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Abstract

This paper presents a mathematical morphology based approach to find the shortest path of an

arbitrarily shaped moving object with rotations amid obstacles of arbitrary shapes. By utilizing the
proposed rotational morphology along with the continuous turning-angle constraint, the representation
framework of the motion planning problem becomes simple and practical. Two vehicle models with
different driving and turning systems are used in solving the path planning problem and their strategies are

presented. Simulation results show that our algorithm works successfully in various conditions. ¢
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1. INTRODUCTION

Modern manufacturing and other high technology
fields of robotics and artificial intelligence have stimu-
lated considerable interests in the motion planning or
the shortest path finding problems.'"”’ The main objec-
tive is to plan a collision-free path (preferably an
optimal path) for a moving object in a workspace
populated with obstacles. Given an initial position
and orientation for a robot and a target position and
orientation, a path is searched from starting to ending
positions that is collision-free and satisfies some cri-
teria such as minimal cost and continuous turning
angles.

There are several theoretical approaches in optimal
path planning, and each has its own particular ad-
vantages and drawbacks.>' In general, two classes are
used. One is via configuration space.”” ¥ wherein the
geometry of the object that is to be moved through
a space filled with obstacles is essentially set theoret-
ically added to the obstacle in order to create a new
space. The space created by removing the enlarged
obstacles is called the configuration space. In the
context of the configuration space, the path planning
problem is reduced to that of finding optimal paths of
a reference point in the object from an initial to ending
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Distance transformation

position. This approach appears in the application of
using the traditional mathematical morphology in
path planning for non-rotating objects.*™*

The second approach uses computational geometry
to search the free space directly without transforming
the workspace into configuration space.®''°" This
method allows robot movement with rotations, so
that it is close to real-world applications. However, it
becomes very complicated if obstacles gather closely.
To make such algorithms tractable, some limitations,
such as polyhedral assumption, must be added to
simplify the problems.®

The goal of this paper is to use a novel morphologi-
cal approach to solve the motion planning problem,
thus the computational complexity, compared to
computational geometry methods, can be reduced
while allowing rotations for moving objects. To take
the rotation movement into consideration in
modeling the moving object, a new technique, named
rotational mathematical morphology, is proposed to
process both the orientation and geometric infor-
mation, thus to overcome the disadvantages of the
conventional morphology which is limited to non-
rotating moving objects. All the properties of the
traditional morphology'''? are inherited in the
rotational morphology. The shape decomposition
property and the parallel processing architecture can
be used to speed up the computations,

This paper is organized as follows. In Section 2, the
relationships between the shortest path-finding and
the rotational morphology are described. Section 3
gives the definitions of rotational morphology and its
properties, as well as its practical applications. In
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Section 4, distance transformation and the proposed
algorithm for finding the shortest collision-free path
amid obstacles using the rotational morphology is
described. Experimental results and discussions for
two moving object models and other considerations
are provided in Section 5. Finally, conclusions are
made in Section 6.

2. RELATIONSHIPS BETWEEN SHORTEST PATH
PLANNING AND MATHEMATICAL
MORPHOLOGY

In order to solve the shortest path finding problem
by using mathematical morphology, their relation-
ships are first explored.

Assume that an object of arbitrary shape moves
from a starting point to an ending point in a finite
region with arbitrarily shaped obstacles in it. To relate
this model to mathematical morphology, the finite
region consists of a free space set with values equal to
ones and a obstacle set with values equal to zeros, and
the moving object is modeled as a structuring element.
Thus, the shortest path finding problem is equivalent
to applying a morphological erosion to the free space,
followed by a distance transformation on the region
with the grown obstacles excluded, and then tracing
back the resultant distance map from the target point
to its neighbors with the minimum distance until the
starting point is reached.

Drawback of using the traditional mathematical
morphology to solve the path planning problem is
due to the fixed direction of the structuring element
being used throughout the processes. A fixed direc-
tional movement results in a worse path which is
much longer than the optimal path of real-world
applications. To model the practical moving actions
of a car-like robot by incorporating rotations, the
rotational morphology is proposed such that the
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structuring element can be rotated simultaneously
during translations.

