oo. Thenthefinite Blaschle productsin (20) con-
vergesuniformly on D to afunctiony(z) € H,, which haszerospreciselyatthe pointsé;, [56,
Theoreml5.21].In this casethelinearfunctional F' definedon A(D) by

F(t) = 5= § ) 96 7 (29)
is clearly nontrivial andalsobounded However, by Cauchys Integral Theoremit alsovanishes
for ary By, of theform (6). Thereforethe spanof the sp{B;} definedby (6) is not fundamental
in A(D). ]

TheLemmatamayalsobecombinedo characteriséhefundamental—ness theorthonormal
baseg6) in H,(T) for 1 < p < oo in termsof thechosemolepositions{1/&}.

Corollary 4.7. Theorthonormalsetin (6) is fundamentaln H,(T) for all 1 < p < oo if and
onlyif 377 (1 — |&]) = cc.
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Proof. If ) (1 — |&]) < oo, thenthe nontrivial boundedinear functional F' definedby (29)
extendsto aboundedinearfunctionalon H,(T) for all p > 1 andhence(6) is not fundamental
in H,(T). The sufiiciengy follows from the factsthat the setof polynomialsin z is densein
H,(T) forall 0 < p < oo [19, Theorem3.3] and H,, norm dominatesall H,(T) normsfor
p>0. L]

The setsp{B;} definedvia (6) is a minimal spanningsetin H,(T) sinceits elementsare or-
thonormalandremoval of arny elementrom the setdiminisheshe span.

Theorem4.6 and Corollary 4.7 canalsobe obtaineddirectly from the resultsin [1, § A.2].
Neverthelessour resultsareself containedandfurtherresultsin the subsequergectionswill be
basedon the explicit error boundsthat werederivedin this section. Theorem4.6 alsohasthe
following corollary

Corollary 4.8. Considertherational waveletbasisB,,, w € W in (3) whee W is anarbitrary
subsebf D. ThenB,,, w € W is afundamentain A(D) if andonlyif Y ., (1 - |w|) =00

Proof. Withoutlossof generality assumehat 1V is countableandlet {¢,,} denoteanenumera-
tion of W. Now constructanorthonormabasefrom W asin (6). Thenclearlysp{B, }wew =
sp{B. }.>o. Directapplicationof Theorem4.6thenprovidestheresult. O

The lattice W may be modifiedsoasto containan elementw a finite or infinite numberof
timesif eachrepeatedv canbeassociatediniquelywith abasisfunctionin theform (1 —wz)=*
for someintegerk > 1. Thebaseconstructedn this mannerdoesnot containpolynomialsin its
linearspan.Thisdeficieny canberemediedy adjoiningpolynomialsinto thebase.In contrast
to the basisconstructionpresentechere, hybrid models,i.e., modelscontainingboth rationals
andpolynomials.aregeneratedh [66] by the Hardy-Sobole normon smoothsubset®f A(D).

5 Fundamental Model Setsin ¢,

Having consideredundamentamodelsetsapplicablefor robustestimationfrom frequeng do-
main data,we now turn to the problemof estimationfrom time domaindata. In this scenario,
it is morenaturalto specifyfundamentamodelsetsaccordingto the time domainpropertiesof
theirelementsin which casethemostcommonchoiceis to consideithe spaceof systemsvhose
impulseresponsebe in /; seefor example[42] for areview, resultsandfurtherreferencesOne
reasorfor thechoiceof spacebeing/; is theappeabf providing modelssuitablefor subsequent
/1 controllerdesign[62, 13].

In light of thesemotivations,we turn to theissueof formulatingrationalmodelsetsthatare
fundamentain /. In the sequelwe will investigatetheir usein robust estimationfrom time
domaindata.As in the previous section,a key tool will beto employ the orthonormalket{5; }
definedvia (6).

Theorem5.1. Theorthonormalsetin (6) is fundamentain ¢, if

m—1 9 1m
logkz_‘gl_m 5 21— &) (30)

k=0
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Proof. Letg = {gx} € ¢, ande > 0. Truncate{g;} atthek = n’th termto provide g, =
{90, -+, gn-1} Wheren is chosensuchthat ||g — g.|li = >, l9(k)| < e. LetG,, bethe

estimateof G (z) = Y_¢ g(k)z* asin (22) andlet ¢ denotetheimpulseresponsef G,,. By
Hardy’sinequality[19, Theorem3.15],we bound|| g, — ||, asfollows

1 27
o = 01l < 1,(0) = 000) + - [

G' () — @;n(eﬂ’)‘ d. (31)
SinceG, € A(Dg,sup,<g |G1(2)|) for all R > 1, we have from the proofof Lemma4.4

192(0) = $(0)] < [|G1 = Gumllos

R R—1%A
< sup |Gi(z exp | ——— 1-— ) 32
s (612 5 ( T m) 32)

As in theproofof Lemma4.4,we have thefollowing expressiorfor G; — @m forall R > 1

30y _ G (i) = @m(eja) G1(2) »
G~ Gule) = B2 ], T g =)

Hencetheintegrandin (31) is calculatedrom (33) as

Vi G (ed? — Y <P'm(€j6) G1(2) 5
Gr(e") = Gl ol ey rm ety

1o 2nle) ()
T ﬁﬂz—eﬂ)w)d' (34)

We first bound¢!, (2) £ dg,,/dz. Write ¢,,(2) aspn(z) = 2%ps(2) wherea denoteshe
multiplicity of azeroat0. Withoutlossof generalityassume&;, = 0 for 5 < k < m. Then

d
do

p—1

: o N (1= &%) 9s(2)
m\%) = ) + :
om(2) = az® z kz:% =20 &)

Hence

m—1

51
1+ &

lomlloo < a+ =
oo S @2 7]

We boundthefirstintegralin (34) from Lemma4.3as

1 Gi(2) ,
5w (= )om(2)

(35)

<

R
sup |G sup |om(2
F—1 o R| 1(2 )\MZR_II (2)]




RATIONAL BASIS FUNCTIONSFORROBUST ESTIMATION 13

Thesecondntegralin (34) canbeboundedn asimilarfashion.Therefore

R m
lg =9l < €+R_1|S‘11P G1(2 )\exp( Zl_|fk)
z k
~ 1+ &) R
36
kz_%l—m*R—l (39)

Theright handsideof (36) tendsto e asm — oo for fixedn andasuficiently large R > 1 under
the hypothesiof thetheorem. O

Corollary 5.2. Theorthonormalsetin (6) is fundamentaln ¢, if |{;| = 1 — O(k~®) for some
0<a<l.

