
On the Complexity of Approximating the VC dimension

ElchananMossel
MicrosoftResearch
OneMicrosoftWay

Redmond,WA 98052
mossel@microsoft.com

ChristopherUmans
MicrosoftResearch
OneMicrosoftWay

Redmond,WA 98052
umans@microsoft.com

Abstract

Westudythecomplexity of approximatingtheVCdimen-
sionof a collectionof sets,whenthesetsare encodedsuc-
cinctlybya smallcircuit. Weshowthat thisproblemis

• Σp
3-hard to approximateto within a factor2− ε for any

ε > 0,

• approximablein AM to within a factor2, and

• AM-hard to approximateto within a factor N ε for
someconstantε > 0.

To obtaintheΣp
3-hardnessresultwesolvea randomnessex-

tractionproblemusinglist-decodablebinary codes;for the
positiveresultweutilize theSauer-Shelah(-Perles)Lemma.
Theexactvalueof ε in theAM-hardnessresultdependson
thedegreeachievablebyexplicit disperserconstructions.

1. Intr oduction

The VC dimensionplays an importantrole in learning
theory, finite automata,comparabilitytheoryandcomputa-
tional geometry. It wasfirst definedin statisticsby Vapnik
andČervonenkis. Let C be a collectionof subsetsof a fi-
nite setU . TheVC dimensionof C (denotedV C(C)) is the
cardinalityof thelargestsubsetF ⊂ U suchthatany subset
of F canbe written asthe intersectionof an elementof C
with F . Wereferthereaderto [13] for referencesandmore
background.

It is fairly commonto computeboundsontheVC dimen-
sion of a certainsetsystemsor classof setsystemsin the
context of, say, a learningtheoryresult. It is thennatural
to ask how hard the function V C(C) is to computefrom
a representationof the collectionC. Linial, Mansourand
Rivestfirst askedthis questionin [9]. There,C is givenex-
plicitly by an incidencematrix M of sizen = |C| × |U |
suchthatMS,x = 1{x∈S}. It is shown in [9] thattheV C(C)

dimensioncanbe computedin time O(nlog n). Later, Pa-
padimitriouandYannakakis[11] gave a moreprecisechar-
acterizationof thecomplexity of thedecisionversionof this
problemby defininga new complexity classLOGNP, and
showing theproblemto beLOGNP-complete.

Schaefer[13] observed that in many naturalexamples,
thesetsystemmaybeexponentiallylargebut have a small
implicit representation.That is, thereis a polynomialsize
circuit C(i, x) which outputs1 iff elementx belongsto the
setlabeledby i. Following Schaefer, wedenoteby V C(C)
theVC dimensionof the setsystemrepresentedby circuit
C. Thedecisionversionof thisvariantof theproblemisΣp

3-
complete[13]. An importantandnaturalremainingquestion
is todeterminehow hardit is toapproximateV C(C). A first
stepin thisdirectionwastakenin [13], in whichit wasshown
thatapproximatingV C(C) to within N1−ε is NP-hardfor
all ε > 0.

In this paper, we settlethecomplexity of approximating
theVC dimension.Specificallyweshow thatcomputingthe
VC dimensionof apolynomialsizecircuit C with N inputs
is:

• Σp
3-hard to approximate to within a factor

g ≤ 2 − Ω(N−ε) for all ε < 1/4,

• approximable1 in AM to within a factor
g ≥ 2 − O(N−1/2 logp N) for any constant
p, and

• AM-hardto approximateto within a factorg ≤ N ε

for someconstantε > 0.

In particular, this impliesthattheproblemis Σp
3-hardto ap-

proximateto within a factorof 2 − ε and“easy” to approxi-
matetowithin afactorof 2. However, noticethatweareable
to locatethe thresholdof approximabilityfor this problem
with unusualaccuracy. In statisticalphysics terminology,
wederivenon-trivial boundsonthe“critical exponent”near

1In the next sectionwe castthe approximationproblemasa promise
problemandmakeprecisewhatwemeanby “approximablein AM.”



the“critical point”. Ourresultis, to ourknowledge,thefirst
to establisha constantapproximabilitythresholdfor anop-
timizationproblemabove NP in thePolynomialHierarchy
(severalΣp

2 minimizationproblemsareshown to behardto
approximatewithin N ε factorsin [18], andKoandLin [8, 7]
show thatseveralΠp

2 functionapproximationproblemsare
hardtoapproximatetowithin constantfactors,butmatching
upperboundsarenot known.)

