arXiv:1607.06370v1l [math.RA] 21 Jul 2016

Homomorphisms of modules associated with
polynomial matrices with infinite elementary

divisors
Pudji Astuti Harald K. Wimmer
Departement of Mathematics Mathematisches Institut
and Natural Sciences Universitat Wiirzburg
Institut Teknologi Bandung D-97074 Wiirzburg
Bandung 40132 Germany

Indonesia !

IThe research of the first author was supported by Deutscher Akademischer
Austauschdienst under Award No. A/98/25636.


http://arxiv.org/abs/1607.06370v1

Abstract

If the inverse of a nonsingular polynomial matrix L has a polynomial part
then one can associate with L a module over the ring of proper rational
functions, which is related to the structure of L at infinity. In this paper we
characterize homomorphisms of such modules.
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1 Introduction

According to Rosenbrock [0] a transfer matrix G € K™*? of rational functions
over a field K admits a generalized state space realization

Gs) = (C1 Cb) (S[BAI sN20— 1) (gg)

Gl(S) = Cl<S[ — Al)_lBl (11)
is the strictly proper part and

such that

GQ(S) == CQ(SNQ — I)_lBQ, (]_2)

where Ny is nilpotent, is the polyonomial part of G. It is well known that
the realizations (1)) and (L2) can be constructed by module theoretic ap-
proaches. In the case of (LI a construction is due to Fuhrmann [2]. For
a realization theory of anticausal input output maps we refer to Conte and
Perdon [I]. To describe the polynomial models that serve as state spaces for
(CI) and (LZ) we use the following notation. A rational function f € K(s)
is called proper or causal (resp. strictly proper or strictly causal) if f =0
orif f # 0 and f = p/q, p,q € K[s],q # 0, and degp < degq (resp.
degp < degq). Let K. (s) denote the ring of proper rational functions over
K. Then

K(s) = K[s] ® s ' K(s). (1.3)
To ([LL3]) correspond projection operators

7 K(s) = s 'K o(s)
and
= —m_): K(s) — KJs].

Put

(o = (7)(0), f € K(s). (1.4)
The decomposition (3], the projections m_ and 7., and definition (4]

extend naturally from K (s) to K™(s) and K"™*P(s).
Let G € K™*P(s) have a realization

G=W,+PD'Q (1.5)

where W1, Py, 1, D1 are polynomial matrices, with D; of size ny X ny. In
Fuhrmann’s theory [4] a state space for a realization (L)) of 7_G is provided
by

Vb, = K{'[s]/D1K{s].
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Obviously Vp, is a K[s]-module and therefore also a vector space over K.
The counterpart of (LH) is a realization

G = W2 + PQD;IQQ, (16)

where P, and )y are proper rational matrices, W, is strictly proper rational
and D, is a polynomial matrix, Dy € K™*™2. Define

UP? = K22(s)/ (K22 (s) N Das™ ' K22 (s)). (1.7)

Then U2 is a K (s)-module and at the same time a K-vector space. At the
end of this section we shall indicate why UP2 can be taken as a state space
of a realization (L.2)) of 7, G. Let us mention that the finite and infinite pole
modules (see [9]) of G(s) are given by Vp, and UP2, if (LLF) is an irreducible
realization and (IL6)) satisfies coprimeness conditions of the form (B.14)).

We note that a nonsingular polynomial matrix L € K™*"[s| gives rise to
two types of modules, namely the K[s]-module

Vi = K"[s]/LK"[s]
and the K. (s)-module
U" = KL (s)/(KL(s) N Ls T KZL(s)). (1.8)

Beside realizations there is a wide range of issues such as similarity of state
space models, system equivalence or simulation of restricted input output
maps which involve two polynomial matrices L and L; and homomorphisms
from V;, to Vz, and from U” to U*. The K|[s]-module homomorphisms from
V1, to V,, are well understood. According to Fuhrmann [4] their description
is based on intertwining relations between L and L;. In this note we study
K+ (s)-module homomorphisms from U% to U¥. Our characterizations will
be in correspondance with Fuhrmann’s results in Ref. [2] 4]. Comparing the
definitions of Vz and U” we observe that LK™"[s] is a submodule of K"|s]
whereas in general Ls~'K™ (s) is not contained in K" (s). Hence it is not
surprising that U’ is less easy to handle than V; and that in our study
technical obstacles have to be removed which do not appear in the case of
the module V7.
To obtain a concrete representation of U” we define a map

pt K™ (s) — K"[s]

ple = Lry L w, x € K™ (s).
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Put 7 = pLz. For ¢ € K. (s) and Z € Im pX we set ¢ - & = gz. This product
is well defined since

Ker p* = (K% (s) Ns ' LKZ(s)).

