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Abstract

We studythe compleity of approximatingtheVVC dimen-
sion of a collectionof sets,whenthe setsare encodedsuc-
cinctly by a smallcircuit. We showthat this problemis

¢ >’-hard to approximateto within afactor2 — e for any
e >0,

e approximablein AM to within a factor 2, and

e AM-hard to appmoximateto within a factor N¢ for
someconstant > 0.

To obtainthe X% -hardnesgesultwe solvea randomnesex-

traction problemusinglist-decodabléinary codes;for the
positiveresultwe utilize the SauerShelah(-Rrles)Lemma.
Theexactvalueof e in the A M-hardnesgesultdepend®n

thedeggreeachievableby explicit dispeserconstructions.

1. Intr oduction

The VC dimensionplays an importantrole in learning
theory finite automatacomparabilitytheoryandcomputa-
tional geometry It wasfirst definedin statisticsby Vapnik
andCenonenkis. Let C be a collectionof subsetof a fi-
nite setU. TheVC dimensionof C (denoted/ C(C)) is the
cardinalityof thelargestsubset?” C U suchthatary subset
of F' canbe written asthe intersectionof an elementof C
with F'. We referthereadetto [13] for referencesndmore
background.

It is fairly commonto computeboundsontheVC dimen-
sion of a certainsetsystemsor classof setsystemsn the
contet of, say alearningtheoryresult. It is thennatural
to askhow hardthe function VC(C) is to computefrom
a representatiomf the collectionC. Linial, Mansourand
Rivestfirst asledthis questionin [9]. There,C is givenex-
plicitly by anincidencematrix M of sizen = |C| x |U]|
suchthatMs , = 1;,¢sy. Itisshavnin [9] thattheV C(C)
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dimensioncanbe computedin time O(n'°8™). Later, Pa-
padimitriouandYannakakig11] gave a moreprecisechar
acterizatiorof thecompleity of thedecisionversionof this
problemby defininga new compleity classLOGNP and
shaving the problemto be LOGNP-complete.

Schaefe{13] obsered thatin mary naturalexamples,
the setsystemmay be exponentiallylarge but have a small
implicit representationThatis, thereis a polynomialsize
circuit C(4, ) which outputsl iff elementz belongsto the
setlabeledby i. Following Schaeferwe denoteby V' C'(C')
theVVC dimensionof the setsystemrepresentedby circuit
C. Thedecisiorversionof thisvariantof theproblemis 3%-
completg13]. Animportantandnaturalremainingguestion
isto determinenow hardit isto apptroximatel’ C(C). A first
stepin thisdirectionwastakenin [13], in whichit wasshavn
thatapproximatingl’C'(C) to within N'~< is NP-hardfor
alle > 0.

In this paper we settlethe compleity of approximating
theVC dimension.Specificallywe shov thatcomputingthe
VC dimensionof a polynomialsizecircuit C with N inputs
is:

e Xi-hard to approximate to within a factor

g <2 — QN9 foralle <1/4,

e approximablé in AM to within a factor
g > 2 — O(N"'Y2logP N) for ary constant
p, and

e AM-hardto approximateto within a factorg < N°¢
for someconstant > 0.

In particular thisimpliesthatthe problemis %-hardto ap-
proximateto within afactorof 2 — € and“easy” to approxi-
mateto within afactorof 2. However, noticethatweareable
to locatethe thresholdof approximabilityfor this problem
with unusualaccurag. In statisticalphysicsterminology
we derive non-trivial boundsonthe*“critical exponent’near

1In the next sectionwe castthe approximationproblemasa promise
problemandmale precisewhatwe meanby “approximablein AM.”



the“critical point”. Ourresultis, to ourknowledge thefirst
to establisha constantapproximabilitythresholdfor anop-
timization problemabove NP in the PolynomialHierarcly

(several X5 minimizationproblemsareshavn to be hardto
approximatevithin N factorsan [18], andKo andLin [8, 7]

shaw thatseveral IT5 functionapproximationproblemsare
hardto approximateo within constanfactors but matching
upperboundsarenotknown.)