Our AM-hardnessresult,coupledwith the approxima-
bility of theVC dimensionwithin a factor2 in AM, shows
that the promiseproblemwith gap g, for N ε ≥ g ≥ 2, is
AM-complete.We notethat theAM-hardnessresultcan
beseenasa derandomizationof Schaefer’s result[13] that
approximationto within a factorN1−ε is NP-hard(asAM
is just theclassof languagesrandomlyreducibleto NP). If
we hadan explicit constructionof optimal dispersers,we
wouldachievea factorof N1−ε for all ε > 0.

TheΣp
3 hardnessresultin section4 builds on Schaefer’s

reduction. In orderto obtainthe necessarygap for the in-
approximability result, we solve a randomnessextraction
problemusinggoodlist-decodablecodes.Thisconstruction
(in section3) is the main technicalcomponentof our re-
ductionandmay be of independentinterest. For theAM
hardnessresultin section6, weusedeterministicamplifica-
tion in a critical way to obtainthe necessarygap. Finally,
theproofof theupperboundin section5 followsquiteeasily
from Sauer-Shelah(-Perles)Lemma[12, 14]. It is amusing
to notethataslightly weakerversionof theupperboundac-
tually follows from theoriginalVapnik-Červonenkispaper
[19].

2. Preliminaries

We begin with somedefinitions. For a bit-string s, we
usesi to denotethei-th bit of thestring.

Definition 2.1. Let C = {Si} be a collection of subsets
of a finite setU . A setF is shatteredby C if every subset
F ′ ⊆ F canbeexpressedasF ′ = F ∩ Si for somei. The
VC dimensionof C is thesizeof thelargestsetF ⊆ U that
is shatteredbyC.

Definition 2.2. Givena circuit C(i, x), definethesetSi =
{x : C(i, x) = 1}. TheVC dimensionof C, denotedby
V C(C), is theVCdimensionof thecollectionC = {Si}i.

Thedecisionproblemwe areinterestedin is thefollow-
ing: GivenacircuitC(i, x) andanintegerk, isV C(C) ≥ k?
It is easyto seethatthisproblemis in Σp

3 from thefollowing
equivalence(herethe inputsto C(i, x) aren-bit andm-bit
strings,respectively):

V C(C) ≥ k ⇐⇒ (∃x0, . . . , xk−1 ∈ {0, 1}m)

(∀s ∈ {0, 1}k)(∃i ∈ {0, 1}n)

(∀j ∈ {0, . . . , k − 1})C(i, xj) = sj .

An importantfact is that theVC dimensionof a classC is
at mostlog2(|C|). Thereforethefinal ∀ quantifieris over a
domainof sizeat mostn, sothefinal line is computablein
polynomialtime.

In orderto make statementsaboutthecomplexity of ap-
proximatingtheVC dimension,we needto definethe“gap
version”of thedecisionproblem:

VC dimensionwith gapg

Instance: Circuit C(i, x) andanintegerk
Question: Determinewhichof thefollowing casesholds:

YES:V C(C) ≥ k

NO: V C(C) < k/g

In statingtheresults,wemeasureg in termsof the“size”
of instance. For our purposes,the most meaningfulsize
measureis thenumberof inputsto thecircuit, N ; however
thecircuit alwayshassizepolynomialin N .

Two of our resultsrelatethecomplexity of approximat-
ing the VC dimensionto the complexity classAM. Re-
call thata languageL is in AM if andonly if thereexists
apolynomiallybalanced,polynomial-timedecidablepredi-
cateRL(x, y, z) suchthat:

x ∈ L ⇒ Pr
y

[∃z RL(x, y, z) = 1] = 1

x 6∈ L ⇒ Pr
y

[∃z RL(x, y, z) = 1] ≤ 1/2.

It isstraightforwardtoextendthisdefinitiontopromiseprob-
lemsL = (Lyes, Lno) in theusualway; whenwe saythat
theVC dimensionis approximableto within a factor2 in
AM, we meanthat the promiseproblemVC dimension
with gap2 is in AM. Also, it is sufficient to requirethat

x 6∈ L ⇒ Pr
y

[∃z RL(x, y, z) = 1] ≤ 1 − 1/poly(|x|)

assimplerepetitionof theprotocolreducestheerrorto 1/2.

