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Abstract

We propose a general proof technique based on the Turing machine halting problem that allows us to
establish membership results for the classes W[1], W[2], and W[P]. Using this technique, we prove that
Perfect Code belongs to W[1], Steiner Tree belongs to WJ[2], and o-Balanced Separator, Maximal
Irredundant Set, and Bounded DFA Intersection belong to W[P].
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Parameterized Complexity [10] has been introduced by Downey and Fellows during the last 10
years. It is a powerful framework in which to address the different ““parameterized behavior’” of
many computational problems. Almost all natural problems have instances consisting of at least
two logical items; many NP-complete problems admit “efficient” algorithms for small values of
one item (the parameter).

A parameterized problem is said to be fixed parameter tractable if it admits a solving algorithm
whose running time on instance (x, k) is bounded by f'(k) - |x|*, where /" is an arbitrary function
and o is a constant not depending on the parameter k. The class of fixed parameter tractable
problems is denoted by FPT.

In order to characterize those problems that do not seem to admit a fixed parameter-efficient
algorithm, Downey and Fellows defined a parameterized reduction and a hierarchy of classes
W[l]=W]2]< --- including likely fixed parameter intractable problems. Each W-class is the
closure under parameterized reductions with respect to a kernel problem, which is usually
formulated in terms of special mixed-type boolean circuits in which the number of input lines set
to true is bounded by a function of the parameter.
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Several natural parameterized problems have been proved to be complete for the first two levels
WI1] and W[2]. Although W[1]-complete problems are not fixed parameter tractable (unless
W(1] = FPT, which is very unlikely), they appear to be easier than W[2]-complete problems.
Essentially, candidate solutions for W[1]-complete problems (like Independent Set [7,10]) can be
verified using constant-depth boolean circuits having just one level of gates with unbounded fan-
in, while solutions for W[2]-complete problems (like Dominating Set [8,10]) require two levels of
large gates. Many, but not all, parameterized problems can be verified by using general boolean
circuits in which the number of input lines set to true is bounded by a function of the parameter:
such problems belong to the class W[P].

In this paper we establish some membership results for the classes W[1], W[2], and W[P]
through parameterized reductions to special versions of the Turing machine halting problem.

In general, it seems fruitful to think in terms of Turing machine computations when trying to
establish membership in some W-class. In order to prove that a parameterized problem A belongs
to a W-class, we always pick (more or less randomly) a problem B already in the class and we try
to show that 4 reduces to B. However, it can be very difficult to devise such a reduction, because
problems A and B can be very different; thus, even if the reduction exists, it may be very
complicated. This is quite different from what we do in classical computational complexity, where
usually we just show that a suitable model of Turing machine (for instance, a polynomial-time
nondeterministic Turing machine) is able to decide an instance of our problem.

In our approach, in order to prove that problem A belongs to a W-class, we try to devise a
reduction from A to some version of the Turing machine halting problem. In particular, in this
paper we show that Perfect Code belongs to WJ[1], that Steiner Tree belongs to W[2], and that
a-Balanced Separator, Maximal Irredundant Set, and Bounded DFA Intersection belong to W[P].

Apparently, the technique adopted in these proofs is the usual way to show membership in a
W-class: a reduction from our candidate problem to a “target’” problem already placed in the W-
class. However, we recognize an important difference: the target problem is formulated in terms of
a “‘general-purpose’” Turing machine computation. For example, to show membership of Perfect
Code we devise a single-tape nondeterministic Turing machine that guesses and verifies a
candidate perfect code with a “short” computation. This is exactly what we would have done to
show that a problem belongs to NP: devise a nondeterministic Turing machine that guesses and
verifies a candidate solution in polynomial time.

The main advantage of the technique is that a Turing machine is a very general model of
computation: it is such an opaque object that the reduction is mostly straightforward. One just
has to design a suitable algorithm that solves the candidate problem without worrying about the
inner, cumbersome details of the target problem. Another advantage is that it affords a natural
way to arrive at certificates of size of the order of k or k3, when problems whose more natural
certificates have size k may require ones of the larger size for their classification in the W-
hierarchy.

All Turing machines discussed in this paper have just one head on each tape. The halting
problem asks whether the Turing machine accepts in a number of steps bounded by a parameter.
Nondeterministic Turing machines having a fixed number of tapes, or a number of tapes bounded
by a parameter, are used to show membership in W[1]. The same halting problem for
nondeterministic Turing machines having a unbounded number of tapes is used to show
membership in W[2]. The halting problem for nondeterministic single-tape Turing machines



656 M. Cesati | Journal of Computer and System Sciences 67 (2003) 654—685

where the number of steps is unbounded (yet specified in the instance, of course) and the number
of nondeterministic choices performed by the machine is bounded by a parameter is used to show
membership in W[P].

The paper is organized as follows. Section 2 introduces the necessary preliminaries. We define
the general technique for the W[1] class in Section 3; in particular, we prove in Section 3.1 that
Perfect Code belongs to W[1]. In Section 4 we introduce the multi-tape version of the Turing
machine halting problem, and we prove that it is W[2]-complete. Using this problem as target of a
suitable parameterized reduction we can show in Section 4.1 that Steiner Tree belongs to W[2]. In
Section 5 we define the W[P]-complete version of the Turing machine halting problem. Using this,
we can establish membership in W[P] for the problems o-Balanced Separator, Maximal
Irredundant Set, and Bounded DFA Intersection in Sections 5.1-5.3. Finally, in Section 6 we
draw the conclusions.

2. Parameterized computational complexity

A parameterized problem is a set L=2X* x 2*, where X is a fixed alphabet. For convenience,
we can always assume that L= 2" x N. We say that a parameterized problem is L (uniformly)
fixed parameter tractable if it admits a solving algorithm whose running time on instance
(x,k) is bounded by f(k)-|x|*, where f is an arbitrary function and o is a constant not
depending on the parameter k. The class of fixed parameter tractable problems is denoted
by FPT.

A parameterized problem A is (uniformly many: 1) reducible to a parameterized problem B if
there is an algorithm @ which transforms an instance (x, k) of 4 into an instance (x’,k’) of B, and
such that:

1. (x,k)€A if and only if (x', k") € B;
2. k' depends only on k (i.e., there exists a function g such that k' = g(k));
3. the running time of @ is bounded by f'(k) - |x|*, for some arbitrary function f* and constant o.

Let us consider now boolean circuits having two kinds of gates: small gates with bounded fan-in
(usually, at most two), and large gates with unrestricted fan-in. The depth of a circuit C is defined
to be the maximum number of small and large gates on an input—output path in C. The weft of C
is the maximum number of large gates on an input—output path in C. The weight of a boolean
vector x is the number of 1’s in the vector. A decision circuit is a boolean circuit having just one
output line. A decision circuit is said to accept every input vector that forces the value 1 on the
output line.

Let F be a family of decision circuits, possibly having several circuits with a given number of
input lines. Let Lr = {(C,k): CeF accepts an input vector of weight k}. A parameterized
problem L belongs to W[t] if there is a constant /4 such that L reduces to the parameterized
problem Lg(, ), where F(t, h) is the family of decision circuits of weft at most ¢ and depth at most
h. Thus, there is a hierarchy of W classes:

FPT=W[l|=sW]2]c - =W]tj< -
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From these definitions, if a parameterized problem A reduces to B, and Be W|t], then 4e W|[t] as
well.

Many parameterized problems have been proved to be complete for W[1] and W[2], that is, the
first two levels of the W hierarchy. As an example, Independent Set is W[l]-complete [7].
Informally, W[1]-membership for Independent Set means that there exists an FPT algorithm that,
given a graph G and a parameter k, produces a constant-depth decision circuit C having
just one large gate on every input—output path, and such that C accepts a input vector x of
weight k if and only if x encodes an independent set of G. W][l]-hardness implies that all
parameterized problems in W[1] reduce to Independent Set; since there are many problems in W([1]
for which no FPT algorithm is known, it is very unlikely that Independent Set is fixed parameter
tractable.

The class W[P] contains the parameterized problems that reduce to L, where C is the family of
decision circuits of any weft and depth. Thus, W[t] = WIP], for every #> 1. While no W[t] class with
t=3 seems to be well populated, there are several W[P]-complete problems.