Figure 1a shows the result of a shortest path find-
ing algorithm'” for a non-rotating object. By incor-
porating rotations into the motion of a moving object,
Fig. 1b gives a more realistic solution to the shortest
path finding algorithm.

3. ROTATIONAL MATHEMATICAL MORPHOLOGY

3.1. Definitions

Traditional morphological dilation and erosion
perform vector additions or subtractions by transla-
tion of a structuring element along an object'!'-12
Since the structuring element is fixed in its orientation
during processes, these operations cannot deal with
the complex variation of directional features in an
image. Moreover, their applications to the sweep
motion involving both translation and rotation are
limited. In this section, we propose the rotational
mathematical morphology for the purpose of an en-
hanced theoretical framework with a wider range of
practical applications.

Assume that the full 360 " angles are equally divided
into N parts (or directions). Let B; denote the rotation
of a structuring clement B by the degree of 360i/N,
wherei =0,1,...,N - [, and let y denote 2D coordi-
nates. Let 4 and B be a binary image and a binary
structuring element, respectively. The rotational dila-
tion of 4 by B is defined as

(43 By
=[A@By . A®By ,.....A@® B,, A® B,1ly)
=[Py _ 1 Py 5 ... P PLY)
= P(y) (1)

where P is a N-bit codeword matrix.
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Fig. 1. Results of a path-planning algorithm for (a) non-rotating and (b) rotating vehicle models, where *s™
and “e” denote the starting and ending points, respectively, and the slashed regions denote the obstacles set.
Note that the resultant path in (a) is longer than the path in (b).
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Similarly, the rotational erosion of A by B is defined
as

(45 B)(y) =
[A©B,. . A©By ,.....A©B,. A0 B,ly). (2)

Figure 2 shows an example of a rotational erosion.
Compared to the conventional mathematical mor-
phology, the rotational morphology provides not
only the geometric shape but also the orientation
information. In other words, the results through rota-
tional morphological operations indicate which direc-
tion of the structuring element is included or excluded
in a local object region. Since the rotational morpho-
logy is equivalent to executing N binary morphology
modules as shown in Fig. 3, it can be computed in
parallel and its computational complexity remains the
same as in binary morphology.
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Note that N =8 is often used in digital image
processing applications. Therefore, P = [P,, P, ...,
P, Py1,. Thatis, P is a 8-bit codeword with a base 2.
If all the bits are summed up, it ranges from O to 8. After
normalization, it ranges from 0 to | whose value pos-
sesses a fuzzy interpretation. Let us consider a fuzzy
rotational erosion. For value 0, it indicates that the
structuring element cannot be completely contained
in the object region in any direction. For value 1, it
indicates that the structuring element is entirely
located within the object region for all orientations.
Therefore, the value can be interpreted as the degree
of the structuring element’s orientations that can be
fitted into the object region. Readers should note that
if the structuring element is symmetric with respect to
all directions such as a circle, the fuzzy rotational
morphology is equivalent to the binary morphology.

Py

l

8-bit codeword

Fig. 2. An example of a rotational erosion operation of 4 by B.
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Fig. 3. The parallel processing structure of the rotational morphology.
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The all-directional dilation, based on the intersec-
tion of all bits of the codeword, is defined as

N-1

(ADB) (y)= /\ Py, (3)

i=0

while the all-directional erosion is defined as

N-1
(ASBW = \/ Puy). )
=0

Since the all-directional dilation represents growth
of obstacles, positions with all bits equal to one rep-
resent absolute collision-free space where no obstacles
grow there. Note that because the all-directional ero-
sion is used to indicate the collision-free positions in
path finding such that the moving vehicle can be
contained in the free space for at least one orientation,
it is defined as a union of the codeword bits.

3.2, Properties

All the properties of binary morphology are also
true in the rotational morphology since it is composed
of N binary morphological operations. Some proper-
ties used in our shortest path finding algorithm are
described below.

