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Abstract

Thispaperinvestigatestheuseof generalbaseswith fixedpolesfor thepurposesof robust
estimation.Thesebases,which generalisethe commonFIR, Laguerreandtwo–parameter
Kautzones,areshown to befundamentalin thediscalgebraprovideda verymild condition
on thechoiceof polesis satisfied.It is alsoshown, thatby usingamin–maxcriterion,these
basesleadto robust estimatorsfor which errorboundsin differentnormscanbeexplicitly
quantified.Thekey ideafacilitatingthis analysisis to re–parameterisethemodelstructures
into new oneswith equivalentfixedpoles,but for which thebasisfunctionsareorthonormal
in ��� .
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1 Intr oduction

In connectionwith the estimationof dynamicmodelson the basisof observed input–output
measurements,many approacheshavearisenthatarepredicatedonastochasticmodelfor distur-
bancesanda viewpoint thaterrorsarebestrepresentedasaveragesover ensemblesof possible
noiserealisations[38, 59, 11]. Complementaryto this is a morerecentschoolof thoughtthat
disturbances,andalsoestimationerrors,maybecharacterisedaccordingto adeterministicmodel
underwhich theworst–caseamplitudeis quantified[42, 44].

Therearesignificantadvantagesto this latterapproach,which is colloquially known as‘ro-
bustidentification’.For example,errorsdueto non–linearitiesareeasilyaccommodated,andthe�
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RATIONAL BASISFUNCTIONSFORROBUST ESTIMATION 2

resultantmodelsanderrorboundsareof a form suitablefor subsequentrobust control design.
The formalismof the robust identificationschoolof thoughtis thatdiscretetime linearmodels
with impulseresponsesequences�	��

� arerepresentedvia anassociatedpowerseries� ������� �� � �
� �	��

���

�
which is the morecommondiscretetime transferfunction evaluatedat ����� . The stability of
the systemmay thenbe characterisedaccordingto

� ����� beinganalyticon the openunit disc� �  !�#"%$ &(' �)'+* ��, or, if the degreeof stability is at issue,analytic on an opendisc�.- �/ !�0"1$2&3' �)'4*657, of radius 5 . Whenderiving estimationerrorbounds,the spacein
which thetruesystemlies mustbecharacterised,andwith analyticityon

�
in hand,this leaves

the behavior of
� ����� on the boundary8 �  !�9":$ &;'<�	'=� ��, to be specified. If

� ����� is
deemedto becontinuouson 8 , thenit is morecompactlydescribedasbeinganelementof the
discalgebra>?� � � while if

� ����� is not necessarilycontinuouson 8 , but if ' � �����@' A is integrable
on 8 then

� ����� may be succinctlydescribedasbeingan elementof the Hardy spaceB A ��87� .
Finally, thereis the possibility that onemay wish to avoid frequency domaincharacterisations
of
� ���C� altogether, andinsteadcharacterisethesystemto beidentifiedaccordingto thespaceD A

thattheimpulseresponse ��)��

�E, livesin. Commonchoiceshereare D�F in which G � ' �)��

��'C*9H
and D � in which I�JLK � ' �	��
L��'M*9H .

Typically, in theserobust identificationcontexts, FIR modelstructuresareemployed. Re-
centlyhowever, in aneffort to decreasetheundermodellinginducedcomponentof theestimation
error, modelstructuresallowing for theencodingof prior knowledgeof polepositionshavebeen
introduced.For example,in [39, 65], it hasbeenproposedthatin trying to robustlyestimatethe
dynamics

� ����� , amodelstructureof theformN� ���PORQC�S�UTWV F� � �
� Q �YXZ� ����� (1)

beemployedwherethefunctions  XZ� ���C�E, aretheso–called‘Laguerre’basisfunctionsspecified
as XZ� �����\[^] �3_0` ��a_b`c� d �e_b`�a_b`c�gf

�
Oh
i�9jLOk�COYl@l@l (2)

for somefixed ` with _e�m*n`o*p� . By choosing̀ accordingto prior knowledgeof therelative
stability of

� ����� , the undermodellingerror canbereducedin comparisonto the useof anFIR
modelstructure[39, 63], which is a specialcaseof theLaguerrestructurewhen `;�#j .

In thecaseof systems
� ���C� for which prior knowledgeof a resonantmodeexists,thenit is

moreappropriateto employ the so–calledtwo–parameterKautz basisdefinedasfollows [64].
Let q �������:r � �4sut � s �� � svt � s r
where t and r arefixedrealnumberssatisfying tE� _xwC` r *yj and

q
hasno polesin theclosed

unit disk. Let z � �����a�{� , zSF|�����}�6���P��� � svt � s r � and z � �����a�p���P��� � s~t � s r � . Let z � �����}�
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��^� . ThenKautz modelsareobtainedby orthonormalizingz � O�zSF and z � .
LaguerreandKautzmodelsarespecialcasesof generalorthonormalbases[34] wherethepoles
areagainrestrictedto afinite set.More recentlyin [66, 67], the‘rationalwavelet’ basisX4� �����\[ ��3_ �+� O��1"�� (3)

hasbeensuggested,where� is asetof discretepointsin
�

and l denotescomplex conjugation.
Denotingthelinearspanof theset  X � O X F�OYl@l@l|O X T!V FR, as � T � sp XZ� , , thewaveletbasisenjoys
theadvantageof generalisingtheFIR, Laguerre,two–parameterKautz,andgeneralorthonormal
basesin the sensethat the points in � may trivially be chosenso that sp X4��� � "���,��� T . Furthermore,by exploiting the greatfreedomin the choiceof points in � , the wavelet
basiswould seemto have muchgreaterutility in that it allows theinjectionof muchmoreprior
knowledgeof thesystem

� ����� . Intuitively, this shouldleadto smallerundermodellinginduced
errorwhenemployedfor thepurposesof systemidentification[67].

In the context of robust estimation,perhapsa more importantquestionis that of whether
sp X4��� �{"h��, canarbitrarily well approximateany givenelement

� ����� in thespacein ques-
tion,beit >?� � � , B A ��8?� or D A . In thesequel,wewill referto thispropertyby theformaldefinition
of a set > beingfundamentalin a space� if theclosureof > underthenormon � is equalto� .

In [67], it wasshown that a sufficient conditionfor sp X4��� �/"1��, to be fundamentalin>?� � � wasthat � bea dyadicallyspacedlatticeof theform:� �{��� Ak� � &C� Ak� � �U���a_u� V A ���R� ���
�R� ��� O	
i�#jLOkl@l@l�OE� A _�� �C� �#jLOk��Okl@l@l��3� (4)

Thedyadicallyspacedlatticeabovesatisfiestheso-called‘Hayman-Lyonscondition’considered
in [32]. Many other latticesalso satisfy this condition and in the constructionof a wavelet
basis,kernelsdifferentto theCauchykernel(3) yet still parameterizedby a latticesatisfyingthe
Hayman-Lyonsconditioncanalsobeemployed. TheCauchykernelwasusedin [67] dueto its
simplicity. As well, in [67] the reasoningbehindchoosinga dyadicallyspacedlattice wasto
provideapproximationof systemswith polesnearthecircle moreefficiently than(for example)
by polynomials.

Oneof themainresultsof thispaperis toshow thatin factanecessaryandsufficientcondition
for sp X4��� �1"���, to befundamentalin >?� � � andin B A ��8?� for all

�.� � is thatwith � written
as � �U @� � O �WF�O � � OYl@l@l¡, �� � �
� ���a_n' � � '<���1H9� (5)

Thecondition(5) is clearlymuchmilder than(4). In ¢ 5, we derive severalsufficient conditions
for sp X4��� �1"���, to befundamentalin D�F .

Thekey tool in deriving theseresultsis to re–parameterisethespacesp X4��� �1"���, as� T � sp £ ��a_ � � � � 
m�njLOk��OE�=l@l@l�O ¤¥_��
¦� sp  XZ� ����� � 
(�#jPOk�COE�POYl@l@l|O�¤¥_x��,
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wherethe functions  XZ� �����E, , which have beenconsideredin detail in [45, 46], aredefinedby
X � ���C�§[�¨ �a_n' � � ' � �L���3_ � � ��� andXZ� �����=[ ¨ �3_©' � � ' ��a_ � � �

�
V Fª« �
� �¬_�� «�a_ � « � Ob
i�­�COE�POkl@l@l (6)

They areorthonormalin B � ��87� with respectto theinner–product® X T O
X «a¯ � ��!°²± �V �

X
T ���R�´³L�

X « ��� �´³ �LµP¶h�6£ � ��· �#¤j ��·2¸�#¤�� (7)

Thefunctionsin (6) arein factobtainedby applyingtheGram–Schmidtprocedureto therational
wavelet functions(3) with respectto the innerproduct(7). Theafore–mentionedLaguerreand
two–parameterKautzbasesarespecialcasesof (6) whereall the  @� � , arechosento bethesame
andreal (Laguerre)or complex (Kautz). Formulationsof orthonormalbaseswith generalpole
locationsotherthan(6) arepossible;seefor example[34] and[17] whereastate–spaceapproach
is takenand[9, 8, 58,57, 61].