Proof. For someconstant’;, Cs, theleft handsideof (30)is boundedas

m—1
logz \f | 10g201k0‘§10g01@§0210gm.
k=0
Thetermonthe rlght handsideof (30)is calculatedas
m—1 m—1
Z(l — &) = Csk™ = Cym'™
k=0 k=0
for someconstantg’;, C,. Hencetheresult. O

Thusabase{B;} canbefundamentain ¢, without requiringthe setof points{¢;} have an
accumulatiorpointin D. Whentheset{¢;} hasanaccumulatiorpointin D, the conclusionof
Theorem5.1 easilyfollows from [66, Theorem?2], sincein this casethe setof basisfunctions
{B;} will beafundamentasetin the (Hardy-Sobole) H*! norm,whichdominateshe/; norm.

Corollary5.2 providesa rathertight criterion. For example,if &, = 1 — O(1/k(logk)?) for
some$ > 1, thenfrom Theoremd.6thebase{ B, } will notevenbefundamentain A(D).

Thefollowing resultwill berequiredin alatersection.

Corollary 5.3. Let{ X, },.>0 bethe modelsetspannedy the orthonormalsetin (6), whee the
choserpoleslie in thecomplemenof D,. for somdixedr > 1. Letg denotegheimpulseresponse
of atransferfunctionG € A(Dg, K) andd(g, X,; ¢1) beasin (7). Then

KR (r+1 R
X, - < —(R—l)(r—l)n/?Rr‘
(g "’gl)—R—1(r—1" R—1)€

Proof. In the proof of Theorem5.1,setG; = G andreplaceRT by (R — §)T for suficiently
small§ > 0 andr by r~L. Thenafterthesechangesndletting§ — 0, we obtain

KR r+l R —(R-1)(r—1)n/2Rr
lg — ¢||1_R ( —1n+R—1>6 (R=1)(r—1)n/2R 37)

where is the impulseresponseof Gn in (22). The inequality above is an upperboundfor
d(gv X’na El) [l
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6 Robustidentification in A(D) fromfrequencyresponsenea-
surements

In this section,we present solutionto thefirst problemformulatedin §2; namelythatof iden-
tification from frequeng domaindata. The model setsare assumedo be completein A(D)
but arbitrary The frequeng responsealatais not requiredto be uniformly spaced.This prob-
lem for the equallyspacedtasehasbeenwell studiedanda rangeof robustly convergentalgo-
rithms areavailablein the literature[33, 48, 26, 27]. The non—uniformlyspacedcaseis more
difficult to handleand several robustly corvergent[4, 50, 2] andsometunedcornvergentalgo-
rithms[12, 28, 25] have beenproposedn theliterature. The commonfeatureof the algorithms
[33, 48, 26,27,4, 50,2, 12,28, 25] is thatthe identifiedmodelis choserfrom the setof finite-
impulseresponseystems.

As we pointedoutin §3, givenfundamentaimodelsets{X,} it is necessaryo derive the
relationshipn(N) (known asa samplingtheoremfor A(D)) suchthat the sufficient condition
(13) holdsfor robust corvergenceof the schemg(12) to exist. In orderto derwe this, assume
first (withoutlossof generality)thatw, = 0 andw,; = 7. We definethe maximumangulargap
betweerthefirst N + 1 pointsby

Sv 2 i — 38
v pp e .
0<l<N

andvia this we canderive therelationshipn (V) by thefollowing lemma.

Lemma6.1. Let{B;}}, bea setof rational functionsanalyticin D, for somer > 1 andletp
denotethe numberof polesof {B, }7Z; (includingpolesat ). Letéy beasin (38). Then(13)
holdsfor some < 1 providedthat

(1=8)(-1)

o <2
N = p(r+1)

(39)

To prove Lemma6.1,we needthefollowing lemmawhichis a corollaryof aresultin [10].

Lemma6.2. Suppose,...a, arein thecomplemenof D, for somer > 1. Then

! 7"+]_

9 () < =7 mllglle, 2 €D (40)
whee N b
k=1\% — Uk
9(2) = 57—
= I
andm > n.

Proof. Splitg as
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whereP(z) is apolynomialof degreeatmostn — 1. Let

hi(z) = g1(2) — (1 — az)" ™ g1(2)

wherea € D andhy(2) = g(z) — hi(z). Thenh, is aproperrationalfunctionwith p polesand
is analyticin D, provided|«| < 1/r. Thederivative of h, is boundedrom [10] as

r+1
r—1

|hy(2)] < P [[h2lles, 2z € D. (41)

Thederivative i) (z) is calculatedas
hi(z) = [1— (1= 02)"] gi(z) + a(n—m)(1 —az)" ™ *gi(2).

Thereforeasa tendsto zero,h, andh, tendto zerouniformly onD U T. Letting « tendto zero
alsoin (41) thenprovides(40). ]

Proof. Proofof Lemma6.1: Supposd|g||.. is attainedat the pointe’®. Now | — wi| < 6x/2
for somek andsince

' Wk . .
g(ejwk) = / g'(ejg) jejgdg + ||g||00

we have

Wk

l9(e7)] > llglloo —/ 19'(e”)1d0 > llglloo — 119'lloo v /2- (42)

Thusfrom (42) and(40), we have [g(e’“*)| > ¢ ||g]| providedthat(39)is satisfied. O

Corollary 6.3. Considerthe orthonormalsetin (6). Letr,, = maxy., |£x|. Then(13) holdsfor

some) < 1 providedthat
1-6 (1—m,
sy <2170 ( ! ) . (43)

n 1+r,

Thusif frequenciesreuniformly spacedandthe choserpoleslie in the complemenbdf D,
for somefixedr > 1, thecondition(13) s satisfiedprovided N > (r 4+ 1)7n/2(1 — 6)(r — 1).
This conditionis wealer thanthe requiremenfor the rationalwaveletsdevelopedin [67]. In
Theorem5 and Corollary 6 of [67], n and N satisfythe relationsn = 2?1 — 1 and N >
72%P+1) /(1 — 6), wherep is the lattice parametein (4). Thusthe samplingtheoremfor the
radial basisfunctionsanduniformly spaceddatacanbe expressedas N > 7(n + 1)2/(1 — 6).
Furthermoren modelpoleslie in the complemenbf the opendisk D, 1,1y Sincep in (4) is
relatedto r by theexpressionl /r =1 — 277,

Ourresultsin this sectionaresummarisedh thefollowing theorem.