3. Membership in W][1]

In classical complexity theory, Cook’s theorem states that the problem of deciding whether a
CNF formula is satisfiable is NP-complete. The result is fundamental, because its proof consists of
the simulation of a generic nondeterministic Turing machine computation by means of a CNF
formula. In a sense, the theorem also provides strong evidence that P# NP, because a Turing
machine is such a generic object that it does not seem reasonable that we should be able to predict
its behavior without simulating all paths of the computation tree.

The analog of the Cook’s theorem is a fundamental result of the parameterized
complexity theory, because it gives evidence that W[1]-hard problems are likely not to be fixed
parameter tractable. The theorem concerns the complexity of the following parameterized
problem:

Short Nondeterministic Turing Machine Computation

Instance: A single-tape nondeterministic Turing machine M; a word x on the input alphabet of
M a positive integer k.

Parameter: k.

Question: Is there a computation of M on input x that reaches a final accepting state in at most
k steps?

Theorem 1 (Analog of Cook’s Theorem Cai et al. [4], Downey et al. [11]). Short Nondeterministic
Turing Machine Computation is W[1]-complete.

There are several variations of the basic Short Nondeterministic Turing Machine Computation
problem that remain W[1]-complete. For instance, the multi-tape version of the problem remains
W[1]-complete if the number of tapes is bounded by a parameter [6], or even if it is unbounded but
the transition table is full, that is, there is an applicable transition for every configuration of
scanned symbols under the heads [6].
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Thus, we can formulate the following suggestion:

Turing way to W[1]-membership: In order to show that a parameterized problem L
belongs to WJ[1], devise a parameterized reduction from L to the Short
Nondeterministic Turing Machine Computation problem (or to one of its W[1]-
complete variations).

3.1. The Perfect Code problem

A Perfect Code in a graph G = (V, E) is a subset of vertices ' such that for each vertex ve V,
the subset V” includes exactly one element among v and all vertices adjacent to v, that is, exactly
one element in the closed neighborhood N|v] of v. Formally:

Perfect Code

Instance: A graph G = (V, E); a positive integer k.

Parameter: k.

Question: Does G have a k-element perfect code? A perfect code is a set of vertices V' =V with
the property that for each vertex ve V' there is precisely one vertex in N[v]n V.

Downey and Fellows proved that the Perfect Code problem is W[l]-hard by means of a
reduction from Independent Set [§]. Although Perfect Code may be easily placed in W[2] (see [8]),
till recently there was no evidence that it belongs to W[1]. Downey and Fellows conjectured that
the problem could be of difficulty intermediate between W[1] and WJ[2], and thus not WJ[1]-
complete ([10, pp. 277, 458]).

Eventually, however, the Perfect Code problem has been shown to belong to W[1] [5]. We
report the proof here, because it represents a fundamental example of a W[1]-membership result
established by means of the “Turing way.”

Theorem 2. The Perfect Code problem belongs to W[1].

Proof. We devise a parameterized reduction from Perfect Code to Short Nondeterministic Turing
Machine Computation.

Given a graph G = (V,E) with n vertices and a positive integer k, let us construct a
nondeterministic Turing machine 7' = (X, Q, 4), where X includes the alphabet symbols

2={0}u{o,:veV}iu{siii=1,...,n}
and Q contains the internal states
0=1{q4,qr}{qi:i=0,... . kyu{q, ¢ ve Viu{g:j=1,...,n}

(Notice that both the alphabet size |X| and the state set size |Q| depend on 7, hence the Turing
machine behavior cannot be predicted with an FPT-algorithm unless W[1] = FPT [6].)

When the Turing machine starts, the internal state is go and all tape cells contain the blank
symbol (J). The machine operates in three phases.
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Phase 1: guess k vertices. The Turing machine nondeterministically chooses k vertices of G
writing the corresponding symbols into the tape. This is achieved by including the following
instructions in the transition table 4:

< D7q17007Qi+17+1>€A
(Vie{0, ...,k — 2}, VYve V) guess k — 1 vertices moving to the right

<O, qk-1,05,q91,0> €A (Yve V) guess last vertex, do not move

(Each instruction specifies, in order, the symbol scanned under the head, the internal state of the
machine, the new symbol written by the head, the new internal state, and the movement of the
head: —1 for left, +1 for right, and 0 for no move.)

Phase 2: check that the k vertices are “‘perfect”’. The Turing machine scans the guessed vertices
and rejects as soon as it finds two vertices that violate one of the following conditions:

e For every pair of guessed vertices x and y, x and y are different.

e For every pair of guessed vertices x and y, x and y are not adjacent.

e For every pair of guessed vertices x and y, there is no vertex ze V' that is adjacent to both
x and y.

Moreover, in this phase each symbol g, is replaced by the symbol s,,, where m represents the size
of the neighborhood N[v] of v. This is achieved by including the following instructions in the
transition table 4:

(Ou, iy Gy gL, —1> €A (YveV) enter a loop for checking the vertex v under the
head
(o, ¢ 0w, q,—1yed (Yo,wel) move to the left if the vertex w under the head
satisfies the conditions with respect to v, reject
otherwise

gr fv=w
gr if (v,w)eE
where ¢ = { qr if 3zeV such that
(v,z)€E and (w,z)eE
q, otherwise.

(O,q,,0,q,+1>ed (YveV)
{Ow,qh, 0w, g, +1>eA  (Yo,weV,v#w) end of symbols, go back to the right up to vertex v

{Ou Gl Smy i, —1 ) €4 replace v with the symbol denoting the size of its
(Vve V'), where m = |N|v]| closed neighborhood, then move to the left and
enter the state ¢, thus restarting the loop with

another vertex

<O, qe, O, gr, +1> €4 no more symbols to check, end of phase
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Phase 3: taking the sum. The tape now contains exactly k symbols of {sy, ...,s,}; each of them
represents the neighborhood size of a guessed vertex. The Turing machine must accept if and only
if the sum of all neighborhood sizes is equal to n. In fact, the checks in Phase 2 grant that no vertex
in G belongs to the neighborhood of two different guessed vertices. In other words, the guessed
vertices cover nonoverlapping subsets of V. Therefore, the sum cannot be greater than n;
moreover, if the sum is equal to n, all vertices in G are dominated by the guessed k-element subset
of V. The following instructions in 4 computes the sum:

{Sivqr, sinql,+1>ed  (Vie{l, ..., n}) initialize the internal state counter, and move to
the right
{siy gy 85, q),+1)ed add the size under the head to the internal state
(Vi,je{l,...,n}, i+j<n, t=1i+)) counter, and move to the right
<O, q,0,94,0) €4 end of size symbols, accept if the internal state

(O,q,0,qr,0) €4 (Yje{l,...,n—1}) counter is equal to n, reject otherwise

It is straightforward to verify that the Turing machine 7 includes (5/2)n* + (k +7/2)n + 1
instructions, that it can be derived in polynomial time in the size of G, and that it accepts in
k? + 4k + 2 steps if and only if there exists a perfect code of size k in G. [

Downey and Fellows [8,10] showed that Perfect Code is equivalent to the Weighted Exact CNF
Satisfiability problem, in which the instance is a boolean expression in conjunctive normal form,
and the question is whether there exists a truth assignment of parameterized weight that makes
exactly one literal in each clause true. An immediate consequence of Theorem 2 is that Weighted
Exact CNF Satisfiability is W[1]-complete, hence it can be regarded as another analog of the
Cook’s theorem.

4. Membership in W|2]

Turing machines can be also useful in establishing membership results for the class W][2].
However, we need to identify a natural model of Turing machine whose parameterized
computation problem is W[2]-complete.

In [6] it is shown that the natural variation of Short Nondeterministic Turing
Machine Computation in which the machine has many read/write tapes is W[2]-hard. This is
an interesting result by itself: in classical complexity theory almost all natural variations of the basic
Turing machine model are equivalent, because they have NP-complete computation problems.
Conversely, natural variations of the basic Turing machine model may have different parameterized
complexities.
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Formally, the multi-tape version of the problem is the following:

Short Multi-tape Nondeterministic Turing Machine Computation

Instance: A multi-tape nondeterministic Turing machine M; a word x on the input alphabet of
M a positive integer k.

Parameter: k.

Question: Is there a computation of M on input x that reaches a final accepting state in at most
k steps?

We can now prove that this problem belongs to W][2]. The proof makes use of a
characterization of the problems in WJ[2] established by Downey and Fellows [9]. Essentially
they proved that the class W*[2], defined as W[2] but allowing decision circuits of parameterized
depth instead of constant depth, coincides with W[2].