Sincethelinearspaces� T spannedby thetwo setsareidentical,theapproximationproperties
of � T with respectto >7� � ��ORB A ��8?��O�D A areidenticalandany robustestimatesobtainedwill be
identical. However, by exploiting the orthonormalityproperty(7) the provision of analytical
expressionsfor approximationerror is greatlyfacilitated. This resonateswith the earlierwork
in a stochasticsetting,whereit hasalsobeenarguedthat themainutility of orthonormalmodel
structuresfor systemidentificationis not asan implementationaltool (sincesimplerstructures
spanthesamespace� T andhenceprovide identicalestimates),but asananalysistool [45, 46].

Having studiedthesebasicapproximationproperties,robust estimationusingthe minimax
schemeproposedby [40] and[51, 53] is investigated.Conditionsfor robust convergence,and
explicit quantificationof estimationerrorarederivedfor eachof thespaces>?� � �EORB A ��87� and D�F
andfor bothfrequency–domainandtime–domainmeasurements.As well, analysisof estimation
usingmixedparametric/non–parametricmodelstructuresis providedandimplicationsfor model
reductionarediscussedtogetherwith a brief studyof how the resultsmay be extendedto the
multi–variablesetting.Finally, anexampleis givento illustratetheapplicationof theminimax
algorithm.

In thesequel,thenotation¹ � �pºi��» � � as 
½¼ H will mean¹ � �!» � remainsbounded.Also,
thenotation ¾�l�¾R¿ will denotethenormonthespace� , with theunderstandingthat ¾�l�¾ A means
theusualÀ A or D A normasappropriate.

2 ProblemFormulation

This paperconsidersthe problemof identifying an underlyinglinear time–invariant, single–
input/single–output,discrete-timesystemwith impulseresponse ��	��

�R, . It is assumedthat this
systemis D � bounded–input/bounded–
outputstableandrealsothattheassociatedpowerseriesrepresentation

� �����\� G �� �
� �)��

��� � "



RATIONAL BASISFUNCTIONSFORROBUST ESTIMATION 5B � . In particular, if thesystemis D � bounded–input/
bounded–outputstable,then �Á"oD�F and

� ����� is continuouson 8 sothatin fact
� �����="²>7� � � .

Theidentificationof
� ����� is performedon thebasisof theobservedandpossiblynoisecor-

ruptedinput–outputbehavior of thesystem,whichhear-afteris referredto simplyas
� ����� . If the

observedbehavior of
� ����� is in thefrequency domain,thenit is assumedthat themeasurement

set–upis asfollows Â � � � ���R��³!Ã�� suÄ �W� 
i�njPOkl@l@l|O�Å (8)

where
Â �

is the observed frequency responseat the 
 ’ th, not necessarilyuniformly spaced
frequency ¶ � and Ä � is a corruptionto the true frequency response

� ��� ��³!Ã � . This corruptionÄ �U Ä � O Ä F�Okl@l@lÆ, is assumedto beboundedas ¾ Ä ¾ �­ÇÉÈ .
Therobustidentificationobjectiveis to produce,on thebasisof theobservedresponse Â � , ,

anapproximatemodel
N��Ê "½Ë for

�
in suchaway thatthefollowing conditionis satisfied:Ì�ÍÏÎÐLÑÓÒÔÖÕ � I�J
K×ÙØ|× Ò=Ú Ô ¾ N��Ê _ � ¾ � �njLO for all

� "½Ë¥� (9)

In thetime-domainproblemformulation,thegiveninput–outputdata �Û���Ü��EO�¹Ý�ÞÜ��E, Ê V Fß �
� of thesystemis assumedto satisfythemeasurementset–up¹)��Ü��Z�����+àxÛ suÄ �|�ÞÜ��S� �� � �
� �)��

��Û��ÞÜ�_u
L� suÄ ��Ü���O (10)

wherethe input signal Û���Ü�� is boundedas ¾EÛ�¾ �áÇ � (with Û���Ü��¥�2j for Üo*âj ) and ¹Ý�ÞÜ�� is
the measuredoutputcorruptedby a boundeddisturbance¾ Ä ¾ �áÇâÈ . In this case,the robust
estimationobjective is to againsatisfy(9) or the following conditionunderthe constraintthat N � Ê ��

�E,�"oD�F Ì�Í�ÎÐLÑÓÒÔÙÕ � I�J
K×ÙØ|× Ò§Ú Ô ¾ N � Ê _b�ã¾kF4�nj for all �i"oD�F�� (11)

An identificationalgorithmthatsatisfieseitheroneof theabove propertiesis calledconvergent
androbustly convergent if it doesnot rely on a–priori informationaboutthe unknown system
andnoise.We will call Ä noisealthoughit maybepresentdueto nonlinearities,time variations
etc.

3 Identification Algorithms

Theidentificationalgorithmsstudiedin thispaperarea resultof thework of Partington[51, 53]
andMäkilä [40] who have deriveda generalframework to solve robustestimationproblemsof
theform justposed.In their framework,giventhelinearmodelstructure(1) andlinearsubspaces� � � sp X � OYl@l@lYO XZ� V F�, , thenfor frequency domainmeasurementstherobustestimate

�eÊ ����� is
foundasthesolutionof theminimaxproblemN��Ê ���C�§[#ä!å�æ ÎiÍÏçè�é ¿gê Î ä!ë� Ú � Ú Ê '<B����R��³!Ã���_ Â � 'Æ� (12)
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A sufficient conditionon themodelstructure� T andthedensenessof thefrequency evaluation
points  k¶ � , suchthat (12) resultsin a robustestimatorsatisfying(9) is that thereexistsa fixedì *n� suchthatfor each¤ Î ä!ë� Ú � Ú Ê ' � ��� ��³ Ã��@' � ì ¾ � ¾ � for all

� "½� T � (13)

In thecaseof time–domaindata,thealgorithm(12) takesthefollowing (similar) formN � Ê [#äWå�æ ÎiÍÏçí é ¿Ýê Î ä!ë� Ú ß Ú Ê V F 'î���+àxÛ)�|�ÞÜ���_b¹)��Ü���' (14)

where
N � Ê denotestheimpulseresponseof theidentifiedmodelanda sufficient conditionon the

modelstructure� T andtheinput Û suchthat(14) resultsin a robustestimatorsatisfying(11) is
thatthereexistsafixed

ì *©� suchthatfor each¤Î ä!ë� Ú ß Ú Ê V F 'î���ïàxÛ)�|�ÞÜ���'
� ì ¾ � ¾ � � or ¾E�Ó¾kF�� for all

� � or �P�u"½� T � (15)

Furthermore,for thealgorithmsdefinedby (12) and(13) providedthat theconditions(13) and
(15) hold respectively, thenit is possibleto specifyexplicit errorboundson theestimationerror
as[51, 67] ¾ � _ N��Ê ¾ � Ç d �ì s � f²ð � � O � T

� >?� � � � s �ì È (16)¾E�e_ N � Ê ¾kF Ç d �ì s � f²ð ���ñO � T
� D�F�� s � ì È (17)

whereð ��ò	O � T
� �ó� definedas ð ��òñO � T

� �ó�\[ Í�ç
ôõ é ¿gê ¾|ö(_hòS¾R¿ (18)

representstheerror in approximatingò by somefunction from themodelset � T . It shouldbe
notedthatgiventherichnessof therobustestimationliterature,many otherestimationapproaches
arepossibleotherthan(12) or (14). For example,concentratingon frequency domaindata,if
theevaluationpoints  k¶ � , areuniformly spaced,thena classof two–stagenon–linearmethods
areavailable[33, 26, 27] for which worst-caseerrorboundsarecomparableto (16). However,
thesesub-optimalitypropertiesarecruciallydependentontheuniformfrequency spacing.If this
uniformity requirementis dropped,theerrordueto undermodellingwill decreasepolynomially
in modelorder ¤ [4, 50], whereasusing(12),thebound(16)showsthattheundermodellingerror
will decreaseaccordingto ð � � O � T O�>?� � ��� which,aswe shallshow, decreasesexponentiallyin¤ for exponentiallystablediscrete-timesystems,andhenceata ratemuchfasterthantwo–stage
schemes.

Given thesemotivations,the formulation(12) or (14) reducesthe worst-caseidentification
problemto a choiceof fundamentalmodelsets� T . Sincetheerrordependsupon ð � � O�� T

� �ó� ,
thenit is desirableto choose(via prior knowledgeof

� ���C� ) basisfunctions  XZ� �����E, suchthatthe
distanceð � � O � T

� ��� from
� ����� to � T � sp X � Okl@l@l�O X TWV FE, is assmallaspossible.
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For example,if frequency responsedataindicateseverallightly dampedmodes,thento speed
uptheconvergencerateof ð � � O � T

� Ë(� to zero,somepolesin thebasisfunctions  XZ� �����E, could
be moved toward the boundaryof

�
with approximatelythe sameargumentsas the resonant

frequency of themodes.
However, onceonehaschosenafundamentalmodelset  @� T , for � , it is necessaryto check

thatit is compatiblewith themeasurementset–upin thatthesufficientconditions(13)or (15)for
robustconvergencearesatisfied.Typically (for example,for frequency domainmeasurements)
thiswill resultin theconclusionthatfor agivennumberÅ of data,thendependingonthechoice
of modelstructure� T , thereis amaximummodelorder ¤���Å²� suchthat(13) is satisfied.This is
reminiscentof thewell known bias/varianceconstraintonmodelorderthatexistsin astochastic
settingfor systemidentification[38].