Property 1. The rotational morphology is translation
invariant, e.g.,

(A®B.)=(4& B).. (5)

where z denotes any 2D coordinates. The rotational
morphology owns the duality and decomposition
property as follows.

Property 2.
A*@®B=(AD Br (6)

where A° represents the complement of set A and
B represents the symmetric set of B with respect to the
origin.

Property 3. For B=CuD
A®B=(AE C)u(4D D), (7
AEB=(ASC)~(A4ED). (8)

In finding the collision-free path, Property 2 pro-
vides a significantly efficient way in finding the free
position (FP) set. That is, computing the obstacle
regions saves more time than computing the entire FP
set. Property 1 states that the solution will not be
affected by translation, while Property 3 can be used
for reducing the computational complexity by decom-
posing the structuring element into the union of small
subsets.

3.3. Applications

The rotational morphology can be applied to vari-
ous image processing applications such that their
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orientation information need be taken into account.
Except the motion planning application described in
this paper, some other practical applications are
available.

One example of those applications is presented in
the edge-linking problem.’® In practice of edge
detection, many noisy edge pixels and broken
gaps along an edge contour often appear. Edge-detec-
tion algorithms are typically followed by link-
ing. A new morphology-based edge linking algorithm
is proposed there to link up the broken edges
by extending edge legs in their directions. Length
of edge legs is a variable related to the edge curvature.
An adaptive morphology mechanism is built as a
flexible and efficient tool to deal with object shapes
by varying the size and orientation of the struc-
turing element according to their local geometric
properties.

4. THE SHORTEST PATH PLANNING ALGORITHM

Due to the non-rotating movement of the conven-
tional morphological operations, the path determina-
tion algorithm in reference (7) cannot really generate
the shortest path in practical cases. By using the
rotational morphological operations, the rotation
movement can be modeled to fit real-world applica-
tions and the optimal path can be acquired. The
shortest collision-free path finding algorithm can be
divided into two major parts and are described as
follows.

4.1. Distance transformation

Distance transformation 1s a transform operation
that converts a binary image with feature and non-
feature pixels into a gray-level image whose pixel
values represent corresponding distance to the nearest
feature elements. In many applications of digital im-
age processing such as expanding/shrinking, it is es-
sential to measure the distance between image pixels.
Distance transformation i1s a specific example of
a more general cost function transformation. Since the
contents of a distance map reveals the shortest dis-
tance to the referred points, tracing the distance map
from a specified point to a referred point will result in
a shortest path between the specified and the referred
points.

The distance transformation used in this paper
corresponds to the propagation distance trans-
formation."*) Advantage of using such distance trans-
formation is that distances for each pixels are
computed gradually, like a fire burn, and its behavior
is independent of the convexity properties of the do-
main. Thus, transform with background (obstacles in
a support region) is allowed. In this paper, recursive
distance transformation with (3,4)-distance metric
is used and the following procedures compute the
distance map D(a.s) for all « € Z. In this procedure,
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d[a] denotes an array representing the current
transformation value at pixel 4. Definitions corre-
sponding to all variables can be found in reference
(14).

1. Set d[s] = REFERENCE, where s denotes the
starting point; set d[a] = UNTRANS, for all
ae Z — s, where UNTRANS is the largest positive
integer available and REFERENCE = UN-
TRANS-1. If a rectangular array representation
is used then set background points (obstacles
set) = BACKGROUND, which is an arbitrary
negative integer, so that non-domain points may
be avoided.