Theorem 3. The Short Multi-tape Nondeterministic Turing Machine Computation problem
belongs to WJ[2].

Proof. Let 7 = (2, Q, 4) be a nondeterministic Turing machine having m tapes, let we 2* and let
k be an integer. We shall show how to construct a circuit C with k|4| + 1 input lines such that
there exists a weight k input vector x such that C(x) = 1 if and only if there exists an accepting
computation path of 7'(w) having at most k steps.

Let us denote the input lines as x[—1,—1] and x[i,j] (0<i<k, 0<j<|4]). On any accepted
input vector x, the first input line x[—1, —1] is always 0. From now on, let us define 0 as x[—1, —1],
and 1 as —x[—1, —1]. The other input lines are partitioned in k blocks x|z, -]; any block has ||
input lines and encodes the transition applied in the ith step of the computation path.

We shall consider several gates encoding various information about the computation path
corresponding to x.

o 7,(i,/) (0<i<k, 0</<|Q|) identifies the “old” internal state of the ith transition of the
computation path

To(i’ l) = Z X[i,j]

jeJ

(where J is the subset of {0, ..., |4]| — 1} containing the indices of the transitions whose old state
has index /).

e 7,(i,/) (0<i<k, 0</<|Q)) identifies the “new” internal state of the ith transition of the
computation path

Tn(i7 1) = Z X[i,j]

jeJ

(where J is the subset of {0, ... |4| — 1} containing the indices of the transitions whose new
state has index /).
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oo(i,1,1) (0<i<k, 0<I<|Z|, 0<t<m) identifies the “old” symbol scanned by the head on the
tth tape of the ith transition of the computation path

oo(i, 1, 1) =Y x[i,J]
jeJ

(where J is the subset of {0, ... |4| — 1} containing the indices of the transitions whose old
symbol on tape ¢ has index /).

e g,(i,1,1) (0<i<k, 0<I<|X|, 0<t<m) identifies the “new” symbol scanned by the head on
the rth tape of the ith transition of the computation path

o, 1) =Y x[i,Jj]
jedJ

(where J is the subset of {0, ..., |4| — 1} containing the indices of the transitions whose new
symbol on tape ¢ has index /).

o u(i,l,t) (0<i<k,0<t<m,le{—1,0,+1}) identifies the head move on the th tape of the ith
transition of the computation path

u(i 1,0y = xli,J]
jeJ

(where J is the subset of {0, ..., |4]| — 1} containing the indices of the transitions whose head
move on tape ¢ is /).

e ((i,l,t) (0<i<k, —k<l<k, 0<t<m) encodes the head position on the tape ¢ at the ith step
(before applying the ith transition)

0 if 150,

AL = {I it /=0

pli,lt)y=p>G—1,01,¢) - u(i—1,0,1)
+ pE—-1,1—-1,1)-pni—1,41,1)
+ BE—-1,1+10) pui—1,—-1,1)
(where i>0).
e g(i,l,s,1) (0<i<k, —k<l<k, 0<s<|X]|, 0<t<m) encodes the content of the cells on tape 7 at
step i:
if (t=0)A(0</<|w|)A(s is the index of w[l]),
if (t=0)A(<OvIZ|w|)A(s=0),
otherwise

a(0,1,s,1) =

1O = =

(where the index of the blank symbol is 0, and wl[/] represents the /th character of the input
word we 2" on tape 0).

o(il,s,t) ==p(i—1,0,t)-a(i —1,1,s,1)
+ pi—1,01,1)-an(i —1,1,12).
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The circuit C has a final And gate, corresponding to the following expression:
E=Ey-E -E, E,- E,4.
The first term enforces the first input line to be always set to 0:

E() = —|x[—1, —1]
The second term ensures that at most one input line in each block x[i, -] is set to I:
k=1 ]4]=1
E =] II G+ -/
i=0 j,/=0
J#]

The third term checks that the new internal state of the (i — 1)th transition is equal to the old
internal state of the ith transition:

k—1 10|-1
E=]] II (uli=1J) + (i)
i=1  j=0

The fourth term checks that, for every transition and for every tape, the old symbol coincides with
the symbol scanned under the corresponding head:

k=1 m=1 k [|2]-1
Ex=1] II TI TI (-8G.j,0)+-0(ij,1,0) + ooli,1,1)).
=0 =0 j=—k 1=0
The fifth term ensures that the computation path starts from the internal state gy and ends with
the accepting internal state ¢ 4:

Ey = 15(0, ) Ato(k — 1,1),
where 7 is the index corresponding to ¢y and [ is the index corresponding to ¢.

It is easy to verify that the circuit C accepts a weight k input word x if and only if x encodes the
k steps of a nondeterministic accepting computation path of 7'(w), and that we can build the
circuit C from an instance of Short Multi-tape Nondeterministic Turing Machine Computation
with a parameterized reduction.

The above reduction shows that Short Multi-tape Nondeterministic Turing Machine
Computation belongs to W*[2], which is the class of parameterized problems that
reduce to a weft-2 circuit problem in which the circuit depth is bounded by a function of the
parameter. In fact, every large gate having fan-in bounded by a function of the parameter
can be replaced by a tree of small gates of depth bounded by a function of the parameter. The
remaining large gates are either the sums whose input are the circuit’s input lines, or the products
in E;, E», and E,. Since Downey and Fellows [9] proved that W*[2] = W][2], the assertion
follows. [

The previous theorem gives us another Turing machine model that can be used to establish
membership results. We can thus formulate the following suggestion:

Turingway to W|2]-membership: In order to show that a parameterized problem L
belongs to W[2], devise a parameterized reduction from L to the Short Multi-tape
Nondeterministic Turing Machine Computation problem.
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4.1. The Steiner Tree problem
As an example of application of the “Turing way” for W[2], consider the following problem:

Steiner Tree

Instance: A graph G = (V,E); a set SSV; a positive integer k.

Parameter: k.

Question: Is there a set of vertices 7=V — S such that |7'|<k and G[SuUT] is connected?

This parameterized version of Steiner Tree is W][2]-hard [3]. (Notice however that the
parameterized version in which k is unbounded and |S| is a parameter is fixed-parameter
tractable [12].)

Although no membership result for this problem was previously known, we can easily place it in
W]|2] by devising a multi-tape Turing machine that guesses a subset of vertices and checks whether
it is a Steiner Tree:

Theorem 4. The Steiner Tree problem belongs to W|[2].

Proof. We show a parameterized reduction from Steiner Tree to the Short Multi-tape
Nondeterministic Turing Machine Computation problem on multi-tape machines. Since the
latter problem is W[2]-complete, the reduction proves that Steiner Tree belongs to WJ[2].

Let us consider an instance G = (V,E), SV, keN of Steiner Tree. As first step of our
reduction, let us replace every connected component of G[S] with a single vertex. Formally, let us
construct a new graph G’ = (V’, E’) where ¥’ is obtained from V by replacing each connected
component C of G[S] with a vertex vc, and

E' ={(v,w)eE:v,weV — S}u{(v,vc):3zeC such that (v,z)eE}.

Moreover, let us replace S with the subset S’ of all new vertices vc.

It is quite easy to verify that [G = (V, E), S, k] is a yes-instance of Steiner Tree if and only if
[G' = (V',E"), S, k] is a yes-instance of Steiner Tree. In fact, Te V — S, |T|<k, is a solution to
the former problem if and only if G[SUT] is connected, that is, if and only if G'[S'UT] is
connected, that is, if and only if 7=V’ — S’ is a solution to the latter problem. Since connected
components can be determined in polynomial time in the size of the graph, this is a parameterized
reduction.

The second step of our reduction consists of constructing a (m + 1)-tape nondeterministic
Turing machine M = (X, Q, 4), where m = ||,

>={0,#}u{v,v,v":veV' - 8§}
and

Q - {QAaQRaqavqbaqe7qf7qg}u{qi:Ogigk_ 1}U{QZ7qf’ -VE V/ - S/}
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We fix an ordering for the subset S’, and we associate each element of S’ to a tape of M, starting
from the second tape. The first tape will contain the elements of the subset 7'. Initially, all tapes
contain blanks.

The Turing machine M accepts in ((k?) steps if and only if [G' = (V',E'),S',m] is a yes-
instance. It operates in three phases: it guesses at most k vertices of V' — §’ representing the subset
T; then, it checks that 7" ““‘covers” §’, that is, that each vertex of S’ is adjacent to some vertex of T’
finally, it checks that all vertices of T are connected together, optionally by means of vertices in S'.
It is easy to verify that all checks are satisfied if and only if G'[S"u T is connected, that is, if and
only if T is a solution of the problem.