The link between¤ and Å for FIR modelsis provided by Bernstein’s inequality [69] and
for rationalmodels,it canbe derived by meansof a sharpinequalitydueto [10]. In the time
domain,thedependencebetween¤ and Å is referredto asthesamplecomplexity [55]. In ¢ 6,7
we will addressthequestionof how ¤ and Å arerelatedfor variousscenarios,but to begin with
we addressthemorerudimentaryquestionof whetherthemodelstructures� T arefundamental
in thevariousspaces>?� � ��ORB A ��8?� and D�F of interest.

4 FundamentalModel Setsin ÷ùø@úüû
In this section,we establishthat theorthonormalbasis(6) is a fundamentalsetfor >?� � � if and
only if it satisfiesthecondition ��

T �
� ���a_©' � T '<�Z�­H9� (19)

It is known [18, 45] that the basis(6) is fundamentalin B � ��87� underthe samenecessaryand
sufficient condition,andin this sectionwe show that this maybeextendedto all B A ��8?� spaces
for � Ç � *üH . In deriving theseresults,a key tool is the following Lemma4.1 which is
presentedin termsof finite Blaschkeproductsdefinedbyý T �����\[{TWV Fª« �
� �¬_0� «�a_ � « � � (20)

Lemma 4.1. (Christoffel-DarbouxIdentity)Let  X T , TWþ � beasin (6). Thenfor all �LO q "²ÿT!V F� � �
� XZ� � q � XZ� ���C�S� �3_ ý T � q � ý T ���C��a_ q � � (21)

Proof. See[46].

A key consequenceof thisresultis thatit facilitatesasimpleintegralformulationof ð � � O � T
� >?� � � �

asfollows.
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Lemma 4.2. Let
� " >?� � � and

XZ� ����� beasin (6). Let
N� T betheprojectionN� T � q �S[ T!V F� � �
� ® � O

XZ� ¯ XZ� � q �EO q " � � (22)

Then � � q ��_ N� T � q �4� ý T � q ��!° � ��� � ������¬_ q ý T �����Lµ �L� (23)

Proof. Since
� " BÁF , it canbe representedby the Cauchyintegral of its boundaryfunction� ��� ��� � [56, Theorem17.11]as� � q �Z� ��!° � ��� � ������¬_ q µ �LO q " � �

ThenusingLemma4.1N� T � q �â� T!V F� � �
� XZ� � q � ���° � � � � ����� XZ� ����� µ �� O� ��!° � ��� � ������e_ q
	 �}_ ý T � q � ý T ���C���(µ �LO� � � q ��_ ý T � q ��!° � � � � ������¬_ q ý T �����Lµ �P�
In orderto usethisresultto provide À � errorbounds,it is necessaryto deriveanupperbound

on ' ý T ������' .Lemma 4.3. Let ý T beasin (20). Thenfor each �i" �' ý T ������' Ç�
 ëcK���_ �� ���a_n'<�)'<� TWV F� � �
� ���a_n' � � ' ���~� (24)

Proof. Let �?����� ��� and � T �©5 � �´³ ê denotepolardecompositionsof � and � T . Put zv�©Q _0¶ T .Thenasimplealgebraicmanipulationyields���� �¬_�� T�a_ � T �
���� � � ���� ��� ��� _h5�a_���5x� ��� ���� � O� �3_ ���}_�� � �����a_h5 � �� s � � 5 � _u���W5����CI z OÇ �3_É���}_��C�����}_h5¬� ��� s ���|��� s 5¬���� s ��5¬� � OÇ �3_É���}_��C�����}_h5¬�EOÇ 
 ëcK?��_7���a_��C�����}_h5¬� � (25)

wherethelast inequalityfollows from thefactthat � V�� � �3_�» for all » . Considerationof (25)
and(20)completetheproof.
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Useof theseresultsallows the calculationof the À � –normdistanceð � � O � T
� >?� � ��� from

thespace� T � sp X � Okl@l@lYO X TWV FR, to anarbitrary
� ����� with relativestabilitysuchthatthepower

series
� ����� is convergentonthedisc

�.-
for some5p�#� in whichcasewewrite

� " >7� �.- O ���
if ' � �����@' is boundedby � *9H in

�o-
.

Lemma 4.4. Let  @� T , TWþ � bethesetspannedby (6). Let
� "v>7� �.- O!��� and ð � � O � T

� �ó� be
asin (16). Then

ð � � O � T
� >?� � ��� Ç � 55É_�� 
 ëcK���_ 5#_���W5 T!V F� � �
� ���a_n' � � '<��� (26)

Proof. Since ð � � O � T
� >7� � � � Ç ¾ � _uBv¾ � for all B " sp  XZ� , TWV F� �
� , we canuse

N� T in (22) to
over-boundð � � O � T

� >?� � � � . Lemma4.2providesthefollowing expressionfor
� _ N� T� � q ��_ N� T � q �Z� ý T � q ��!° � ��� � ��������e_ q � ý T ����� µ �LO

q " � �
Theintegrandabove is meromorphicin

�.-
. Thusthecontourintegralson 8 and ��5n_ È ��8 are

equalby theresiduetheorem[56, Theorem10.42]if 5h_ È � � sinceeachpoleis encircledonce
by 8 and ��5É_ È ��8 . Therefore' � � q ��_ N� T � q ��'n� ���� ý T � q ��!° � �#" - V Ô%$ � � ��������¬_ q � ý T ����� µ �

���� OÇ � 55É_~�a_ È I�J
K& '(& � - V Ô 'Æ��� ý T �����@'� � 55É_~�a_ È I�J
K& '(& � F � " - V Ô%$ ' ý T ���C��'Æ� (27)

Let È ¼ j . Then ¾ � _ N� T ¾ �­Ç � 559_x� I�J
K& '(& � -*),+ ' ý T ������' �
Useof Lemma4.3now completestheproof.

Theremainderof thissectionis devotedto examiningthequestionof whetheror notsp XZ� ,
is fundamentalin certainspaces.Key to this analysisis thatvia a well known applicationof the
Hahn–Banachtheorem,it is possibleto establish(see,for example,Theorem11.1.7of [15]) that
a set >�-�� is fundamentalin � if andonly if any boundedlinear functionalvanishingon >
alsovanisheson � . This will beusedfirstly to examinethecaseof �â�9>?� � � , andin this case
it is alsousefulto know that a specialcaseof the  XZ� , consideredhere,namelythe Laguerre
basis,is fundamentalin >?� � � . A proofof this factis asfollows.

Lemma 4.5. TheLaguerrebasis(2) (which is (6) with � � �É`/.g
 is fundamentalin >7� � � for all_e��*v` *©� .
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Proof. Let �#�9z10�������� �¬_b`�a_b`P� �
Since z10 is a bilinearmap,it sufficesto show thattheclosedlinearspanof theset  XZ�32 z V F0 ,
(here

2
denotescompositionof functions ��ò 2 �P�|�����ï�{ò����)����� � ) denotedby 4 equalsto >?� � � .

A simplecalculationyieldsXZ�52 z V F0 ��� �Z� � s `M�] �3_0` � �
� Ob
i�9jLOk�COkl@l@l�� (28)

Thus 46-U>?� � � . Thereverseinclusionfollows from thewell known fact thatpolynomialsare
densein >7� � � [56, Theorem20.5]andany 7�"²>7� � � canbewrittenas 71����� s `c�+��B whereB���� �4��7(���+� �L��� s `M� � since ��� s `c�+� V F "²>7� � � whenever ' `ã'M*©� .

CombiningthepreviousLemmatawith theseobservations,thenprovidesthemainresultof
this sectioncharacterisingthefundamental–nessof theorthonormalbases(6) in >?� � � in terms
of thechosenpolepositions M��� � � , .
Theorem 4.6. Theorthonormalset in (6) is fundamentalin >?� � � if and only if G �� �
� ���;_' � � '<�Z�­H .

Proof. Supposefirst that G ���?_:' � � ' � �áH . Let 8 be the setspannedby the setof all La-
guerrefunctionsdefinedin (2) for the caseof `ó� ���C� . Sinceit hasjust beenestablishedthat
the Laguerrebasisis fundamentalin >7� � � , thentheset 8 is supremumnorm densein >?� � � .
Notice(usingthenotationdefinedjust beforeLemma4.4) that 89-U>7� � � O ] : � . Thereforethe
set >?� � � O ] : � is densein >7� � � . But by Lemma4.4 it alsoholdsthat the set >?� � � O ] : �;-
sp  XZ� , � þ � . Therefore XZ� , � þ � is fundamentalin >?� � � .