Our AM-hardnessesult,coupledwith the approxima-
bility of theVC dimensiorwithin afactor2 in AM, shavs
that the promiseproblemwith gap g, for N¢ > g > 2, is
AM-complete.We notethatthe A M-hardnessesultcan
be seenasa derandomizatiof Schaefes result[13] that
approximatiorto within afactor V! —< is NP-hard(as.AM
is just the classof languagesandomlyreducibleto NP). If
we had an explicit constructionof optimal dispersersye
would achieve afactorof N1~< for all € > 0.

The X% hardnessesultin section4 builds on Schaefes
reduction. In orderto obtainthe necessargap for the in-
approximability result, we solve a randomnesxtraction
problemusinggoodlist-decodableodes.Thisconstruction
(in section3) is the main technicalcomponentof our re-
ductionand may be of independeninterest. For the AM
hardnessesultin section6, we usedeterministicamplifica-
tion in a critical way to obtainthe necessargap. Finally,
theproofof theupperboundin sections follows quiteeasily
from SauefrShelah(-Perledlemma[12, 14]. It is amusing
to notethataslightly wealer versionof theupperboundac-
tually follows from the original Vapnik-Cernonenkispaper
[19].

2. Preliminaries

We begin with somedefinitions. For a bit-string s, we
uses; to denotethei-th bit of the string.

Definition 2.1. LetC = {S;} be a collection of subsets
of a finite setU. A setF is shatteredby C if every subset
F’ C F canbeexpressedas F/ = F' N S; for some:. The

VC dimensionof C is thesizeof thelargestsetF’ C U that

is shatteed by C.

Definition 2.2 Givena circuit C (i, x), definethesetS; =
{z : C(i,x) = 1}. TheVC dimensionof C, denotedby
VC(C), istheVCdimensiorof thecollectionC = {5, };.

The decisionproblemwe areinterestedn is the follow-
ing: GivenacircuitC(i, z) andanintegerk, isVC(C) > k?
It is easyto seethatthis problemis in X% from thefollowing
equialence(heretheinputsto C(i, ) aren-bit andm-bit
strings,respectiely):

Vo) >k <= (3xo,...,zr—1 € {0,1})

(Vs € {0,1}%)(3i € {0,1}")
(Vj S {0, N 1})C(Z7£CJ) = 8j.

An importantfactis thatthe VC dimensionof a classC is
atmostlog, (|C|). Thereforethefinal v quantifieris over a
domainof sizeat mostn, sothefinal line is computablén
polynomialtime.

In orderto make statementsboutthe compleity of ap-
proximatingtheVVC dimensionwe needto definethe“gap
version”of thedecisionproblem:

VC dimensionwith gap g

Instance: Circuit C(i, z) andanintegerk
Question: Determinewhich of thefollowing casesolds:

YES:VC(C) > k
NO:VC(C) < k/g

In statingtheresultswe measure in termsof the“size”
of instance. For our purposesthe most meaningfulsize
measuras the numberof inputsto the circuit, N; however
thecircuit alwayshassizepolynomialin V.

Two of our resultsrelatethe compleity of approximat-
ing the VC dimensionto the compleity classAM. Re-
call thatalanguagelL is in AM if andonly if thereexists
apolynomiallybalancedpolynomial-timedecidablepredi-
cateRy(z,y, z) suchthat:

x€L = Pr[3zRi(z,y,2)=1=1
y

¢ L = Pr[3zRp(z,y,2z)=1]<1/2.
y

It is straightforvardto extendthisdefinitionto promiseprob-
lemsL = (Lyes Lno) in theusualway; whenwe saythat
the VC dimensionis approximableto within a factor2 in
AM, we meanthat the promiseproblemVC dimension
with gap2isin AM. Also, it is sufiicientto requirethat

x & L= Pr[Iz Rp(z,y,2) =1] <1 - 1/poly(|z|)
Y
assimplerepetitionof theprotocolreducegheerrorto 1 /2.

3. A randomnessextraction problem

Themaintechnicahurdlein thereductionn thenext sec-
tion canbe viewedasarandomnessxtractionproblemfor
aparticulartype of imperfectrandomsource .Here,weiso-
latethis extractionproblemandshaw thatit canbesolvedin
a straightforvard way usinggoodefficiently list-decodable
codes.



