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Abstract

This paper derives a closed formula for the number of spanning trees of a multi-complete/star related graph—
Km(a1,az,...,a;;b1,bo, ..., by 1), WhereK,,(ay, ap, ...,a;; b1, b, ..., b, _;) consists of complete graphs and — [ star
graphs such that thiéh complete graph hag + 1 nodes; thg'th star graph hass; + 1 nodes, and further, the relatedoots are
connected together to form a complete graph. The proposed results extend previous results to a larger graph class. In additior
we provide a general maximization theorem for the multi-star gra@000 Elsevier Science B.V. All rights reserved.
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1. Introduction is ann-vertex graph whose complement consists of
K,, with [ complete graphs angh — [ star graphs
such that the'th complete graph hag; + 1 nodes;

the jth star graph hag; + 1 nodes. In addition, the

m roots (n — [ roots come from the: — [ star graphs
and!/ roots come from thé complete graphs, any one
node in the complete graph being selected as the root)
are connected together to form a complete graph; the
remaining

1 m—l
k:n—m—Zai +ij
i=1 j=1

vertices are isolated points. Fig. 1 illustrates the graph

An undirected simple grapls consists of a set
V(G) of vertices and a s€t (G) of edges. A complete
graph K, with n vertices has one edge between each
pair of distinct vertices. The complemeitof a graph
G = (V,E) on n vertices is defined to be the-
vertex graph containing exactly the edgekqfwhich
are not inG. A multi-complete/star related (MCSR)
graph,

G= K}’l - Km(alaaZa "'aal;bla "'abm71)9
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Fig. 1.K3(3; 2,3). ) )
9 3 ) Fig. 2. Labelingk13 — K3(3; 2, 3).

3. Labeling the MCSR graph
...,by), the MCSR graph is the so-called multi-star

related (MSR) graph. A closed formula for counting  In this section, a method is presented for labeling

the number of spanning trees of an MSR graph was de-the MCSR graph. Given the MCSR graph= K, —

rived in [3] for limitedm (in [6] for arbitrarym). How- Kn(a1,az, ..., a5 b1, ..., by_;), we label the nodes

ever, the technique [3,6] used in deriving the closed in V(K,) — V(K. (a1, az, ..., a;; b1, ..., byu_)) first.

formulas for the number of spanning trees of an MSR Next we label the roots of thecomplete graphs. Then

graph cannot be used to derive the closed formula we label the roots of the: — [ star graphs. Further,

for the number of spanning trees of an MCSR graph we label the nodes in thah complete graph except

straightforwardly. the root node foi =1, 2,..., /. Finally, we label the
Employing some new linear algebraic manipula- nodes in thejth star graph except the root node for

tions, this paper derives a closed formula for the num- j =1,2,...,m — [. Fig. 2 illustrates the labeling of

ber of spanning trees of an MCSR graph. The pro- the complement oK13 — K3(3; 2, 3).

posed results cover the previousresultsin[1,2,4,5]and The CSTM of Fig. 2 is equal to

extend the results in [3,6] to a larger graph class. In ad-

dition, we provide a general maximization theoremfor ¢ — <”I2 ) )

the multi-star graph. D

where

2. Complement spanning tree matrix of an MCSR ppl 1111

graph 1 p21 11
11 111
The complement spanning tree matrix (CSTM) [5] ps
C for a graphG is defined by 1 all
T i 1 lal
n—d; mi=y,
Cij = =
J {eij, if i, D 1 l1la
} _ 1 B
whered; is the degree of vertexin G ande;; is one 1 8
if (i, j) isin E(G) and 0 otherwise.
From the result derived by Temperley [5], we have 1 B
the following result. 1 B
Lemma 1 [5]. For the MCSR grapl@;, the number of 1 B

spanning trees ofs, 7(G), is equal to|C|/n?, where Here,n =13, m=3,a1=3,b1=2,bp =3, a =
|C| represents the determinant of mattix n—ay, B=n—-1pr=n—ar—m+1, pp =
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n—b1—m+1 andps=n—>bp —m + 1. We can where|Q|=[1+1/(¢g1— D +1/(g2— 1D +---+
represent the matri® in the following block-matrix 1/(gm — D1(g1— D(g2—1) - - - (gm — 1) where
form:

n—a—m+1— ai 1
P eif] exf} esf} "
- fori=12,...,1,
D= flel A1 ’ qi = ) 1 bi—l
foe} By ne b n—1
fseg By fori=I1+11+2, ....,m,
where andk=n—-m—ay1—ap—---—a;—b1—-+-—by_.
fi=@1...,7, Proof. As mentioned in Section 3, the CSTM ¢&f
T can be represented by
e, =(0,...,0,1,0,...,07, <n,k )
— — C = ,
i xi—i D
wherex; =g; forl<i <[l;xj=b;forl<j<m—I, where
r1 11 all P eaf] e f] eaflig o emfi
P=|1p1 | A=|l1a1], frl A
1 1 p3 11a :
B1=B1I>, By = pIs. D=1 fief A
f1+1e/T+1 B
4. The closed formula
fﬂlell By
For counting the number of spanning trees of an Here
MCSR graph as mentioned in Lemma 1, the next
theorem gives our closed formula which covers the pr 1 .- 1
closed formula in [3,6] for counting the number of .
spanning trees of an MSR graph. The linear algebraic p _ 1 p2
technique used in the proof is different from that used |
in [6].
1 1 pm
Theorem 1. The number of spanning trees of an w 1.1
MCSR graphG = K, — Ky (a1,az,...,a;; b1, ..., !
bn—1) is equal to 1 o
Ai=| o , B; = B1Iy,,
(G =n"2[14— (14— ... o1
n—ar—1 n—az»—1
1.1 ¢
a; Xa;
. (1+ L) ,
n—a —1 wherea; =n —a; for 1<i<Il,B=n—-1, p; =

n—a;—m+1forl<i<l,andp;=n—b;_j—m+1
forl <i <m.FromLemma 1, the number of spanning
c(n—a; — )% (n — 1)Prtthe g) trees ofG is n*=2|D.

c(n—a1— D" —ax—1)%2...
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Let
I

leleI

T
Cmfmem

wherecy, ¢, . .., ¢, are to be determined. Since

P +Clelf1—fle]_— +--+ Cmemefme;
fiel +ciA1fqe]
DE= fiel +cAifel :

T T
Sfiv1€p1 +cv1Bifiaeq

T T
fmem +CmBm—lfmem

we want to determine1,co,...,c, such that the
entries of DE are all zero except the first entry.
Therefore, we have that

Aifie]l =(n—1)fe]l  fori=12,...,1,
Bi_jfie] =(n—1)fe] fori=I1+11+2,...,m.
After setting

ci=— fori=12,...,m,

n—

we have

0

0
pE=| |.

where

Q=P +cierfifei+--+cmemfy fen

g1 1 - 1
1 1a

1

1.1 gn

and
pi — fori=1,2,...,1,
Hn—
qi = bi_
pi — — fori=1+1,1+2,...,m.
Hn—

Further, we let
Ly,

T
Clelfl [al

T
Clelf]_ Ial ’

.
crei+1f41 Ip,

-
Cm€m fm Ibmfl
then we have

0 elfI
Aq

emf;rn

T T
elfl el+1f1+1 Tt

B

By

Since the matriOF is a block upper triangular matrix,
consequently, it yields

det( D) = detDF) = det( D) det(F)
=det(Q) det(A) - - -det(A))
-det(By) - - -det(B,, ).

It is observed that the matrixQ has diagonal
elementsqi, ¢2,...,gn» and has ones on the off-
diagonals. Following the eliminating technique in [6],
we borderQ by adding a new first row and column.
All the entries in the new row are ones, but the entries
in the new column which are not in the new row
are zeros. This row and column augmentation will
preserve the same determinanias

Subtract the new row from each of the other rows.
The diagonal entries of) in the old row indexed
i are nowg; — 1. The first column consists of all
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—1's except for the one in the first row. The first row 5. Maximization theorem for a multi-star graph
consists of all ones. Excepting the diagonal elements,

the remaining elements of the matrix are zero. Now  In this section, a rather general maximization the-
add to the first column Xg; — 1) times each of the  orem is provided for the multi-star gragh, = K,, —
other columns to zero out the off-diagonal entries in K, (b1, by, ..., b,,). For the same graph, in [3], a max-
this column. The entry in the first row and column jmization theorem was provided only far= 2, 3, and
becomes ¥ 1/(g1—1) +1/(g2— 1) +---+1/(gm — 4, respectively.

1). Thus, the matrixQ becomes upper triangular, s0  From Theorem 1, considering the multi-star graph,
we have we have

1 1 1
det(Q)=|14+ ——
Q) |: * qg1—1 * g2 —1 o qm — 1:| Corollary 1. The number of spanning trees of an MSR
(g1—D(g2—1) - (gm — D). graphG = K,, — K, (b1, ..., by) is equal tor (G) =

k=2 _ 1\bit-+by _ _
By the same argument, the matex has diagonal " (n=1™ |Q|, where|Q| =[1+1/(g1—1)

elementsa;, ;,...,a; and has ones on the off- T 1/(‘12_11): co+ 1/ (gm — DIgr — D(g2— D
diagonals. It can be verified that ~(gm — 1) where
. b; )
detA;) =1+ di (a; — D)% gi=n—bi—m+1— ll fori=12....,m
061'—1 n—
. andk=n—m—b1—---— by,.
=<1+ ail)(n—ai—l)“" ' "
n—a; —1
for1<i<l. Sinceg; =n—b; —m+1—b;/(n — 1) andb; <

" . . " by <n—m,we have
In addition, the matrixB; has diagonal elemengs g, 2= br < —m