2. Apply procedure propagate (s)

3. When the algorithm terminates. D(«,s) = d[a] for
all ae Z.

Procedure propagate() modifies pixel values and,
recursively, the pixel neighbor values. It replaces d[a]
by the minimum of its original value and the min-
imum of the value of d[] at a neighbor plus the
distance from that neighbor. Whenever d[u] is
changed, propagate() is applied recursively to all
neighbors of a. The propagate() procedure is ex-
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pressed in pseudo-C as follows:

propagate(s)
pixel «;

]
i

distance nd.
extern distance df ] ;
if (d[¢] = = REFERENCE)
nd = 0;
else
nd = min(d[ N{a)] + di|N{a) e Z);
if (nd < d[a])]
d{a] = nd;
for (all neighbors i|N{¢) e Z)
propagate(N,(a) )
1

s

4.2. Algorithm description

Assume we have a working support Z, an obstacles
set O, an “L"-shape car set B, a starting point s and an
end point ¢, as shown in Fig. 4a. The candidate space is
denoted as A = Z"0. Our goal is to find a collision-free

Fig. 4. (a) The original free position set, denoted as white region, and the obstacle set 0, denoted as black

region. (b) Result after applying an all-directional erosion. Note that the free position set is shrunk. (c)

A collision-frec position set attaching s” and “e” points. (d) The practical result of our path planning
algorithm.
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path for B to move from s to ¢ inside the set Z. To find
the shortest avoidance-free path among obstacles, the
candidate space A first undertakes an all-directional
morphological erosion, i.e. 4 © B. The resultant set A,
shown in Fig. 4b, is called a “free-position” space and
represents all the positions that the car set B can be
contained for at least one orientation. After the free-
position space is computed, a propagated distance
transformation with (3,4)-distance metric described
above is applied on Z with the constraint set O = Z* A
to compute the distance map. Thus, a shortest path
can be found by tracing the distance map with a pre-
defined rule, choose the nearest distance in this
example, from s to ¢ as shown in Fig. 4c.

However, the shortest path obtained above (candi-
date solution) may be no longer valid if the practical
case of smooth turning transition of car-like vehicle is
considered. For each point the vehicle moves through.
if its direction is not contained in the orientation
information matrix A = A & B or its direction viol-
ates the smooth turning-angle limitation, the path is
said to be impractical and this shortest path is not
really a path, but just a free position space. To find the
practical collision-free path, those points which dis-
obey the above constraint will be set as the obstacles
and the above steps should be repeated until a new
path, which all its path points obey these constraint, is
found. Figure 4d shows a practical path after the
continuous turning-angle constraint is applied. The
one-pixel upwards displacement of the horizontal up-
per part of the path is added to escape the problem of
turning a 90" angle occurred in Fig. 4¢. Figure 5
shows the example paths with continuous and dis-
continuous turning angle, respectively. After a satis-
factory path is found, the directional information is
recorded by chain-coding and the coordinate of the
starting point and the orientation chain codes are sent
as the final solution. The shortest path planning algo-
rithm is described in the procedures below.
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Step 1. Given sets Z, O, B, ¢ and s. which are defined
previously, set a candidate space as 4 = Z\O.

Step 2. For A, do the rotational morphological ero-
sion, A = AG B, and an all-directional morpholo-
gical erosion, A=4 S B, to find the directional
information matrix 4 and the free positions set A,
respectively. The new obstacles set now becomes
O = Z\ A where \ denotes a set subtraction.

Step 3. Apply the propagation distance transform
(PDT) on Z with the obstacles constraint set 0 to
build the distance map.

Step 4. Routing the distance map from s to ¢ with
a pre-defined rule to find out one candidate path.
Step 5. For each point in the path, record its direc-
tional information by the chain-coding technique and
trace the chain code with the directional information
matrix 4. If there exists one point p that its direction is
not contained in 4 or its direction does not satisfy the
smooth turning-angle constraint, add that point to
the obstacles set, ie. O = {Oupl, and repeat steps
3.5

Step 6. If the path connects s and e, i.e. a successful
path exists, send the coordinates of the starting point
and the orientation chain codes as the final solution.
Otherwise, there is no solution to the current field Z.
The entire process can be illustrated by tracing each
step of Fig. 4.