In the most generalsetting, the extraction problemre-
quires an efficiently computablefunction f : {0,1}™ x
{0,1}¢ — {0,1}™ with the propertythatary input distri-
butionon {0, 1}" with "k bits of randomness(min-entroy
atleastk), togethemith the uniformdistributionon {0, 1}¢
inducesan output distribution that is statistically closeto
uniform; afunction f with this propertyis calledanextrac-
tor. In the one-sidedsariantwe requireonly thatthe output
distribution "hits" a1 — ¢ fraction of therange(its support
hassizeatleast(1 — €)2™); in this casef is calleda dis-
perser. The parametek is referredto asthe error. There
is a large body of recentwork on extractorsanddispersers
(seethesunwey [10] andthereferencesn [16]).

Earlier work consideredthe extraction problem for
classesof distributions properly containedin the classof
distributions with high min-entropy. One exampleis the
classof "bit-fixing sources'Introducedby Vazirani[20]. A
distribution in this classhasn — h (unknawn) bit positions
fixedto (unknown) values andtheremainingh bitsarecho-
senuniformly. In thiscasemary positive resultsareknown
[4, 3] andit is evenunnecessarto injecttruly randombits,
asis requiredin themoregeneraketting.

A seeminglyminorvariationallowsthen — h "fixed" bit
positionsto besetto valuesthatdependnthevalueoftheh
randombits. The sourceis thereforea uniform distribution
on asize2" subsefor which thereexists a h-dimensional
subcubesuchthatthe projectionof thedistribution ontothis
subcubds the full subcube.For lack of a betterterm, we
call suchdistributions genealized bit-fixing souicesof di-
mensiorh, sincethey properlyincludetheclassof bit-fixing
sources. It is a consequencef [6] thatit is impossibleto
extracteven onealmost-randonbit deterministicallywhen
n—h > Q(n/logn).

Ourapplicatiorrequiresadispersefor thesealistributions
with zeio error (¢ = 0) that usesat mostO(logn) truly
randombits. Using good efficiently list-decodablecodes
(e.g..from[5]), wecanbuild thedesiredzeroerrordispersers
for generalizedit-fixing sourceof dimensior = n/2+n?
for § > 3/4 whoseoutputlengthis h2(1).

Theorem3.1. Letencodindunctionk : {0, 1}* — {0,1}"
definea binary error-correcting code with a polynomial-
time list-decodingalgorithm L that on input z € {0,1}"
returnsa sizeD = poly(n) subsebf {0, 1}* containingall
y for which E(y) differsfromz in at moste locations. Then
f:{0,1}" x {0,1}°eP — {0,1}* definedby f(x,z) =
A elemenof L(z) isazeo-error dispeiserfor genealized
bit-fixing sourcesof dimensiom. > n — e.

Proof. The proof is simple. Fix a generalizedbit-fixing
sourceX C {0,1}". We needto shav thatfor all y €
{0,1}%, thereexistsanx € X andaz € {0,1}"°¢? for
which f(z,z) = y. Considerthe codevord E(y). Some
x € X agreeswith E(y) in thoseh bit positionsthatare

not fixed. Since E(y) andx differ in at moste locations,
we areguaranteethatz appearsn thelist outputby L(z).
Thereforethereexistssomez for which f(z,z) =y. ®

Theparametersf thecurrentbestexplicit list-decodable
codefor ourpurposesregivenin thefollowing lemma,due
to GurusvamiandSudan5]:

Lemma 3.2 ([5]). For all £ and~ > 0, there existsan ex-
plicitly specifiecbinary linear codeE : {0,1}* — {0,1}"
of rate k, block lengthn = O(ﬁ—i) and sud that for all
e < (1 —v)n/2 thefollowing holds:

e Foranyreceivedvordz € {0, 1}™ alistofall messges
y € {0, 1}* for which E(y) differsfromz in at moste
placescanbefoundin polynomialtime

e Thelist hassizeat mostO(y~2).