Phase 1: guess k vertices of G'. The Turing machine nondeterministically chooses k vertices of G’/
writing the corresponding symbols into the tape. This is achieved by including the following
instructions in the transition table 4:

first tape, moving the corresponding head to
the right; the heads on the other tapes do
nothing

<D7 X3 DaQiava Da cee DaQi+la+1707"-a0
——— ——— S~——

m+1 m m

> guess k — 1 vertices and write them on the
e

(Vie{0, ...,k =2}, YoeV' -8
and leave the head on it

<D,..., U, gk—1,0, U, ..., 1d,4%0,...,0
—— —— N~——

m+1 m m—+1

Yoe V' — S
(

> guess the last vertex, write it on the first tape,
eA

(Each instruction specifies, in order, the symbols scanned under the m + 1 heads, the internal
state of the machine, the m + 1 new symbols written by the machine, the new internal state, and
the movements of the m + 1 heads: —1 for left, 41 for right, and 0 for no move.)

Notice that there could be some duplicated vertices, thus the subset 7" may have less than &
vertices.

Phase 2: check that T covers S’. The Turing machine checks that every vertex in S’ is adjacent to
some vertex in 7. Let us assume that S’ = {sy, ..., s, }. For each guessed vertex v, the machine
writes a # symbol on every tape corresponding to a vertex in S’ that is adjacent to v. It must do
this with a running time depending only by |7'|, and not by |S’|. Hence, the machine has to write
several # symbols in the same step, exploiting the parallelism inherent to the multi-tape model of
Turing machine.

We also need a “information hiding” trick: every time the machine writes a # symbol, it moves
the writing head, so that in the next step the head will read a blank (). The trick is required in
order to keep the transition table small: basically, we cannot insert in the transition table 2
different instructions to take into account all different configurations of [ and # symbols on the
m tapes.

When all vertices in 7 have been considered, the Turing machine moves backward all heads
on the m tapes corresponding to the element of S’, and checks that all heads read a # symbol.
If there is a head reading a blank, the machine hangs up. Observe that S’ is an independent set
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in G', thus if some vertex of S’ is not adjacent to any vertex of 7', then G'[S’UT] cannot be
connected.

consider the vertex v under the head of
v, O, ., 0, q%v,00, o, 0m,q%, =1y, s 1y, ) €4 the first tape; in parallel, write a #

m symbol on each tape corresponding to a
vertex in S’ that is adjacent to v; move all
writing heads to the right, and the head on
the first tape to the left

' o | # if s55e N
(Vwe V' —8'), where g; = { O if 5N
[ +1 if s;eN[]
and ;= {o if ;¢ N[o]

no more elements of 7 to consider: move

O, ....0,¢%0,...,0,¢%0,—1,...., =1 }e4  to the left all heads on the tapes corres-
—— —— N——— . /

el el m ponding to the elements of S

, proceed with the next phase only if all

O, #, ..., #,¢, 0, ....,0,¢4",+1,0,...,0 )eA  heads on the tapes corresponding to

—— ~— ~—— !

m m+1 m the elements of S’ read a # symbol

Phase 3: check that T is connected by means of S’. The Turing machine checks whether all
vertices of 7 are connected together, optionally using vertices of S’. Recall that S’ is an
independent set in G, so the Turing machine doesn’t have to search for paths inside G'[S’].

The machine iteratively enlarges the set of vertices that are reachable from the first guessed
vertex of 7. It uses three different sets of symbols: {v:ve V' — §'} is used to identify the elements
of T that have not been reached, {v/ : ve V' — §'} is used to identify the elements that have been
reached but not yet analyzed, and {v” : ve V' — S’} is used to identify the elements that have been
reached and analyzed.

Internal states ¢¢ and ¢ are used to search for the vertices reachable from v: the former state
moves the head onto the first guessed vertex, and the latter state scans all vertices on the tape.
Internal states ¢° and ¢/ move the head toward the first guessed vertex before considering another
reachable vertex not yet analyzed; the state ¢/ indicates that at least one unreached vertex exists.
Finally, internal state ¢ ¢ looks for a reachable vertex that has not been analyzed.

From now on, the Turing machine uses the first tape only. To save space, in the following
instructions we shall omit the symbols under the heads of the other tapes (always [1’s), as well as
their moves (always 0’s).

o, g 0" g5, —1)ed  (YweV =) mark the rightmost vertex v as being analyzed
and record it in the internal state

{o,q,,0,9;,—1) € go to the leftmost vertex before searching for
(VveV' = S Voe{w,w' w':weV’'—8})  vertices reachable from v
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(O,¢5,0,¢%, +1>ed  (YveV' -8

Cwy g oW qd +1yed  (YoeV' — S, YweN[v))

Cw, g, W' qf, +1> €4
(Yo,we V' — S, w¢ N[v], N[v]n N[w]nS'#0)

<w,qf,w,qf, +1> €4
(Vo,we V' — S, w¢ N[v], Nv]n N[w]nS" = 0)

(o,q7,0,q7,+1,) €4
(Vve V' — S VYoe{w W :welV' —S'})

<Daqg7D7qea_l>EA (VUEV’—S,)

o,¢°0,4°,—1, > €4
(Voe{v,v":veV' - S'})
(v,¢0,q7,~1)ed (Ve -5

<07qfao-a le» -1 > e
Voe\{v,v,v':veV=S\})

<Daqea Dan70>eA

(O,¢/,0,9%,+1)e4

(0,q4%,0,9% +1) €4
(Voe{v,v":veV’' - S'})

<U/’(]‘(},U//7(]§’_1>€A (VUG V/—S/)

<|:]7qu |:|7QR7O>GA
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head at left end, go to the right and mark the
vertices reachable from v

mark w as reached if it is adjacent to v

mark w as reached if there exists a vertex in S’
that is adjacent to both w and v

if w is neither adjacent to v nor adjacent to a
vertex in S’ that is adjacent to v, leave it unreached

skip over already reached vertices

head at right end, go back to left end

keep moving to the left end (the internal state
indicates that till now no unreached vertex has
been seen)

record that, while going back to left end, a
unreached vertex has been seen

keep moving to the left end (the internal state
indicates that at least one unreached vertex still
exists)

head at left end, all vertices have been marked as
reached, hence accept

head at left end, at least one unreached vertex
exists: start searching for a reached vertex that
has not yet been analyzed

skip over unreached vertices and reached
vertices that have already been analyzed

v is a reached vertex still to be analyzed; mark v
as analyzed, and go to the leftmost vertex

no reached vertex still to be analyzed has been
found: reject, because a unreached vertex exists
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It is straightforward to verify that both phases 1 and 2 end after exactly k steps. Moreover,
it easy to see that phase 3 ends after at most (¢(k?) steps. Thus, [M,k'], k' = O(k?), is a yes-
instance of Short Multi-tape Nondeterministic Turing Machine Computation if and only if
[G' = (V',E),S k] is a yes-instance of Steiner Tree. [J

5. Membership in W[P]

Finally, Turing machines can be useful in establishing membership results for the class W[P].
Again, we need to identify a model of Turing machine whose parameterized computation problem
is W[P]-complete.

The class W[P] is quite large; it includes all parameterized problems that reduce to Lg, where F
is the family of decision circuits with any depth and weft. The depth of the decision circuit roughly
corresponds to the number of steps of a Turing machine, while the Hamming weight of the input
corresponds to the number of nondeterministic steps of the Turing machine. Thus, a natural
version of the Turing machine computation problem is the following:

Bounded Nondeterminism Turing Machine Computation

Instance: A nondeterministic Turing machine 7'; an input word w; an integer n (encoded in
unary); a positive k.

Parameter: k.

Question: Does T(w) nondeterministically accept in at most n steps and using at most k
nondeterministic steps?

We now prove that the Bounded Nondeterminism Turing Machine Computation problem is
WI[P]-complete.

Theorem 5. Bounded Nondeterminism Turing Machine Computation belongs to W[P].

Proof. Let T = (X, O, 4) be a nondeterministic Turing machine, let we 2* and let n, k be integers.
We shall show how to construct a circuit C with n|4| + 1 input lines such that there exists a weight
k input vector x such that C(x) =1 if and only if there exists an accepting computation path of
T'(w) having at most n steps and at most k nondeterministic steps.