Converselyassumethat G ��� _�' � � '<�?*:H . Thenthefinite Blaschke productsin (20) con-
vergesuniformly on

�
to a function ý �����ï" B � which haszerospreciselyat thepoints � � [56,

Theorem15.21].In thiscase,thelinearfunctional 7 definedon >?� � � by7(��öñ��� ��!° � � � öÓ����� ý ����� µ �� � (29)

is clearlynontrivial andalsobounded.However, by Cauchy’s Integral Theoremit alsovanishes
for any

XZ�
of theform (6). Thereforethespanof thesp XZ� , definedby (6) is not fundamental

in >?� � � .
TheLemmatamayalsobecombinedtocharacterisethefundamental–nessof theorthonormal

bases(6) in B A ��87� for � Ç � *ÉH in termsof thechosenpolepositions M��� � � , .
Corollary 4.7. Theorthonormalsetin (6) is fundamentalin B A ��8?� for all � Ç � *{H if and
only if G �� �
� ���a_©' � � '<�Z�­H .
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Proof. If G ���¬_y' � � ' �m*%H , thenthe nontrivial boundedlinear functional 7 definedby (29)
extendsto a boundedlinearfunctionalon B A ��87� for all

� � � andhence(6) is not fundamental
in B A ��8?� . The sufficiency follows from the factsthat the setof polynomialsin � is denseinB A ��87� for all ju* � */H [19, Theorem3.3] and B � norm dominatesall B A ��8?� normsfor
� �~j .
The setsp XZ� , definedvia (6) is a minimal spanningset in B � ��8?� sinceits elementsareor-
thonormalandremoval of any elementfrom thesetdiminishesthespan.

Theorem4.6 andCorollary4.7 canalsobeobtaineddirectly from the resultsin [1, ¢ A.2].
Nevertheless,our resultsareself containedandfurtherresultsin thesubsequentsectionswill be
basedon the explicit errorboundsthat werederived in this section. Theorem4.6 alsohasthe
following corollary.

Corollary 4.8. Considertherationalwaveletbasis

X4� O ��" � in (3) where � is an arbitrary
subsetof

�
. Then

X4� Oñ�1"�� is a fundamentalin >?� � � if andonly if G � é=< ���3_#' �i'<�Z�1H .

Proof. Without lossof generality, assumethat � is countableandlet  @� T , denoteanenumera-
tion of � . Now constructanorthonormalbasefrom � asin (6). Thenclearlysp  X4� , � é>< �
sp  X T , TWþ � . Directapplicationof Theorem4.6thenprovidestheresult.

The lattice � maybemodifiedsoasto containanelement� a finite or infinite numberof
timesif eachrepeated� canbeassociateduniquelywith abasisfunctionin theform ���4_ �+��� V

�
for someinteger 
 �1� . Thebaseconstructedin this mannerdoesnot containpolynomialsin its
linearspan.Thisdeficiency canberemediedby adjoiningpolynomialsinto thebase.In contrast
to the basisconstructionpresentedhere,hybrid models,i.e., modelscontainingboth rationals
andpolynomials,aregeneratedin [66] by theHardy-Sobolev normonsmoothsubsetsof >7� � � .
5 FundamentalModel Setsin ? �
Having consideredfundamentalmodelsetsapplicablefor robustestimationfrom frequency do-
maindata,we now turn to theproblemof estimationfrom time domaindata. In this scenario,
it is morenaturalto specifyfundamentalmodelsetsaccordingto thetime domainpropertiesof
theirelements,in whichcasethemostcommonchoiceis to considerthespaceof systemswhose
impulseresponseslie in D�F ; seefor example[42] for areview, resultsandfurtherreferences.One
reasonfor thechoiceof spacebeing D�F is theappealof providing modelssuitablefor subsequentD�F controllerdesign[62, 13].

In light of thesemotivations,we turn to theissueof formulatingrationalmodelsetsthatare
fundamentalin D!F . In the sequelwe will investigatetheir usein robust estimationfrom time
domaindata.As in theprevioussection,a key tool will beto employ theorthonormalset  XZ� ,
definedvia (6).

Theorem 5.1. Theorthonormalsetin (6) is fundamentalin D�F ifÌ �Cæ « V F� � �
� ��a_©' � � ' * �� « V F� � �
� ���a_©' � � '<��� (30)
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Proof. Let �u�  �� � ,h"1D�F and È � j . Truncate  �� � , at the 
~�/¤ ’ th term to provide � T � �� � Okl@l@l�O�� T!V FR, where ¤ is chosensuchthat ¾E� _#� T ¾kFo� G �� � T ' �	��

�@'3* È . Let
N� « be the

estimateof
� F������3� G TWV F� �
� �	��

���

�
asin (22) andlet z denotetheimpulseresponseof

N� « . By
Hardy’s inequality[19, Theorem3.15],webound ¾E� T _bz¬¾kF asfollows¾E� T _bz¬¾kF Ç ' � T ��j���_bz ��j��@' s ��!°²± ���� ��� �A@ F ���R���E��_ N�B@« ���R���E� ��� µ
QP� (31)

Since
� F§"²>7� �.- O�I�J
K & '(& Ú - ' � F�������'<� for all 5­�©� , wehave from theproofof Lemma4.4' � T ��j���_bzï��j���' Ç ¾ � F�_ N� « ¾ �Ç I�J
K& '(& Ú - ' � F|������' 55#_~� 
 ëcK � _ 5#_~���5 T!V F� � �
� ���}_©' �)' � � � � (32)

As in theproofof Lemma4.4,wehave thefollowing expressionfor
� F�_ N� « for all 5U�©�� FE��� ��� ��_ N� « ��� ��� �Z� ý « ��� ��� ���° � � - � � F|��������¬_h� ��� � ý « ����� µ
�L� (33)

Hencetheintegrandin (31) is calculatedfrom (33)asµµ Q 	 � F���� ��� ��_ N� « ��� ��� ��� � � ��� ý @« ��� ��� ��!° � - � � F|��������¬_h� ��� � ý « ����� µ
�s �R��� ý « ��� ��� ��!° � - � � FE��������¬_h� ��� � � ý « ����� µ
�L� (34)

We first bound ý @« ���C�²[üµ ý « �Wµ � . Write ý « ����� as ý « �����.�á�DC ýFE ����� where G denotesthe
multiplicity of azeroat j . Without lossof generality, assume� � �9j for H Ç 
 * · . Thený @« �����S�IG�� C V F ýFE ����� s � C E V F� � �
� ���3_#' � � ' � � ýFE ��������a_ � � ���|���e_�� � � �
Hence ¾ ý @« ¾ �UÇ G s E V F� � �
� � s ' � � '�3_#' � � ' � « V F� � �
� � s ' �

� '�a_©' � � ' (35)

Weboundthefirst integral in (34) from Lemma4.3as���� ��!° � - � � FE��������¬_b� ��� � ý « ����� µ � ���� Ç 55É_~� I�J
K& '(& � - ' � F����C��'bI�J
K& '(& � -J)K+ ' ý « ���C��'
Ç 559_�� I�J
K& '(& � - ' � F����C��' 
 ëcKL��_ 59_~���5 « V F� � �
� ���a_©' � � ' ���~�
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Thesecondintegral in (34)canbeboundedin asimilar fashion.Therefore¾E�e_bz¬¾kF Ç È s 55É_�� I�J
K& '(& � - ' � FE�����@' 
 ëcK � _ 5É_����5 « V F� � �
� ���a_n' � � ' � �MON « V F� � �
� � s ' �
� '�a_n' � � ' s 559_���P � (36)

Theright handsideof (36) tendsto È as

· ¼ H for fixed ¤ andasufficiently large 5p�#� under
thehypothesisof thetheorem.

Corollary 5.2. Theorthonormalsetin (6) is fundamentalin D�F if ' � � '	�^�+_~ºi��
 V C�� for somej;*�G�*©� .
Proof. For someconstantQ FEO Q � , theleft handsideof (30) is boundedasÌ �Cæ « V F� � �
� ��a_n' � � ' � Ì �Cæ « V F� � �
� Q F

 C Ç Ì �CæRQ F · � · _����� Ç Q � Ì �Cæ · �
Thetermon theright handsideof (30) is calculatedas« V F� � �
� ���a_n' � � '<��� « V F� � �
� QTS)
 V C ��QVU · F V C
for someconstantsQTSkO!QVU . Hencetheresult.

Thusa base XZ� , canbefundamentalin D�F without requiringthesetof points  @� � , have an
accumulationpoint in

�
. Whentheset  @� � , hasanaccumulationpoint in

�
, theconclusionof

Theorem5.1 easilyfollows from [66, Theorem2], sincein this casethe setof basisfunctions XZ� , will beafundamentalsetin the(Hardy-Sobolev) B � � F norm,whichdominatesthe D!F norm.
Corollary5.2providesa rathertight criterion. For example,if � � �:�ï_vºÁ�����C
Ý� Ì �Cæ�
L��WR� for

some
ì �n� , thenfrom Theorem4.6thebase XZ� , will notevenbefundamentalin >7� � � .

Thefollowing resultwill berequiredin a latersection.