3. A randomnessextraction problem

Themaintechnicalhurdlein thereductionin thenext sec-
tion canbeviewedasa randomnessextractionproblemfor
aparticulartypeof imperfectrandomsource.Here,we iso-
latethisextractionproblemandshow thatit canbesolvedin
a straightforwardway usinggoodefficiently list-decodable
codes.



In the most generalsetting,the extraction problemre-
quires an efficiently computablefunction f : {0, 1}n ×
{0, 1}d → {0, 1}m with thepropertythatany input distri-
butionon{0, 1}n with "k bitsof randomness"(min-entropy
at leastk), togetherwith theuniformdistributionon{0, 1}d

inducesan output distribution that is statisticallycloseto
uniform;a functionf with thispropertyis calledanextrac-
tor. In theone-sidedvariantwerequireonly thattheoutput
distribution "hits" a 1 − ε fractionof therange(its support
hassizeat least(1 − ε)2m); in this casef is calleda dis-
perser. The parameterε is referredto asthe error. There
is a largebodyof recentwork on extractorsanddispersers
(seethesurvey [10] andthereferencesin [16]).

Earlier work consideredthe extraction problem for
classesof distributions properly containedin the classof
distributions with high min-entropy. One example is the
classof "bit-fixing sources"introducedby Vazirani[20]. A
distribution in this classhasn − h (unknown) bit positions
fixedto (unknown) values,andtheremainingh bitsarecho-
senuniformly. In thiscase,many positiveresultsareknown
[4, 3] andit is evenunnecessaryto inject truly randombits,
asis requiredin themoregeneralsetting.

A seeminglyminorvariationallowsthen − h "fixed"bit
positionsto besetto valuesthatdependonthevalueof theh
randombits. Thesourceis thereforea uniform distribution
on a size2h subsetfor which thereexists a h-dimensional
subcubesuchthattheprojectionof thedistributionontothis
subcubeis the full subcube.For lack of a betterterm, we
call suchdistributionsgeneralizedbit-fixing sourcesof di-
mensionh, sincethey properlyincludetheclassof bit-fixing
sources.It is a consequenceof [6] that it is impossibleto
extractevenonealmost-randombit deterministicallywhen
n − h > Ω(n/ log n).

Ourapplicationrequiresadisperserfor thesedistributions
with zero error (ε = 0) that usesat most O(log n) truly
randombits. Using good efficiently list-decodablecodes
(e.g.,from[5]), wecanbuild thedesiredzeroerrordispersers
for generalizedbit-fixing sourceof dimensionh = n/2+nδ

for δ > 3/4 whoseoutputlengthis hΩ(1).

Theorem3.1. LetencodingfunctionE : {0, 1}k → {0, 1}n

definea binary error-correctingcode, with a polynomial-
time list-decodingalgorithm L that on input x ∈ {0, 1}n

returnsa sizeD = poly(n) subsetof {0, 1}k containingall
y for which E(y) differs fromx in at moste locations.Then
f : {0, 1}n × {0, 1}log D → {0, 1}k definedby f(x, z) =

zth elementof L(x) isazero-error disperserfor generalized
bit-fixingsourcesof dimensionh ≥ n − e.

Proof. The proof is simple. Fix a generalizedbit-fixing
sourceX ⊂ {0, 1}n. We needto show that for all y ∈
{0, 1}k, thereexists an x ∈ X anda z ∈ {0, 1}log D for
which f(x, z) = y. Considerthe codeword E(y). Some
x ∈ X agreeswith E(y) in thoseh bit positionsthat are

not fixed. SinceE(y) andx differ in at moste locations,
weareguaranteedthatx appearsin thelist outputby L(x).
Thereforethereexistssomez for whichf(x, z) = y. �

Theparametersof thecurrentbestexplicit list-decodable
codefor ourpurposesaregivenin thefollowing lemma,due
to GuruswamiandSudan[5]:

Lemma 3.2 ([5]). For all k andγ > 0, there existsan ex-
plicitly specifiedbinary linear codeE : {0, 1}k → {0, 1}n

of rate k, block lengthn = O( k2

γ4 ) and such that for all
e ≤ (1 − γ)n/2 thefollowingholds:

• For anyreceivedwordx ∈ {0, 1}n alist ofall messages
y ∈ {0, 1}k for which E(y) differs fromx in at moste
placescanbefoundin polynomialtime.

• Thelist hassizeat mostO(γ−2).

