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Abstract

The sub-optimal Hankel norm approximation problem is solved for a well-posed linear system with generating operators
(4, B, C) and transfer function G satisfying some mild assumptions. In the special case of the sub-optimal Nehari problem,
an explicit parameterization of all solutions is obtained in terms of the system parameters 4, B, C and G(0).
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The standard way to obtain explicit formulae for solutions to the sub-optimal Hankel norm approximation
problem for a rational transfer function G is to use a minimal realization G(s)=C(s] —A4)~'B and then obtain
formulae in terms of the generators (4,B,C) (see [2]). These formulae typically involve the controllability
and observability Gramians Lg, Lc or solutions of various Lyapunov equations. Such an approach has been
extended to certain classes of infinite-dimensional linear systems (see [12,13]), but the limiting factor to
extending these results to the general case of well-posed linear systems is the difficulty in manipulating with
the unbounded operators B and C. For example, in [12,13], explicit solutions to the sub-optimal Hankel
norm approximation problem for exponentially stable smooth Pritchard—Salamon systems and exponentially
stable analytic systems, respectively, were obtained via the solution to the appropriate J-spectral factorization
problem using the smoothing properties of these classes. However, it was not possible to extend this technique
to more general well-posed linear systems. In general, it is not clear that the candidate spectral factor is even
well-posed (see [14]).

In this paper, we suggest translating the problem to the analogous one for reciprocal systems which we
now define. The reciprocal system of the well-posed linear system X with generating operators 4,B,C and
transfer function G, such that 0 € p(4) (here p(4) denotes the resolvent set of A4), is the well-posed linear
system with the bounded generating operators 4=',47!B, —CA~', G(0) and transfer function

G_(s)=G(0)— CA (sl —A~")"'47'B.
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For the theory of well-posed linear systems, we refer the reader to [15] or [16,17]. The key to our approach
is the relationship between the transfer function G of the original well-posed linear system and the transfer
function G_ of its reciprocal system. Note that A~!, A~'B, CA~! are all bounded operators and for all nonzero
s € p(A4) there holds

G(s)=G(0)+ C[(s] —A) '+ 47 "1B (1)

—1
=G(0)—CcA™! C —A_1> A7'B (2)

=G_ <1> 3)
S

Let Hoo(Z(U,Y)) denote the space of £ (U, Y )-valued functions of a complex variable defined in the open
right half-plane which are bounded and analytic in the open right half-plane. Then from (3), it is clear that
GEH(ZLUY)) iff G_ € Ho(L(U,Y)). In addition, the reciprocal system has the same controllability and
observability Gramians, which we prove in the following lemma.

Lemma 1.1. Let A, B, C be generating operators of a regular linear system with transfer function G. Suppose
that 0 € p(4) and G_ is the transfer function of its reciprocal system with generating operators A~', A~'B,
—CA™" and feedthrough operator G(0). Then the following hold:

(1) C is an infinite-time admissible observation operator for A iff —CA™' is an infinite-time admissible
observation operator for A='. If either C or —CA™' is infinite-time admissible (for the semigroups
generated by A or A~ respectively), then the observability Gramians are identical.

(2) B is an infinite-time admissible control operator for A iff A~'B is an infinite-time admissible control
operator for A='. If either B or A~'B is infinite-time admissible (for the semigroups generated by A
or A7, respectively), then the controllability Gramians are identical.

(3) GEH (LU, Y)) iff G_ € Hoo(ZL (U, Y)).

Proof.

(1) From [7] (see also [6]), we know that C is an infinite-time admissible observation operator iff the
Lyapunov equation

<A21,ch2> -+ <LCz1,AZQ> = 7<C21,C22>, (4)

for all z; and z, in D(A4), has a nonnegative definite solution Lc =L{ > 0. Eq. (4) is clearly equivalent
to the Lyapunov equation

(x1,LeA™ %) + (LeA™ 'y, x0) = —(CA™'x1,CA™ 'xy) (5)

for all x; and x, in X, which establishes the equivalence. Moreover, the observability Gramians are the
smallest positive solution and so the Gramians are identical.