Corollary 5.3. Let  @� T , TWþ � bethemodelsetspannedby theorthonormalsetin (6), where the
chosenpoleslie in thecomplementof

�5X
for somefixed �;�n� . Let � denotetheimpulseresponse

of a transferfunction
� "²>?� �o- O!��� and ð ���ñO � T

� D!F�� beasin (7). Thenð ���	O�� T
� D�F�� Ç � 55É_�� d � s ��+_�� ¤ s 55#_~�
f � V

" - V F $ " X V F $ T � � -�X �
Proof. In theproof of Theorem5.1,set

� F+� �
andreplace5 8 by ��5­_ ì ��8 for sufficiently

small
ì ��j and � by � V F . Thenafterthesechangesandletting

ì ¼ j , weobtain¾E�e_bze¾kF Ç � 55É_�� d � s ��ï_�� ¤ s 55É_��
f � V
" - V F $ " X V F $ T � � -�X (37)

where z is the impulseresponseof
N� T in (22). The inequalityabove is an upperboundforð ���ñO � T

� D�F�� .
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6 Robust identification in ÷ùø@úüû fr omfr equencyresponsemea-
surements

In this section,we presenta solutionto thefirst problemformulatedin ¢ 2; namelythatof iden-
tification from frequency domaindata. The modelsetsareassumedto be completein >?� � �
but arbitrary. The frequency responsedatais not requiredto be uniformly spaced.This prob-
lem for theequallyspacedcasehasbeenwell studiedanda rangeof robustly convergentalgo-
rithms areavailablein the literature[33, 48, 26, 27]. The non–uniformlyspacedcaseis more
difficult to handleandseveral robustly convergent[4, 50, 2] andsometunedconvergentalgo-
rithms[12, 28,25] have beenproposedin theliterature.Thecommonfeatureof thealgorithms
[33, 48, 26,27, 4, 50, 2, 12, 28, 25] is that the identifiedmodelis chosenfrom thesetof finite-
impulseresponsesystems.

As we pointedout in ¢ 3, given fundamentalmodelsets  @� T , it is necessaryto derive the
relationship¤���Å½� (known asa samplingtheoremfor >7� � � ) suchthat the sufficient condition
(13) holdsfor robust convergenceof the scheme(12) to exist. In orderto derive this, assume
first (without lossof generality)that ¶ � �yj and ¶�F3�­° . We definethemaximumangulargap
betweenthefirst Å s � pointsbyìYÊ [ Î ä!ë� Ú � Ú Ê ÎiÍÏçY�Z� �� Ú Y Ú Ê ' ¶ � _0¶ Y ' (38)

andvia thiswecanderivetherelationship¤4��Å²� by thefollowing lemma.

Lemma 6.1. Let  XZ� , TWV F� �
� bea setof rational functionsanalyticin
�[X

for some�m�­� andlet

�
denotethenumberof polesof  XZ� , T!V F� �
� (includingpolesat H ). Let

ì|Ê
beasin (38). Then(13)

holdsfor some
ì *©� providedthat ìYÊ Ç � ���a_ ì �|�\�ï_����� �]� s ��� � (39)

To proveLemma6.1,weneedthefollowing lemmawhich is acorollaryof a resultin [10].

Lemma 6.2. Supposè
F ,...,̀ T are in thecomplementof
�5X

for some�;�n� . Then' ��^������@' Ç � s �� _�� · ¾E�ã¾ � Ob�i" � (40)

where �	�����Z�
_ « � � F ���e_ t � �_ T � � F ���e_�` � �
and

· �~¤ .

Proof. Split � as �	������� « VMT� � �
� r � �
� s ` �����_ T � � F ���e_b` � � �#�MFE����� s � � �����
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wherè ���C� is apolynomialof degreeatmost ¤¥_�� . Letö)F������\�É�MFE�����4_É���a_�G���� T!V « ��F|�����
where Gu" � and ö � �����\�©�)�����4_uö)F|����� . Then ö � is a properrationalfunctionwith

�
polesand

is analyticin
�5X

provided 'aGa'M*©����� . Thederivativeof ö � is boundedfrom [10] as'<ö @ � �����@' Ç � s ��+_�� � ¾|ö � ¾ � O��i" � � (41)

Thederivative ö ^ F ���C� is calculatedasö @ F �������cb �3_~���a_dG���� T�e � @F ����� s G¥��¤¥_ · �|���3_�G���� T!V « V F ��F����C���
Therefore,as G tendsto zero, ö)F and ö ^ F tendto zerouniformly on

�gf 8 . Letting G tendto zero
alsoin (41) thenprovides(40).

Proof. Proofof Lemma6.1: Suppose¾E�Ó¾ � is attainedat thepoint � � C . Now 'aG�_b¶ � ' Ç ìYÊ �C�
for some
 andsince �	���R�´³ Ã �Z� ± ³ ÃC � @ ���R����� � �R��� µ
Q s ¾E�ã¾ �
wehave ' �)���R��³!ÃE�@' � ¾E�Ó¾ � _ ± ³�ÃC ' � @ ���R������' µ Q � ¾E�Ó¾ � _n¾E� @ ¾ � ìYÊ �C�P� (42)

Thusfrom (42)and(40),wehave ' �)��� ��³!Ã �@' � ì ¾E�ã¾ � providedthat(39) is satisfied.

Corollary 6.3. Considertheorthonormalsetin (6). Let � T � Î ä!ë �ih T ' � � ' . Then(13) holdsfor
some

ì *©� providedthat ìYÊ Ç � �a_ ì¤ d �a_�� T� s � T f � (43)

Thusif frequenciesareuniformly spacedandthechosenpoleslie in thecomplementof
�5X

for somefixed � �U� , thecondition(13) is satisfiedprovided Å � �]� s ���´°ã¤ã�C�P���3_ ì �|�\� _9�@� .
This condition is weaker thanthe requirementfor the rationalwaveletsdevelopedin [67]. In
Theorem5 and Corollary 6 of [67], ¤ and Å satisfy the relations ¤ù� �|Akj F _ � and Å �
°�� � " Akj F $ �P���7_ ì � , where

�
is the lattice parameterin (4). Thusthe samplingtheoremfor the

radialbasisfunctionsanduniformly spaceddatacanbeexpressedas Å � °Z��¤ s ��� � �L���ï_ ì � .
Furthermore¤ modelpoleslie in thecomplementof theopendisk

� T j F � " TWV F $ since

�
in (4) is

relatedto � by theexpression�����¬�­�a_u� V A .Our resultsin thissectionaresummarisedin thefollowing theorem.

Theorem 6.4. Considertheorthonormalsetin (6). Suppose !� �´³!Ã , � þ � is densein 8 . Let
ìYÊ

be
as in (38).Thenthealgorithmgivenin (12) is robustlyconvergent if G �T �
� ���+_U' � T '<�+�ùH andìYÊ

satisfies(43) with � T � Î ä�ë �kh T ' � � ' . In particular for each fixed � �y� , an orthonormalset
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of rational functionswith polesin thecomplementof
�[X

canbechosensuch that thealgorithm
givenin (12) is robustlyconvergentifì|Ê Ç � �a_ ì¤ d �+_��� s � f (44)

or whenthefrequenciesareuniformlyspacedÅ � °g¤�L���3_ ì � d � s ��+_~� f � (45)

The inequality (16) providesa simple upperboundfor the identificationerror. However,
the distanceð � � O � T

� >?� � � � is difficult to evaluatein mostcasesbecauseit dependsnot only
on the systembut also the chosenmodel sets. In this section,we will simplify the analysis
andassumethat

� "6>7� �.- O!��� wherethe latter meaningof the latter notationwas defined
just beforeLemma4.4. Even with this simplification,it is still hardto calculateexact values
of ð � � O � T

� >?� � � � for arbitrarymodelsets.However, Lemma4.4 providesa usefulboundonð � � O � T
� >?� � ��� whichwhencombinedwith (16)providesthefollowing result.