The properties of the rotational morphology de-
scribed in Section 3.2 are used to simplify the imple-
mentation of the algorithm. Using the duality
property, the rotational erosion of 4 by B can be
replaced by the rotational dilation of O by B to reduce
the computational complexity since in most cases the
obstacles set is far less than the candidate set. Another
way to reduce the complexity is to compute those
boundary points of O, denoted as ¢0, but not the
entire obstacles set 0., The shape decomposition
technique described in equations (7) and (8) is adopted

L
L.

AN

)

(a)

(b

Fig. 5. Two examples for illustrating the conditions of (a) obeying, and (b} violating the continuous
turning-angle constraint when the moving object is a car-like model.



Shortest path planning for rotating objects

to further speed up the computation of the free posi-
tions of a moving object.

The significant advantage of using morphological
tools to solve the path planning problem is that the
complex geometric problem can be solved by set op-
erations. By the way, growing the obstacles is equiva-
lent to shrinking the vehicle to a single point, thus
simplifying the spatial planning problem.

5. EXPERIMENTAL RESULTS AND DISCUSSIONS

In this section, several complicated examples based
on two vehicle models with size 30 x 30 field *Z” are
examined to validate our system.

Two types of the vehicle models are used in simula-
ting the real-world robot motions. One type is with
driving-and-turning wheels located at the center of
the vehicle body (center-turning), while the other type,
like a bus, is with turning wheels being located at the
front of the vehicle body (front turning). Considering
the motion behavior of these two models, the former
permits rotations at a fixed point while the other leads
rotations and translations simultancously, thus they
produce different paths. An important constraint for
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the front-turning vehicles is the rotating angle. That is,
if the turning angle is not continuous, as an example
shown in Fig. 5b, it is not practical for a car-like
vehicle to move across obstacles without collision.
Figure 6 shows an example of the resuitant paths
obtained based on the two vehicle models. The reader
should note that for the center-turning model, since
the moving objects can rotate by arbitrary angles
without translation, the continuous turning-angle
constraint used in the proposed algorithm can be
removed, and thus a more efficient path could be
obtained. However, due to the mechanism limitation
of the front-turning model, this constraint must be
considered. Figures 7--10 show the simulation results
for these two models with variant vehicle shapes and
target points. It is observed that the proposed algo-
rithm works successfully for various situations.
Some other constraints can be placed into the pro-
posed algorithm to fit in variant situations. For some
applications. it is needed to assign the orientation of
the vehicle at the start point as well as at the end
point. For example, it is necessary to drive a car in an
assigned direction as well as park it in a fixed direc-
tion. These constraints are trivial to the proposed
algorithm since it is only needed to put an additional
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Fig. 6. Resultant paths of adopting (a)~(c) the center-turning and (b)--(d) front-turning vehicle models in the
proposed algorithm.
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Fig. 7. Simulation results of the proposed algorithm by using the *|” shaped front-turning vehicle model:
{a} original work space and resultant paths when end points are located at (b} [22.3]. {¢) [3.15] and (d)
[26.25].

r o
— .
%mﬁuﬂgwmmw

() )

Fig. 8. Simulation results of the proposed algorithm by using the “T”-shaped front-turning vehicle model:
(a) original work space and resultant paths when end points are located at (b) [22,3]. (¢) [3.15] and (d)
[26.,25].
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Fig. 9. Simulation results of the proposed algorithm by using the “|”-shaped center-turning vehicle model:
{a) original work space and resultant paths when end points are located at (b) [22.3]. (c) [3,15] and (d)
[26.25].

Fig. 10. Simulation results of the proposed algorithm by using the “T”-shaped center-turning vehicle
model: (a) original work space and resultant paths when end points are located at {(b) [22,3], (¢) [3.15] and
(d) [26,25].
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5 10 15

(a)

20

Fig. 11. Resultant path of a

(d)

“|"-shaped car running in (a) the tested work space when the following

conditions are imposed, (b) no restriction on driving direction and (c), (d) moving direction is restricted for
each road. Note that the arrows denote the allowed moving direction for that row or column and the gray
scale represents the moving paths from start position (3,5} to end positions (15,15), (15,15) and (17,17).