Let us denote the input lines as x[—1,—1] and x[i,j] (0<i<n, 0<j<|4]). On any accepted
input vector x, the first input line x[—1, —1] is always 0. From now on, let us define 0 as x[—1, —1],
and 1 as —x[—1, —1]. The other input lines are partitioned in n blocks x[i, -|; any block has |4|
input lines and encodes a nondeterministic transition applied in the ith step of the computation
path. If the ith step of the computation path is deterministic, the input lines x[i, -] are all 0’s.

We shall consider several gates encoding various information about the computation path
corresponding to x:

e 7(i) (0<i<n) indicates whether the ith step is nondeterministic
|4]-1

p(@) =Y x[ijl.

J=0
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e 7(i,]) (0<i<n, 0</<|Q|) encodes the internal state at step i

0 if 150,
T(O’I):{1 if1=0

(where the index of the initial state is 0)
(i, 0) =Y (xli = 1]+ (=9 = 1) -ai = 1,))))
jeJ

(where i>0 and J is the subset of {0, ... |[4] — 1} corresponding to the indices of the transitions
whose new state has index /).
e u(i,/) (0<i<n, 0</<|4]) indicates whether the /th transition is applicable at the ith step:

—_

n—

a(i7 l) = T<i7 q) ’ (ﬁ(h]) ’ O-(i7j7§))

J

Il
o

(where g is the index of the old state of the /th transition, and 5 is the index of the old symbol of
the /th transition).
e ((i,]) (0<i<n, —n<lI<n) encodes the head position on the tape

0 if /0,
0,)=1"
p(0.1) {1 if 1=0,

Bl D) =Bl —1,0) -y (x[i = L]+ (=i = 1) - (i = 1,/)))

jeJo
+Bl— 10— 1)) (xli = L+ (p(i = 1) - a(i = 1,))))
jeJt
+ =11+ 1)) (i = L+ (i = 1) -ali = 1,)))
jeJ~

(where i>0 and J°, J*, and J~ are the subsets of {0, ..., |4| — 1} corresponding to the indices
of the transitions whose head moves are, respectively, 0, +1, and —1).
e o(i,l,s) (0<i<n, —n<l<n, 0<s<|Z|) encodes the content of the tape cells at step i

f (0</<|w|)A (s is the index of w[l]),
f (0</<|w|)A(s is not the index of w[/]),
it (1<0v 1> ) A (s = 0),
if (I<0vI=|w|)A(s#£0)

(where the index of the blank symbol is 0, and w[/] represents the /th character of the input
word weX*).

o(i,1,s) ==p(i— 1,1) - a(i — 1,1,5)
+B— 1,0 (i = 1]+ (i = 1) - a(i = 1,/)))

jeJ

a(0,1,5) =

10 = 1O =
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(where J is the subset of {0, ..., |4| — 1} corresponding to the indices of the transitions whose
new symbol has index s).

The circuit C has a final And gate, corresponding to the following expression:
E=Ey E\ -E,-E,-Ey.
The first term enforces the first input line to be always set to 0:
Ey = —x[-1,-1].

The second term ensures that at most one input line in each block x[i, -] is set to I:
n—1 ‘A‘,]
Ec=]] ] (xlil+—x[ij).
J#J
The third term checks that any instruction specified by the input lines can be legally applied:
n—1 ‘A‘—l

EFHO 1}0 (=x[i,j] + (i)

The fourth term forces a value 1 in any input line block corresponding to a nondeterministic
step:
n—1 |4]-1
E=]] II (0)+-a(ij) +—a(ij).
i=0 j, /=0
J#N
The fifth term ensures that the computation path is an accepting one:
Ey =1(n,q),

where g is the index corresponding to the accepting state g .

It is easy to verify that the circuit C accepts a weight k input word x if and only if x encodes the
k nondeterministic steps of a nondeterministic accepting computation path of 7'(w). In particular,
the term E, ensures that every block of input lines x[i, -] having no line set to 1 corresponds to a
deterministic step; the circuit can thus derive the transition to be applied from the internal state
and the symbol under the head of the Turing machine.

We can build the circuit C from an instance of bounded nondeterminism Turing machine
computation with a parameterized reduction; notice, however, that we can do this only because
the length of the computation path in the problem is encoded in unary. [

Theorem 6. Bounded Nondeterminism Turing Machine Computation is W[P]-hard.

Proof. We show a parameterized reduction from the Chain Reaction Closure problem [1] to
Bounded Nondeterminism Turing Machine Computation. Chain Reaction Closure is W[P]-
complete [1], and it is defined as follows:

Chain Reaction Closure

Instance: A directed graph D = (V, A); a positive integer k.
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Parameter: k.

Question: Does there exist a set V'’ of k vertices of D whose chain reaction closure is V'? (A chain
reaction closure of V7 is the smallest superset S of V’ such that if u, ' € S and arcs ux, ux’ are in A
then xe §.)

Given a directed graph D = (V, A) with n vertices and a positive integer k, let us construct a
nondeterministic Turing machine 7' = (X, Q, 4), where X includes the alphabet symbols

2={0O}u{v:veV}
and Q contains the internal states

Q :{CIAquaqaaqh}U{qi:0<i<k_ 1}
Ui, ¢5ql a5 al qf veVo{g:0<i<n—1}.

When the Turing machine starts, the internal state is go and all tape cells contain the blank
symbol ([J). The machine guesses k different vertices that represent V”. It then generates the
chain reaction closure of ¥, and computes its size.

Phase 1: guess k different vertices. Assume a fixed ordering vy, vy, ..., 0,1 of the vertices of D.
The Turing machine nondeterministically chooses k different vertices of D writing the
corresponding symbols onto the tape. This is achieved by including the following instructions
in the transition table A4:

<O, qi,0,qiv1,+1 >4 guess k vertices, leaving the head on the right-
most one
(MveV,Vie{0, ...,k —2})
<Daqk—lav7qa7O>EA (VUEV)

(v, v,¢0,—1>ed  (YoeV) go to the left end checking whether v has been
guessed several times

{w, qi’, w, qf, —1>ed (Mo,weV, v#w) skip over vertices different than v
(v, ¢ v,qr, 0> €4 (YveV) v has been guessed at least twice, hence reject
(O,¢%,0,¢,+1>ea  (YoeV) head at left end, go back to the vertex v
<w, g5, w, g5, +1>ed  (Yo,weV, v#w) skip over vertices different than v

(v, q5,0,q% —1)>ed  (Vvel) head on vertex v, restart checking the vertex at
the left of v

<O, q¢% O ”f +1>€e4 no more vertices to check, continue with the
7q ) 7qL07
next phase
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Phase 2: compute the chain reaction closure. The Turing machine considers in turn each vertex
xe V and scans the symbols on the tape. If it finds two vertices u and ' on tape such that uxe 4
and u/xe A, then it writes x on tape (if x is not already there) and restarts considering the first
vertex vy of D. The phase ends when the Turing machine considers the last vertex v,_; of D and
detects that it cannot be written on the tape. Internal states q;] , ¢5, and g/ are used to check
whether v can be written on the tape; they indicate respectively that no witness, one witness u, and
two witnesses u and ' have been found. Internal state ¢/ indicates that v cannot be written on the
tape and that the vertex following v in the fixed ordering must be considered. Internal state ¢” is
used to restart, from the beginning, the loop over the vertices of D after a symbol has been written
on tape.