Theorem 6.5. Considertheorthonormalsetin (6). Let � T � Î ä!ë �ih T ' � � ' . Suppose !� �´³!Ã , � þ � is
densein 8 . Let

ìYÊ
beasin (38). For each Å , choosean ¤ such that (43) is satisfied.Let

N� T be
theestimateof

� "²>?� �.- O!��� , 5p�#� by thealgorithmgivenin (12). Then¾ � _ N� T ¾ �UÇ d �ì s � f � 55É_�� 
 ëcK���_ 59_~���5 TWV F� � �
� ���}_©' � � ' ��� s � ì È � (46)

In particular for each fixed �b�â� , an orthonormalsetof rational functionswith polesin the
complementof

�5X
can be chosensuch that if

ì|Ê
satisfies(44) or Å satisfies(45) whenthe

frequenciesare uniformlyspaced,then¾ � _ N� T ¾ �UÇ d �ì s � f � 55#_x� � V
" - V F $ " X V F $ T � � -�X s �ì È � (47)

Theorem6.5 extendstheLaguerreandKautzresultsin [67] to arbitraryorthonormalbases.
Notice that theupperboundin (47) is minimizedfor � �^H . This conformswith the ¤ -width
result[54] thatpolynomialmodelsareoptimalfor theclass>?� �.- O!��� .
7 Robust identification in ÷ùøkú û fr om time-domain measure-

ments

In this section,we presentsolutionsto thesecondproblemformulatedin ¢ 2. Thecondition(15)
placessevererestrictionson thechoiceof inputs.Following theterminologyintroducedin [29],
we will call an input signal Û that satisfies(15) a

ì
-cover of � T . The lengthof the shortest

ì
-

coverof � T is saidto bethesamplingsizefor Û . Thesamplingsizesand
ì
-coversareknown for

polynomialsandcertaincompactsubsetsof >?� � � and D�F .
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In [14, 55, 30], thesamplingsizefor thesetof ¤ th orderpolynomialsdenotedby l T in theD�F -norm wasshown to be ºÁ�\H T � for some Hù"%���COE� e . On the otherhand,the samplingsize
for the samesetof polynomialsin the B � -norm is ºÁ��¤ � � [31]. In [40, 35, 31], examplesof
the

ì
-coversof polynomialmodelsfor the D�F and B � normsarepresented.The

ì
-coversfor

polynomialmodelscanbeusedin theconstructionof
ì
-coversfor compactrationalmodelsets

(with the samenorm). An exampleis the setof ¤ -th order, strictly propertransferfunctions
which areanalyticon

�5X
for somefixed �.� � , denotedby m ��¤�O � V F � . In [29], it is shown that

each jL� � s jL�on ì -cover of l « is alsoa
ì
-cover of m ��¤�O � V F � , where

·
canbechosento beany

integersatisfying · � wC¤p��+_�� Ì�ç d �WjD����a_ ì ���]� _����Wf � (48)

Example7.1. Let
� "qm � n,0.9� . Set

ì �©jL�sr . Then(48) reads

· � �Ww�j�¤ . Thuseach jL�ot -cover
of l � U �vu T is a jL�or -cover of m � n,0.9� . Suppose�â�nD�F andlet Û bea sequencethat containsonly
all possible

·
-tuplesof w7� . Set

· �n�WwCj�¤ . ThusÅ �©� « s · _o� and Û is a � -cover(andhencejL�xt -cover) of l « [40, 14, 55, 35]. Then Û yields ¾E�7à#ÛZ¾ � � jL�or	¾E�ã¾kF for all
� "�m+��¤�O�jL�oyC� ,

where � denotestheimpulseresponseof
�

.

Thefollowing lemmais immediate.

Lemma 7.2. Let  @� T , T!þ � be the modelsetspannedby the orthonormalset in (6), where the
chosenpoleslie in thecomplementof

�5X
for somefixed �m�­� . For each ¤ choosean integer

·
satisfying(48). Let Û bethe jP�Æ� s jL�on ì -cover of l « in � , where � denoteseither >?� � � or D�F ,
andlet Å bethelengthof Û . ThenÎ ä!ë� Ú ß Ú Ê V F 'î���+àvÛ)�|�ÞÜ���'

� ì ¾E�Ó¾R¿ for all �Á"½� T � (49)

Useof Lemma7.2 togetherwith Theorem5.1 provides the following robust convergence
resultfor >?� � � and D�F .
Theorem 7.3. Considertheorthonormalsetin (6),wherethechosenpoleslie in thecomplement
of
�5X

for somefixed �(�p� . Let � denoteeither D�F or >?� � � andlet theinputsfor thesystemin
(10)bechosenasin Lemma7.2.Thenthealgorithmgivenin (14) robustlyconvergesin � .

As in ¢ 6, from (16)–(17),Lemma4.4,Corollary5.3,andLemma7.2,weobtainthefollowing
worst-caseidentificationerrorboundsin the B � and D�F norms.

Theorem 7.4. Considertheorthonormalsetin (6),wherethechosenpoleslie in thecomplement
of
�5X

for somefixed �;�©� . Let theinputsfor thesystemin (10)bechosenasin Lemma7.2. LetN� T betheestimateof
� " >7� �.- O!��� , by thealgorithmgivenin (12). Then¾ � _ N� T ¾ �­Ç d �ì s � f � 559_�� � V

" - V F $ " X V F $ T � � -�X s �ì È � (50)
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Theorem 7.5. Considertheorthonormalsetin (6),wherethechosenpoleslie in thecomplement
of
�5X

for somefixed �;�©� . Let theinputsfor thesystemin (10)bechosenasin Lemma7.2. LetN � T betheestimateof � , theimpulseresponseof
� "ó>?� �.- O!��� , by thealgorithmgivenin (14).

Then ¾E��_ N � T ¾kF Ç d �ì s � f � 55É_�� d � s ��ï_�� ¤ s 559_��
f � V
" - V F $ " X V F $ T � � -�Xs �ì È � (51)

The algorithms(12) and(14) coincidewith the linear least-squaresalgorithmswhen � �B � ��87� or � ��D � . Then(13) readsasÎ ä!ë� Ú ß Ú Ê V F 'î���ïàvÛ)�|�ÞÜ���'
� ì ¾E�ã¾ � for all �Á"½� T �

Thisconditionplacesmild restrictionsonthechoiceof inputsignaldespitethefactthatit appears
to be strongerthanthe usualpersistenceof excitation conditionin [38, 59]. In particular, the
samplingsizeof

ì
-coversfor polynomialmodelsis ºi��¤ã� [52].

8 Mixed parametric/non–parametric models

Theupperboundson theworst-caseidentificationerrorsin the B � and D�F normsgivenin Theo-
rems6.5,7.4,and7.5 areminimizedif polynomialmodelsareusedwhentheunknown system
is in the class >?� �.- O!��� . Indeed,the linearspansof polynomialsform optimalmodelsetsin
theKolmogorov’s ¤ -width sense.(See[54] for a comprehensive treatmentof ¤ -widths). How-
ever, in practiceit is morecommonthatprior knowledgeabout

� ����� is significantlyricherthan
thesimplestatement

� "u>7� �.- O ��� . In this section,we show that large improvementscanbe
obtainedover the non–parametricapproachof usingpolynomialmodelsby insteademploying
moregeneralclassesof modelsconstitutedof mixedparametricandnon–parametricmodels.

To illustratethis,considertheexampleof thefollowing perturbationmodel� ������� « V F� � �
� G ��a_ H � � s öã�����S�#B������ s öã���C� (52)

where H �©¸�áj for all 
 and ö "6>?� � � is arbitrarybut its norm satisfies ¾|ö�¾ � Ç Q õ . Let�.� Î ä!ë � ' H � ' and G « V F� �
� 'aG � 'Ý� �¬_z� for normalization.We assumethat the  KH � , lie in the
circles ÿ²�\{ � �S�1 !�i" $y&g'<�¬_�{ � 'M*1���}_©' { � ' �F|�,MOS
i�njPOkl@l@l|O · _��
for some|�*©� sothattheuncertaintyradiusis modulatedaccordingto thepolepositionsuchas
to precludecrossingof thestabilityboundary. This choiceof uncertaintystructureis predicated
ontheassumptionthatin practice,while onemaybeunsureof systemtimeconstants,oneis nor-
mally confidentof whetheror not thesystemis stable.With thischoiceof uncertaintystructure,
observe that ÿ²�}{ � �~- �

for all { � " � . Althoughthis sectionwill concentrateon the model
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structure(52), notethat otherexamplesof mixedparametricandnon–parametricmodelshave
alsoappearedin theliterature[36, 24,22].

We will calculatean upperboundon ð � � O � T
� >?� � ��� for a suitablychosenbaseusingthe

prior informationon H � . Wepick theorthonormalsetin (6) with� � j " « j F $ A �:£ { � O­j Ç 
 * · � j Ç � *z�jLO 
i� · � j Ç � *��#� (53)

Set ¤©� · � s · andlet
NB T denotethe least–squaresestimateof B as in (22). Thenfrom

Lemma4.2,weobtainby anapplicationof CauchyformulaB�� q ��_ NB T � q �â� ý T � q ��!° � « V F� � �
� G � ��� ����a_ H � ���|����_ q � ý T ����� ð �� _ ý T � q ���° � « V F� � �
� G � � V � ý T � �M���� _ H � �|���a_ q ��� ð �� ý T � q � « V F� � �
� ý T �]H � ����a_ q H � � (54)

for all

q " � . But from ouruncertaintydescription,wehave for all 
 ¸� ·' ý T �]H � �@'#� TWV Fª � �
� ���� H � _0� ��a_ � � H � ����� ' H � ' � � V FªA �
�
����� H � _�� � j " « j F $ A�a_ � � j " « j F $ A H � ����� « V Fª ���,�� Z� � � V FªA �
�

����� H � _�� � j " « j F $ A�a_ � � j " « j F $ A H � �����* �]�,|Ó� � �
Thus ¾�B^_ NB T ¾ �UÇ �\��|Ó� � . Hencefor thischoiceof basisfunctions,it followsthatð ��BoO � T