(2) This is dual to part (1) above.

(3) This follows from (3). [J

The idea is then to translate the sub-optimal Hankel norm approximation problem for the well-posed linear
system with transfer function G into one for the system with transfer function G_, the latter having bounded
generating operators. We now elaborate on this. But first we will recall the definition of the (frequency domain)
Hankel operator corresponding to a symbol G € L,(iR, CP*™) and the definition of its singular values.
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Let Hy(CK) denote the set of all analytic functions f : Ci — CK such that
1 ) 1/2
[ f1l2 := sup —/ £ +iw)|>do) < oo.
(>0 2n —o00

For G € Lo.(iR, CP*™) we define the Hankel operator with symbol G, denoted by Hg, acting from H,(C™)
to H,(CP), as follows:

Hegf =l(Mgf-) for feH)(C™),

where Mg is the multiplication map on L,(iR,C™) induced by G, II is the orthogonal projection operator
from L,(iR, CP) onto H(CP) and f_(s) := f(—s).

Now, we recall the notion of singular values of a bounded linear operator from a Hilbert space #; to
a Hilbert space #,. For k€ {1,2,...} the kth singular value of an operator He L (A, #,) (denoted by
oy (H)) is defined to be the distance with respect to the norm in ¥(#1, #,) of H from the set of operators in
L (A, H ) of rank at most k — 1. Thus o;(H)=||H||, and o,(H) = 02(H) = o3(H) = --- > 0. If H is compact,
then H*H is compact and nonnegative, and so the spectrum of H*H is a pure point spectrum with countably
many nonnegative eigenvalues. The square roots of these eigenvalues are then the singular values of H.

If G€Ly(iR,CP*™M), we sometimes denote the singular values of Hg, oy (Hg), simply by o (G). The
o1 (G)’s are then referred to as the Hankel singular values of G. The following theorem (see for instance [9,
Corollary 4.10, p. 46]) gives a necessary and sufficient condition on G for the corresponding Hankel operator
Hg to be compact.

Theorem 1.2 (Hartman). G € Lo.(iR, CP*™) determines a compact Hankel operator Hg iff G_(-)€ Hy
(CPXM) 1 G, (iR, CP*M), where €o(iR, CP*®) denotes the space of continuous p X m complex matrix-valued
functions defined on iR, with a unique limit at +ico.

Let Hoo ,(CPX™) denote the set of all p x m matrix-valued functions K of a complex variable defined in
the open right half-plane such that K = G¢ + F, where F is an element in Ho(CP*™) and Gg is the transfer
function of a finite-dimensional system with order at most #, with all its poles in the open right half-plane.
The set Hoo (CP*™) is a subset of L. (iR, CP*™).

Clearly, K(—) € Hoo /(CP*™) iff Ky(—-) € Hoo ,(CP*™), where K and Ky are related by

1
Kr(s)=K (S) + G(0) for all s€Cy. (6)
Now suppose that G € H,.(CP*®) and G(-) € %,(iR, CP*™), and define

1
Gr(s)=G () — G(0) for all s€Cy.
S

Consequently we have ||G(i-)+K(i-)||co = ||Gr(i-)+ Kz (i-)| 0o Thus from the following theorem' of Adamjan
et al. [1], it follows that o (G) = 0y (Gr) for all ke N.

Theorem 1.3. If G € Lo(iR, CP*™), then

inf |GG-) + K(i)||oo = 0741(G).
K(—-)EH o0 (CP*T)

The sub-optimal Hankel norm approximation problem is the following:

! The discrete-time matrix case was proved in [8] and the continuous-time matrix case was proved in [5].
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Let G(i) € Loo(R,CP*™). If 6,4, < 0 < 0, then find K(—+) € Hoo ,(CP*™) such that ||G(i-)+K (i) e < 0.