Theorem 6.4. Considerthe orthonormalsetin (6). Supposge’“* };~ is densen T. Let§y be
asin (38).Therthealgorithmgivenin (12) is robustly corvergentif Y >° (1 — |&,|) = co and
on satisfieg43) with r,, = maxi<, |£|. In particular for eadh fixedr > 1, an orthonormalset
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of rational functionswith polesin the complemenof D, canbechosensud thatthe algorithm
givenin (12)is robustlycorvergentif

1—-6(r—1
<2— 44
on < n (7“ + 1) (44)
or whenthefrequenciesre uniformlyspaced
™ r+1
> .
N_2(1—6) (r—l) (45)

The inequality (16) provides a simple upperboundfor the identificationerror However,
the distanced(G, X,,; A(D)) is difficult to evaluatein mostcasesecausét dependshot only
on the systembut alsothe chosenmodel sets. In this section,we will simplify the analysis
andassumehat G € A(Dg, K) wherethe latter meaningof the latter notationwas defined
just beforeLemma4.4. Evenwith this simplification, it is still hardto calculateexact values
of d(G, X,; A(D)) for arbitrarymodelsets. However, Lemma4.4 providesa usefulboundon
d(G, X,; A(D)) whichwhencombinedwith (16) providesthefollowing result.

Theorem 6.5. Considertheorthonormalsetin (6). Letr,, = maxy, |£x|. SUPPOSE e/t }i5q iS
densdn T. Letéy beasin (38). For eadh V, chooseann sud that (43)is satisfied.LetG,, be
theestimateof G € A(Dg, K), R > 1 bythealgorithmgivenin (12). Then

n

. 2 KR R—1 22 2
_ < (%241 - 1— Ze
|G = Gallo < ((5 + > R—1 exp ( R k_o( ‘ng) + 5 € (46)

In particular for ead fixedr > 1, an orthonormalsetof rational functionswith polesin the
complemenbf D, can be chosensud that if 6, satisfies(44) or N satisfies(45) whenthe
frequenciesire uniformlyspacedthen

)

Theorem6.5 extendsthe LaguerreandKautzresultsin [67] to arbitraryorthonormabases.
Notice thatthe upperboundin (47) is minimizedfor »r = oo. This conformswith the n-width
result[54] thatpolynomialmodelsareoptimalfor theclassA(Dg, K).

~ 2 KR 2
|G — Ghllso < (— + 1) Fo e~ (R=D(r=Dn/2Rr 4 5 € (47)

7 Robust identification in A(D) from time-domain measute-
ments

In this sectionwe presensolutionsto the secondoroblemformulatedin §2. The condition(15)
placessevererestrictionson the choiceof inputs. Following theterminologyintroducedn [29],
we will call aninput signalu that satisfieg15) a 6-cover of X,,. Thelengthof the shortest-
coverof X, is saidto bethesamplingsizefor ». Thesamplingsizesandé-coversareknown for
polynomialsandcertaincompactsubset®f A(D) and/;.
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In [14, 55, 30], the samplingsizefor the setof nth orderpolynomialsdenotedoy P, in the
¢;-norm was shown to be O(5™) for somes € (1,2]. On the otherhand,the samplingsize
for the samesetof polynomialsin the H,,-normis O(n?) [31]. In [40, 35, 31], examplesof
the 6-coversof polynomialmodelsfor the ¢; and H,, normsare presented.The é-coversfor
polynomialmodelscanbe usedin the constructiorof 6-coversfor compactrationalmodelsets
(with the samenorm). An exampleis the setof n-th order strictly propertransferfunctions
which areanalyticon D,. for somefixedr > 1, denotedby V(n,r~1). In [29], it is shavn that
each0.2 + 0.86-cover of P,, is alsoa §-cover of V(n,r~!), wherem canbe chosento be ary

integersatisfying
dnr 20r
> .
m_r—lln<(1—6)(r—1)> (48)

Example7.1. LetG € V(n,0.9. Seté = 0.5. Then(48) readsm > 240n. Thusead 0.6-cover
of Payo., IS @ 0.5-coverof V(n,0.9. SupposeX = ¢; andlet u bea sequencéhat containsonly
all possiblemn-tuplesof +£1. Setm = 240n. ThusN = 2™ +m —1 andu is a 1-cover (andhence
0.6-cover) of P,, [40, 14,55, 35]. Thenu yields||g ® u|| > 0.5||¢||: for all G € V(n,0.9),

whee g denotegheimpulseresponsef G.

Thefollowing lemmais immediate.

Lemma7.2. Let {X,},>o bethe modelsetspannedy the orthonormalsetin (6), whee the
chosempoleslie in thecomplemenof D, for somefixedr > 1. For ead n choosean integer m
satisfying(48). Letu bethe 0.2 + 0.86-cover of P,,, in X, whee X denotesither A(D) or /4,
andlet N bethelengthof«. Then

oJuax (g @u)(t)l 26 llgllx forall g € Xu. (49)
Use of Lemma7.2 togetherwith Theorem5.1 providesthe following robust corvergence
resultfor A(D) and/;.

Theorem 7.3. Considertheorthonormalsetin (6), wheethechosempoleslie in thecomplement
of D, for somefixedr > 1. Let X denoteeither?, or A(D) andlet theinputsfor the systenin
(10) bechosenasin Lemmar.2. Thenthealgorithmgivenin (14) robustlycornvemesin X.

Asin §6,from (16)—(17),Lemma4.4,Corollary5.3,andLemma7.2,we obtainthefollowing
worst-casedentificationerrorboundsn the H,, and/; norms.

Theorem 7.4. Considertheorthonormalsetin (6), wheethechosempoleslie in thecomplement
of D, for somefixedr > 1. Lettheinputsfor the systenin (10) bechosenasin Lemmar.2. Let
G, betheestimateof G € A(Dg, K), bythealgorithmgivenin (12). Then

~ 2 KR 2
|G — Ghlleo < (5 + 1) Fi e (R-D(r—Dn/2Rr 4 5 € (50)
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Theorem 7.5. Considertheorthonormalsetin (6), whee thechosempoleslie in thecomplement
of D, for somefixedr > 1. Lettheinputsfor the systemn (10) bechosenasin Lemmar.2. Let
g, betheestimateof ¢, theimpulserespons®f G € A(Dg, K), by thealgorithmgivenin (14).