� >?� � � � Ç �]�,|Ó� � �
This resultappliesfor any rationalfunctionof theform B s `�� provided � �I�

sinceð � `1� O�� T � >7� � � �Z�9j for all � ��� �
Thusthemodelsets  @� T , TWþ � spannedby theorthonormalset(6) whoseparametersarechosen
asin (53)satisfy ð � � O � T

� >?� � � � Ç �]�,|Ó� � s ð ��ögOvl � V F � >?� � �����Let
N�eÊ

be the estimateof
�

by the algorithmgiven in (12) wherethe basisfunctionsare
chosenasabove,thefrequenciesaredensein 8 , andthemaximumangulargapssatisfyìYÊ Ç � ���a_ ì �|���}_��C�¤���� s ��� � (55)
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Thenfrom (16),wehave¾ � _ N�eÊ ¾ �­Ç d �ì s � f �]�,|Ó� � s d � ì s � f ð ��ögOvl � V F � Ë(� s � ì È � (56)

The first term tendsto zerogeometricallyandthe secondterm, which asymptoticallytendsto
zero, is boundedby ����� ì s ���#Q õ . This inequality shows that by using mixed parametric–
nonparametricmodels,one can obtain large improvementsin estimationerror. In particular,
thenumberof measurementsneededto estimateatransferfunction,within agivenlevel of accu-
racy, canbereduceddramaticallyin comparisonto impulseresponsemodels.If only onemodel
pole is chosenin ÿ²�\{ � � � , thenthefirst termabove mustbereplacedby �,|eºÁ��' H � � ' � � . Thusin
order to improve approximationerror converge rate,onehasto choosemultiple polesaround
thedominantpolesof thesystem.Indeed,theorthonormalbasewith infinitely repeatedpolesat��� { � , 
i�9jLOkl@l@l|O · _x� hasbeenshown to beoptimalin theKolmogorov’s ¤ -width sense[21].

In this paper, thedistanceð � � O � T
� �ó� hasbeenestimatedby meansof theorthogonalpro-

jection(22)whichhasprovento beaneffective tool in thecomputationof approximationerrors.
In spiteof this, theprojection(22)hasnotbeenusedfor robustestimation.This is dueto aresult
presentedby Partington[49] which statesthatif

N��Ê
is theleast-squaresestimateof

�
, thentheÀ � normof the worst-caseidentificationerrordivergesas ºi� Ì ��æ�Å²� È . It is alsointerestingto

observe that the least-squaresestimatedivergesasthe numberof datatendsto infinity even ifÈ ��j providedthat ö "�>7� � � is arbitrarysubjectto theconstraint¾|ö�¾ �6Ç Q õ [60]. Thetwo-
stagealgorithmsin [26, 27, 4] canbeusedin theestimationof (52) but undermorerestrictive
samplingconditionsthan(55) [2].

8.1 Model Reduction

Whenboth � and | arecloseto one, � andconsequentlyÅ by (55)mustbechosenlargeenough
to keepthe ºÁ�\��| � � termin (56) within acceptablelimits. Thena modelreductionprocedureis
necessaryto extracta nominalmodelfrom theidentifiedmodel

N�eÊ
. TheoptimalHankel norm

modelreductionandbalancedtruncationsarethemostfrequentlyusedtechniques.In practice,
bothmethodsoftenwork well. They bothrequireabalancedstate-spacerealizationof

N�eÊ
or
N � Ê .

Thesubspace-basedsystemidentificationalgorithmsin [43] and[37] canbeusedto effectively
computestate-spaceparametersfor aparticularrealization.

Assumeöã����� in (52) is constantsothatmodelsetscontainonly properrationalfunctions.(Iföã����� is not constantandmodeledby polynomials,thenthepolynomialandtherationalpartsofN�eÊ
canbereducedseparately).Theinput to thealgorithmin [43] arethecomputedfrequency

responseof
N��Ê

at anarbitrarysetof equallyspacedfrequencies.This methodexactly retrieves
an ¤ th order transferfunction when the frequency responsemeasurementsarenoise-freeand
thenumberof measurementsis at least ¤ s � . Moreover, thereturnedstate-spacerealizationis
closeto beingin balancedform [43]. However, in orderto obtainaccurateresults,thenumberof
computedfrequency responsesamplesmustbekeptratherlargein comparisonto theidentified
modelorder.

This techniquewasusedin the identificationof a power transformer, whereit wasnot pos-
sibleto obtaina balancedrealizationdirectly from theidentifiedmodelfor a subsequentmodel
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reduction[5]. This problemis relatedto the fact that if thesystemorderis high, polesandze-
ros of the systemaresensitive to polynomialfactoring. Thealgorithmin [37] is evensimpler.
An ¤ th ordersystemcanexactly beretrieved from its first �!¤ s � noise-freeimpulseresponse
coefficients. Thenagaina balancingtransformationon thecomputedstate-spaceparametersis
performed.

8.2 Choiceof PoleLocations

Thechoiceof polepositionsplaysanimportantrolein thequalityof theapproximationof agiven
systemby a truncatedseries.Althoughoptimalsolutionin theKolmogorov’s ¤ -width senseis
conceptuallysimple: � T [#äWå æ ÍÏç
ô¿ ê I�J
K� éi� Í�ç
ôèZé ¿ ê ¾ � _hBv¾R¿
where��-�� capturesprior informationon

�
, exceptfew isolatedcasesit is hardlycomputable.

Several methodsto determineoptimal pole locationsfor simple uncertaintydescriptionsand
modelstructureshavebeenproposedin theliterature.Thediscussionof thesemethodsis beyond
the scopeof the currentpaper. We refer the interestedreaderto [23, 7, 20, 16, 68] and the
referencestherein.

9 Multi–Input/Multi–Output Systems

Thereis nodifficulty extendingtheresultsof thispaperto multi-variablesystems.Weshow this
for thefrequency domainformulation.Thetime-domainextensionis similar.

Let
� ����� be

� Md� matrix valuedtransferfunction of the unknown systemwith entriesin>?� � � . Let ¾ � ¾ � denotethe BiAD�D�� normof
�

definedby I�JLK ³T� F|� � ��� ��³ ��� where� F denotesthe
largestsingularvalue. Assumethat noisein (8) is boundedas � F|� Ä � � Ç/È for all 
 . Given a
sequenceof scalarvaluedfunctions  XZ� , � þ � in >?� � � , modelsetsaredefinedby� T [��=z�"²>7� � � A��D� &ezu�UTWV F� � �
��� �ÝXZ��� � � "�� AD�D� O�
(�#jLOYl@l@l|O�¤¥_��#�ó�
Since

�
is real, the linearspanof basisfunctionsmustbedefinedwith respectto the realfield

whenthebasisfunctionsarereal.Wechoosebasispolesin complex conjugatepairssothateach
basisfunctionis real- see[45] for moredetailon this point. Obviously,  @� T , TWþ � is a complete
modelsetfor >?� � � A��D� if andonly if  XZ� , � þ � is fundamentalin >?� � � . It only remainsto derive
anupperboundon theworst-caseidentificationerrorof theminimaxalgorithmintroducednext.
For this purpose,we definethe identifiedmodel

N�eÊ "{� T to be a solution of the minimax
problem N�eÊ [#äWå æ ÎiÍÏçèZé ¿ ê Î ä!ë��� Ã � ÐF Ú � Ú A=� F Ú « Ú � �� B � « ���R��³ Ã ��_ Â � «� �� � (57)

Theproofof thefollowing resultis adaptedfrom Partington(1994).
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Proposition9.1. Considertheorthonormalset(6). Let � T � Î ä!ë �ih T ' � � ' . Suppose !� �´³ Ã , � þ �is densein 8 . Let
ìYÊ

beasin (38). For each Å , choosean ¤ such that (43) is satisfiedfor someì *n� . Let
N�eÊ

betheestimateof
� "²>7� � � A��D� givenin (57). Then¾ � _ N�eÊ ¾ �­Ç d �� ì s � f ð � � O � T � >?� � � A��D� � s �� ì È (58)

where
� ì � ì � ] � � .

Proof. If
ìYÊ

is chosenas in (43), thenfrom Lemma6.1 we have that for all �´O · and B � « "
sp  XZ� , TWV F� �
� Î ä!ë� Ú � Ú Ê �� B � « ���R�´³!ÃY� �� � ì ¾�B � « ¾ � �
Sincefor all ¶ � F|��B����R��³P��� Ç ] � � Î ä!ëF Ú � Ú A=� F Ú « Ú � �� B � « ���R��³L� �� O
it follows thatwhenever B � « " sp  XZ� , T!V F� �
�Î ä!ëF Ú � Ú A>� F Ú « Ú � Î ä!ë� Ú � Ú Ê �� B � « ���R��³!Ã|� �� � ì] � � ¾�Bv¾ � � (59)

Let � betheclosestelementof � T to
�

in Ë A��D� . Since
N��Ê "o� T , from (59)weobtainfor some

� O Ü and � ��� � � ß ���R��³= ���_ N� � ßÊ ���R�´³K Þ� ��� � � ì ¾i�9_ N�eÊ ¾ � � (60)

Theleft handsideof (60) is boundedas��� � � ß ���R��³K ���_ N� � ßÊ ���R��³= �� ��� Ç �� � � ß ���R��³K ���_ Â � ß¡ �� s ��� Â � ß¡ _ N� � ßÊ ���R�´³K Þ� ���Ç ¾i�9_ � ¾ � s È s �� Â � ß¡ _d� � ß ���R��³K Þ� ��Ç �ï¾i�9_ � ¾ � s � È (61)

wherethesecondinequalityis dueto thefact that � is a candidateminimizerof (57). Last,we
have thefollowing triangleinequality¾ � _ N�eÊ ¾ �­Ç ¾ � _¢�Á¾ � s ¾i�9_ N�eÊ ¾ � � (62)

Thusfrom (60)–(62),weobtain(58).