The list decodingalgorithm of Gurusvami and Sudan
doesnot returna list of only thosecodevords within the
specifiecbound,but apotentiallylargerlist. However, since
the minimal distanceof the codeis (1 — v?)n /2, if follows
by awell known bound(seee.g. [2], LemmaA.1), thatthe
numberof codevordswhich differ from the receved word
in atmost(1 —~)n/2 placess O(y~2). Sincetheencoding
functionin Lemma3.2 is computablen polynomialtime,
it follows thatby pruningwe mayassumehatthelengthof
thelist of codevords D is alwaysboundedasO(y~2).

We obtainthefollowing corollary:

Corollary 3.3. For all k and1 > ¢ > 3/4, there existsan
explicit zeo-error dispeser

£ {0,137 x {0, 1P eent O — o, 134

for genemlizedbit-fixing sourcesof dimensioms > n/2 +
nd, andn = poly(k).

Proof. UsingLemma3.2withy = k~“ wherex is specified
later, we obtaina codewith ratek, block lengthO (k%+4«),
suchit is possibleto find in polynomialtime thelist of all
codevordsdifferingfrom thewordin atmost(1 — k~*)n /2
places.Moreover thesizeof thislist is O(k2).

Pluggingthis into Theorem3.1, we obtain the desired
constructiorfor

7alogk_ alog k

§<1 .
(2 +4a)logk + O(1)

logn

This expressiorcanbemadearbitrarily closeto 3/4 by tak-
ing « to beasuficiently largeconstant. W

We remarkthatthe ideaof usingerrorcorrectingcodes
“the wrongway” for bit extraction (from the smallerclass
of bit-fixing sourcespriginatedin [4].



4. ¥%-hardness

Theorem4.1. VC dimensionwith gap g is ¥%-hard when
g<2-Q(N—¢),foralle <1/4.

Proof. Thereductionfrom QSAT 5 is similarto Schaefes
reduction. Let ¢(a,b, c) be aninstanceof QSAT 3, with
la| = |b] = |c| = k. Welet f : {0,1}" x {0,1} — {0,1}*
bethedispersewhich wasconstructedn Corollary 3.3 for
generalizedit-fixing sourcesof dimensionh > n/2 + n’
whered = 2(1 — §)logn + ©(1) andD = 2.

We now describethe collectionC of setscomprisingour
instanceof VC dimension Let L = {0, 1}* besetof "wit-
nesses.Theelement®f oursetswill beelement®f L x [n],
andthesetswill beindexedby tuplesfrom L x {0, 1} x LP.
Westresghatthesamesetmayhave multipleindices;in par
ticularif ¢ is notsatisfiablethenthereis only oneset—the
emptyset—andit is indexedby all tuples.We definethe set

S(o‘,v,wo,wl,...,wp_l) to be:

{{(g, i) € Lx [nllv; =1} it ALy é(o, f(v,5),w;)
) otherwise
@

It is easyto seethat thereis a polynomial-sizecircuit
C thatdecidesf anelementz € L x [n] belongsto a set
specifiedby an elementof L x {0,1}" x LP. Without
loss of generalitywe may assumethatk = O(n'/?) and
noticethat D = O(n'/?) (sinced > 3/4). Circuit C' has
N = k+n+ Dk + k + [logn] inputs,andwe seethat
N =0O(n).

Claim 4.2 ¢ is a positiveinstance=- VC(C) > n.

We know that (3a)(Vb)(3c)p(a, b, ¢); fix ana for which
(Vb)(3c)p(a, b, c). We claim thatthe setT = {a} x [n]
is shattered. Pick an arbitrary vectorv € {0,1}" and
let 7" = {(a,i)|v; =1}. Because¢ is a positive in-
stancewe know thatfor eachj, thereexists somew; € L
such that ¢(a, f(v,j),w;) is true. Notice that the set
S(a,v,w0,w1,...;wp_1) 1S just T'. ThereforeT" is shattered,
whichimpliesthatVC(C) > n.

