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Abstract

Ground reachability, ground joinability and confluence are shown
undecidable for flat term rewriting systems, i.e. systems in which all
left and right members of rule have depth at most one.

Introduction

The confluence of a term rewriting systems (TRS) guarantees that every
term has at most one normal form. This property is undecidable in general,
and has been shown decidable for ground TRS in [1, 2]. The main result
of [1] also implies the decidability of the reachability and joinability problems
for ground TRS.

More recently, the confluence has been shown solvable in polynomial time
for several classes of TRS, every class embedding the previous one: some
restricted ground TRS in [3], ground TRS in [4], shallow (variables occur
at depth at most 1 in rewrite rules) and rule linear (in every rewrite rule,
every variable occurs at most once) TRS in [5], and shallow, linear (in every
left or right member of rewrite rule, every variable occurs at most once)
TRS in [6]. The polynomial time complexity result of [4] is also valid for
the decision of reachability and joinability, which was already shown in [1].

Reachability, joinability and confluence are undecidable for linear (non-
shallow) TRS [7], but it was not known whether we can relax the linearity
assumptions on variables of the systems of [5, 6], keeping these properties
decidable1. We answer here by the negative, showing, with a reduction of
the Post Correspondence Problem, that the problems of ground reachability,
ground joinability and confluence are undecidable for flat TRS (every terms
in rewrite rules have depth at most 1) with non linear variables. The proof

1Reachability, joinability and confluence are shown NP-hard in [6].
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for ground reachability uses the same colored techniques as an older proof
of undecidability of rigid reachability [8], though this latter result could not
be reused directly in this context.

1 Preliminaries

Given a signature Σ, and a set of variable symbols X , we note T (Σ,X ) the
set of terms build with symbols of Σ and X and T (Σ) its subset of ground
terms. The set of function symbols of Σ of arity i is denoted Σi.

A term rewriting system (TRS) on Σ is defined as a finite set of rewrite
rules denoted ℓ → r with ℓ, r ∈ T (Σ,X ). We note −→

R
the rewrite relation

(on terms of T (Σ,X )) defined by the TRS R, and −→∗
R

the reflexive and
transitive of this relation.

Definition 1 A TRS R is called shallow (respectively flat), if all its rewrite
rules have the form f(t1, . . . , tn) → g(s1, . . . , sm) or x → g(s1, . . . , sm) or
f(t1, . . . , tn)→ x where every ti and si is either a variable of X or a ground
term of T (Σ) (respectively a variable of X or a symbol of Σ0), and where
x ∈ X , and n, m can be 0 (if f or g have arity 0).

We are interested in the following decision problems:

(ground) reachability. Given a TRS R on a signature Σ and two
(ground) terms s, t ∈ T (Σ,X ), do we have a reduction s −→∗

R
t ?

(ground) joinability. Given a TRS R on Σ and two (ground) terms
s, t ∈ T (Σ,X ), does there exists v ∈ T (Σ,X ) such that s −→∗

R
v ←−∗

R
t ?

confluence. Given a TRS R on Σ, do we have: for all s, t ∈ T (Σ,X ) such
that s←−∗

R
u −→∗

R
t for some u ∈ T (Σ,X ), does there exists v ∈ T (Σ,X )

such that s −→∗
R

v ←−∗
R

t ?

We shall show below that the ground reachability, ground joinability and
confluence problems are undecidable for flat TRS, by reduction of the Post
correspondence problem.

2 Post Correspondence Problem, coding and col-

oring

We consider an instance of the Post Correspondence Problem (PCP) given
by a finite set of pairs of words:

PCP := {(ui, vi) | ui, vi ∈ {a, b}
∗, 1 ≤ i ≤ N} (1)

The following problem is undecidable:
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Does there exist a finite sequence (ij)0≤j≤k with 1 ≤ i0, . . . , ik ≤
N , such that ui0ui1 . . . uik = vi0vi1 . . . vik?

We shall represent the hypothetical solutions of PCP by ground terms from
the sets described in Section 2.1, and provide in Sections 3, 4, and 5 some
reductions to the reachability, joinability and confluence decision. The in-
gredients for the construction of the TRSs used in the reductions are two
automata (Section 2.2), four TRSs (beginning of Section 3) and some color-
ing (Section 2.3).