Then
2 KR (r+1 R
_ An < i | —(R-1)(r—1)n/2Rr
lg = Gall: < (6+ >R—1 (T—1n+R—1>e
2

The algorithms(12) and (14) coincidewith the linear least-squarealgorithmswhen X =
H,y(T) or X = {,. Then(13)readsas

> :
onax (g @u)(t)| = 8llgll. forallg € X,
Thisconditionplaceanild restrictionsonthechoiceof inputsignaldespitehefactthatit appears
to be strongerthanthe usualpersistencef excitation conditionin [38, 59]. In particular the
samplingsizeof §-coversfor polynomialmodelsis O(n) [52].

8 Mixed parametric/non—parametric models

Theupperboundson theworst-casedentificationerrorsin the H,, and/; normsgivenin Theo-
rems6.5,7.4,and7.5areminimizedif polynomialmodelsareusedwhenthe unknavn system
is in the classA(Dg, K). Indeed,thelinear spansof polynomialsform optimal modelsetsin

the Kolmogoro/'s n-width sense (See[54] for a comprehenske treatmenof n-widths). How-

ever, in practiceit is morecommonthatprior knowledgeaboutG(z) is significantlyricherthan
the simplestatementG € A(Dg, K). In this section,we shov thatlarge improvementscanbe
obtainedover the non—parametriapproactof usingpolynomialmodelsby insteademplgying

moregeneraklasse®f modelsconstitutedf mixed parametri@andnon—parametricnodels.

To illustratethis, considethe exampleof thefollowing perturbatiormodel

[ay

m—

Gx)=3 - _O‘%kz +h(2) = H(z) + h(2) (52)

whereg, # 0 for all k andh € A(D) is arbitrary but its norm satisfies||h||, < Cj. Let
r = maxy, |G| and Y27 |oax| = 1 — r for normalization.We assumehatthe {3, } lie in the
circles

D) ={2z€C:lz—w| <0 —|n)pn}, k=0,---,m—1

for someu < 1 sothattheuncertaintyradiusis modulatedaccordingo the polepositionsuchas
to precludecrossingof the stability boundary This choiceof uncertaintystructureis predicated
ontheassumptiornhatin practice while onemaybeunsureof systentime constantspneis nor-

mally confidentof whetheror not the systemis stable.With this choiceof uncertaintystructure,
obsene that D(~;) C D for all 7, € D. Although this sectionwill concentrateon the model
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structure(52), notethat otherexamplesof mixed parametricand non—parametriecnodelshave
alsoappearedh theliterature[36, 24, 22)].

We will calculatean upperboundon d(G, X,,; A(D)) for a suitably chosernbaseusingthe
prior informationon g;. We pick theorthonormalketin (6) with

o 0<k<m; 0<p<M
§k+(m+1)p - { O, k — m; 0 S p < M' (53)
Setn = mM + m andlet H, denotethe least—squaresstimateof H asin (22). Thenfrom
Lemmad4.2,we obtainby anapplicationof Cauchyformula

[y

H _ I:’n — SOn(C) — _ 1 d
©) (©) o) 2 akﬁ 096 —0n ©
en(€) n(?)
= - — d
27Tj ; W fT (Z - ﬁk)(]- - gZ) ‘
m—1
©n(Bk)
¢n(C) 2 (- CBy) (54)
for all ¢ € D. Butfrom ouruncertaintydescriptionwe havefor all k£ # m
n—1
B Br — &
‘Qpn(ﬂk” - g 1 _glﬁk
Y ”ﬁl Bk = Erimen | TT TT | P = Eovtmrnre
p=0 1- fk+(m+1)pﬁk l,;% p=0 1- £l+(m+1)pﬂl
< (rp)™.

Thus||H — ﬁn“oo < (ru)™. Hencefor this choiceof basisfunctions,it followsthat
d(H, X,; A(D)) < (rp)™.
Thisresultappliesfor ary rationalfunctionof theform H + P, provided M > s since
d(P;, X,; A(D)) =0 forall M > s.

Thusthe modelsets{ X, },,~o spannedy the orthonormaket(6) whoseparametersrechosen
asin (53) satisfy
d(G, Xp; AD)) < (rp)™ + d(h, Par—1; A(D)).

Let Gy bethe estimateof G by the algorithmgivenin (12) wherethe basisfunctionsare
choserasabove, thefrequenciesredensean T, andthe maximumangulargapssatisfy

(1-6)1 —7")'

o <2
N = n(1+r)

(55)
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Thenfrom (16),we have

IG = Gwlloo < (% + 1) (rp)™ + (% + 1) d(h,Pp-1;A) + %e. (56)

Thefirst term tendsto zerogeometricallyandthe secondierm, which asymptoticallytendsto
zero, is boundedby (2/6 + 1) C. This inequality shovs that by using mixed parametric—
nonparametrienodels,one can obtain large improvementsin estimationerror In particular
thenumberof measurementseededo estimatea transferfunction,within agivenlevel of accu-
racy, canbereduceddramaticallyin comparisorio impulseresponsenodels.If only onemodel
poleis chosenin D(v;,), thenthefirst term above mustbe replacedy 1. O(|8x,|*). Thusin
orderto improve approximationerror corverge rate, one hasto choosemultiple polesaround
thedominantpolesof the system.Indeed the orthonormabasewith infinitely repeategolesat
1/, k =0,---,m — 1 hasbeenshavn to be optimalin the Kolmogoro/'s n-width sensg21].

In this paper thedistanced(G, X,,; X) hasbeenestimatecdby meansof the orthogonalpro-
jection(22) which hasprovento beaneffective tool in the computatiorof approximatiorerrors.
In spiteof this, theprojection(22) hasnotbeenusedfor robustestimation.Thisis dueto aresult
presentedby Partington[49] which stateghatif Gy is theleast-squaresstimateof GG, thenthe
L, norm of the worst-casadentificationerror divergesasO(log N) e. It is alsointerestingto
obsene that the least-squaresstimatedivergesasthe numberof datatendsto infinity even if
e = 0 providedthath € A(D) is arbitrarysubjectto the constraint|| ||, < C}, [60]. Thetwo-
stagealgorithmsin [26, 27, 4] canbe usedin the estimationof (52) but undermorerestrictve
samplingconditionsthan(55) [2].