Claim 4.3. VC(C)>h+1=n/2+n’ +1 = ¢isa
positiveinstance

Noticethatfor everysetin thecollectionC (definedabore
by (1)), all of the elementshave the samefirst coordinate.
Thisis alsotrue of ary setshatteredy C.

We know thatsomesetT of sizeh + 1 is shattered Set
T hastheform {(a,i)|t; = 1} for somet € {0,1}" with
exactly h + 1 ones. Notice that every subset)) C T can
bewritten as{(a,i)|¢; = 1} for someq < ¢ (i.e., for all i,
q; <t;). Leti* beanindex suchthatt;- = 1.

We now arguethat (Vb)(3c)¢(a, b, c). SinceT is shat-
tered,each@) C T asabove canbe expressedas ) =

R(Q) N'T for someR(Q) € C. If @ is notempty then
R(Q) mustbeof theform R(Q) = S(a,r(Q),wo,wr,...;wp_1)
wherer(Q) € {0,1}™ and

q=r(@) Nt 2

D—1
A é(a f(r(Q).5),wj) = 1 (3)
j=0

By (2), thecollection{r(Q) : Q C T,7(Q);- = 1} isa
generalizedvit-fixing sourceof dimensionh, wherethe h
positionsthat are not fixed are {7 : t; = 1,7 # i*}. Now,
since f is a zero error disperserif follows that for all b,
thereexistsa @ and0 < j < D suchthat f(r(Q),j) = b.
Therefore(3) implies (vb)(3c)¢(a, b, ¢).

We thereforeachiese a gap of

n

m = 2(1—Q(n571)) =2(1 —Q(N5’1))7

g =
forall 6 > 3/4 asneeded. W

We notethatimproving the boundof Lemma3.2 onn
in termsof ~ will resultin improving the exponent1/4 in
Theorem4.1. From a certainperspectie, our useof list-
decodablébinary codesin this reductionis quite similar to
an applicationof suchcodesto checkingNP membership
from "noisy" witnessegsee€[5]).

5. Approximation in AM

Theorem 5.1. VC dimension with gap g is in AM for
g>2— O(N~1/21ogP N) for all constantp.

The proof of the theoremrelies on the SauerShelah(-
Perles)L.emmawhich we reformulatebelow:

Lemmab5.2 [12 14] LetC bea collectionof subset®f an
n elemensetU sudthat|C| > Z?:o (%). ThenC shattes
asetof sizek + 1.

Proof of Theorem 5.1: We give a constantroundArthur-
Merlin protocolfor decidingthe gap problem. It is well-
known thatary problemdecidableby suchaconstant-round
protocolis in AM (seeBabaiandMoran[1]). The mutual
inputis acircuit C(i, ) andanintegerk, andit is promised
thateithervVC(C) > korVC(C) < k/g. Letn = |i], SO
thereareatmost2™ implicitly definedsetsandthereforethe
VC dimensionis no largerthann.

Protocolfor approximate VC dimension

e Merlin sendsArthur a set of k elements X =
{l‘o, T1y--- Jfk—l}-

e Arthur sendsMerlin arandomstrings € {0, 1}*.

e Merlin senddArthur anindex i € {0,1}™.



e The input is acceptedif C(i,z;) = s; for j =
0,1,...%k — 1 andis rejectedotherwise.

Claim 5.3. If VC(C) > k, thenMerlin hasa strategy that
causegheinputto be acceptedvith probability one

Proof Let X = {xo,...xx—1} beasetof sizek thatis

shattered.Merlin initially sendsX. SinceX is shattered,
for ary string s Arthur choosesthereis a response such
thatC(i, z;) = s; for all 5.

Claim 5.4 If VC(C) < k/g thentheinputis rejectedwith

probability Q(n=27).

Proof. RecallthatS; = {z: C(i,z) = 1}. Considerthe
collectionof setsC’ = C N X = {S;NX}. Clearly this
collectionsatisfiesVC(C') < VC(C) < k/g. Therefore,
by Lemma5.3,

o< B0

=0

A

k/240(n"1?1og” n)

_ 3 (’;) < (1—Q(n~2P))2".