Cwy g w, g8, +1>ed  (Yo,weV,v#£w, woe A) wis the first witness for v, move to the right to
search for the second witness

<w, g6, w,qfd,+1>ed  (Yv,weV, v#w,woeAd) wis the second witness for v, move to the right
to verify that v is not already on tape

<woqhw g, +1>ed  (Yo,weV,v#£w, wug¢ A) wis not a witness for v, move to the right to
search for a witness
<w,qs,w g5, +1>ed  (Vo,weV, v#Ew, wo¢ A)

(v, g% 0,q],—1>ed (Yvel) v is already on the tape, consider the next vertex
in V

<U,qi,1),qbf,—l>EA (VUEV)

<U7qygavvqbf7_1>€A (VU€V>

<w,qf,w,qf,+1>ed  (Vo,weV, v#w) w#v, hence move to the right (v already has two
witnesses, thus there is no need to check whether
wre A)

(4, ‘15> O, qb{‘" —1>ed (VveV) head at right end: since either no witness or just
one witness for v has been found, consider the
next vertex in D

(O.q;,0,q/,~1)e4 (VveV)

<D,qt;‘7,v,qh,—1>eA (Vve V) head at right end: v has two witnesses, hence
write v onto the tape, and go to the left end to
restart from the beginning

Co,q" v gt —1>ed  (Voel) keep moving to the left until the left end is
reached
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<O,¢"0,¢l,+1> €4

Cwyql wyql,—1>ed  (Yo,weV)

(O,¢f,0,¢¢ ,+1>ed (vie{0,...,n—2})

<O,q] ,O,qp,+1>e4
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head at left end: restart from the begin-
ning (search for witnesses relative to the first
vertex vg)

keep moving to the left until the left end is
reached (the internal state records the vertex v
just analyzed)

head at left end, and vertex v, has just been
analyzed: move to the right and start consider-
ing vertex v

head at left end, and the last vertex v,,_| has just
been analyzed: continue with the next phase

Phase 3. compute the size of the chain reaction closure. The Turing machine simply counts the
number of symbols written on tape, and accepts if the total is n; the internal state acts as a

counter.
<Uv Q£’Ua q§+17+1 > EA
(VveV,Vie{0,...,n—2})

<v,qf171,v,qA7+l>eA (Vve V)

(O,q,0,qr,0> €4 (Vie{0,...,n—1})

keep moving to the right counting the number of
vertices written on the tape

the counter is equal to n — 1, and another vertex
has been found: accept

head at right end, and the counter is smaller
than n: reject

It is straightforward to verify that the transition table 4 includes ¢’(n?) instructions and that it
can be derived by simply looking at the directed graph D. The Turing machine accepts if and only
if it can nondeterministically guess a subset of k different vertices whose chain reaction closure is
as large as D. Moreover, it either accepts or rejects in at most k + 2kn + 2(k + 1)n + -+ + 2n* =

On®) steps. O

The previous theorems enable us to formulate the following suggestion:

Turing way to W[P]-membership In order to show that a parameterized problem L
belongs to W[P], devise a parameterized reduction from L to the Bounded
Nondeterminism Turing Machine Computation problem.
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5.1. The o-Balanced Separator problem

As a first example of W[P]-membership result by means of a reduction to a Turing machine
computation problem, consider the following problem:

o-Balanced Separator

Instance: A graph G = (V, E); a positive integer k.

Parameter: k.

Question: Does there exist a subset S of at most k vertices such that each connected component
of G[V — S] has at most o| V| vertices?

This parameterized problem is W[l]-hard (reduction from [3]); as far as we know, no
membership result was previously known.

Theorem 7. The a-Balanced Separator problem belongs to W[P].

Proof. We show a parameterized reduction from o-Balanced Separator to the Bounded
Nondeterminism Turing Machine Computation problem. Since the latter problem is W[P]-
complete, the reduction proves that o-Balanced Separator belongs to W[P].

Given a graph G = (V,E) with n vertices and a positive integer k, let us construct a
nondeterministic Turing machine 7' = (X, Q, 4), where X includes the alphabet symbols

>={0,$,x}u{v,v:veV}
and Q contains the internal states

0 ={q4,9r.4". 4", 9", 4", ¢"} 0 {qi: 0<i<k}
u{db. 45, ql,q] .4l dl gl s ve V'
u{g veV,0<i< | an |Ju{q/ TiveV,0<i<n}.

When the Turing machine starts, the internal state is go and all tape cells contain the blank
symbol (). The machine guesses at most k vertices of G that represents the subset S; next, it
computes, for each vertex ve V', the connected component of G[} — S] including v and checks that
its size doesn’t exceed o|V|.

Phase 1: guess k vertices. The Turing machine nondeterministically chooses k vertices of G (the
subset S) writing the corresponding symbols onto the tape (since there could be some duplicated
vertices, S may have less than k vertices). This is achieved by including the following instructions
in the transition table 4:

<O, qgi,0,qiv1,+1 > €4 guess k vertices and leave the head at the right
end
(Vie{0, ...,k — 1},Yve V)

<O, qk, 8,94, +1>€e4 mark the right end of the guessed vertices with a
§ symbol, then move to the right and continue
with the next phase
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Phase 2: generate the connected components. For each vertex ve V' — S, the Turing machine
computes the connected component of G[}V — S| that includes v. In the following, assume a fixed
ordering vy, vy, ..., v, of the vertices of G. Internal state ¢ controls the loop over all vertices of
V, from vy to v,_;.

<O, 4% vo, 61]30, —1>e4 start the loop with the first vertex v

iy q°, ul-H,qf]’M, ~1>eA (Vie{0,...,n—2}) work on v; is finished, hence start the next
iteration of the loop on v;

{Up—1,q% Up—1,44,0> €4 work on the last vertex v,_; is finished, hence
accept

Phase 2a: check that v¢ S. Internal states ¢° scan the guessed vertices at the left of the $ symbol;
internal states ¢ and qf denote, respectively, that ve S and v¢S.

(8$,4",8,¢%,—1>ea (YveV) move to the left and skip the $ symbol
(xa g %, qh,—1>ed  (Yvel) move to the left and skip the x symbol

{u, qf, u, qf, —1>ed (Vu,veV,u#v) guessed vertex u is not equal to v, all right
<U,q2’, v,¢5+1yed (Yvel) found v at the left of the $ symbol: record that

veS and go back to the $ symbol

(O,¢%,0,¢%,+1>e4 (YveV) head at left end: record that v¢.S and go back to
the $ symbol

<u7qzauvqu+l>€4‘ (Vu,ve V,U#U)
Cuy g u, g, +1>ed  (Yu,veV, usv) keep moving to the right until the $ symbol is

found
(X gy, X, qp,+1>ed (Voel)
(o gt x,q0 +1>ed  (YveV) while moving to the right, skip the x symbols
($,4.,8,¢°, +1>e4 (Yvel) move to the right and start a new iteration of the

external loop, because ve S

(8$,¢%,8,¢,+1>eA (YveV) move to the right and continue with Phase 2b,
because v¢ .S

Phase 2b: generate the connected component including v. For each vertex w at the right of the §
symbol, write onto the tape the vertices in N[w] — S. We can further distinguish three sub-phases:
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Phase 2b(i): generate the neighborhood of w.

Cw, g W ogl,+1>ed  (YweV)

Cuyqluql,+1>ed  (NYu,wel)
(X, q), %, ql,+1yed (YweV)
(O, ql,up,ql ' 41> (YweV)

<Daqi(;l’i7ui7qi{;7i+l7+l>EA
(YweV, Vie{l,...,m, —1})
<D,qdf*’""',u,,,n_,q%—l)eA (Ywe V)

Phase 2b(ii): cancel the duplicated vertices.
<Waqngaqga_1>EA (VWEV)
<W,aqgawlaqga_1>EA (VWEV)

<Xaqga><aqga_1>EA

<$aqga$vqg7_1>EA

(O,¢% 0,¢" +1)e4

Co,q" v, gl +1>ed  (Voel)

VgV gt +1>ed  (Voel)

Cuy gt u, gl +1)e4
gl g +1)ed

(Vu,ve V,u#v)
(Vu,veV, u#v)

(o, gt x gl +1yed  (Yvel)
($,¢".8,¢", +1>ea (VYveV)
Cxoqh < gl +1>ed (YoeV)
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mark w as being expanded, and go to the right
end

keep moving to the right until the right end is
reached

move to the right and skip the x symbol

write onto the tape the vertices adjacent to w;
assume that they are {uo,uy,...,un,}; then,
continue with Phase 2b(ii)

keep moving to the left until the left end is
reached

while moving to the left, skip over any $ and x
symbol

head at left end: start deleting the duplicated
vertices
start scanning the vertices at the right of v to

find duplicates of v

u is different than v, continue

found a duplicate of v: delete it by writing a X
symbol

move to the right and skip $ and x symbols
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<D7qg7 Daq£7_1> EA
<u,q£,u, qi,—l)eA (Vu,veV, u#v)

g g, —1yed  (Vu,veV, usv)

($,4,,8,9,,—1> 4
(X, 4y, %, 4y, —1) €4
(v, ¢ v, q" +1)yed
Vg v gt +1)y ed
($,4"8,¢",+1>e4
(x,q", <, q", +1yea

<D7qh> |:|>qm7_1>EA

Phase 2b(iii): locate the next vertex to expand.
<W,(]m7 w, Clm7 —1 > e
<X7qma Xaqm7_l > e

Vg™ u,q¢+1) ed

X, g8 %, ¢%+1 ) ed

<O, ¢ 0, q

head at right end, go left back to the vertex v

keep moving to the left until v is reached, skip
over $ and x symbols

head on vertex v, move to the right and start
removing duplicates of the next vertex

searching for another vertex to check for
duplicates, skip $ and x symbols

head at right end, no more vertices to check for
duplicates: continue with Phase 2b(iii)

keep moving to the left until the marked vertex
is found

unmark the vertex, and start expanding the next
vertex on the right (Phase 2b(i) restarts)

skip deleted vertices (x symbols)

head at right end: all vertices at the right of the $

symbol have been expanded, continue with
Phase 2¢

Phase 2c: compute the size of the connected component. The Turing machine hangs if there are more
than | an | vertices on the right of the $ symbol. While counting the vertices, the Turing machine
erases the tape portion at the right of the $ symbol. The internal state ¢;" records both the counter
value 7 and the last vertex v that has been counted; the internal state g writes back onto the tape the
leftmost vertex at the right of the $ symbol before generating the next connected component.