The list decodingalgorithm of Guruswami and Sudan
doesnot return a list of only thosecodewords within the
specifiedbound,but apotentiallylargerlist. However, since
theminimal distanceof thecodeis (1 − γ2)n/2, if follows
by a well known bound(seee.g. [2], LemmaA.1), that the
numberof codewordswhich differ from thereceivedword
in atmost(1−γ)n/2 placesis O(γ−2). Sincetheencoding
function in Lemma3.2 is computablein polynomial time,
it follows thatby pruningwemayassumethatthelengthof
thelist of codewordsD is alwaysboundedasO(γ−2).

Weobtainthefollowing corollary:

Corollary 3.3. For all k and1 > δ > 3/4, there existsan
explicit zero-error disperser

f : {0, 1}n × {0, 1}2(1−δ) log n+Θ(1) → {0, 1}k

for generalizedbit-fixing sourcesof dimensionh ≥ n/2 +
nδ, andn = poly(k).

Proof. UsingLemma3.2with γ = k−α whereα isspecified
later, we obtaina codewith ratek, block lengthO(k2+4α),
suchit is possibleto find in polynomialtime the list of all
codewordsdifferingfrom thewordin atmost(1−k−α)n/2
places.Moreover thesizeof this list is O(k2α).

Pluggingthis into Theorem3.1, we obtain the desired
constructionfor

δ ≤ 1 −
α log k

log n
= 1 −

α log k

(2 + 4α) log k + O(1)
.

Thisexpressioncanbemadearbitrarilycloseto 3/4 by tak-
ing α to beasufficiently largeconstant. �

We remarkthat the ideaof usingerror-correctingcodes
“the wrong way” for bit extraction(from the smallerclass
of bit-fixing sources)originatedin [4].



4. Σ
p

3
-hardness

Theorem 4.1. VC dimensionwith gapg is Σp
3-hard when

g ≤ 2 − Ω(N−ε), for all ε < 1/4.

Proof. Thereductionfrom QSAT3 is similar to Schaefer’s
reduction. Let φ(a, b, c) be an instanceof QSAT3, with
|a| = |b| = |c| = k. Weletf : {0, 1}n ×{0, 1}d → {0, 1}k

bethedisperserwhich wasconstructedin Corollary3.3 for
generalizedbit-fixing sourcesof dimensionh ≥ n/2 + nδ

whered = 2(1 − δ) log n + Θ(1) andD = 2d.
We now describethecollectionC of setscomprisingour

instanceof VC dimension. Let L = {0, 1}k besetof "wit-
nesses."Theelementsof oursetswill beelementsof L× [n],
andthesetswill beindexedbytuplesfromL×{0, 1}n×LD.
Westressthatthesamesetmayhavemultipleindices;in par-
ticular if φ is not satisfiable,thenthereis only oneset– the
emptyset– andit is indexedby all tuples.Wedefinetheset
S(σ,v,w0,w1,...,wD−1) to be:

{

{(σ, i) ∈ L × [n]|vi = 1} if
∧D−1

j=0 φ(σ, f(v, j), wj)

∅ otherwise
(1)

It is easyto seethat thereis a polynomial-sizecircuit
C that decidesif an elementx ∈ L × [n] belongsto a set
specifiedby an elementof L × {0, 1}n × LD. Without
lossof generalitywe may assumethat k = O(n1/2) and
noticethatD = O(n1/2) (sinceδ > 3/4). Circuit C has
N = k + n + Dk + k + dlog ne inputs,andwe seethat
N = Θ(n).

Claim 4.2. φ is a positiveinstance=⇒ V C(C) ≥ n.

We know that(∃a)(∀b)(∃c)φ(a, b, c); fix ana for which
(∀b)(∃c)φ(a, b, c). We claim that the setT = {a} × [n]
is shattered. Pick an arbitrary vector v ∈ {0, 1}n and
let T ′ = {(a, i)|vi = 1}. Becauseφ is a positive in-
stance,we know that for eachj, thereexistssomewj ∈ L
such that φ(a, f(v, j), wj) is true. Notice that the set
S(a,v,w0,w1,...,wD−1) is just T ′. ThereforeT is shattered,
which impliesthatV C(C) ≥ n.

Claim 4.3. V C(C) ≥ h + 1 = n/2 + nδ + 1 =⇒ φ is a
positiveinstance.

Noticethatfor everysetin thecollectionC (definedabove
by (1)), all of the elementshave the samefirst coordinate.
This is alsotrueof any setshatteredby C.