2.1 Product and string terms

Let be a new symbol. We shall use a product operator ⊗ which associate
to two words of {a, b}∗ a word of {a, b, }2

∗
as follows:

c1 . . . cn ⊗ c′1 . . . c
′
m := 〈c1, c

′
1〉 . . . 〈ck, c

′
k〉

where c1, . . . , cn, c
′
1, . . . , c

′
m ∈ {a, b}, k = max(n,m), and for all i with n <

i ≤ k, if any, (resp. all j with m < j ≤ k), ci = (resp. c′j = ).

Example 2 a⊗ bab = 〈a, b〉〈 , a〉〈 , b〉.

Let us consider the signature Γ := {a, b, ε}, where a, b and ε have the
respective arities 1,1 and 0.

We write: Γ := Γ⊎{ }, where has arity 0 in Γ , and ∆ := {a, b, }2∪{ε},
where ε has arity 0 in ∆, and every other symbols have arity 1 in ∆.

Remark 3 We make no distinctions below between a word c1 . . . cn ∈ {a, b}
∗

(resp. d1 . . . dn ∈ {a, b, }
2∗) and the ground term c1(. . . cn(ε)) ∈ T (Γ) (resp.

d1(. . . dn(ε)) ∈ T (∆)).

In this manner, the operator ⊗ is extended to T (Γ)× T (Γ)→ T (∆).

2.2 Automata associated to PCP

Let A and B be two finite automata recognizing the respective sets: L(A) =
{ui⊗vi | 1 ≤ i ≤ N}∗ and L(B) = {a, b}∗, and with respective state sets QA

and QB and initial states qA and qB. Following Remark 3, we shall consider
L(A) and L(B) as subsets of, respectively, T (∆) and T (Γ).

We associate to A and B two ground TRS TA and TB on the respective
signatures ∆ ⊎ QA and Γ ⊎ QB, where the states symbols of QA and QB

have arity 0, as follows:

TA := {q → d(q′) | q, q′ ∈ QA, d ∈ ∆, q −→d q′ is a transition of A}

∪ {q → q′ | q, q′ ∈ QA, q → q′ is an epsilon-transition of A}

∪ {q → ε | q ∈ QA is a final state of A} (2)
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TB := {q → c(q′) | q, q′ ∈ QB , c ∈ Γ, q −→c q′ is a transition of B}

∪ {q → q′ | q, q′ ∈ QB , q → q′ is an epsilon-transition of B}

∪ {q → ε | q ∈ QB is a final state of B} (3)

2.3 Coloring terms and TRS

We assume given 19 disjoint copies of the above signatures, colored with

color i for 0 ≤ i ≤ 18: Γ (i) := {c(i) | c ∈ Γ }, Q
(i)
A := {q(i) | q ∈ QA},

Q
(i)
B := {q(i) | q ∈ QB}, ∆

(i) := {〈c(i), c′(i)〉 | 〈c, c′〉 ∈ ∆}.
Let Θ be the following signature Θ := Γ ∪ ∆ ∪ QA ∪ QB , where the

symbols of Γ and ∆ keep their respective arities in Θ and the symbols of
QA and QB have arity 0 in Θ, and let and Θ(i) (0 ≤ i ≤ 18) be the colored

copies of Θ, Θ(i) := Γ (i) ∪∆(i) ∪Q
(i)
A ∪Q

(i)
B .

For 0 ≤ i ≤ 18, the i-coloring t(i) ∈ T (Θ(i),X ) of a term of t ∈ T (Θ,X )
is recursively defined by: f(t)(i) := f (i)(t(i)), and x(i) := x for all x ∈ X .

Given a set U ⊆ T (Θ), we write U (i) := {t(i) | t ∈ U}, and given a TRS
R on Θ, we let R(i,j) := {l(i) → r(j) | l → r ∈ R} and R(i) := R(i,i).