8.1 Model Reduction

Whenbothr andy arecloseto one, M andconsequentlw by (55) mustbechoserargeenough
to keepthe O(ru™) termin (56) within acceptabldimits. Thena modelreductionprocedurds
necessaryo extracta nominalmodelfrom theidentified modelGy. The optimalHankel norm
modelreductionandbalancedruncationsarethe mostfrequentlyusedtechniquesin practice,
bothmethodoftenwork well. They bothrequireabalancedtate-spaceealizationof G or gy .
The subspace-baseystemidentificationalgorithmsin [43] and[37] canbe usedto effectively
computestate-spacparametersor a particularrealization.

Assumeh(z) in (52)is constansothatmodelsetscontainonly properrationalfunctions.(If
h(z) is not constanandmodeledby polynomials thenthe polynomialandthe rationalpartsof
Gy canbe reducedseparately) Theinputto the algorithmin [43] arethe computedrequeny
responsef GG atanarbitrarysetof equallyspacedrequenciesThis methodexactly retrieves
an nth ordertransferfunction whenthe frequeng responseaneasurementare noise-freeand
the numberof measurements atleastn + 2. Moreover, thereturnedstate-spaceealizationis
closeto beingin balancedorm [43]. However, in orderto obtainaccurateesults the numberof
computedrequeng responsesamplesnustbe keptratherlargein comparisorto the identified
modelorder

This techniguewasusedin the identificationof a power transformerwhereit wasnot pos-
sibleto obtaina balancedealizationdirectly from the identifiedmodelfor a subsequenmnodel
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reduction[5]. This problemis relatedto the factthatif the systemorderis high, polesandze-
ros of the systemare sensitve to polynomialfactoring. The algorithmin [37] is even simpler
An nth ordersystemcanexactly be retrieved from its first 2n + 1 noise-freempulseresponse
coeficients. Thenagaina balancingtransformatioron the computedstate-spacparameterss
performed.

8.2 Choiceof Pole Locations

Thechoiceof polepositionsplaysanimportantrole in thequality of theapproximatiorof agiven
systemby a truncatedseries. Although optimal solutionin the Kolmogoros’'s n-width sensds
conceptuallysimple:

X, 2 arginfsup inf |G — H||x

Xn Ges HEXn

whereS C X capturegpriorinformationon G, exceptfew isolatedcasest is hardlycomputable.
Several methodsto determineoptimal pole locationsfor simple uncertaintydescriptionsand
modelstructurehave beenproposedn theliterature.Thediscussiorof thesemethodss beyond
the scopeof the currentpaper We refer the interestedreaderto [23, 7, 20, 16, 68] andthe
referencesherein.

9 Multi-Input/Multi—-Output Systems

Thereis no difficulty extendingthe resultsof this paperto multi-variablesystemsWe shaw this
for thefrequeng domainformulation. Thetime-domainextensionis similar.

Let G(z) bep x ¢ matrix valuedtransferfunction of the unknavn systemwith entriesin
A(D). Let ||G|| denotethe H2X? normof G definedby sup,, o1 (G(e’*)) whereo; denoteghe
largestsingularvalue. Assumethat noisein (8) is boundedaso; () < € for all k. Givena
sequencef scalarvaluedfunctions{B; },>o in A(D), modelsetsaredefinedby

n—1
X, & {¢€A(D)W= ¥=3" By A € RPY, k=o,---,n—1}.
k=0

Sinced is real, thelinear spanof basisfunctionsmustbe definedwith respecto therealfield
whenthebasisfunctionsarereal. We choosébasispolesin complex conjugatepairssothateach
basisfunctionis real- see[45] for moredetailon this point. Obviously, { X, },>¢ is acomplete
modelsetfor A(D)?*?if andonly if {B}«>¢ is fundamentain A(D). It only remaingo derive
anupperboundon theworst-casedentificationerrorof the minimaxalgorithmintroducednext.
For this purpose,we definethe identified modelGy € X, to be a solution of the minimax
problem R

Gy £ arg min max ‘Hlm(ej“”“) - E,lcm‘ . (57)

HeX, 0<k<N
1<i<p;1<m<q

Theproof of thefollowing resultis adaptedrom Partington(1994).
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Proposition9.1. Considerthe orthonormalset(6). Letr, = maxy, |£|. Suppose e’ }r>o
isdensdn T. Letéy beasin (38). For ead N, chooseann sud that (43) is satisfiedfor some
6 < 1. LetGy betheestimateof G € A(D)?*? givenin (57). Then

~ 2 2
16 = Brlles < (3 ; 1) G, X5 ADP™) + 2 ¢ (58)

whee s = 6/\/Pq.
Proof. If 65 is chosenasin (43), thenfrom Lemma6.1 we have thatfor all [, m and H'™ ¢
sp{Bx}1Z,

max |H"™(e’*)| > 6 ||H"™| .
0<k<N

Sincefor all w

o (H(e™) < /pq _ max  |H™(")],

1<i<p; 1<m<gq
it follows thatwhenever H'™ € sp{B;}7=;

6
Hlm JWk > H
1<l<1;1,?§m<q og}cagv | (e7) | Pq 1 |- (59)

Let ¥ bethecloseselemenbf X, to G in AP*9, SinceGN € X,, from (59)we obtainfor some
s, t and:

|wt(er) = Gri(e™)| 2 8 1 = Gl (60)
Theleft handsideof (60)is boundedas

|wet(er) - Gri(e™)

i _@%(6jwi)
< W = Glloo + €+ | B — W)

< 2|0 = Gloo + 2¢ (61)

wherethe secondnequalityis dueto thefactthat ¥ is a candidateminimizerof (57). Last,we
have thefollowing triangleinequality

1G = Cwlloo < IG = Tlloo + 1T = Gl (62)
Thusfrom (60)—(62),we obtain(58). O

< |\Ijst(ejw¢)_EZ§t| +

The minimax problemin (57) is complex andhencedifficult to implement.However it can
bere-castisareal-parametaninimaxproblemattheexpenseof slightly increasearrorbounds
asfollows. To simplify the notation,we assume? is single-input/single-outpuanddefinethe
matrices

Bo(ejw()) e B”_l(ejWO)

=
I1>

: . : (63)
Bo(ein) --- B, i(efn)

E 2 [E - Ex|, (64)
2 [N -+ )\n_1]T, (65)
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andlet ®r and ®; denoterespectrely the real andimaginarypartsof ®. Let Er and E; be
thereal andlmaglnarypartsof E. DefinetheidentifiedmodelasGy = ) ;_ é/\k By where

A= (X -+ A_1)" is asolutionof the minimaxproblem

L)L ©

Themulti-variableform of (66) is obtainedoy concatenationThis minimaxproblemis alinear
programmingprobleminvolving real matricesandvectorsandcanbe solved efficiently by the
algorithmof BarrodaleandPhillips[6]. A similarreal-parameteminimaxalgorithmwasusedn
[41] with thesamepurposeof obtaininganeasiemumericalsolution. Thealgorithmin [41] uses
non-uniformly spaceddataandworks well with Laguerremodels. The proof of the following
resultis modifiedfrom Propositior9.1.