<anf’ua Danf17—1>€A

keep moving to the left until the $§ symbol is
found; record the current counter value and
the last vertex seen; skip deleted vertices
(x symbols)
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(Vu,ve V,Vie{0,...,|an | — 1})
<X’qlt_)7117 D7q?u7_1>€A
(VueV,Vie{0, ..., an |})

($,¢7".8,¢,+1>e4 head on the $ symbol: write back the last wiped-
out vertex on the right of §, and continue with
the next iteration of the main loop of Phase 2
(VueV,Vie{0, ..., an |})
<O,q5,0,¢%,0)ed4 (YvelV)

It is straightforward to verify that the Turing machine has ¢/(rn) symbols, ¢(rn?) internal states,
and O(n®) transitions.

Phase 1 ends after exactly k steps. Phase 2 consists of several nested loops. We iterate over the n
vertices of G. For each of these we check whether it was previously guessed (Phase 2a, 0(k) steps),
and then we write onto the tape the vertices in its neighborhood (Phase 2b(i), O(n) steps). Next, we

remove the vertices belonging to S and the duplicated vertices (Phase 2b(ii), O((m + k)z) steps,
where m is the number of symbols at the left of the $§ symbol). We select another vertex among
those at the left of § (Phase 2b(iii), (/(m) steps), and we continue with Phase 2b(i). Eventually, the
number of symbols written at the right of the $ symbol (including the x symbols) is m = 0(n?),
because we systematically cancel the duplicated vertices. Thus, the whole Phase 2b requires @(n*)
steps. Phase 2c ends in ((n?) steps. Since Phases 2a—2c are executed once for every vertex of G, the
Turing machine either hangs up or accepts in (/(n°) steps.

It is easy to verify that the Turing machine accepts if and only if the guessed symbols at the left
of the $ symbol represent a subset S that is an effective solution of the a-Balanced Separator
problem. [

5.2. The Maximal Irredundant Set problem

Let us show a second example of W[P]-membership result by means of a reduction to a Turing
machine computation problem. We want to place in the W-hierarchy the following parameterized
problem:

Maximal Irredundant Set

Instance: A graph G = (V, E); a positive integer k.

Parameter: k.

Question: Is there a set V' <V of cardinality k& such that (1) each vertex ue ¥’ has a private
neighbor and (2) 7 is not a proper subset of any V" =V which also has this property? (A private
neighbor of a vertex ue V' is a vertex u' € N[u] (possibly #' = u) with the property that for every
vertex ve V' — {u}, u' ¢ N[v].)

Maximal Irredundant Set is W[2]-hard (reduction from Dominating Set [2]); no membership
result was previously known.

Theorem 8. The Maximal Irredundant Set problem belongs to W[P].
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Proof. We show a parameterized reduction from Maximal Irredundant Set to the Bounded
Nondeterminism Turing Machine Computation problem. Since the latter problem is W[P]-
complete, the reduction proves that Maximal Irredundant Set belongs to W[P].

Given a graph G = (V,E) with n vertices and a positive integer k, let us construct a
nondeterministic Turing machine 7' = (X, Q, 4), where 2 includes the alphabet symbols

Y={0,8}u{v:veV}

and Q contains the internal states

0=1{q4:98, 4. ¢".¢' . ¢, 4", 45,4\, ¢" . al  qt .43 .43 }
U{gi:0<i<k — 1} u{q qf.q veVIu{d, . 4, .44 u,ze V}.

Our Turing machine operates according to the following algorithm: it guesses k distinct vertices
of G (that is, the subset V'), and then it verifies that V7 is an irredundant set. Later, it considers
each vertex ve V' — V' and checks whether vu V7 is still an irredundant set. If so, 7’ cannot be a
maximal irredundant set. On the other hand, if vu 7’ is not an irredundant set for each vertex
veV — V', then V' is a maximal irredundant set, since if W is an irredundant set then W — {x}
remains an irredundant set.

For our convenience, we shall define a sub-routine that checks whether a given subset of
vertices is an irredundant set.

Sub-routine *‘check irredundant set”. This procedure checks whether a subset of vertices given in
input is an irredundant set for the graph G. It is invoked by entering in the internal state ¢'S while
the head is reading a blank symbol. The subset of vertices to be checked is on the cells at the right
of the head, and it is terminated by a blank symbol. The procedure terminates leaving the tape
unchanged, and entering either the internal state ¢¥ (if the subset is an irredundant set) or the
internal state ¢" (if the subset is not an irredundant set).

Internal state ¢“ checks whether the symbol under the head has a private neighbor. Internal
states qf;yz and ¢;, . take care of checking whether ze N[u] is a private neighbor of u. Internal state
qfiz indicates that ze N[u] is not a private neighbor, hence the Turing machine should consider the
next element in N[u], or enter ¢V if z was the last element. Internal state ¢¢ indicates that a private
neighbor of u was found, and therefore that the Turing machine should check the next vertex in
the subset, or enter ¢ if u was the last element in the subset. Internal state ¢/ is used to move the
head to the front of the subset of vertices before entering the internal state g¥.

(0,4, 0,¢%, +1>e4 move to the right and start checking the first
vertex
Cu, ¢, u, 612,207 —1>ed (VueV) search for a private ne;ighbor for u, starting with
the first vertex zp in N[u] (assume a fixed
ordering of Nul: zo,zy, ..., z1)

(o, qh . 00q.,—1> €4 (Yu,veV, ¥zeN[u]) go to the left end
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(O,¢5.,0,¢5.,+1>ed (YueV,VzeN[u]) head on the left end, start checking whether z is

<U7qzﬁz7v7q(uy‘7z7+1>€A
(Vu,veV, v#u, Vz¢ N[v])
u,qy, ., u, gy, +1>€4  (YueV, VzeNu])

<U>le;727 Uvqiz? -1 > e
(Vu,veV, v#u, Vze N[v])

(v, ‘15,;7 v, qiz, —1>ed (VYu,veV,Vze Nul)

<Dﬂqg,zi7 D7q1647;,+17+1>EA

(VueV,Vz;e N[u],i#l)
<|:|,qu2[, O,¢Y,0>ed  (VueV, zje Nu))
<O,q;,.,0,q,—1>ed (YueV,VzeN[u))
(v,q5,0,q45,—1>ed  (Yu,veV, v#u)
u, gy, u,q*,+1> €4 (YueV)

<D7qa7D7qf7_l>eA
Cuyq/ uq/ =1y ed  (YueV)

<|:|7qf7 Dan10>EA

a private neighbor for u

z is fine till now, keep checking

z is not a private neighbor, go back to the left
end to check the next vertex in N[u]

keep moving to the left until a blank is found

head at left end: if there is a unchecked vertex in
Nlu|, check it; otherwise, terminate the sub-
routine by answering ‘“No”

head at right end: z is a private neighbor, hence
guessed vertex u is fine; go back to the vertex u
before checking the next guessed vertex

keep moving to the left until vertex u is reached;
then, check the guessed vertex at the right of v

head at right end, no more guessed vertices to
check; go back to the left end

keep moving to the left until a blank is found,
then terminate the sub-routine by answering
“Yes’,

It is easy to verify that, when invoked on a subset of m vertices, the sub-routine “returns’ after

O(nm?) steps.