3 Reduction of PCP to reachability for flat TRS

We associate a TRS R1 to the above problem PCP in (8), see also Figure 1.
Its definition refers to the following two trivial and two projections TRS:

S := {c(x)→ c(x) | c ∈ Γ1} ∪ {ε→ ε} (4)

P := {d(x)→ d(x) | d ∈ ∆1} ∪ {ε→ ε} (5)

Π1 := {〈c, c′〉(x)→ c(x) | c ∈ Γ1, c
′ ∈ Γ }

∪ {〈 , c′〉(x)→ x | c′ ∈ Γ1} ∪ {ε→ ε} (6)

Π2 := {〈c, c′〉(x)→ c′(x) | c ∈ Γ , c′ ∈ Γ1}

∪ {〈c, 〉(x)→ x | c ∈ Γ1} ∪ ∪{ε→ ε} (7)

The identity TRS S and P shall of course be used only in their colored form
S(i,j) and P (i,j).

Example 4 Let u1 = a, v1 = bab, u2 = ab, v2 = b.
(u1 ⊗ v1)(u2 ⊗ v2) = 〈a, b〉(〈 , a〉(〈 , b〉(〈a, b〉(〈b, 〉(ε))))) −−→Π1

a(〈 , a〉(〈 , b〉(〈a, b〉(〈b, 〉(ε))))) −−→Π1
a(〈 , b〉(〈a, b〉(〈b, 〉(ε)))) −−→Π1

a(〈a, b〉(〈b, 〉(ε))) −−→Π1
a(a(〈b, 〉(ε))) −−→Π1

a(a(b(ε)))

The TRS R1 is defined on an extended signature: Ξ =
⋃i=18

i=0 Θ(i) ⊎
{f, g, 0, 1} where f, g, 0, 1 are new function symbols of respective arities 8,
8, 0, 0 in Ξ.
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0 → f( q
(3)
A , q

(4)
A , q

(5)
A , q

(13)
B , q

(14)
B , q

(6)
A , q

(15)
B , q

(16)
B )

T
(3)
A T

(4)
A T

(5)
A T

(13)
B T

(14)
B T

(6)
A T

(15)
B T

(16)
B

P (3,1) P (4,2) P (5,1) S(13,11) S(14,12) P (6,2) S(15,11) S(16,12)

f( x1, x2, x1, y11, y12, x2, y11, y12)
↓
g( x1, x2, x1, y11, y12, x2, y11, y12)

P (1,0) P (2,0) Π
(1,17)
1 S(11,17) S(12,18) Π

(2,18)
2 S(11,10) S(12,10)

g( x0, x0, y17, y17, y18, y18, y10, y10) → 1

Figure 1: The TRSR1. The placement of the rules illustrates the equivalence
between the existence of a solution to PCP and the existence of a reduction
0 −−→∗

R1
1. A solution is represented by a term s ∈ L(A) such that s −−→∗Π1

t ←−−∗Π2
s for some t ∈ L(B). The terms s and t are duplicated in the

reduction (with different colors), they correspond to the variables xi and yj
respectively. In the reduction, the rules of the top part (above f(. . .) →
g(. . .)) ensures that the (instances of) xi and yj belong respectively to L(A)
and L(B) and the rules of the bottom part ensure the above relation between
s and t, namely x1 and x2 are the same term x0, modulo coloring, the
projection with Π1 of x1 is y17, the projection with Π2 of x2 is y18, and y17
and y18 are the same term y10 modulo coloring.

R1 := R0 ∪











0→ f(q
(3)
A , q

(4)
A , q

(5)
A , q

(13)
B , q

(14)
B , q

(6)
A , q

(15)
B , q

(16)
B ),

f(x1, x2, x1, y11, y12, x2, y11, y12)→ g(x1, x2, x1, y11, y12, x2, y11, y12),
g(x0, x0, y17, y17, y18, y18, y10, y10)→ 1











R0 := T
(3)
A ∪ T

(4)
A ∪ T

(5)
A ∪ T

(6)
A ∪ T

(13)
B ∪ T

(14)
B ∪ T

(15)
B ∪ T

(16)
B ∪

P (3,1) ∪ P (4,2) ∪ P (5,1) ∪ S(13,11) ∪ S(14,12) ∪ P (6,2) ∪ S(15,11) ∪ S(16,12) ∪

P (1,0) ∪ P (2,0) ∪Π
(1,17)
1 ∪ S(11,17) ∪ S(12,18) ∪Π

(2,18)
2 ∪ S(11,10) ∪ S(12,10) (8)

Note that R1 is a flat TRS.