We know thatsomesetT of sizeh + 1 is shattered.Set
T hasthe form {(a, i)|ti = 1} for somet ∈ {0, 1}n with
exactly h + 1 ones. Notice that every subsetQ ⊆ T can
bewritten as{(a, i)|qi = 1} for someq � t (i.e., for all i,
qi ≤ ti). Let i∗ beanindex suchthatti∗ = 1.

We now arguethat (∀b)(∃c)φ(a, b, c). SinceT is shat-
tered, eachQ ⊆ T as above can be expressedas Q =

R(Q) ∩ T for someR(Q) ∈ C. If Q is not empty, then
R(Q) mustbeof theform R(Q) = S(a,r(Q),w0,w1,...,wD−1)

wherer(Q) ∈ {0, 1}n and

q = r(Q) ∧ t (2)

D−1
∧

j=0

φ(a, f(r(Q), j), wj) = 1 (3)

By (2), the collection{r(Q) : Q ⊆ T, r(Q)i∗ = 1} is a
generalizedbit-fixing sourceof dimensionh, wherethe h
positionsthat are not fixed are{i : ti = 1, i 6= i∗}. Now,
sincef is a zero error disperser, if follows that for all b,
thereexistsa Q and0 ≤ j < D suchthatf(r(Q), j) = b.
Therefore(3) implies(∀b)(∃c)φ(a, b, c).

We thereforeachieveagapof

g =
n

n/2 + nδ + 1
= 2(1−Ω(nδ−1)) = 2(1−Ω(N δ−1)),

for all δ > 3/4 asneeded. �

We notethat improving the boundof Lemma3.2 on n
in termsof γ will result in improving the exponent1/4 in
Theorem4.1. From a certainperspective, our useof list-
decodablebinarycodesin this reductionis quitesimilar to
an applicationof suchcodesto checkingNP membership
from "noisy" witnesses(see[5]).

5. Approximation in AM

Theorem 5.1. VC dimension with gap g is in AM for
g ≥ 2 − O(N−1/2 logp N) for all constantp.

The proof of the theoremrelies on the Sauer-Shelah(-
Perles)Lemmawhichwereformulatebelow:

Lemma 5.2. [12, 14] LetC bea collectionof subsetsof an
n elementsetU such that |C| >

∑k
j=0

(

n
j

)

. ThenC shatters
a setof sizek + 1.

Proof of Theorem 5.1: We give a constantroundArthur-
Merlin protocol for decidingthe gap problem. It is well-
known thatany problemdecidableby suchaconstant-round
protocolis in AM (seeBabaiandMoran [1]). Themutual
input is acircuit C(i, x) andanintegerk, andit is promised
thateitherV C(C) ≥ k or V C(C) < k/g. Let n = |i|, so
thereareatmost2n implicitly definedsets,andthereforethe
VC dimensionis no largerthann.

Protocol for approximateVC dimension

• Merlin sendsArthur a set of k elementsX =
{x0, x1, . . . xk−1}.

• Arthur sendsMerlin a randomstrings ∈ {0, 1}k.

• Merlin sendsArthur anindex i ∈ {0, 1}n.



• The input is acceptedif C(i, xj) = sj for j =
0, 1, . . . k − 1 andis rejectedotherwise.

Claim 5.3. If V C(C) ≥ k, thenMerlin hasa strategy that
causestheinput to beacceptedwith probabilityone.

Proof. Let X = {x0, . . . xk−1} be a set of sizek that is
shattered.Merlin initially sendsX. SinceX is shattered,
for any string s Arthur chooses,thereis a responsei such
thatC(i, xj) = sj for all j.

Claim 5.4. If V C(C) < k/g thentheinput is rejectedwith
probabilityΩ(n−2p).

Proof. Recall that Si = {x : C(i, x) = 1}. Considerthe
collectionof setsC′ = C ∩ X = {Si ∩ X}. Clearly, this
collectionsatisfiesV C(C′) ≤ V C(C) < k/g. Therefore,
by Lemma5.3,

|C′| ≤

k/g
∑

j=0

(

k

j

)

=

k/2+O(n−1/2 logp n)
∑

j=0

(

k

j

)

≤ (1 − Ω(n−2p))2k.

Thereforethe probability that there exists an i such that
C(i, xj) = sj for all j is 1 − Ω(n−2p).