Using the ‘“‘check irredundant set” sub-routine, we can easily write the main program of our
Turing machine. It works in three phases: in the first phase it guesses the k-clement subset of
vertices, in the second phase it checks that the guessed subset is an irredundant set, and in the
third phase it tries to augment the irredundant set by adding a vertex of G.
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Phase 1: guess k different vertices of G.
< quivvvqi+lv+1 > e/

(VveV,Vie{0, ...,k —2})
<O, qk-1,v,q9,0>e4 (YveV)

<angavaqﬁq;_1>EA (VUGV)

<wogdwoqf,—1>ed (Vo,weV, v#w)

<U7%L17U74R70>€A (vaV)

<D7‘],f}757‘]{?7+1>64| (vaV)

<w, gt ow, g +1yed  (Yo,weV, v#w)

<Uvqﬁyqug7_1>€41 (VUEV)

Phase 2: check whether the guessed vertices are an irredundant set. If the answer is negative (¢

guess k vertices, leaving the head on the right-
most one

start checking whether the vertex v under the
head is duplicated (looking only at the vertices
at the left of v)

keep moving to the left, rejecting if the vertex v
is found

head at left end: no duplicates of v have been
found, go back on v

keep moving to the right until the vertex v is
found; then start checking for duplicates of the
vertex at the left of v

)

)

the Turing machine rejects (remember that all tape cells except those containing the guessed subset
are blank). Otherwise, if the answer is positive (¢¥), the Turing machine continues with the third

phase.

<O,q9,0,4%,0)e4

<D7qN7 quéva_l>eA

<D7Q6V7D7QR70>€A

<D7QY7 quga_1>€A

Phase 1 ends with the head at the left of all
guessed vertices; invoke the sub-routine to check
whether they are an irredundant set

the sub-routine answered “No”’; move to the left
to check whether it was applied to the original
subset of guessed vertices; in the affirmative
case, reject

the sub-routine answered “Yes’’; move to the
left to check whether it was applied to the
original subset of guessed vertices; in the
affirmative case, move to the left to leave room
for another vertex, and write a $ symbol in the
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tape; then go back to the blank cell at the left of
the guessed vertices, and continue with Phase 3
<D7Qg7 qulyﬂ_1>€A
(O.q{.8,45,+1) €4
(O,4y,0,q3,+1> €4

Phase 3: for each vertex ve V', add v to the subset and check whether it is an irredundant set. The
Turing machine rejects whenever it finds an augmented subset that is an irredundant set; if no
augmented subsets are irredundant, the Turing machine accepts. In Phase 2 the Turing machine
has written the $ symbol at the left of the blank symbol that delimits the augmented subsets, so
that it can distinguish an augmented subset from the original subset of guessed vertices. Assume a
fixed ordering vy, v1, ...,v,_; of the vertices of G. Notice that this phase uses some instructions
introduced in Phase 2.

<O,q¥, 00,45, -1 €4 add the first vertex vy of G to the subset of
guessed vertices, and ask the sub-routine
whether the resulting subset is irredundant

($,qY,8,4V,+1)e4 the sub-routine answered “No” and it was
applied to an augmented subset: go back to
the leftmost vertex of the subset

<O,qY,0,q7,+1)€e4

vy gl v, ¢S, —1>ed  (Vie{0,...,n—2}) replace the leftmost vertex v; of the subset with
vit1, then check the new subset

Cope1,qY, 0,94,0> €4 the leftmost vertex of the subset is v,_i: accept,
because no superset of the guessed vertices is
irredundant

{$,4¢,8,qr,0) €4 the sub-routine answered ‘“Yes”, and it was

applied on an augmented subset: reject

It is straightforward to verify that the Turing machine has @(n) symbols, O(n?) states, and O(n?)
transitions; it is also easy to see that the Turing machine halts in (¢/(k*n?) steps, and that it accepts
if and only if it guesses a maximal irredundant set. [

5.3. The bounded DFA Intersection problem

As a third example of W[P]-membership result by means of a reduction to a Turing machine
computation problem, consider the following problem:

Bounded DFA Intersection

Instance: A set of k deterministic finite state automata Aj, ..., A; having the same input
alphabet 2; a positive integer m.
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Parameter: either m, or (k,m).

Question: Is there a string X € 2™ that is accepted by each A4;, 1 <i<k?

We consider two different parameterized versions of the same problem; in the first version
(Bounded DFA Intersection (m)) the parameter represents the length m of the string X, while in
the second version (Bounded DFA Intersection (k,m)) the parameters are both the string length
m and the number k of automata. The first version is W[2]-hard [13], while the second version is
W]/1]-hard [13]. No previous membership results are known.

Theorem 9. The Bounded DFA Intersection (m) problem belongs to W[P].

Proof. We show a parameterized reduction from Bounded DFA Intersection (m) to the Bounded
Nondeterminism Turing Machine Computation problem. Since the latter problem is W[P]-
complete, the reduction proves that Bounded DFA Intersection (m) belongs to W[P].

Given k deterministic finite state automata Ay, ..., A with input alphabet X~ and a positive
integer m, let us construct a nondeterministic Turing machine 7' = (2', Q, 4), where X includes the
alphabet symbols

Y ={0}uZx
and Q contains the internal states
0 ={qu,qr}v{q;i:0<i<m— 1}
U{g"1<i<kiuf{g”  1<i<k, ¢4},
where Q,, represents the set of internal states of A;.
The Turing machine operates in two phases: it guesses a string of length m, and then it simulates
the executions of the automata Ay, ..., A; on the guessed string, in turn. The Turing machine

accepts if and only if all deterministic automata accept the guessed string.
Phase 1: guess a string of length m.

<O, qi,8,qir1,—1>€e4 guess a string of length m, leaving the head on the leftmost

symbol, then enter the initial state q(()l) of the first automaton
(Vie{0,...,m —2}, VseX)

(O, qm1,5,q,),0yed  (VseX)

Phase 2: for each ie {1, ...,k}, emulate A; on the guessed string. In the following, (g; San)

represents the rule of automaton A; that forces state g, from state g; when reading input symbol s.

(s,q),5,q,),+1>e4
(Vie{l, ...k}, Y(q— qn) € 4)) keep emulating the automaton 4;

<O, qj(,")7 O,¢%, 1> e head at the right end, go back to the left end
if the automaton A; accepts the string
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(Vie{l,...,k},Vqie Qy, s.t. g; “accepts”)
(s,qW,5,q0, 1> ed  (Vie{l,... k}, VseX)

<O, 4", |:|7qé"“)’ +1>ed (Vie{l,...,k — 1}) head at the left end, start emulating the next
automaton A4;;

(0O, q(k>7 O,94,0> €4 no more automata to emulate, therefore accept

It is easy to verify that the Turing machine T accepts if it guesses a string of length m that is
accepted by every automaton; otherwise, 7" hangs up while simulating the execution of a rejecting
automaton. It is also straightforward to verify that 7" uses m nondeterministic steps and it accepts
in O(km) steps. Finally, a parameterized reduction may derive a description of the Turing machine
T from the description of the k& deterministic finite state automata A, ..., 4. [0

Corollary 10. The Bounded DFA Intersection (k,m) problem belongs to WI[1].

Proof. Just consider the same Turing machine 7" described in the proof of Theorem 9. When k is a
parameter, the Turing machine halts in a parameterized number of steps. Therefore, Bounded
DFA Intersection (k,m) reduces to the W[1]-complete Short Nondeterministic Turing Machine
Computation problem [4], and hence it belongs to W[1]. [

6. Conclusions

We have proposed a general method to establish membership results in the parameterized
classes W[1], W[2], and W[P]. To validate our proposal, we have established some membership
results for widely known parameterized problems: Perfect Code (in W[1]), Steiner Tree (in W[2]),
o-Balanced Separator, Maximal Irredundant Set, and Bounded DFA Intersection (in W[P]).

We have also proved that the Short Multi-tape Nondeterministic Turing Machine Computation
problem belongs to W[2]. This is the first exact characterization of the class W[2] according to the
Turing machine model: candidate solutions for problems in W[2] can be generated and verified
with a parameterized number of steps by using a unbounded number of tapes. (Recall that
problems in W[1] can be generated and verified with a parameterized number of steps by using a
constant or parameterized number of tapes.)

Finally, we have proved that the Bounded Nondeterminism Turing Machine Computation
problem is W[P]-complete. Again, this is the first exact characterization of the class WI[P]
according to the Turing machine model.
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