Definition 5 A 01-derivation witness for R1 is a tuple (s0, s1, s2, t10, t11, t12, t17, t18)

of terms of T (Ξ,X ) such that: f(q
(3)
A , q

(4)
A , q

(5)
A , q

(13)
B , q

(14)
B , q

(6)
A , q

(15)
B , q

(16)
B )

−−→∗
R1

f(s1, s2, s1, t11, t12, s2, t11, t12) −−→R1
g(s1, s2, s1, t11, t12, s2, t11, t12) −−→

∗

R1

g(s0, s0, t17, t17, t18, t18, t10, t10).

Lemma 6 0 −−→∗
R1

1 iff there exists a 01-derivation witness for R1.
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Lemma 7 Every 01-derivation witness for R1 w = (s0, s1, s2, t10, t11, t12, t17, t18)
is such that:

1. s0 ∈ L(A)(0), s1 ∈ L(A)(1), s2 ∈ L(A)(2), t10 ∈ L(B)(10), t11 ∈
L(B)(11), t12 ∈ L(B)(12), t17 ∈ L(B)(17) and t18 ∈ L(B)(18),

2. s1−−−−→
∗

P (1,0)
s0←−−−−

∗

P (2,0)
s2, and t11−−−−−→

∗

S(11,10)
t10←−−−−−

∗

S(12,10)
t12,

3. s1−−−−→
∗

Π
(1,17)
1

t17←−−−−−
∗

S(11,17)
t11, and t12−−−−−→

∗

S(12,18)
t18←−−−−

∗

Π
(2,18)
2

s2.

Proof: An analysis on the occurrences of symbols in the rules of
R1 shows that the reductions in Definition 5 contain on one hand (see

also Figure 1): q
(3)
A −−→

∗

R0
s1, q

(4)
A −−→

∗

R0
s2, q

(5)
A −−→

∗

R0
s1, q

(13)
B −−→∗

R0
t11, q

(14)
B −−→∗

R0
t12,

q
(6)
A −−→

∗

R0
s2, q

(15)
B −−→∗

R0
t11, q

(16)
B −−→∗

R0
t12, and on the other hand: s1−−→

∗

R0
s0←−−

∗

R0
s2,

s1−−→
∗

R0
t17←−−

∗

R0
t11, t12−−→

∗

R0
t18←−−

∗

R0
s2, t11−−→

∗

R0
t10←−−

∗

R0
t12.

The use of colors in the construction of R0 implies (1) for w. For instance,

in q
(3)
A −−→

∗

R0
s1←−−

∗

R0
q
(5)
A , because of the coloring with colors 3 and 5, the left

derivation can only involve rules of the sub systems T
(3)
A , P (3,1), P (1,0),

Π
(1,17)
1 , and the right derivation can only involve rules of the sub systems

T
(5)
A , P (5,1), P (1,0), Π

(1,17)
1 . Hence, s1 ∈ T (∆

(0) ∪ ∆(1) ∪ Γ(17)). Similarly,

q
(4)
A −−→

∗

R0
s2←−−

∗

R0
q
(6)
A implies that s2 ∈ T (∆

(0)∪∆(2)∪Γ(18)) and s1−−→
∗

R0
s0←−−

∗

R0
s2

implies that s0 ∈ T (∆
(0)), s1 ∈ T (∆

(0) ∪ ∆(1)) and s2 ∈ T (∆
(0) ∪ ∆(2)).

We proceed the same way to show the other conditions of (1), reducing
incrementally the possible domain of each component of w. The conditions
(2) and (3) follow then from the above reductions and the colors of the
terms. 2

Lemma 8 There exists a 01-derivation witness for R1 iff there exists a
solution for PCP.

Proof: For the if direction, assume that the sequence (ij)0≤j≤k is
a solution of PCP, and let s := (ui0 ⊗ vi0)(ui1 ⊗ vi1) . . . (uik ⊗ vik) and
t := ui0ui1 . . . uik . By construction of R1, and because t = vi0vi1 . . . vik , the
tuple (s(0), s(1), s(2), t(10), t(11), t(12), t(17), t(18)) is a 01-derivation witness for
R1.