Therefore Im p’ is a K (s)-module, isomorphic to the quotient module U*
in (LY). From now on we identify both modules such that

Ul =TImp* = Lo, L7 K" (s).

Clearly, U = 0 if sL™! is proper rational. A shift operator S_(L) on U*
is given by
S (=517, zeU"

Clearly, S_(L) is a nilpotent endomorphism of U*.
Let us now give a concrete example for the use of K, (s)-module U* .Based
on the representation (L) of G we derive a realization of 7, G having UP2

as its state space. We adapt a construction of [3]. Assume 7. G(s) =
S Gys”. Define the map By : K? — UP2 by

B = pP2 Qe€, € € KP.
Put Ny = S_(D,) and define Cy : UP2 — K™ by

Cor = — (PDy'z),, &€ U

07
Then a straightforward computation yields
G, =—-CyNyBy, v=0,1,...,t,
such that .
> G,s" = Co(sNy— I)7'By.

v=0

2 Basic facts of the module UL

For a nonzero proper rational function f = p/q, p,q € K|[s], let a degree
function be defined by §(p/q) = degg—degp. It is well known that (K (s),d)
is a euclidean domain. The units K% (s) are the proper rational functions f
with §f = 0. The ideal (s7') is the unique maximal ideal of K (s). Let us
call a matrix P € KX"(s) bicausal if det P € K (s), i.e. if P is invertible
in K"(s). If W € K™ "(s) has rank n then there exist bicausal matrices

P and @ such that
> 0
W=P (0 0) Q
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with

» :diag(sial,...,Siat,sﬁt“,...,sﬁn),
C <Ly <0< By < B (21)

The integers —ay, ..., 3, are uniquely determined by W. In particular, if
L € K™ [s] is nonsingular then

sT'L = PYQ (2.2)

for some P,Q € K*"(s)* and ¥ as in (2)). In the case of a linear pencil
L(s) = Ap — Ays the polynomials s*, ..., s are the elementary divisors of
Aps — Ay belonging to the characteristic root 0. According to [7] the matrix
¥ in [22) and ZJ) provides information on the structure of U”. We have

Ut =~ D{Koo(5)/s “Kuo(s), j=1,...,t}

such that U” is a finitely generated torsion module over K, (s) with elemen-

tary divisors
I (2.3)

We call ([23)) the infinite elementary divisors of L. Then s, ... s* are the
elementary divisors of the shift S_(L), and dimyg U* = oy + -+ + a;. To
describe a dual pairing [8] between the K-linear spaces U L™ and U we note
that

7,7) = (yTL ')y, g U*", 7 € U, (2.4)

is a well defined nondegenerate bilinear form on U LT x UL

3 Homomorphisms

Our main result is Theorem below. Its proof will be based on the sub-
sequent two lemmas. In the following L € K2*"(s) and Ly € K2 (s) will
be fixed nonsingular polynomial matrices.

Lemma 3.1. A map
d: K" (s) = U™ (3.1)

is a Koo(s)-module homomorphism if and only if there exists a matric © €
K" (s) such that
dx = p"'(Ox), x € K" (). (3.2)



Proof. Let ey, ..., e, be the standard basis of K. Assume that ® in (B.1])
is a K. (s)-module homomorphism. Then ®e; = pf16; for some 0; € K™ (s)
and (3.2) holds with © = (04, ...6,). The converse is obvious. n

Condition (B.3]) below together with a somewhat technical equivalent con-
dition will be crucial.

Lemma 3.2. We have
O Ker p* C Ker p™. (3.3)

with © € K*"(s) if and only if there exist a matriz ©, € K" (s) and a
matriz VU satisfying

U e s P KM (s) and LV € K!M7™(s) (3.4)
such that
(O + LiV)L = [,0,. (3.5)

Proof. 1t is evident that (3.H) implies ([B3]). To prove the converse im-
plication we note that ([3.3) is equivalent to © Ker p* C s~ 'L K™ (s). If
s71L is factorized as in (2.2)),

s'L = PXQ, ¥ = diag(A, B),
A = diag(s™™,..., s ™), B = diag(s™*+,...,s") (3.6)
then Ker p* = Pdiag(A, I)K" (s). Hence if
G = L'OPdiag(A, I)
then (3.3)) is equivalent to G € s7*K™*"(s). From (3.6) and
¥ = diag(A, 0) + diag(0, B)
we obtain
Li'OL = G diag(l, 0)Q + Ly'©Pdiag(O,I)P'L.