Proposition9.2. Considerthe orthonormalset(6). Letr, = maxg, |£|. SUPPOSE e/}
isdensen T. Letéy beasin (38). For eath IV, chooseann sud that (43) is satisfiedfor some
6 < 1. LetGy betheestimateof G € A(D) givenin (66). Then

na—aus(§+gdemAm»+§e (67)

whee§ = 6/(1+v2).

Proof LetGy = Y."_2 A, By, beasolutionin (12)andlet A = (A, --- A,_1)T. SinceGy €
X, by thesamearmgumentasin the proof of Propositior9.1, we derive thefollowing inequality
similarto (60)

max ‘\Il(ej“’k) — G| > 811 = Gl (68)

0<k<N
whereV is theclosestlemenbf X, in A(D) andtheinequalitiesn (61) arereplacedy

() — Gy ()] < ¥ ~ Gllos + €+ | B~ D 1 (69
Next
~ d ~ E
E-efl. < va|| gt X | 5]
(bR N ER
<[ u]a-[2 ]
< V2|04 - Bl
< VE(G - ¥ +0) (70

wherethesecondnequalityis dueto thefactA is acandidateninimizerof (66). Lastly, we have
thefollowing inequality

IG = Gwlloo < 1G = ¥lloo + | ¥ = Gv|oo- (71)
Thusfrom (68)—(71),we obtain(67). O
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10 Example

In this sectionwe usea simulationexampleto illustratethe minimaxalgorithm(12). Work is in
progresgo usethe methodsdevelopedandanalysedereon real data. Considerthe approxima-
tion of theinfinite-dimensionasystem

e—s

s2++43s+1

by a rationaltransferfunction. (The squareroot of s = ¢/? is definedby e/%/? for § # +n).
Theidentificationof this systemfor N = 256 equallyspacedrequenciesn [0, 7) asobtained
throughby thebilinearmap

G(s) =

1 —
s=u(x) = 7

was investigatedn [3]. We usethe sametransformationso that G(¢)) € A(D). Thenthe
continuous-timedentified systemis obtainedby the backtransformatior: = ¢~!(s) from the
discrete-timadentifiedsystem.This mappreseresthe supnorm.

We will comparehe minimaxalgorithmof this paperwith a Fourierseriesbasedalgorithm.
Thereal-parametaninimaxalgorithmin (66) is implementedvith the basisfunctionsBy(z) =
1 and

(140.1k)z+1

Belz) = = o1k
In the Fourier basedalgorithm,first the frequeng responsealataare extendedinto the interval
(m,2m) using complex conjugatesymmetryof G. Thenthe impulse-responseoeficients of
G are estimatedirom the extendedfrequeng responseby 512-point inversediscrete-Burier
transform.In thethird step,alinearmodelis calculatedas Y ;2 G(k)z*. The8th ordernominal
modelis obtainedby the balancedruncationof g asimplementedby the Kung’s realization
algorithm(Kung, 1978). The 8th ordernominalmodelfor the minimaxalgorithmis extracted
from the real-parametaminimaxsolutionby first calculating51 impulse-responseoeficients
in ZZOZO cxBi(2), wherecy, arethecoeficientssoughtin theminimaxproblem,andthenapplying
themodelreductiontechniquedescribedabore.

In Fig. 1 andFig. 2, the frequeng responsesf G, nominalmodels,andthe identification
errorsproducedby the algorithmson the samenoisefree datasetareplottedrespectrely. The
L errorsof thenominalmodelswerecomputed).0542 for the Fourierseriesbasedand(.0831
for the real-parameteminimaxalgorithm. Both algorithmsaresuccessfuin capturingthe low
frequeng dynamicsof G' and outsidethe bandwidth,the approximationerrorsare relatvely
smallin comparisono ||G|| -

C k=1,---,50.

11 Conclusions

This paperhasprovidedananalysisof the useof rationalmodelstructuresn arobustestimation
context. A key resultof this analysisis the provision of necessanand sufficient conditionson
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Fig. 1. Plot of the frequencyesponsesf GG, the 8th order model,and the approximationerror
magnitudeusingthe Fourier seriesbasedalgorithm.
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Fig. 2. Plot of the frequencyresponsesf GG, the 8th order model,and the approximationerror
magnitudeusingthereal—-paameteminimaxalgorithm.
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thepolesof therationalmodelstructuregor themto form afundamentasetin A(D) andH,(T)
for 1 < p < oo. For A(D) this condition,which restrictshow quickly the polesmay approach
the stability boundaryis muchmilder thansuficient conditionsthat have beenput forward by
otherauthors.

Having establishedheseresults,andsimilar onesfor ¢, the papershaved how robustesti-
mationalgorithmsusingbothtime andfrequeng domaindatacouldbe constructedogethemvith
explicit errorboundson the estimationaccurag. Theseresultshave implications,asdiscussed,
for mixed parametric/non—parametréstimation modelreductionand may be extendedto the
multi-variablesetting.

An importantand perhapssurprisingpoint is that althoughthe main spacesf interestare
not the Hilbert spaceH,(T), the key analyticaltool usedis to in fact re—formulatethe various
problemsstudiedinto equivalentproblemsexpressedn termsof a basisthatis orthonormalin
H,(T), with the orthonormalityitself playinganimportantrole.

This is reminiscentof equivalentstratgiesemployedin the classicaltheory of orthogonal
polynomialswhere,asin this papeythe key useof the orthonormalpropertyis the derivation of
aso—calledChristofel-Darbouxformulafor thereproducingernelassociateith thesubspace
in whichtheestimatednodelis constrainedo lie accordinghethechosemmodelstructure.This
samestratgy of reformulatingestimatiornproblemswith respecto anorthonormabasisfor the
purposef facilitating analysishasalsobeenemployed in a stochastigredictionerror setting
in [47].