For the only if direction, let (s0, s1, s2, t10, t11, t12, t17, t18) be a 01-derivation
witness for R1. By (1) and (2) of Lemma 7, there exist a sequence (ij)0≤j≤k

such that, for each ℓ = 0, 1, 2: sℓ = (u
(ℓ)
i0
⊗ v

(ℓ)
i0

) · · · (u
(ℓ)
ik
⊗ v

(ℓ)
ik

). The other
conditions in (1)–(3) in Lemma 7 imply that (ij)0≤j≤k is a solution of PCP
(see the comments in Figure 1). 2

Lemmas 6, 7 and 8 establish a reduction of the undecidable PCP into
the reachability problem for (R1, 0, 1). Hence we can conclude with the
following theorem.
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Theorem 9 The ground reachability problem is undecidable for flat TRS.

4 Reduction of PCP to joinability for flat TRS

The undecidability for the joinability follows from a reduction presented
in [7] (we can also observe that the joinability problem for R1, 0 and 1 is
equivalent to the reachability problem for R1, 0 and 1).

Corollary 10 The ground joinability problem is undecidable for flat TRS.

5 Reduction of PCP to confluence for flat TRS

We shall modify the TRS R1 in order to reduce PCP to confluence2. More
precisely, we shall construct a TRS R2 such that 0 −−→∗

R1
1 iff R1 ∪ R2 is

confluent.
The TRS R2 is defined on the extended signature: Ξ′ = Ξ ∪ {2}, where

2 has arity 0 in Ξ′.

R2 := {2→ 0, 2→ 1} ∪ {c→ 0 | c ∈ Ξ0 \ {0, 1}} ∪ {d(x)→ 0 | d ∈ Ξ1} ∪

{d(1) → 1 | d ∈ Ξ1} ∪ {f(z1, . . . , z8)→ 1, g(z1, . . . , z8)→ 1 |

one of the zi is 1, the others are distinct variables} (9)

We recall that Ξ0 and Ξ1 denote the set of symbols of Ξ of arity respectively
0 and 1. Note that R2 is flat.

Lemma 11 R1 ∪R2 is confluent iff 0 −−→∗
R1

1.

Proof: (sketch) For the only if direction, assume that 0 6−−→∗
R1

1. It
means that 0 and 1 are not joinable by R1 (since 1 is in normal form for
R1 ∪ R2) and hence also not joinable by R1 ∪ R2. Hence R1 ∪ R2 is not
confluent because of the peak 0←−−

R2
2 −−→

R2
1.

For the if direction, assume that 0 −−→∗
R1

1, and let R3 := (R1 ∪R2) \R4,

where R4 contains the rules of T
(3)
A , T

(4)
A , T

(5)
A , T

(6)
A , T

(13)
B , T

(14)
B , T

(15)
B , T

(16)
B

and 0→ f(q
(3)
A , q

(4)
A , q

(5)
A , q

(13)
B , q

(14)
B , q

(6)
A , q

(15)
B , q

(16)
B ), 2→ 0, 2→ 1.

We can observe that it is sufficient to show that R3 is confluent in order
to show that R1 ∪ R2 is confluent. Indeed if s←−−−−−∗

R1∪R2
u−−−−−→∗

R1∪R2
t, and one

reduction involves a rule of R4, then u, s and t contain at least a constant
symbol of Ξ0 and then s−−→∗

R2
1←−−∗

R2
t. Since R3 is terminating, we prove its

confluence using Newman’s lemma, by observing that all its critical pairs
can be joined by R2. 2

2A similar technique is used in [6] to show the NP-hardness of confluence for shallow
TRS.
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By Lemmas 6, 7, 8 and 11, there is a reduction of PCP into the confluence
for the flat TRS R1 ∪R2.

Theorem 12 The confluence is undecidable for flat TRS.

Conclusion

We have shown that the properties of reachability, joinability and confluence
are undecidable for flat (and hence shallow) TRS. This is a big contrast
with the shallow linear case, for which all these properties are known to be
decidable in polynomial time [6].

One can note that all the known decidability results for confluence con-
cern classes of linear TRS. Two subclasses of (non-linear) shallow TRS re-
main out of the scope of the reductions constructed here: the shallow right-
ground TRS – reachability and joinability are decidable for right-ground
rewrite systems [9], and, more generally, subclasses of shallow TRS with
syntactic restriction on the relative occurrences of variables between left
and right members of rules, e.g. shallow TRS such that a variable with
more than one occurrence in the left member can not occur in the right
member of a rewrite rule.
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