First we will solve the sub-optimal Hankel norm approximation problem for well-posed linear systems. The
sub-optimal Nehari problem is a special case in which /=0 and ¢ > ¢;. In this special case, using the results
from [3], we can give a parameterization of a/l/ solutions, and we do this in the last section of this paper.

2. The sub-optimal Hankel norm approximation problem

In this section, we will solve the sub-optimal Hankel norm approximation problem for well-posed linear
systems, by first translating the problem to its reciprocal system with bounded generating operators, albeit a
nonexponentially stable semigroup. Subsequently we use a result from [11] in order to obtain explicit formulae
for solutions to the sub-optimal Hankel norm approximation problem for such systems. We remark that the
sub-optimal Nehari problem, which is a special case in which /=0, will be treated separately in the next
section, and we get stronger results for this special case.

In [11], the following theorem was proved:

Theorem 2.1. Suppose that the triple (A,B,C) satisfies the following assumptions:

A1. A is the infinitesimal generator of a strongly continuous semigroup on the Hilbert space X,
Bec #(CMX) and C € L(X,CP).

A2.  The impulse response h(-) = CT(-)B € Ly([0, 00), CP*™) is such that G(-) € o(iR, CP*®), where
G(s) := C(sl — A)~'B.

A3, For every { >0, A — (I is the infinitesimal generator of an exponentially stable, strongly con-
tinuous semigroup.

Let 6,11 <0 < a, and Q(—) € Hoo(CP*™) with ||Q(i*)||oo < 1. For every { > 0 denote

K(s) = Ri(s)Ra(s) ™,

where
Ri(s) — s [Q(s—é)]
Ra(s) m
and
|
[Ip 0 —2Cy | . )
A(s) = + [NSTS(sI +A* — ()~ '[C* LBl
0 O'[m lB*
g

In the above, Lf; and Lgc denote the controllability Gramian and the observability Gramian, respectively, of
the exponentially stable system (A — (I,B,C) and N} = [I — (I/GZ)LQBL(C]A.
Then there exists a & > 0 such that for every { €(0,6), K(—) € Hoo,/(CP*™) and ||G(i-) + K(i")||c0 < 0.

We remark that in the above Theorem 2.1, from Theorem 1.2 and assumption 22, it follows that the Hankel
operator Hg is compact.

Using Theorem 2.1, we will solve the sub-optimal Hankel norm approximation problem for the well-posed
linear system X on a Hilbert space X with generating operators 4,B,C and transfer function G under the
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following assumptions:

1. The input and output spaces are finite-dimensional, U = C™ and Y = CP.
2. 0€p(4) and a(4)NC{ is empty.

$H3. B is an infinite-time admissible control operator for {7(¢)};>o.

$H4. C is an infinite-time admissible observation operator for {7(¢)};>o.

95, G(-) € Hoo(CP* ™) and G(-) € €o(iR, CP*M),

First of all, we will show that if assumptions $1-95 are satisfied by the original well-posed linear system
X, then assumptions 2A1-A3 are satisfied by the system with the generating operators A—',4~'B,—C4~".
Furthermore, from (3) and Theorem 1.2, the Hankel operator Hg; of the original transfer function and the
Hankel operator Hg,. of the new system are both compact. Also, as discussed in the introduction, it follows
from Theorem 1.3 that the Hankel singular values of G and Gy are equal. Applying Theorem 2.1, we give
solutions to the sub-optimal Hankel norm approximation problem for the transfer function Gy and hence also
to the original transfer function G. But first we will prove the following elementary result.

Lemma 2.2. If A,B,C and G satisfy $1-95, then the triple (A=, A~'B, —CA~") satisfies A1-A3.

Proof. 21 is obvious.

2A2: Owing to the infinite-time input admissibility of —CA~! for the reciprocal system, it is clear that for
allxeX, —CA~'ed 'x € L,([0,0), CP). Consequently, —CA~'e? A~'B € L,([0, 00 ), CP*™). Furthermore, the
continuity of G_ on the imaginary axis follows from Eq. (3), and H5.