Noting thatn ≤ N , thetheoremfollows. �

6. AM-hardness

Theorem6.1. VC dimensionwith gapg isAM-hardwhen
g ≤ Nε for someε > 0. If optimalexplicit dispersersexist,
thenthetheoremholdsfor all ε < 1.

We first needthe following lemma, in which we use
dispersersfor efficient deterministicamplification(a tech-
niquefirst usedby Sipserto amplify RP[15]). Recallthat
a function f : {0, 1}n × {0, 1}d → {0, 1}m is a (k, 1/4)
disperser if for all setsS ⊆ {0, 1}n of size at least2k,
|f(S, {0, 1}d)| ≥ (1 − 1/4)2m. Nonconstructively, dis-
persersexist with d = log n + O(1); explicit constructions
donot yetmatchthatbound.

Lemma6.2. For everylanguageL in AM andeveryδ > 0,
there existsa polynomiallybalanced,polynomial-timede-
cidablepredicateR′

L(x, a, b) such that

x ∈ L ⇒ Pr
a

[∃z R′
L(x, a, b) = 1] = 1

x 6∈ L ⇒ Pr
a

[∃z R′
L(x, a, b) = 1] ≤ 2|a|δ/2|a|.

Moreover, if explicit dispersersexistwith d = log n+O(1),
then|a| + |b| = |a|1+δ.

Proof. Let RL(x, y, z) bethepredicatefrom thedefinition
of AM, andletm = |y|. Withoutlossof generalitywemay
assumethat|z| = m aswell. Pickk = m3/2, n = kδ−1

, and
let f : {0, 1}n × {0, 1}d=O(log n) → {0, 1}m bea (k, 1/4)
disperser(wecanuse,e.g.,theconstructionin [17]). Define
thenew predicateR′

L asfollows:

R′
L(x; a; b = z0z1z2 . . . z2d−1) =

2d−1
∧

j=0

RL(x, f(a, j), zj).

Note that |a| + |b| = n + 2dm, which is O(n1+δ) if d =
log n + O(1).

If x ∈ L, thenit isclearthat∀a∃b for whichR′
L(x, a, b) =

1. If x 6∈ L, thenthesetB of randomstringsy for which
∃zRL(x, y, z) = 1 is small, i.e. |B| ≤ 1/2 · 2m. We want
to boundthe numberof “bad” randomstringsa for which
∃bR′

L(x, a, b) = 1. We noticethat string a is badexactly
whenf(a, j) ∈ B for all j. Thereforethesetof badstringsa
fails to disperse,which impliesthatthereareatmost2k bad
stringsa. Theerror is then2k/2n = 2|a|δ/2|a| asrequired.
�

Weproceedwith theproofof Theorem6.1.

Proof of Theorem 6.1: The reductionis a genericreduc-
tion. Let L be a languagein AM, andlet R′

L(x, a, b) be
thepredicateguaranteedby Lemma6.2,with someδ > 0.
Given an instancex, the collectionof setscomprisingour
instanceof VC dimensionis asfollows. Eachsetis labeled
by a tuplein {0, 1}|a| × {0, 1}|b|.

S(a,b) =

{

{i|ai = 1} if R′(x, a, b)
∅ otherwise

(4)

If x ∈ L, thenthe set [|a|] is shattered.For every a ∈
{0, 1}|a|, thereexists someb for which R′

L(x, a, b) = 1,
which implies that S(a,b) = {i|ai = 1}. Thereforeevery
subsetof [|a|] is presentin thecollectionof sets.

If x 6∈ L, thenthenumberof distinctsetsspecifiedby (4)
isatmostthenumberof a for which∃bR′

L(x, a, b) = 1, plus
one(for theemptyset),whichis atmost2|a|δ +1. Sincethe
VC dimensioncanbeno larger thanthe log of thenumber
of sets,weseethatin thiscaseit is atmost|a|δ +1. Wethus
have proved a gap of |a|1−δ. SinceRL

′ is polynomially
balanced,the numberof inputs to the circuit N satisfies
N = |a|O(1). We thereforeobtaina gapof N (1−δ)/O(1) as
needed.If explicit optimaldispersersexist, wehavethatfor
all δ, N = |a|+ |b|+log |a| = O(|a|1+δ), andthereforethe
gapis N (1−δ)/(1+δ), i.e.,if δ is sufficiently small,weobtain
agapof N1−ε for any ε > 0. �
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