11.0.1 Acknowledgement

The authorsaregratefulto K. J. Harrison,J. R. Partington,andJ. A. Ward for sendingthema
preprintof [29].

References

[1] N.I. Achieser Theoryof Approximation FrederickUngar New York, 1956. Translatedy
C.J.Hyman.

[2] H. Akcgay. Algorithmsfor robustidentificationin H, with nonuniformlyspacedrequeny
responselata.In 36thIEEE Conf Dec.Contr, SanDiego, CA, 1997.

[3] H. Akcay, G. Gu, andP. P. Khargonekar A classof algorithmsfor identificationin H:
continuous-timease.|[EEE Trans.Automat.Contr, 38:289-2941993.

[4] H. Akcay, G. Gu,andP. P. Khargonekar Identificationin H., with nonuniformlyspaced
frequeng responseéneasurementsnt. J. RolustNonlinearContr, 4:613-629,1994.

[5] H. Akcay, S. M. Islam,andB. Ninness.ldentificationof power transformemodelsfrom
frequny responselata:a casestudy Preprint, 1997.



RATIONAL BASIS FUNCTIONSFORROBUST ESTIMATION 27

[6] I. BarrodaleandC. Phillips. Algorithm 495, solutionof anoverdeterminedystenof linear
equationsn the Chebyshe norm[f4]. ACM Trans.Math. Softwag, 1:264-2701975.

[7] P.BodinandB. Wahlbeg. Thresholdingn high ordertransferfunctionestimation.ln 33rd
IEEE Conf Dec.Contr, Lake BuenaVista, FL, pages3400—-34051994.

[8] J.Bokor, L. GianoneandZ. Szabo.Constructiorof generalizearthonormabasisin H.
Technicalreport, Computerand AutomationInstitute, HungarianAcademyof Sciences,
1995.

[9] J. Bokor, F. Schipp,andL. Gianone. ApproximateH,, identificationusing partial sum
operatorsn discalgebrabasis.In Proc. Amer Contr Conf, pagesl981-19851995.

[10] P. BorweinandT. Erdelyi. Sharpextensionsof Bernsteins inequalityto rationalspaces.
Mathematika43:413-4231996.

[11] P. Caines.Linear StodasticSystemsJohnWiley andSons ,New York, 1988.

[12] J.Chen,C. N. Nett,andM. K. H. Fan. Worstcasesystemidentificationin H.: validation
of a priori information, essentiallyoptimal algorithms,and error bounds. IEEE Trans.
Automat.Contr, 40:1260-12651995.

[13] M. Dahlehand M. Khammash. Controllerdesignfor plantswith structureduncertainty
Automatica 29:37-56,1993.

[14] M. A. Dahleh,T. TheodosopoulosandJ. N. Tsitsiklis. The samplecompleity of worst-
casedentificationof fir linearsystemsSyst.& Contr Lett, 20:157-1661993.

[15] PJDavis. Interpolationand Approximation BlaisdellPublishingCompary, 1963.

[16] A. C. denBrinker. Optimality conditionsfor a specificclassof truncatedKautz series.
IEEE Trans.Circuits Systems-dt 11, 43:597-6001996.

[17] P. M. J.VandenHof, P. S.C. Heubeger, andJ. Bokor. Systemidentificationwith general-
izedorthonormabasisfunctions. Automatica 31:1821-18341995.

[18] P. Dewilde andH. Dym. Schurrecursionserror formulas,and corvergenceof rational
estimatordor stationarystochastisequenceslEEE Trans.InformationTheory 27:446—
461,1981.

[19] P. L. Duren.Theoryof H? spacesAcademicPressNew York andLondon,1970.

[20] T. Oliveirae Silva. Onthe determinatiorof the optimal pole positionof Laguerrefilters.
IEEE Trans.SignalProcessing49:2079-20871995.

[21] T. Oliveirae Silva. N-width resultfor the generalizedrthonormabasisfunctionmodel.
In 13thIFAC World Congeess vol. |, pages375—-380SanFransiscoCA, 1996.



RATIONAL BASIS FUNCTIONSFORROBUST ESTIMATION 28

[22] N. Elia and M. Milanese. Worst-case/; identification using mixed parametric-
nonparametrienodels. In Proc. 32nd Confeenceon Decisionand Control, SanAntonio,
Texas page$H45-550,1993.

[23] Y. FuandG. A. Dumont. On determinatiorof Laguerrefilter polethroughstepor impulse
responselata.In 12thIFAC World Congess,Sydng, Australia, volume5, pages303-307,
1993.

[24] L. Giarre,M. Milanese,andM. Taragna.H, identificationandmodelquality evaluation.
IEEE Trans.Automat.Contr, 42:188-1991997.

[25] G. Gu. Suboptimalalgorithmsfor worst-casadentificationin H,, andmodelvalidation.
IEEE Trans.Automat.Contr, 39:1657-16611994.

[26] G.GuandP. P. Khargonekar A classof algorithmsfor identificationin H,,. Automatica
28:229-3121992.

[27] G.GuandP. P. KhamgonekarLinearandnonlinearalgorithmsfor identificationin H, with
errorbounds.IEEE Trans.Automat.Contr, 37:953-9631992.

[28] G.Gu,D. Xiong, andK. Zhou. Identificationin H,, usingPick’s interpolation.Systems:
Control Letters, 20:263—-2721993.

[29] K. J.Harrison,J.R. Partington,andJ. A. Ward. Compleity of identificationof discrete-
time linearsystemswith rationaltransferfunctions.Preprint, 1997.

[30] K. J.HarrisonandJ. A. Ward. Fractionalcoversfor convolution products.Result.Math,,
30:67-781996.

[31] K. J.HarrisonJ.A. Ward,andD. K. Gamble.Samplecompleity of worst-casedentifica-
tion. Syst.Contr. Lett,, 27:255-2601996.

[32] W. K. HaymanandT. J.Lyons. Basedor positve continuoudunctions. J. LondonMath.
Soc, 42:292-3081990.

[33] A. J. Helmicki, C. A. JacobsonandC. N. Nett. Control-orientedsystemidentification:
A worst-case/deterministapproachn H... IEEE Trans.Automat.Contr, 36:1163-1176,
1991.

[34] P. S. C. Heubeger, P. M. J. VandenHof, andO. H. Bosgra. A generalizedrthonormal
basisfor lineardynamicalsystemslEEE Trans.Automat.Contr, 40:451-4651995.