direction constraint into Step 5 of the proposed algo-
rithm. Figure 11 shows an example of such case.
The computational complexity for the proposed
algorithm is somewhat difficult to analyze due to the
following two reasons. One results from the fact that
the complexities of applying the PDT are different for
various environments. Another comes from the allo-
cation variety of obstacles as well as starting
and target points; thus, the resultant path and
the number of process iterations cannot be pre-deter-
mined. However, a coarse analysis based on calculat-
ing the CPU time, where the platform is a SUN
SPARC-IT workstation running the MATLAB pro-
gram, is given as a reference to the complexity. In the
proposed algorithm, since the distance transforma-
tion occupies near 80-90 percentage of the computa-
tional complexity and the rotational morphology can
be implemented in parallel, it is reasonable to estimate
the complexity by just considering the repetition of
the PDT algorithm. For the cases in Figs 7-10, the
CPU time for one iteration of PDT algorithm is 22 s,
and the number of iterations is about 10-20 depend-
ing on the shape of vehicles and obstacles. According
to our previous work cxperience.' ¥ the proposed

algorithm with one iteration PDT could be done
within 0.1 s using a DSP96002 micro-processor oper-
ated at 40 MHz frequency, thus a practical system is
feasible.

In implementing the proposed algorithm for ro-
botics control applications, the algorithm succeeds if
both obstacles and moving objects are modeled as sets
and the rotational degree is small enough. In spite of
that. there still exist limitations on the proposed algo-
rithm as appeared in the previous systems which used
configuration space algorithms. One example is that
the workspace is fixed and cannot be changed during
this moving interval, or the predicted path is not valid
and the configuration space needs to be re-computed.
This limitation, however, can be overcome if a robust
system can take the varying environment and starting
points into consideration. An additional restriction
comes from the relaxation of the object rotations. This
means the object can be rotated to any orientation at
any place. This condition will not be applied to the
motor vehicle in which its mechanism requires con-
tinuous motion. Some other factors that limit the
proposed approach to have an optimal solution can
he mentioned in the following description.
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(a)
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Fig. 12. Resultant path when considering (a) forward movement only, and (b) forward and backward
movement, into the vehicle model. Note that there is no solution to the condition in (a).

In the proposed system, some other considerations
are not included for the sake of simplicity. It is easy
to find that only the 2D models (vehicle and obstacle)
are considered, thus some minor modifications may
be needed for applying this approach to the 3D
environment. Another consideration is the rule used
In tracing the distance map to find out a candidate
path. For example. it results in different paths if
horizontal-first or vertical-first rules are used. Some-
times this induces different solutions and thus an
optimal path may be lost. Besides, consideration of
backward motion of vehicles, which sometimes helps
us in finding more heuristic paths as shownin Fig. 12,
is neither included in this paper since it adopts com-
plicated geometric methods in solving the smooth
path problem.!'*-!7 Efforts on combining these geo-
metric methods and the morphological tool for solv-
ing the path planning problem is still ongoing
research work.

6. CONCLUSIONS

A novel morphological algorithm for planning the
shortest collision-free path amid obstacles for arbit-
rary vehicle model by utilizing the rotational morpho-
logy is developed in this paper. To take the rotation
movement of a real-world vehicle into consideration
in modeling the moving object, the rotational mor-
phology is proposed to process both the orientation
and geometric information, thus it can overcome the
drawback of former algorithms which are functional
limited to non-rotating moving objects. Since all the
properties of the conventional morphology still hold
for the rotational morphology, some powerful tech-
nigues can be used to enhance the efficiency of the
rotational morphology. Moreover, the rotational
morphology can be implemented in parallel, so that

its computational complexity remains the same as the
standard morphology. On the other hand, due to the
tractable complexity of using set operations to deal
with the rotational movement, limitations (such as
polyhedral assumption) on the geometrical methods,
which is used to prevent obtaining intractable algo-
rithms. can be removed. Finally, experimental results
demonstrate that the proposed algorithm works suc-
cessfully in solving the path planning problem for two
different vehicle models.
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