Now choose
U = —Gdiag(l, O0)Q.

Then VU satisfies (3.4) and if we put ©; = L;'OL + UL then we have
0, € K1*"(s), which proves (3.3]). u

We extend the map p™ to K"(s) and define

plt = Limy Li'w, w € K"(s).



Theorem 3.3. The map ¢ : UX — UL is a Ko (s)-module homomorphism
if and only if there exist matrices ©,0; € K1*"(s) such that

©OL=1,6, (3.7)
and
ot = pH1ez, e U (3.8)
If B1) holds then we have
plrez = phex (3.9)

for all x € K2 (s).
Proof. Let us show first that (3.7) implies (3.9]). We have

pler = Lin, L7'07 = Lim,6,L ' =
Limy©, L 'w = Lim, L7'Ox = p"* 02, (3.10)

Now let ¢ : U — ULt be a K (s)-module homomorphism. Define ® = ¢p*
such that

Oz = ¢z, v € K (s). (3.11)
Then @ : K7 (s) = U™ is also a K (s)-module homomorphism. Because
due to Lemma [B.1] there exists a © € K1*"(s) such that

dz = ph1 Oz (3.12)

It follows from (ZII) that z,v € K7 (s) and Z = o imply p*' Oz = p™1 Ow.
Therefore we obtain 3
O Ker p* C Ker p™. (3.13)

We can replace © in (312) and BI3) by © = © + LV if U € s~ K1%"(s)
and L,V € K*"(s). From Lemma we know that starting from (3.13)
we can find a W which yields (8.7) with ©; € K2*"(s). Thus we have shown
that
¢z = p"'Or = p1 ez
with © satisfying a relation (3.7)).
Conversely, if a map ¢ : UX — UL is defined by (B3.7) and (B.8)) then it

is easy to verify that ¢ is a K (s)-module homomorphism. [ ]

We remark that Theorem remains true if condition (B.7) is replaced
by
7T+L1_1@ = 7T+@1L_1.
Given the duality (Z4) between U” and U*" it is not difficult to obtain
the dual map of ¢. We set @ = p"Tw, w € K (s).
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Theorem 3.4. Let 0,0, € K*"(s) be such that ©L = L,©,. Let
¢ : UL — UR be defined by B.8). Then the dual map

ot UM 5 Ut”

15 given by
" = p~ OTw, ©e UM,
We now turn to surjectivity and injectivity. For a pair © € K21*"(s) and
Ly € K™ we set (O, s7'L;); = I if there exist proper rational matrices C
and D such that
0C+s'LiD=1. (3.14)

Similarly, for ©; € K"*"(s) and L € K"™" we write (0,5 'L), = I if
(C"‘)I{, S_lLT)l =1

Theorem 3.5. Let ¢ : UX — U™ be defined by B3) and B1). Then
(i) ¢ is surjective if and only if (O, s'Ly); =1,
(ii) ¢ is injective if and only if (©1,s L), =1I.

Proof. (i) Assume first that ¢ is surjective. Let w € KZ!(s) be given.
Then pliw = p“1Ov for some v € K7 (s). We have w — Ov € Ker p™, which
implies

w e OK! (s)+ s LK (s)
or equivalently (0, s7'L;); = I. Conversely, suppose that (3.I4) holds. To
show that w = p™x is in pUL we note that (B.I4) implies x = Ov + s~ Ly,
for some v € K" (s), m5 € K™ (s). Because of s !Ljzy € Ker p*' we obtain
w = pM1Ov = ¢u.
(ii) By duality the statement follows at once from (i). n

If M is a finitely generated p-module over a principal ideal domain and S
is a submodule and @) is a quotient module of M then the relations between
the invariants of M and those of S and @ are well known (see e.g. [5 p.
92, 93]). We complete our note with a corresponding observation on the
existence of surjective and injective homomorphisms. Let

—a

ST s

, Q= 2y,
and
S_’Yl’.“’s_’Yp’ 712"'27}07

be the infinite elementary divisors of L and Lq, respectively. Then there
exists a surjective K (s)-module homomorphism ¢ : UL — U if and only
if

t>p and o >7,...,05 > Y,
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and there exists an injective ¢ if and only if

t<p and a3 <7,...,00 <.
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