[35] B. Kaceawicz andM. Milanese.Optimality propertiesn finite sample/; identificationwith
boundechoise.Int. J. AdaptiveContr SignalProcessing9:87—96,1995.

[36] R.L.Kosut,M. K. Lau,andS.P. Boyd. Setmembershipdentificationof systemswith para-
metricandnonparametricincertainty IEEE Trans.Automat.Contr, 37:929-9411992.



RATIONAL BASIS FUNCTIONSFORROBUST ESTIMATION 29

[37] S.Y.Kung.A new identificationandmodelreductionalgorithmvia singularvaluedecom-
position.In Proc.of 12thAsilomarConfeenceon Circuits, Systemand Computes, Pacific
Grove CA, pages/05-714,1978.

[38] L. Ljung. Systemdentification: Theoryfor the User. Prentice-Hall,Englevood Cliffs,
New Jersg, 1987.

[39] P. Makila. Laguerreseriesapproximationof infinite dimensionalsystems. Automatica
26:985-9951990.

[40] P. M. Makila. Rokustidentificationand Galoissequencesint. J. Contr, 54:1189-1200,
1991.

[41] P. M. Makila andJ. R. Partington. Rolustidentificationof stronglystabilizablesystems.
IEEE Trans.Automat.Contr, 37:1709-17161992.

[42] P.M. Makila,J.R.Partington,andT. GustafssonWorst-case&ontrol-releantidentification.
Automatica 31:1799-18201995.

[43] T. McKelvey, H. Akcay, andL. Ljung. Subspace-basedultivariablesystemdentification
from frequeng responselata.IEEE Trans.Automat.Contr, 41:960-9791996.

[44] B. NinnessandG. Goodwin. Estimationof modelquality. Automatica 31:32—741995.

[45] B. NinnessandF. Gustafsson.A unifying constructionof orthonormalbasedor system
identification.IEEE Trans.Automat.Contr, 42:515-5211997.

[46] B. NinnessandH. HjalmarssonGeneralisedrourierandToeplitzResultsor RationalOr-
thonormalBases.TechnicalReportEE9740,Dept. Elec.andComp.Eng.Uni. Newcastle,
Australia.Submittedo SIAMJ. Contr. Optimization 1997.

[47] B. NinnessandH. HjalmarssorandF. GustafssonThe FundamentaRole of Orthonormal
Basesn Systemdentification.TechnicaReportEE9739 Dept.Elec.andComp.Eng.Uni.
Newcastle Australia.Submittedo IEEE Tran. AutomaticControl, 1997.

[48] J.R. Partington. Rolustidentificationandinterpolationin H.,. Int. J. Contr, 54:1281—
1290,1991.

[49] J. R. Partington. Rolust identificationin H.,. Journal of MathematicalAnalysisand
Applications 166:428—-4411992.

[50] J.R. Partington.Algorithmsfor identificationin H, with unequallyspacedunctionmea-
surementsint. J. Control, 58:21-31,1993.

[51] J.R. Partington.Interpolationin normedspacegrom thevaluesof linearfunctionals.Bull.
LondonMath. Soc, 26:165-1701994.



RATIONAL BASIS FUNCTIONSFORROBUST ESTIMATION 30

[52] J.R. Partington. Worst-casddentificationin ¢2: linear and non-linearalgorithms. Syst.
Contr. Lett, 22:93-98,1994.

[53] J.R.Partington.Recwery of functionsby interpolationandsampling.J. Math. Anal. Appl,,
198:301-3091996.

[54] A. Pinkus.n-widthsin approximationtheory. SpringerVerlag,Berlin, 1985.

[55] K. PoollaandA. Tikku. Onthetime compleity of worst-casesystemdentification.|IEEE
Trans.Automat.Contr, 39:944-9501994.

[56] W. Rudin. Realand Complex Analysis McGraw-Hill, Singaporethird edition,1987.

[57] F. SchippandJ. Bokor. Approximationby discreteLaguerreandKautz functionsin H,
norm. Preprint,1997.

[58] F. Schipp,L. Gianone,andZ. Szabo. Identificationin generalizedrthonormalbasis— a
frequeng domainapproach. In Proc. 13th IFAC World Congess,SanFransisco pages
387-3921996.

[59] T. Soderstom andP. Stoica. Systenidentification PrenticeHall Int., HemelHempstead,
Hertfordshire 1989.

[60] G. Somorjai. On discretelinear operatorsn the functionspaceA. In Proc. Constructive
FunctionTheory Blagoevgrad, 1977, page489-500 Sofia,1980.H. BulgarianAcad. Sci.

[61] Z. Szabo,J. Bokor, andF. Schipp. Identificationof rationalapproximatemodelsin H,
usinggeneralizedrthonormabasis.To appearin IEEE Trans.Automat.Contr, 1997.

[62] T. Tse, M. Dahleh,and J. Tsitsiklis. Optimal asymptoticidentificationunderbounded
disturbanceslEEE Trans.Automat.Contr, 38:1176—-11901993.

[63] B. Wahlbeg. SystemidentificationusingLaguerremodels.|EEE Trans.Automat.Contr,
36:551-5621991.

[64] B. Wahlbeg. Systemidentificationusing Kautz models. IEEE Trans. Automat.Contr,
AC-39:1276-12821994.

[65] B. Wahlbeg andL. Ljung, Hard Frequeng-Domain Model Error Boundsfrom Least-
Squared.ike Identification Techniques. IEEE Trans. Automat.Contr, AC-37:900-912,
1992.

[66] N.F. Dudley WardandJ. R. Partington. Rationalwaveletdecompositiorof transferfunc-
tionsin Hardy-Sobole classesMath. Control SignalsSystems8:257—-278;,1995.

[67] N. F. Dudley Ward andJ. R. Partington. Rokust identificationin the disk algebrausing
rationalwaveletsandorthonormabasisfunctions.Int. J. Control, 64:409-4231996.



RATIONAL BASIS FUNCTIONSFORROBUST ESTIMATION 31

[68] S.ZimmermanrmandG. A. Williamson. Selectingpolelocationsfor systemdentifierswith
fixed poles. In 10th IFAC Symp.Syst.ldentif., Copenhgen, Denmark volume 3, pages
519-5241994.

[69] A. Zygmund.Trigonometricseries CambridgdJniversityPress,1959.