Theminimaxproblemin (57) is complex andhencedifficult to implement.However it can
bere-castasareal–parameterminimaxproblemattheexpenseof slightly increasederrorbounds
asfollows. To simplify thenotation,we assume

�
is single-input/single-outputanddefinethe

matrices X [ £¤¥ X � ��� �´³ � � l@l@l X
TWV F|��� �´³

� �
...

...
...

X � ��� ��³ Ð � l@l@l X TWV F|��� ��³ Ð �
¦¨§© O (63)Â [ b Â � l@l@l Â Ê e � O (64)ª [ b � � l@l@l � TWV F e

� O (65)
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and let « - and «­¬ denoterespectively the real and imaginarypartsof « . Let
Â -

and
Â ¬ be

the real and imaginarypartsof
Â

. Definethe identifiedmodelas
��eÊ � G T!V F� �
� � � �gXZ� where�ª ��� � � F l@l@l � � TWV F��

�
is asolutionof theminimaxproblem�ª [#ä!å�æ Î(Í�ç® é>¯ ê±°°°°/² « -«­¬´³ ª _ ² Â -Â ¬´³ °°°° � � (66)

Themulti-variableform of (66) is obtainedby concatenation.This minimaxproblemis a linear
programmingprobleminvolving realmatricesandvectorsandcanbesolvedefficiently by the
algorithmof BarrodaleandPhillips[6]. A similarreal-parameterminimaxalgorithmwasusedin
[41] with thesamepurposeof obtaininganeasiernumericalsolution.Thealgorithmin [41] uses
non-uniformlyspaceddataandworks well with Laguerremodels. The proof of the following
resultis modifiedfrom Proposition9.1.

Proposition9.2. Considertheorthonormalset(6). Let � T � Î ä!ë �ih T ' � � ' . Suppose !� �´³ Ã , � þ �is densein 8 . Let
ìYÊ

beasin (38). For each Å , choosean ¤ such that (43) is satisfiedfor someì *n� . Let
��eÊ

betheestimateof
� "²>7� � � givenin (66). Then¾ � _ �� ¾ �­Ç d �� ì s � f ð � � O � T � >?� � � � s �� ì È (67)

where
� ì � ì �L��� s ] ��� .

Proof. Let
N��Ê �6G TWV F� �
� N � �ãXZ� bea solutionin (12) andlet

Nª �^� N � F l@l@l N � TWV F��
�
. Since

��eÊ "� T , by thesameargumentasin theproof of Proposition9.1,we derive thefollowing inequality
similar to (60) Î ä�ë� Ú � Ú Ê ��� �m��� ��³!Ã ��_ ��eÊ ��� ��³!Ã � ��� � ì ¾i�9_ ��eÊ ¾ � (68)

where � is theclosestelementof � T in >?� � � andtheinequalitiesin (61)arereplacedby��� �;���R�´³K ���_ ��eÊ ���R�´³K �� ��� Ç ¾i��_ � ¾ � s È s ¾ Â _¢« �ª ¾ � � (69)

Next ¾ Â _¢« �ª ¾ � Ç ] � °°°°/² « -«­¬´³ �ª _ ² Â -Â ¬�³ °°°° �Ç ] � °°°°/² « -«­¬´³ Nª _ ² Â -Â ¬�³ °°°° �Ç ] � ¾i« Nª _ Â ¾ �Ç ] � ��¾ � _d�Á¾ � s È � (70)

wherethesecondinequalityis dueto thefact
Nª

is acandidateminimizerof (66). Lastly, wehave
thefollowing inequality ¾ � _ ��eÊ ¾ �­Ç ¾ � _¢�Á¾ � s ¾i�9_ ��eÊ ¾ � � (71)

Thusfrom (68)–(71),weobtain(67).
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10 Example

In thissection,weuseasimulationexampleto illustratetheminimaxalgorithm(12). Work is in
progressto usethemethodsdevelopedandanalysedhereon realdata.Considertheapproxima-
tion of theinfinite-dimensionalsystem� � � �Z� � V �¨ � � s ] : � s �
by a rational transferfunction. (The squareroot of

� � � ��� is definedby � ��� � � for Q ¸�µwï° ).
The identificationof this systemfor Å ���DrDt equallyspacedfrequenciesin b<jLO�°�� asobtained
throughby thebilinearmap � �9z ������� �a_b�� s �
was investigatedin [3]. We usethe sametransformationso that

� ��z§�h"%>?� � � . Then the
continuous-timeidentifiedsystemis obtainedby thebacktransformation�.�{z V F � � � from the
discrete-timeidentifiedsystem.Thismappreservesthesupnorm.

We will comparetheminimaxalgorithmof thispaperwith a Fourierseriesbasedalgorithm.
Thereal–parameterminimaxalgorithmin (66) is implementedwith thebasisfunctions

X � �������� and XZ� ������� ��� s jL�Ï�@

��� s �� s � s jL� ��
 Oh
i�­�COkl@l@l|O(r�jL�
In the Fourierbasedalgorithm,first the frequency responsedataareextendedinto the interval��°4OE�!°�� using complex conjugatesymmetryof

�
. Then the impulse-responsecoefficients of�

are estimatedfrom the extendedfrequency responseby rP��� -point inversediscrete-Fourier
transform.In thethird step,a linearmodelis calculatedas G � �´�� �
� N �ñ��

��� � . The n th ordernominal
model is obtainedby the balancedtruncationof

N � as implementedby the Kung’s realization
algorithm(Kung,1978). The n th ordernominalmodelfor the minimaxalgorithmis extracted
from thereal–parameterminimaxsolutionby first calculatingrP� impulse-responsecoefficients
in G·¶ �� �
� r �|XZ� ���C� , wherer � arethecoefficientssoughtin theminimaxproblem,andthenapplying
themodelreductiontechniquedescribedabove.

In Fig. 1 andFig. 2, the frequency responsesof
�

, nominalmodels,andthe identification
errorsproducedby thealgorithmson thesamenoisefreedatasetareplottedrespectively. TheÀ � errorsof thenominalmodelswerecomputedjL� j¸rWwM� for theFourierseriesbasedand jL� j¹n : �for thereal–parameterminimaxalgorithm. Both algorithmsaresuccessfulin capturingthelow
frequency dynamicsof

�
and outsidethe bandwidth,the approximationerrorsare relatively

smallin comparisonto ¾ � ¾ � .

11 Conclusions

Thispaperhasprovidedananalysisof theuseof rationalmodelstructuresin arobustestimation
context. A key resultof this analysisis theprovision of necessaryandsufficient conditionson
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Fig. 1. Plot of the frequencyresponsesof
�

, the n th order model,and theapproximationerror
magnitudeusingtheFourier seriesbasedalgorithm.
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Fig. 2. Plot of the frequencyresponsesof
�

, the n th order model,and theapproximationerror
magnitudeusingthereal–parameterminimaxalgorithm.
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thepolesof therationalmodelstructuresfor themto form afundamentalsetin >7� � � and B A ��87�
for � Ç � *�H . For >7� � � this condition,which restrictshow quickly thepolesmayapproach
thestability boundary, is muchmilder thansufficient conditionsthathave beenput forwardby
otherauthors.

Having establishedtheseresults,andsimilar onesfor D!F , thepapershowedhow robustesti-
mationalgorithmsusingbothtimeandfrequency domaindatacouldbeconstructedtogetherwith
explicit errorboundson theestimationaccuracy. Theseresultshave implications,asdiscussed,
for mixedparametric/non–parametricestimation,modelreductionandmay beextendedto the
multi-variablesetting.

An importantandperhapssurprisingpoint is that althoughthe main spacesof interestare
not theHilbert spaceB � ��87� , thekey analyticaltool usedis to in fact re–formulatethevarious
problemsstudiedinto equivalentproblemsexpressedin termsof a basisthat is orthonormalinB � ��87� , with theorthonormalityitself playinganimportantrole.

This is reminiscentof equivalentstrategiesemployed in the classicaltheoryof orthogonal
polynomialswhere,asin this paper, thekey useof theorthonormalpropertyis thederivationof
aso–calledChristoffel–Darbouxformulafor thereproducingkernelassociatedwith thesubspace
in whichtheestimatedmodelis constrainedto lie accordingthethechosenmodelstructure.This
samestrategy of reformulatingestimationproblemswith respectto anorthonormalbasisfor the
purposesof facilitatinganalysishasalsobeenemployed in a stochasticpredictionerrorsetting
in [47].
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