A3: It follows from $H2 and the spectral mapping theorem for the resolvent (see [4, 1.13.(1), p. 243])
that (A~") N C{ is empty. Furthermore, since 4~! is bounded, it satisfies the spectrum determined growth
assumption (see for instance [4, Corollary 2.4, p. 252]). Thus it is clear that the growth bound of the semigroup
generated by A~! is nonpositive, and so A~! — (I is the infinitesimal generator of an exponentially stable,
strongly continuous semigroup. [

We end this section with our main result.

Theorem 2.3. Suppose that the well-posed linear system X satisfies H1-95. Let 6,41 < 0 < g, and Q(—-) €
Hoo(CP™Y) with ||O(i-)||eo < 1. For every { > 0, denote

Kr(s) =Ri(s)Ra(s) ",
where
Ry(s)
Ry(s)

e [Q@ﬂ

m

and

p 0 ~Lea'y]
A(s) = l;’ 1 + [ ’ PN [T + (4= = a1 ca"y Lha'B).
4

Im 14='B)y*

Here L% and L(C denote the controllability Gramian and the observability Gramian, respectively, of the expo-
nentially stable system with the generating operators A" —({I,A~'B,—CA~", and N} := [I—(I/GZ)L%]L%]]A.
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Then there exists a 6 > 0 such that for every {€(0,0), Kr(—) € Hoo ,(CP*™). Furthermore, defining
1
K6 =Ke (1) - 60) ™)

s
we have K(—-) € Hoo /(CP*™) and ||G(i) + K(i*)||oo < 0.
Proof. From Lemma 2.2 it follows that the triple (4~!,47!B, —CA4~") satisfies assumptions A1-A3. If Gy =
—CA~Y(sI —A7")"'A~'B, we have
0/(Gr) =0/(G) >0 > 0/11(G) = 0/41(Cr).

Consequently, using Theorem 2.1, we have that Ky(—+) € Hoo /(CP*™) and ||Gr(i-) + Kr(i*)||oo < 0. Finally
it is clear that K defined by (7) is such that K(—) € Hyo ,(CP*™) and

1G(+) + K(@)[oo = G (i) + Kr(i-)loo < 0. [

3. The sub-optimal Nehari problem

Finally, in this section we solve the sub-optimal Nehari problem for the well-posed linear system on a
Hilbert space X with generating operators 4, B,C and transfer function G under the following assumptions:

M1. The input and output spaces are finite-dimensional; U = C™ and Y = CP.
M2. 0€p(A).

M3. B is an infinite-time admissible control operator for {7(¢)};>o.

M4. C is an infinite-time admissible observation operator for {7(¢)};>o.

M5, G(-) € Hoo(CP*M),

The sub-optimal Nehari problem is the following:

If ¢ > o) (=||Hg||, the norm of Hankel operator Hg), then find K(—-) € Hoo(CP*™) such that ||G(i-) +
K(i")||oo < 0. K is then called a solution of the sub-optimal Nehari problem.

The sub-optimal Nehari problem can be thought of as a special case of the sub-optimal Hankel norm
approximation problem with / = 0. So in principle, the results of the previous section apply to this case.
However, we can improve on these results considerably. This is because Theorem 2.1 in the previous section
can be now replaced (in the special case of the Nehari problem) by a more powerful result from [3], which
will enable us to even obtain a parameterization of all solutions to the sub-optimal Nehari problem. Also,
we find that with this alternate approach we can solve the problem under weaker assumptions than those
demanded in the previous section (notice the differences in 92 versus $2, and N5 versus $H5). However, the
broad approach in both sections remains the same: instead of looking at the original system, we translate the
problem to the reciprocal system, solve it, and finally retrieve solutions to the original problem.