J=0

Thereforethe probability that there exists an ¢ suchthat
C(i,zj) = s; forall jis1 — Q(n=?P).
Notingthatn < N, thetheorenfollows. B

6. AM-hardness

Theorem6.1. VC dimensionwith gapgis. AM-hardwhen
g < N¢ for somes > 0. If optimalexplicit dispesers exist,
thenthetheoembholdsfor all € < 1.

We first needthe following lemma, in which we use
disperserdor efficient deterministicamplification(a tech-
niquefirst usedby Sipserto amplify RP[15]). Recallthat
afunction f : {0,1}" x {0,1}¢ — {0,1}™ isa (k,1/4)
dispeser if for all setsS C {0,1}" of size at least2*,
|£(S,{0,1}%)] > (1 — 1/4)2™. Nonconstructiely, dis-
persersxist with d = logn + O(1); explicit constructions
donotyet matchthatbound.

Lemma6.2 Foreverylanguage L in AM andeverys > 0,
there existsa polynomiallybalanced,polynomial-timede-
cidablepredicateR, (z, a, b) sut that

rel = Pr[3z R (r,a,b)=1]=1

x¢éL = Pr[3zR)(x,a,b)=1] <2l 2l

Moreover if explicit dispesersexistwith d = logn+ O(1),
then|a| + [b| = |a|**?.

Proof. Let Ry (z,y, z) bethe predicatefrom the definition
of AM, andletm = |y|. Withoutlossof generalitywe may
assuméhat|z| = m aswell. Pickk = m®2,n = k% ', and
let f: {0,1}™ x {0,1}4=CUeen) _ {0 1} bea(k,1/4)
dispersefwe canuse.e.g.,theconstructiorin [17]). Define
thenew predicater’;, asfollows:

291

Ry (x5a;b = 202122 ... 29a_1) = /\ Ry (z, f(a,j), z).
=0

Notethat |a| + |b] = n + 2%m, whichis O(n'*?) if d =
logn + O(1).

If x € L, thenitisclearthatva3bforwhich R} (z, a,b) =
1. If x € L, thenthe set B of randomstringsy for which
JzRp(z,y,z) = lissmall,i.e. |B| < 1/2-2™. Wewant
to boundthe numberof “bad” randomstringsa for which
IR} (z,a,b) = 1. We noticethat string « is bad exactly
whenf(a, j) € Bforall j. Thereforehesetof badstringsa
failsto dispersewhichimpliesthatthereareatmost2* bad
stringsa. Theerroris then2* /2m = 2le/° /2lal asrequired.
|

We proceedwith the proof of Theorem6.1.

Proof of Theorem 6.1: The reductionis a genericreduc-
tion. Let L bealanguagean AM, andlet R} (z,a,b) be
the predicateguaranteedy Lemma6.2, with someéd > 0.
Given aninstancer, the collection of setscomprisingour
instanceof VC dimensionis asfollows. Eachsetis labeled
by atuplein {0, 1}/ x {0, 1}1*.

S(a,b) _ { éﬂai = 1}

If x € L, thenthe set[|a|] is shattered.For every a €
{0,1}1el, thereexists someb for which R} (v, a,b) = 1,
which impliesthat S, ;) = {ila; = 1}. Thereforeevery
subseDf [|a|] is presenin thecollectionof sets.

If z ¢ L, thenthenumberof distinctsetsspecifiecby (4)
is atmostthenumberof a for which3b R/, (z, a, b) = 1, plus
one(for theemptyset),whichis atmost2!el’ + 1. Sincethe
VC dimensioncanbe no largerthanthelog of the number
of setswe seethatin this caseit is atmost|a|® + 1. Wethus
have proved a gap of |a|'~°. Since R;’ is polynomially
balanced the numberof inputsto the circuit N satisfies
N = |a|°™M). We thereforeobtaina gapof N(1=9)/0(1) as
neededIf explicit optimaldispersersxist, we have thatfor
all§, N = |a|+|b| +log |a| = O(|a|**?), andthereforethe
gapis N(1-0)/(1+9) i e_if § is sufficiently small,we obtain
agapof N'=¢forarye >0. W

if R'(z,a,b)
otherwise

4
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