..., B and has zeros on the off-diagonals, so nb;
b b i gi=n—m+1-
detBj))=p"=m—-1" forl<j<m-—1I. n—1
Consequently, the number of spanning treeg;of >n—m+1— nin—m)
7(G), is equal tor*—2|D|. Here|D| is equal to n—1
_(m=m+Dn—(m—-—m+1)—nn—m)
(1+L><1+L>... - n—1
n—a;—1 n—az—1 n—(n—m+1)
. 1.}.7611 - n—1
n—a —1 m—1
n—a1—D*(n—az—1)%?--. -1
(= a = 1) (n = 1P g, >0

where|Q| =[1+1/(g1 -1 +1/(g2— D + -+ We thus haveg; > 0. Fori # j, it yields to
1/(gm — D)1 — D(g2—1) - - (gm — 1). Therefore,

n(b; +b;)
0(G) = k2 149 (1492 . . gi+q;j=2n—m+1) PR

n—ay—1 n—az—1 n(n —m)

a >2m—m+1) — ——=
. 1+7 n—1
( n—a1—1> n(n —m)
c(n—a1— 1D —ax—1)%2... Z(n_m+1)+(”_m+1)_ﬁ
(n—a— D% (n — DPEre Q) >(n—m+1).

where|Q| =[1+1/(g1 -1 +1/(g2— D + -+ Based on a reasonable assumption, there exists a
1/(gm —DI(g1—D(g2—1)---(gm —1). We complete  positive b;. That is, we haver —m > Y7 1 by > 0
the proof. O and it implies thag; +¢; > 2.



118

Let
.fm(b17b27"'7bm)
1 1 1
=(1+—+—++—|(p1p2-- pm),
P1 P2 Pm
where
b
Pk=qk—1l=n—m— LB
n—1

the nonnegative integerss, bo, ..., b, satisfy the
constraintby + b + --- + b, = L, where L is a
constant. Fronp; + p; =g; —1+4+¢; — 1> 0 forall
i # j, there is at most one negatiye for 1 < k < m.
We now want to find the maximum of the function
fm(b1, b2, ... by). L .
Suppose wheltb1, by, ..., by) = (b1, b2, ..., by),
we make functiony,, (b1, b2, ..., b,) maximal. Let

A~

b
ok fork=1,2,....,m

pr=n—m—
The maximization theorem for the multi-star graph
is proved by the technique of contradiction. Suppose
bi > b; + 1. We consider two cases. In case 1, if there
exists an’ such thatp; < 0, then we havé; > b;, i.e.,
by >b; +1.Forallk #1, j, we thus havey, > 0. In
case 2, for alk #1, j, we havep; > 0.

By the symmetric property of,, (b1, b2, ..., by),
for case 1, we assunie= 1 and;j = 2 for convenience
and for case 2, we assume- 1 andj = 2. Hence we
haveb, > by + 1 and for allk > 3, we havep; > 0.
The maximum off,, (b1, ba, . .., by,) is given by

.fm(l;].’l;27'7l;m)=fm—2(£3al;4a'7Bm)(ﬁlﬁ2)
+ (p1+ p2)(P3pa- -+ Pm)-
Since eachp, > 0 for k = 3,4,...,m, we have

fn—2(P3, P4 ..., Pm) > 0.
Now let
b1 —1
n
N I’l(b2—|-_’]_)
pp=n—m— .

then we havep] + p, = p1+ p2 and

p1pa= 4[(171 + Pz) — (P — ﬁ/z)z]
> 3[(p1+ p2)? — (pr— p2)?]

A A

= pip2-
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From the above inequality, we have

fm(51—1,52+1, Am)
= fu—2(b3, ba,....b

Al AL

b)) (PrPb)

+(p1+ Po)(P3pa- - pm)
> fu—2(b3,ba, ..., by)(p1p2)
+(p1+ p2)(P3pa--- pm)

It is a contradiction. That is, the assumptlbm >
b2 + 1 is false. On the contrary, we must hab/p<
b2 + 1. Generally, considering all pair éfand j and
from Corollary 1, we have the following maximization
theorem for the multi-star graph.

Theorem 2. The number of spanning trees of an MSR
graphG = K, — K, (b1, .. ., by,) is maximal when the
difference between; andb; for 1 < i, j < m is at
most one.

6. Conclusion

Graphs are often used to model network problems.
For example, we often use star graphs (like MSR),
complete graphs, or hybrid graphs (like MCSR) to
model connection patterns in a network. Among these
graphs, finding a spanning tree with some specific
properties, such as minimum weight and minimum
label, is a well-known technique to solve the net-
work routing problem. Since the number of spanning
trees in a graph could reveal the complexity of the
corresponding combinatorial configuration, deriving a
closed form of the number of spanning trees is in-
deed a research problem. Since the CSTM form of
the MCSR graph is much more complicated than that
of the MSR graph, deriving the corresponding closed
form of the MCSR is much harder than that of the
MSR graph.

We have presented how to derive the closed form for
the number of spanning trees of an MCSR grépk
K, — Ky(a1,az,...,a;;b1,...,by,y—;) for arbitrary
m. The main contribution of this paper is that the
derived closed formula extends that of the graph
class discussed in the previous results [3,6] of the
MSR graph to a larger MCSR graph class. Another
minor contribution of this paper is that a general
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