Suppose that ¢ > 61(G) = 61(Gr). If K(—-) € Hoo(CP*™) satisfies ||G(i-) + K(i*)||oo < 0, then Ky(—) €
Hoo(CP*M)Y satisfies ||Gr(i-) + Kr(i-)||oo < o, where

Kr(s):=K <i) + G(0).

Conversely, if Ky(—:)€ Hoo(CP*®) satisfies ||Gr(i-) + Kr(i-)||oo < 0, then K(—-)€ Hoo(CP*®) satisfies
|G(i-) + K(i*)||oo < @, Where
K(s) :=Kr <1> — G(0).

N
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So instead of solving the suboptimal Nehari problem for G, we solve the suboptimal Nehari problem for the
reciprocal system with the bounded generating operators 4!, 4='B, —CA~' and feedthrough operator 0. This

system satisfies all the conditions in the following result from [3], which we now recall.

Theorem 3.1. Suppose that the triple (A,B,C) satisfies the following assumptions:

B1. A is the infinitesimal generator of a strongly continuous semigroup on the Hilbert space X,
Be 2(C™ X) and C € L(X,CP).

B2. G(i-)= C(:il —A)"'Be L (R, CP*M)

B3. B is an infinite-time admissible control operator for {T(t)};>o.

B4. C is an infinite-time admissible observation operator for {T(t)}i>o.

Let 0 > oy and let A be given by

1
A(s) = + NZ[sl +A4*17'[C* LcB].
0 O'Im lB*
I

where Lg and L¢ denote the controllability Gramian and the observability Gramian, respectively, of the
system with generating operators A,B,C, and N, := [I — (1/6*)LzLc]™". Then K(—-) € Hoo(CP*™) satisfies
|GG-) + K(i')||oo < 0 iff K(s) = Ri(s)Ra(s)~", where

Ri(s) Q(S)]
Rz(S) m
for some Q(—-) € Hoo(CP*™) with || 0G|l < 1.

=A(s)"!

Indeed, under assumptions M1-N5, the reciprocal system has its transfer function in H.,(CP*™) and the
operators A~!B and —CA~! are infinite-time admissible with the same Gramians Lz and L¢ as the original
system. So in light of what has been said above, upon applying Theorem 3.1 to the triple (4=, 47'B,—C4~"),
we obtain the following result:

Theorem 3.2. Suppose that the well-posed linear system X satisfies M1-N5. Let 0 > ¢ and Q(—-) € Hy
(CPXMY with ||Q(i*)||eo < 1. Let A be given by

1
L 0 ——5CA7 Ly
A(s) = l + 1“ NZ[sl +(AH* 17 (€4 Led !B,
O O'[m *(AilB)*
o

where L and Lc denote the controllability Gramian and the observability Gramian, respectively, of the
system %, and N, == [I — (1/6*)LgLc]™". Then K(—-) € Hyo(CP*™) satisfies ||G(i-) + K(i-)||oo < 0 iff

K(s)=Kr (1) ~ 6(0),

s

where Kr(s)=R(s)Ry(s)~", and
MO _ Lo [Q(S)],

RQ(S) Im

Sor some Q(—-) € Hoo (CP*™) with ||0G+)|c0 < 1.
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While it is tempting to try to write A and K in terms of its reciprocal, we know that this will not (in
general) be well-defined (see [14]). So we leave the explicit solution as it stands.

It is known (see [10,14]) that a given transfer function G € H.(CP*™) always has a realization as a
well-posed linear system satisfying assumptions 911-15. Unfortunately, 912 may not always be satisfied. So
an interesting open problem is to find natural sufficient conditions on G for this to hold.

The assumption that 0 € p(4) is not central and can be replaced by the assumption that iw € p(4) for
some real . Then one defines the w-reciprocal system with generating operators A, ', A;'B, —CA," and
feedthrough operator G(iw), where 4, =4 — iwl. Its transfer function G* satisfies

G (i) = G(s + iw).
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